
DedekindEta

Notations

Traditional name

Dedekind eta modular function

Traditional notation

Η HzL
Mathematica StandardForm notation

DedekindEta@zD

Primary definition
09.49.02.0001.01

ΗHzL � ã
Π ä z

12 ä
k=1

¥ I1 - ã2 Π ä k zM �; ImHzL > 0

Specific values

Values at fixed points

09.49.03.0003.01

ΗHäL �
1

2 Π3�4  G
1

4

09.49.03.0001.01

ΗHäL �
1

2
J1

¢ H0, ã-ΠL3

Values at infinities

09.49.03.0002.01

ΗHä ¥L � 0

General characteristics

Domain and analyticity

ΗHzL is an analytical function of z which is defined over the upper half of the complex z -plane. 



09.49.04.0001.01

z�ΗHzL � C�C

Symmetries and periodicities

Symmetry

No symmetry

Periodicity

09.49.04.0002.01

ΗHzL � ΗH24 k + zL �; k Î Z

Poles and essential singularities

On the boundary of analyticity (the real axis) the function ΗHzL has a dense set of poles.

09.49.04.0003.01

SingzHΗHzLL � 8< �; ImHzL > 0

Branch points

The function ΗHzL does not have branch points.

09.49.04.0004.01

BPzHΗHzLL � 8<
Branch cuts

The function ΛHzL does not have branch cuts.

09.49.04.0005.01

BCzHΗHzLL � 8<
Natural boundary of analyticity

The real axis ImHzL � 0 is the natural boundary of the region of analyticity.

09.49.04.0006.01

ABzHΗHzLL � 8H-¥, ¥L<
Series representations

Exponential Fourier series

09.49.06.0001.01

ΗHzL � ã
Π ä z

12 â
k=-¥

¥ H-1Lk ãΠ ä k H3 k-1L z

09.49.06.0002.01

ΗHzL � â
k=0

¥ 3

2 k + 1
exp

Π ä z

12
 H2 k + 1L2
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q-series

Expansions at z � 0

09.49.06.0006.01

ΗHzL µ
1

-ä z
 ã

-
ä Π

12 z 1 - ã
-

2 ä Π

z - ã
-

4 ä Π

z + ã
-

10 ä Π

z + ã
-

14 ä Π

z - ã
-

24 ä Π

z - ã
-

30 ä Π

z + ã
-

44 ä Π

z + ã
-

52 ä Π

z - ã
-

70 ä Π

z + ¼ �; Hz ® 0L ß ReHzL > 0

09.49.06.0007.01

ΗHzL �
q

-ä z
 â

k=0

¥ H-1Lk H2 k + 1L q12 k Hk+1L
3 �; q � ã

-
Π ä

12 z í Hz ® 0L í ReHzL > 0

09.49.06.0008.01

ΗHzL µ
1

-ä z
 ã

-
ä Π

12 z 1 + O ã
-

2 ä Π

z �; Hz ® 0L ß ReHzL > 0

Expansions at z � ä ¥

09.49.06.0009.01

ΗHzL µ
1

-ä z
 ã

-
ä Π

12 z 1 - ã
-

2 ä Π

z - ã
-

4 ä Π

z + ã
-

10 ä Π

z + ã
-

14 ä Π

z - ã
-

24 ä Π

z - ã
-

30 ä Π

z + ã
-

44 ä Π

z + ã
-

52 ä Π

z - ã
-

70 ä Π

z + ¼ �;
H z¤ ® ¥L í argHzL �

Π

2

09.49.06.0010.01

ΗHzL �
ã

-
Π ä

12 z

-ä z
 â

k=0

¥ H-1Lk ã
-

k Hk+1L Π ä

z H2 k + 1L3 �; H z¤ ® ¥L í argHzL �
Π

2

09.49.06.0011.01

ΗHzL µ
1

-ä z
 ã

-
ä Π

12 z 1 + O ã
-

2 ä Π

z �; H z¤ ® ¥L í argHzL �
Π

2

Other series representations

09.49.06.0012.01

ΗHzL �
ã

-
Π ä

12 z

-ä z
 â

k=0

¥ H-1Lk ã
-

k Hk+1L Π ä

z H2 k + 1L3 �;  z¤ < 2 Π ß ReHzL > 0

09.49.06.0013.01

ΗHzL3 �
Π3�2

I-logIãΠ ä zMM3�2 ã

Π2

4 logJãΠ ä zN â
k=0

¥ H-1Lk ã

k Hk+1L Π2

logJãΠ ä zN H2 k + 1L
09.49.06.0003.01

ΗHzL � â
k=1

¥ H∆1,k mod 12 - ∆5,k mod 12 - ∆7,k mod 12 + ∆11,k mod 12L exp
Π ä z

12
 k2

09.49.06.0004.01

ΗHzL �
1

Úk=0
¥ pHkL expJ2 Π ä Jk - 1

24
N zN
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09.49.06.0005.01

ΗHzL � exp
Π ä z

12
- â

n=1

¥ â
k=1

¥ ã2 Π ä z n k

k

Integral representations

On the real axis

Of the direct function

09.49.07.0001.01

ΗHzL �
1

2 Π3�4  G
1

4
ã

ä

Π
 Ùä

zΖI1;g2H1,tL,g3H1,tLM ât

Product representations
09.49.08.0001.01

ΗHzL � ã
Π ä z

12 ä
k=1

¥ I1 - ã2 Π ä k zM �; ImHzL > 0

Differential equations

Ordinary nonlinear differential equations

09.49.13.0001.01

wHzL2 I33 w¢¢HzL2 + wHzL wH4LHzLM - 18 w¢HzL4 + 12 wHzL w¢¢HzL w¢HzL2 - 28 wHzL2 wH3LHzL w¢HzL � 0 �; wHzL � ΗHzL
09.49.13.0002.01

36 w¢HzL2 - 24 w¢¢HzL wHzL + w¢¢¢@zD � 0 �; wHzL �
Η¢HzL
ΗHzL

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.49.16.0001.01

ΗHz + 1L � ã
Π ä

12 ΗHzL
09.49.16.0002.01

ΗHz - 1L � ã-
Π ä

12 ΗHzL
09.49.16.0003.01

Η -
1

z
� z ã-

Π ä

4 ΗHzL

Identities
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Functional identities

09.49.17.0001.01

ΗHzL � ã-
Π ä

12 ΗHz + 1L
09.49.17.0002.01

ΗHzL � ã
Π ä

12 ΗHz - 1L
09.49.17.0003.01

ΗHzL �
1

z
 ã

Π ä

4 Η -
1

z

09.49.17.0004.01

Η z +
1

2
�

ã
Π ä

24 ΗH2 zL3

ΗHzL ΗH4 zL
09.49.17.0005.01

Η z +
1

3

3

� ã
Π ä

12 ΗHzL3 + 3 3 ã-
1

12
HΠ äL ΗH9 zL3

09.49.17.0006.01

ΗHzL48 �
1

256
2 Η

z + 1

2

24

ΗK z

2
O24

+ Η
z + 1

2

16

ã
2 Π ä

3 Η
z + 1

2

16

+ ã
-

2 Π ä

3 ΗK z

2
O16

ΗK z

2
O16

09.49.17.0007.01

ΗH6 zL7

ΗH3 zL �
ΗH4 zL3 ΗH18 zL9

ΗH9 zL3 ΗH36 zL3
-

ΗH36 zL3 ΗH2 zL9

ΗHzL3 ΗH4 zL3

09.49.17.0008.01

ΗHzL2 ΗH4 zL ΗH6 zL9 - 2 ΗHzL ΗH2 zL ΗH3 zL3 ΗH4 zL3 ΗH12 zL2 ΗH6 zL2 + ΗH2 zL3 ΗH3 zL6 ΗH12 zL3 � 0

09.49.17.0009.01

-ΗH2 zL12 ΗH3 zL12 + 9 ΗHzL4 ΗH2 zL4 ΗH6 zL8 ΗH3 zL8 + ΗHzL8 ΗH2 zL8 ΗH6 zL4 ΗH3 zL4 - ΗHzL12 ΗH6 zL12 � 0

09.49.17.0010.01

Η
b + a z

d + c z
� ä Hd + c zL ΗHzL exp Π ä

a + d

12 c
+ sHd, -cL ΘH-cL + -ä Hd + c zL ΗHzL exp Π ä

a + d

12 c
+ sH-d, cL ΘHcL �;

a Î Z í b Î Z í c Î Z í d Î Z í a d - b c � 1 í sHh, lL � â
k=1

l-1 1

l
 k

h k

l
-

k h

l
-

1

2

Differentiation

Low-order differentiation

09.49.20.0005.01

Η¢HäL � -
ä Π

4

2 GJ- 1

4
N
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09.49.20.0006.01

¶ΗHzL
¶z

�
ä

Π
ΗHzL ΖH1; g2H1, zL, g3H1, zLL

09.49.20.0001.02

¶ΗHzL
¶z

�

-
4096 ä KHΛHzLL13

847 288 609 443 Π13 ΗHzL23 HJHzL - 1L4 JHzL5 HΛHzL - 1L14 ΛHzL14
 KKHΛHzLL IΛHzL2 - ΛHzL + 1M11 I2 ΛHzL3 - 3 ΛHzL2 - 3 ΛHzL + 2M5

I81 HJHzL - 1L JHzL HΛHzL - 1L2 ΛHzL2 I4 ΛHzL6 - 11 ΛHzL5 + 6 ΛHzL4 + 4 ΛHzL3 + 13 ΛHzL2 - 18 ΛHzL + 6M -

2 H7 JHzL - 4L H1 - 2 ΛHzLL2 HΛHzL - 2L2 HΛHzL + 1L2 HHΛHzL - 1L ΛHzL + 1L3M -

81 EHΛHzLL HJHzL - 1L JHzL HΛHzL - 2L6 HΛHzL - 1L2 ΛHzL2 HΛHzL + 1L6 H2 ΛHzL - 1L6 IΛHzL2 - ΛHzL + 1M12O
09.49.20.0002.01

¶ΗHzL
¶z

�
Π ä

12
 ΗHzL + ã

Π ä z

12 ä Π â
k=-¥

¥ H-1Lk k H3 k - 1L ãΠ ä k H3 k-1L z

09.49.20.0007.01

¶2 ΗHzL
¶z2

� -
ä

6 Π2 -z2

 ΗHzL z g2H1, zL - 6 2 z + ä -z2 ΖH1; g2H1, zL, g3H1, zLL2 + z Ã¢H1; g2H1, zL, g3H1, zLL
09.49.20.0003.01

¶2 ΗHzL
¶z2

� -
Π2

144
ΗHzL -

Π2

6
 â
k=-¥

¥ H-1Lk k H3 k - 1L I18 k2 - 6 k + 1M ã
Π ä

12
 ä H6 k-1L2 z

09.49.20.0008.01

¶2 ΗHzL
¶z2

�
8192 KHΛHzLL14 IΛHzL2 - ΛHzL + 1M10 HΛHzL - 2L4

717 897 987 691 852 588 770 249 Π26 ΗHzL47 HJHzL - 1L8 JHzL10 HΛHzL - 1L28 ΛHzL28

K-892 194 905 743 479 Π12 EHΛHzLL2 HJHzL - 1L5 JHzL6 HΛHzL - 2L2 HΛHzL - 1L16 ΛHzL16 HΛHzL + 1L6 H2 ΛHzL - 1L6

IΛHzL2 - ΛHzL + 1M2
ΗHzL24 - 22 029 503 845 518 Π12 EHΛHzLL KHΛHzLL HJHzL - 1L4 JHzL5 HΛHzL - 2L HΛHzL - 1L14

ΛHzL14 HΛHzL + 1L5 H2 ΛHzL - 1L5 IΛHzL2 - ΛHzL + 1M I-8 HΛHzL - 2L2 HΛHzL + 1L2 H1 - 2 ΛHzLL2 HHΛHzL - 1L ΛHzL + 1L3 -

81 JHzL2 HΛHzL - 1L2 ΛHzL2 HΛHzL HΛHzL HΛHzL HHΛHzL - 2L ΛHzL H4 ΛHzL - 3L + 4L + 13L - 18L + 6L +

JHzL HHΛHzL - 1L ΛHzL HHΛHzL - 1L ΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL H2 ΛHzL H28 HΛHzL - 4L ΛHzL + 309L - 989L + 122L + 954L +

745L - 1444L + 948L + 336L + 56LM
ΗHzL24 - 31 381 059 609 Π12 KHΛHzLL2 HJHzL - 1L3 JHzL4 HΛHzL - 1L12 ΛHzL12 HΛHzL + 1L4 H2 ΛHzL - 1L4

I320 HΛHzL - 2L4 HΛHzL + 1L4 H1 - 2 ΛHzLL4 HHΛHzL - 1L ΛHzL + 1L6 - 16 JHzL H1 - 2 ΛHzLL2 HΛHzL - 2L2 HΛHzL + 1L2

HHΛHzL - 1L ΛHzL HHΛHzL - 1L ΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL H4 ΛHzL H64 HΛHzL - 4L ΛHzL + 687L - 4309L + 442L + 4284L +

3155L - 6254L + 4218L + 1536L + 256L HHΛHzL - 1L ΛHzL + 1L3 + 2187 JHzL4 HΛHzL - 1L4

ΛHzL4 HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL H8 ΛHzL HΛHzL H24 ΛHzL - 131L + 248L - 1115L + 187L -

3064L + 5062L - 1270L + 772L - 5275L + 6027L - 2712L + 452L -

54 JHzL3 HΛHzL - 1L2 ΛHzL2 HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL H2 ΛHzLHΛHzL H4 ΛHzL H91 ΛHzL H4 ΛHzL - 35L + 13 683L - 150 361L +

268 475L - 548 481L + 256 199L - 288 895L + 959 211L -

1 126 144L + 313 748L - 87 915L + 1 046 911L -

1 701 035L + 1 308 669L - 604 480L + 186 944L - 39 312L + 4368L +

http://functions.wolfram.com 6



1 701 035L + 1 308 669L - 604 480L + 186 944L - 39 312L + 4368L +

JHzL2 HHΛHzL - 1L ΛHzL HHΛHzL - 1L ΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL H4 ΛHzL HΛH
zL H4 ΛHzL HΛHzL H4 ΛHzL H224 HΛHzL - 10L ΛHzL + 13 605L - 230 559L +

655 185L - 4 868 517L + 5 490 353L - 9 582 965L - 7 161 009L -

2 091 543L + 37 198 791L - 41 766 450L - 3 485 674L +

31 562 929L - 700 317L - 42 139 839L + 51 756 825L -

34 928 928L + 15 939 572L - 4 748 000L + 1 123 296L + 172 032L + 14 336LM
ΗHzL24 + 309 049 344 EHΛHzLL2 KHΛHzLL12 HJHzL - 1L2 JHzL2 HΛHzL - 2L8 HΛHzL - 1L4

ΛHzL4

HΛHzL + 1L12

H2 ΛHzL - 1L12

IΛHzL2 - ΛHzL + 1M14
+

47 104

KHΛHzLL14

HΛHzL - 2L6

HΛHzL + 1L10

H2 ΛHzL - 1L10

IΛHzL2 - ΛHzL + 1M12

I8 HΛHzL - 2L2 HΛHzL + 1L2 H1 - 2 ΛHzLL2 HHΛHzL - 1L ΛHzL + 1L3 +

81 JHzL2 HΛHzL - 1L2 ΛHzL2 HΛHzL HΛHzL HΛHzL HHΛHzL - 2L ΛHzL H4 ΛHzL - 3L + 4L + 13L - 18L + 6L +

JHzL H-HΛHzL - 1L ΛHzL HHΛHzL - 1L ΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL H2 ΛHzL H28 HΛHzL - 4L ΛHzL + 309L - 989L + 122L +

954L + 745L - 1444L + 948L + 336L - 56LM2
+

7 630 848 EHΛHzLL KHΛHzLL13 HJHzL - 1L JHzL HΛHzL - 2L7 HΛHzL - 1L2 ΛHzL2 HΛHzL + 1L11 H2 ΛHzL - 1L11

IΛHzL2 - ΛHzL + 1M13

I-8 HΛHzL - 2L2 HΛHzL + 1L2 H1 - 2 ΛHzLL2 HHΛHzL - 1L ΛHzL + 1L3 -

81 JHzL2 HΛHzL - 1L2 ΛHzL2 HΛHzL HΛHzL HΛHzL HHΛHzL - 2L ΛHzL H4 ΛHzL - 3L + 4L + 13L - 18L + 6L +

JHzL HHΛHzL - 1L ΛHzL HHΛHzL - 1L ΛHzL HΛHzL HΛHzL HΛHzL HΛHzL HΛHzL H2 ΛHzL H28 HΛHzL - 4L ΛHzL + 309L - 989L + 122L + 954L +

745L - 1444L + 948L + 336L + 56LMO
Fractional integro-differentiation

09.49.20.0004.01

¶Α ΗHzL
¶zΑ

�
Π

12

Α

z-Α â
k=-¥

¥ H-1Lk exp
Π ä z

12
 H1 - 6 kL2 Iä H1 - 6 kL2 zMΑ

Q -Α, 0,
Π ä z

12
H1 - 6 kL2

Integration

Indefinite integration

Involving only one direct function

09.49.21.0001.01

à ΗHzL â z � -
12 ä

Π
 â
k=-¥

¥ H-1Lk

H6 k - 1L2
 exp

Π ä z

12
H6 k - 1L2 - 1
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Operations

Limit operation

09.49.25.0001.01

lim
Ε®+0

ΗHä ΕL � 0

Representations through equivalent functions

With related functions

Involving Weierstrass functions

09.49.27.0001.01

ΗHzL24 �
g2

3 - 27 g3
2

Π12
�; 8g2, g3< � 9g2 H1, zL, g3H1, zL= ì ImHzL > 0

09.49.27.0002.01

ΗHzL24 �
g2

3 - 27 g3
2

H2 ΠL12
�; 8g2, g3< � :g2 

1

2
,

z

2
, g3

1

2
,

z

2
> í ImHzL > 0

Involving theta functions

09.49.27.0007.01

ΗHzL �
1

3
 J2

Π

6
, ã

Π ä z

3 �; ImHzL > 0 ß  ReHzL¤ < 3

09.49.27.0003.01

ΗHzL � ã
Π ä z

12 J3

Π Hz + 1L
2

, ã3 Π ä z �; ImHzL > 0

09.49.27.0004.01

ΗHzL3 �
1

2
J1

¢ I0, ãä Π zM �; ImHzL > 0 ß  ReHzL¤ £ 1

09.49.27.0005.01

ΗHzL3 �
1

2
J2I0, ãΠ ä zM J3I0, ãΠ ä zM J4I0, ãΠ ä zM �; ImHzL > 0 ß  ReHzL¤ £ 1

Involving other related functions

09.49.27.0006.01

ΗHzL24 �
1

I48 Π2M3
JHzL4 H1 - JHzLL3

 
¶JHzL

¶z

6 �; ImHzL > 0

Theorems

Modular form of order 12

http://functions.wolfram.com 8



The 24th power of the Dedekind Eta function ΗHzL is a modular form of order 12. (This means that under all argu-

ment substitutions of the form z ® z¢ = Ha z + bL � Hc z + dL where a, b, c, and d  are integers with a � 1 mod 12,

b � 0 mod 12,  c � 0 mod 12,  d � 1 mod 12, and a d - b c � 1 the identity ΗHz¢L24 = Hc z + dL12 ΗHzL24 holds.)

Kronecker's first limit formula

â
k,l=0

¥

8k,l<¹80,0<

ys

È k Hx + ä yL + l È2 s
=

Π

s - 1
+ 2 Π Γ - logH2L - log J y Ë Η Hx + ä yL ËN2

+ OHs - 1L �; ReHsL > 1 ì x, y Î R

The number of representations of n as a sum of triangular numbers

The number Νn of representations of n as a sum of triangular numbers is Νn � J@qnD Jq-1�8 
ΗH-ä logHqL�ΠL2

ΗH-ä logHqL�H2 ΠLL NN.
One product-series representation

Η HΤLn2+2 � H-1L n+1
2 ä

k=1

n-1 1

k !
â

k1,k2,¼,kn=-¥
ki  mod n�l

¥ Úi=1
n ki

n
-

n + 1

2
H-1LÚi=1

n ki  ä
1£r<s£n

Hks - krL q1�H2 nL Úi=1
n Iv HiL-

n

2
M2 �; q =

ãä 2 Π Τ

One series representation

Η24HzL � â
k=1

¥

ΤHkL ãk Π ä z�12 �;
ΤHnL �

1

288
 â
k1,k2,k3,k4,k5=-¥ 9k1,k2,k3,k4,k5= mod 5�81,2,3,4,5<

k1+k2+k3+k4+k5�1

k
1
2+k

2
2+k

3
2+k

4
2+k

5
2�10 n

¥ Hk1 - k2L Hk1 - k3L Hk1 - k4L Hk1 - k5L Hk2 - k3L 

Hk2 - k4L Hk2 - k5L Hk3 - k4L Hk3 - k5L Hk4 - k5L
History

– R. Dedekind (1877) introduced the name "elliptic modular function"
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