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Notations

. N | P S W [ S
conrce of tnformation abont mathematical functions.

Traditional name

Logarithm of the gamma function

Traditional notation

logl™ (2)

Mathematica StandardForm notation

LogGammma [ z]

Primary definition

06.11.02.0001.01

e}

logrl (2) == Z(E - Iog(l+ E)] —yz-10g(2)

k=1

The function logl'(2) is equivalent to log(I'(2)) as a multivalued analytic function, except that it is conventionally

defined with a different branch cut structure and principal sheet. The function logl'(z) allows a concise formulation
of many identities related to the Riemann zeta function £(2).

Specific values

Specialized values

06.11.03.0001.01
logl'(n) == log((n-1)!") /; ne N*

06.11.03.0002.01

n 2" (n-1)!
Iogl"(i) =logf ——— [/;neN"*

n1,
2

06.11.03.0003.01
logl' (-n)==c0 /;neN

06.11.03.0004.01

1 1 n
logl’ [n + —] == logl' (—) -2nlog(2) + Zlog(4k— 3)/;ineN
4 4 P
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06.11.03.0005.01

1 1 n
Iogl"[— —n) == Iogl"(—)+2|og(2)n—mfn—ZIog(4k—l) /ineN
4 4 <

06.11.03.0006.01

I F[ 1) I F(l) log(3 nI 3k-2 N
ogl'[n+ —|==logl'l = |-nlo § og3k-2)/;n
a\n+3 913 g(3) + 9( )/ine

k=1

06.11.03.0007.01

1 1 n
Iogr[— - n] == Iogl“(—) +log®n-min- Zlog(Sk— 1)/ineN
3 3 =

06.11.03.0008.01

1 log(m)
Iogl"[n + 5) =

n
—nlog(2) +Zlog(2k— 1/ineN
k=1

06.11.03.0009.01

1 log(m) n
Iogl“(——n):: +Iog(2)n—m'n—ZIog(2k—l)/;neN
2 2 <

06.11.03.0010.01

| F[ 2) | F(z) log(3 nI 3k-1 N
ogl'ln+ —|==1logl| —|[-nlo § o -1 /:n
g +3 g 3 0(3) + ( )ine

k=1

06.11.03.0011.01

2 2 n
Iogl“(— - n] == Iogl‘(—) +log®n-min- Zlog(3k— 2)/;ineN
3 3 =

06.11.03.0012.01

|r[ 3) |r(3) log@)+ 3 logdk— 1) /: n e N
og ,H.l_1 ==log Z—nog()+|§og( -1/ine

06.11.03.0013.01

3 3 n
IogF[— - n) = IogF(—) +log@n-nin- Zlog(4k— 3)/;ineN
4 4 )

06.11.03.0014.01

p p d
logl|n+ — ::IogF(—]—nIog(q)+ZIog(p+kq—q)/;neN/\peN*/\qu*/\p<q
q q k=1

06.11.03.0015.01

n
logl’ E—n ==Iogl“(E]+Iog(q)n—m‘n—Zlog(qk— p/ineNApeN*AgeN " Ap<q
q q k=1

06.11.03.0034.01

/e
logl|1— P + Iogl"[B) = log(n) — Iog[sin(p—]) LipeN"AgeNt*Ap<q
q q q

Values at fixed points

06.11.03.0016.01
logl'(—=3) ==
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06.11.03.0017.01

Iogl“[—g) = Iog[8\/7] -3in

15

06.11.03.0018.01
logl'(—2) == o0

06.11.03.0019.01

| F( 3) I v 2i
ogl|-—|==lo -2in
g 5 g 3

06.11.03.0020.01
logl'(-1) == 0

06.11.03.0021.01
1
Iogl“[—E) == log(2 \/7) —in
06.11.03.0022.01
logl'(0) == oo

06.11.03.0023.01
| 1“[ 1) log(m)
o _

9 2

2

06.11.03.0024.01
logl'(1) == 0

06.11.03.0025.01

i)

06.11.03.0026.01
logl'(2) == 0

06.11.03.0027.01

ol

4

06.11.03.0028.01
logl'(3) == log(2)

06.11.03.0035.01
| [1) | [3) log(2)
ogl’| — |+ logl’l — | =

9 4 9 4 2

06.11.03.0036.01

| F[ 1) | F[ 2) oa(2 10g(3)
ogl'[ — |+ logl'[ — | =lo -—
9 3 9 3 ¥em) 2

+ log(n)

Values at infinities

06.11.03.0029.01
logl'(co) == oo
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06.11.03.0030.01
logl'(—o0) == &

06.11.03.0031.01
Iogl"(i 00) == 60

06.11.03.0032.01
Iogl"(—i 00) == 60

06.11.03.0033.01
logl'(co) == &

General characteristics

Domain and analyticity
logl'(2) is an analytical function of z which is defined over the whole complex z-plane. It has one infinitely long
branch cut.
06.11.04.0001.01

z—logl'(2) :: C—C

Symmetries and periodicities

Mirror symmetry

06.11.04.0002.01
logl'(2) == logl'(2) /; Z ¢ (-, 0)

Periodicity

No periodicity

Poles and essential singularities
The function logI'(z) does not have poles and essential singularities.

06.11.04.0003.01
Sing (logT'(2)) = {}

Branch points
The function logIl'(2) has infinitely many branch points: z==—-n/; ne N and z== c. All these are logarithmic type branch
points.

06.11.04.0004.01
BP(logl'(2) = {0, &}

06.11.04.0005.01
R,(logl’(2), 0) == log

06.11.04.0006.01
R, (logl’(2), &) == log
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Branch cuts

The function logl'(2) is a single-valued function on the z-plane cut along the interval (—co, 0), where logl'(2) is
continuous from above. Thisinterval includes an infinite set of branch cut lines of combined logarithmic type along
(=00, —=N) /;neN.

06.11.04.0007.01
BCAlogl'(2) == {{(~ o0, 0), —i}}

06.11.04.0008.01
lim logl'(x+i€) ==logl'(x) /; x <0

e-+0

06.11.04.0009.01
lim logl'(x—i€e) ==logl'(x) — 2im|[X] /; x< 0

e>+0

Series representations

Generalized power series

Expansions on branch cuts

06.11.06.0019.01
agz—x)

1 1
LX] + (z//(x)+ Ewl)(x) (z—X) + g¢<2>(x) (z— %2+ ...)(z—x) /;(Z->XAXERAX<O0

logl'(2) o logl’ (X)+2i7r{

06.11.06.0020.01
arg(z—x)

1 1
LX] + ¥(X) (Z— X) + 3 YO (- %% + . Y2 (z-%°+0((z-%*) /; xeRAXx<0

logl'(2) oc logl’ (X)+2iﬂ{

06.11.06.0021.01
k 1)

(Z—X)k/;xe[R/\X<O

logl'(2) = Iogl"(x)+2iﬂ{ 9e _X)J Z
k=1

06.11.06.0022.01

C|ad )
logl'(2) o (IogF(x) + ZM{ J LXJ) (1+0(z-Xx)/; xeRAXx<0

T

Expansionsat z==0

For the function itself

06.11.06.0002.02

2 (327 7
logl' 2 «« -log@d -yz+ — = —+ ——... /;(z-0)
12 3 360

06.11.06.0023.01

logl’ | ©z_ {87 ©7 oz
O Z) < —100(Z 2+ —— — -
gr(2) x ~logd -y 2+ — 2 30 (2)
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06.11.06.0003.01

DI ¢(j+2)27

logI'(2) == ~log(2) - yz+Z e S LA

06.11.06.0001.01

i (k+ )72 Z+2
logl'(2) == —log(2) — )vz+zz( ! ) /i1 <1

k=0 j=0

06.11.06.0004.02
logl'(2) o< —log(2) — y (1 + O(2))

Expansionsat z==2z, /; 7" (o€ R A\ 2o < 0)

For the function itself

06.11.06.0007.02

{2, ) {3, 29

2

Z-20°+.../; 2> ) N= (% eR N2 <0)

logl'(2) o< logT(z) + ¥(29) (2~ Z0) +

06.11.06.0024.01

2

%) ()
Z-7

Iqe:
logl'(2) o 10gT(20) + ¥(29) (2 20) + (-2 +0((z-20)*) /; ~ (o eR A 25 < 0)

06.11.06.0008.02
> (-1 +2, 29)

logl'(2) == logl'(z) + Y(Z) (2~ 20) + ) | — @ 22/~ (2 eR A% <0)
j=0
06.11.06.0025.01
(o) (k_l)(
logr@ = > (z-2)"/;~ (0 eR N2 <0)
k=0

06.11.06.0005.02

&S () z-2)*?
logl'(2) == logl'(zo) +¥/(20) 2~ 20) + ) )| ——————— /7 (% ERAZ < 0)
k=0j=0 (j +2) (k+z9)'"

06.11.06.0006.02

logI'(2) == 10gT"(20) + (2) (2~ 2) i[z_zo | (k”
ogl'(2) == logl'(zy) + W(20) (- Z) + » | —— —log
o \K+ 29 k+ 7

)]/;_‘(ZOE[R/\ZOSO)

06.11.06.0009.02
logl'(2) o< logl(z0) + ¥(Zo) (- 29) (1 + O(Z~2)) /; = (Zo € R A2y < 0)

Expansionsat z== —n

For the function itself

06.11.06.0026.01
2

arg(z+n) ) 1(n . )
J—IogF(n+1)—nn7r+t//(n+1)(Z+n)+E 5—(// N+ |(z+n?+.../;

logl'(2) o< —log(z+ n) — 2inn{

(Z>-mA-neN
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06.11.06.0027.01
2

arg(z+n 1(n
logl'(2) o —log(z+ n) — 2u‘n7r{ —logf'n+ 1) —nix+y(n+1)(z+n) + 5 [? —yPn+ 1)] Z+m?+0(z+n?) /;
w
-neN
06.11.06.0028.01
agz+n - (D@ + (DK P(n+ 1)
|OgF(Z)o<—|Og(Z+n)—2i7r{ ¥z +n) —mn+z ) )(z+n)k/;
k!
(Z— -nA-neN
06.11.06.0010.01
n-1
logl'(2) o«c —log(z+ n) + logl’ (z+ N+ 1) —Zlog(z+ K)/;(z—=-nAneN
k=0

06.11.06.0029.01

= z z
logl'(2) = -y z-1log(2) —Z(Iog(l+ E) - E)

k=1
06.11.06.0011.01
n-1
logl'(2) o< —log(z+ n) — Zlog(z+ K(1+0O(z+n)/;(z->-nNAneN
k=0

06.11.06.0030.01
argin+2

n+z?7rn+logF(n+1)) 1+0@z+n)/;-neN

logl'(2) o< —log(z+ n) — (21’7{

2n

Exponential Fourier series

06.11.06.0012.01

1 &, (log2kn) +y)sin2knr x)

IoFx__—Io —log(sin(zr X - O<x<1
gr'(x) == — (log(x) - log(sin(x )))+ﬂ§ ” /;0<x<

06.11.06.0013.01

1 Iog(s nrx) 1 .& logk)sin2kmrx)
logT'(x) ::(5—x)(log(2)+)v)+(1—x)log(zr)— —Z [i0<x<1
Tl

06.11.06.0014.01

log2nr) & (cos2knx) (log2kn) +y)sin(2knr x)
logl'(x) == +Z[ + /;0<x<1
2 ) 2k kn
Asymptotic series expansions
06.11.06.0015.01
1 Iog(2n) &
Iogl"(z)oc(z— —)Iog(z)—z +Z [imZeZANz<0)A(Z - o)
2 o1 2k(2k- 1)z2k1
06.11.06.0016.01
1 log(2 ) 1 1
logl'(2) o (z— —) log(2) — + — [1+ O[—]] [in(ZeZANz<0)A(|Z - o)
2 12z 2
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Other series representations

06.11.06.0017.01
nz © f(2k+1) 2k

)—27/; <1

sn(rz)/ 15 2k+1

1
logl'(z) == —-log(2) -y z+ 5 Iog(

06.11.06.0018.01

ool log(2 ) ( 1)I 12 (k-1)k z+ 1)/ R 0
ogl(2) = +|z-—1log(2) —z+ — - 7
gr'( > 0(2) 2;:2 Ko D) &(2) >

Integral representations

On the real axis

Of thedirect function

06.11.07.0001.01

et (elZ -1
logl'(2) == —f —( —z] dt+log(r) —log(sin(r 2)) /; Re(z) < 1
o t (1-et

06.11.07.0002.01
@—t z —~t

o 1 > —
logl'(z ==f —((z—l)e“+ ¢ ]dt/; Re(z) > 0
ot 1

—et

06.11.07.0003.01

e 2 (1 1 1 log(2 7) 1
logl'(2) ==f (———+ )d’t+ +[z— —)Iog(z)—z/; Re(2) >0
o t \2 t (-1 2 2

06.11.07.0004.01

0 @t 1-— e—t(z—l)
Iogl“(z)::f —|z-1-—|dt/;Re(2>0
o t 1-¢t

06.11.07.0005.01
-tz

wetZ_pt 1 1 1 1
logl'(z ==f (———+ )dt+(z— —)Iog(z)+l—z/; Re(z) >0
0 t 2t e-1 2

06.11.07.0006.01

1 el t 1 log(m)
logl'(2) = —f —(csch(—)sinh(t(—— ))—e‘t (1—22))dt+
2Jo t 2 2 2

06.11.07.0007.01
00 ]

logl'(z ==f —(e“ z-1)+
ot

06.11.07.0008.01
t

oo ta“_l( Z) log(2 ) 1
logl'(2) == f dt+ +|z- —=1log(2 - z/; Re(2 >0
0 e2mt_1 2 2

1
- E log(sin(r2)/;0<Re(z) <1

1
((t +1D7% - —))dt /;Re(2) >0
log(t + 1) t+1

Limit representations
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06.11.09.0001.01

n z
logl'(2) == rI1im [zlog(n) - Z Iog(l + E)] —log(2)

k=1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

06.11.13.0001.01

owW(2)
—— =¥(2) /; W(2) == logl'(2)
0z

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.11.16.0001.01

N w

1
logl'(1 — 2) == log(n) — log(sin(r 2)) — logl'(2) /; — 5 <Re(2 =

06.11.16.0002.01

2Re() + 1 2Re(9 +1
- ¢z

logl'(1 — 2) == log(n) — log(sin(z 2)) — logl'(2) + 2i x {

(san(Im(2)) + (sgn(Im(2))? - 1) sgn(Re(2))) /;

06.11.16.0009.01
logl'1-2) = -7 i |LRe(2)]| (1 - Isgn(Im(2)]) + log(x) - log(sin(z (z— LRe(2)))) - logl'(2) + i 7 [Re(2)| sgn(Im(2)

06.11.16.0010.01

3 ag©2
logl' (-2 = -logl'(2 +inz+2in {— -
4 2n

J —log(1-e?'"?) +log(-2im) —log(-2) /;0<ag@ <7\ -1<Rez) <1

06.11.16.0011.01

3 ag©2
IogF(—z):—IogF(z)+i7rz+2i7r{—— > J—
T

271 0(-1m(2) (9(Re(2) [Re(2)| - (~Re(2) L-Re(2)]) — 27 i | -R&(D)] Sargz—r — 1091 — €2 %) + log(~2i ) — log(~2)

06.11.16.0012.01
logl'(-2) = —ni |L[Re2)]| (1 - |sgn(Im(2))]) + log(r) — log(~2) - log(sin(x (- |[Re(2)]))) — logl'(2) + i 7 [Re(2) | sgn(Im(2))

06.11.16.0003.01
logl'(z+ 1) == logl'(2) + log(2)

06.11.16.0004.01
logl'(z— 1) == logl'(2) — log(z— 1)

06.11.16.0005.01
n-1
logl'(z+ n) == log'(2) + Zlog(k +2/:neN
k=0
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06.11.16.0006.01

logl'(z—n) == logl'(2) — Zlog(z— K /;neN
k=1

Multiple arguments

Argument involving numeric multiples of variable
06.11.16.0007.01

1 log(m)
logl'(2 2) == logl’ (z+ 5) +logl'(2) + (2z- 1) log(2) — T

06.11.16.0013.01

1 2 log(3)
logl'(32) = logl'(2) + Iogr[z+ 5] + IogF(z+ 5) +3zlog(3) — T —log(27)

Argument involving symbolic multiples of variable
06.11.16.0008.01

m-1 k 1
logl’'(mz) = Z Iogl"[z+ —) +mzlog(m) — — (log(m) + (m-1)log (27)) /; me N*
= m 2

Identities

Recurrence identities

Consecutive neighbors

06.11.17.0002.01
logl'(2) == logl'(z+ 1) — log(2)

06.11.17.0001.01
logl'(2) == logl'(z— 1) + log(z— 1)
Distant neighbors

06.11.17.0003.01
n-1

logl'(2) == logl'(z+ n) — Zlog(z+ Ky /;neN
k=0

06.11.17.0004.01

logl'(2) == logl'(z—n) + Zlog(z— Ky/;neN
k=1

Functional identities

Relations of special kind

06.11.17.0005.01

1
logl'(—2) == log(n) — log(-2) — log(sin(x 2)) — logl'(2) /; —5 <Reg2) < %
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06.11.17.0006.01

2Re(2 +1
logl'(-2) == log(x) — log(—-2) - log(sin(r 2)) — logl'(2) + 2i { J (san(im(2)) + (sgn(Im(2))* - 1) syn(Re())) /;
2Re(2) +1
- ¢z
4

Complex characteristics

Real part

06.11.19.0001.01

©(x 1 X2+ 2K X+ y? 1
Re(logl(x+iy) = > |—-——logll+ ——— || - yx— — log(x?
e(logl(x+i ) ;[k > g[ L ]] 7 x-S logh +7)
Imaginary part

06.11.19.0002.01

© k+ x
Im(logl'(x+i y)) = Z(X - tanl(—, X]) —yy-tani(x, y)
Sk k 'k

Differentiation

Low-order differentiation

06.11.20.0001.01
dlogrl’ (2)

0z

=42

06.11.20.0002.01
8%logl'(2)

=y
97

Symbolic differentiation

06.11.20.0003.02
d"logl'(2)

0z

=y" D@ /ineN

Fractional integro-differentiation

06.11.20.0004.01
0%logl'(2)

0z

=y

06.11.20.0005.01

0% logl'(2) Pl
g == — ’I/ =+ Zz_a/ Z
0z re-a)

k=1

V4
2F1(1, 2, 3- a; — E) - ¢Cfg;(z) z¢

| P

oS}
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06.11.20.0006.01

0%logr(az+b) ayz“’ o az az 1 b b+k
B ) (LML WA PPN LI
0zr re- 0/) G \kT'(2-a) b+k b +k/ T(1l-a) k

(yb+logb))z® azt* _ az
Fl(l, L2—a; - F)

ri-a) b

Integration

Indefinite integration

Involving only one direct function

06.11.21.0006.01

f logl'@ dz =y (2)

06.11.21.0001.01

)

f| N dz=(1-1 - ( (1 —) —(k | (1 —))
ogl(2)az 09(2) z + E Z| 1+ +2)logl 1+
@ ( @ 2 1 2k ( ) k

Involving one direct function and elementary functions

Involving power function

06.11.21.0002.01
7 z v Z(H—l 2(Z+2

f ZYlogl(@dz= —logl'(2) + — + -
a @ al@+l) a(@+2

> yA
Z 3F2(12a+22a+3 ——)
koo (k+ 1) k+1

06.11.21.0007.01

fz"logl"(z)d’z—Z( N2 K22 ineN

k=0

06.11.21.0008.01

DI yI2@+bz) bt A
fz“logr(a+bz)dz_n'z( s ( /ineN
j=0 (n_J)'

Definite integration

For thedirect function itself

06.11.21.0003.01

z+1 log(2 )
f logl'(t) dt==(log(2 — 1) z+ [, Z¢ (=00, 0)

Involving the direct function

06.11.21.0004.01

1 log27n)+7y
f logrt)sinant)dt==———/;neN"*
0

2nn
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06.11.21.0005.01

1 1
f logr(t)cos2rnt)dt=— /;neN*
0 4n

Operations

Limit operation

06.11.25.0001.01
Iirg (logf(x+i€) —log(T'(x+i€) =-2nmik/
€

XERA k1 < X< D1 ANW(Z) =0AN14<25<15A-06<2 <-05A-16<2 <-15A
—27<23<-26/N\N-37<2<-36A\-47<25<-46/\-57<2<-56\-67<z<-66A... \keN*

06.11.25.0002.01
Iirrg (logf(x—ie€) —log(T'(x—ie€) =2mik/;

XERA D1 < X< D1 ANW(Z) =0A14<25<15A-06<2 <-05A-16<2<-15A
—27<23<-26/N\N-37<2<-36/A\-47<25<-46/\-57<2<-56\-67<z<-66A... \NkeN*

Representations through more general functions

Through other functions

06.11.26.0001.01

Z
logl' (2) == f Yt dt
1
06.11.26.0002.01
@
logl'(z) == ———
az—v—l
06.11.26.0003.01

1
logl(z) == ¢19(0, 2) + 5 log(27) /; Re(z) > 0

06.11.26.0004.01

1 1
logl(z) == ¢19(0, 2) + 3 log(27) + (26(Im(2)) — 1) i n Re(|z]) + 5 (1+ (-1)-Re@IIR2) 7 (—Im(2)) (- Re(2)) /; Re(2) > O

Representations through equivalent functions

With related functions

06.11.27.0001.01
7

log'(2) == log(T'(2)) /; 0 < Re@ = 2 /\ Im(2)| = .

06.11.27.0002.01

logl'(®) == 2ink(?) +10g(I'(2) /; k(2) = f 6(—Re(T(H) ImI'®) ¢(@)] s(IMI' (1) dt € Z
0
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06.11.27.0003.01

X
logl'(x) = Iog(l‘(x))+2me 0—X)/; xeRA-(XeZAx=<0)

History

— J. Stirling (1730) used seriesfor log (n!) to derive his famous asymptotic formula

—C. Siegel

—K. F. Gauss

—C. J. Mamstén

—0O. Schlémilch

—J. P. M. Binet (1843)

—E. E. Kummer (1847)

—G. Plana (1847)

—M.A. Stern (1847) proved convergence of the Stirling series for derivative of 1og(I'(2))

—Ch. Hermite (1900) proved convergence of Stirling's series for log(I'(z+ 1)) to this function if z is a complex

number
—J. Keiper (1990) (introduced logI'(z) in Mathematica)
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