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Notations
Traditional name
Logarithmic integral
Traditional notation

li(2)

Mathematica StandardForm notation

Logl nt egral [z]

Primary definition

06.36.02.0001.01

z 1
li(z) = f dt
o log(t)

Specific values

Values at fixed points

06.36.03.0001.01
li(0)=0

06.36.03.0002.01
li(1) == -0
Values at infinities

06.36.03.0003.01

li(c0) == 0

06.36.03.0004.01

li(%0) = &

General characteristics

Domain and analyticity

A Ll R R P I S [ LI
tce of tnformation abont mathematical fus

li(2) isan analytical function of zwhich is defined over the whole complex z-plane.

LTS,
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06.36.04.0001.01
z—li(2::C—C

Symmetries and periodicities

Mirror symmetry
06.36.04.0002.01

(2 =1i@/; ¢ (-, 0)

Periodicity

No periodicity

Poles and essential singularities

The function li(z) does not have poles and essential singularities.

06.36.04.0003.01
Sing (1i(2)) == {)

Branch points
The function li(2) has three branch points: z==0, z==1land z = .

06.36.04.0004.01
BP,(1i(2) =10, 1, &}

06.36.04.0005.01
R.(li(2), 0) == log

06.36.04.0006.01
R.(li(2), 1) == log

06.36.04.0007.01
R.(li(2), ) = log

Branch cuts

The function li(2) is a single-valued function on the z-plane cut along the interval (—co, 1). It is continuous from above
along the interval (—oco, 0) and it has discontinuities from both sides along the interval (O, 1).

06.36.04.0008.01
BCAli(2)) = {{(—c0, 0), =i}, {(0, 1), {}}

06.36.04.0009.01
lim lix+ie)=1li(x)/; x<0
e->+0
06.36.04.0010.01
lim li(x—ie)==Ei(log(-x) —in) /; x<0
e->+0
06.36.04.0011.01

lim lix+ie) =liX)+7mi/;0<x<1
e—>+0
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06.36.04.0012.01
limlix—ie)==liX)—mi/;0<x<1

e—>+0

Series representations

Generalized power series

Expansions at generic point z== z

For the function itself
06.36.06.0010.01
z-25 (Z-2)° log(zo)+2
- +
100Z)  log*(zy)zy  log*(z) B

06.36.06.0011.01
z-2  (2Z-2) log(zo)+2
+

li(2) o li(Zo) + Z-2)°+.../;(Z> 20)

li(2) o li(zo) + - (z-20° + O((z- 2"
109Z0))  log’(z0) 2y  log(zo) 2
06.36.06.0012.01
) k-1 ) .
li@ =liz) + > 77> (-1 |18}, log? 2 (z- )

k=1 =0

06.36.06.0013.01
li(2) o li(z0) (1 + Oz - 29))

Expansionsat z==

For the function itself

06.36.06.0001.02

1 1
Ii(z)oca[log(z—l)—log( ))+y+— 1-— +

z-1 z-1 (z-17?
z-1 2 12 36

+ ...]/; (z-»1

06.36.06.0014.01

z—1[ z-1 (z-17?

1 1
li@) o — [logz—1) - log| — - Ol(z— 173
@ 2(09(2 ) Og(z—l))+Y+ 2 s (@ ))]

06.36.06.0015.01

1 1 © (= 1)k k+1 B] é(J_l)
Iiz::—(lo z-1)-lo (—))+ + 1-z¢1
@ == > |logz= 1) ~log — ||+ ;(kﬂ)!; -2

Eric Weisstein
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06.36.06.0016.01

1 (<] l (<]
li(2) = 3 (Iog(z— 1)- Iog( )) Z Z Phj (- DM + Z
=1 ! h=0

Jloo

qu Z-1)* ),

h (D (=h+i+ij)

1
Pnj = EZ

i=1

1 -k j
ph—i'i/\pol“( 1)]/\QKJ“EZ( )(IJ:;I )Qk-u/\qm“(__)

i+1 =

06.36.06.0004.02
li o« = (10g(z— 1) - log — 2L von-1
i(2) —(o(z— ) — o(—))+ +—@1A+0(z-1)
* 2 9 9 z-1 7 2
Expansions on branch cuts

For the function itself

06.36.06.0017.01

+.../,Z->XAXxeRAXx<0

ag(z— X)J) z-X (2= x)?
+ —_—

argz-x)
”(Z)OCQ J+1)Ii(x)+Ei(Iog(—x)—/in) (—{
2 2n

T

log®)  xlog?(x)

06.36.06.0018.01

) ag(z-x) agiz-x) +x arg(z-x) ) Z—-X (z-%)?
I|(z)=i7ru J—{ J—{— J)+|I(X)+ - +.../;(Z>XAxeRAO<x<1
bis 2n 2 log(x) X|092(X)

06.36.06.0019.01

+0((z-%%) /i xeRAX<0

arg(z— X)J) z-x (2= x?
+ —

arg(z—x)
Ii(z)ocu J+1)Ii(x)+Ei(Iog(—x)—u'7r) (—{
2n 2

log®)  xlog?(x)

06.36.06.0020.01

arg(z—x) agz—-x) +x arg(z—x) Z-X (z—x)?
|i(z)=mﬂ J—{ J—{— J)+Ii(x)+ - +0((z-%°%) /;xeRAO<x<1
27 2n 2n 10g(®)  xlog?(x)

06.36.06.0021.01
5]
<
J+1) i—2h . 2h
Z[ log"2"(=x) (i 72" —
+1 rd 2h+1

T

1 (- g

(Iog (=X) +7 )]

J )n(x)+Z

arg(z— x) | &, (z— xkxtk
Ii(z):—Zﬁn{ 9 )JZ( )

k=1 ! j

Iy
o

7 K xik k1 _ _
@=% Z( D1’ log ™ 0 ; xe R AX <0

agz-x| , arg(z—
{ JEl(Iog(—x)—m)+[

Pavlyk 0. (2006)

06.36.06.0022.01

arg(z— X arg(z— Xx) + arg(z— X o k-1 ) . )
“(Z):Mu g(z )J—{ 9z ﬂJ—{— g;n )J)+Ii(x)+2x1’k2(—1)'j!S(aj_)lIog"’l(x)(z—x)k/;

b 2n =1 o0

XeRAO<x<1

06.36.06.0023.01

ag(z-x) arg(z—x)
Ii(z)ocu > J+1)Ii(x)+Ei(|og(—x)—w‘:r)(—{
T

T

)+O(z—x)/;xe[R/\x<0
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06.36.06.0024.01
agiz-x) agz-x)+n agz—x)

e N e N
T

J)+Ii(x)+0(z—x)/;xe[R/\O<x<1

2r 2n

Expansionsat log(z) == 0

For the function itself

06.36.06.0002.01

© log'(2)
+y+
)

1
li(2) == — [Iog(log(z)) - Iog[
2 log(2)

06.36.06.0003.01

1 1
li(2) = log(2) ;F,(1, 1; 2, 2; l0g(2) + — (Iog(log(z» - Iog( ]] +y
2 log(2)

Asymptotic series expansions

06.36.06.0025.01

ag(-2 +x
Ii(z)oczinu +

2n

ag(-2 z 1 2
2{— J+1)+ 1+ + + 0| /(14 - c0Vz—0)
27 log(2) 109 og?(2) log*(2)
06.36.06.0026.01
ag(-2+rx
i@ <in u +2

2n

{_ ag(-2

2n

J + 1) + sz! Iog‘k‘l(z) /(12 » 0oV Z—- 0)

k=0
06.36.06.0005.01

li(2)

1
]+ > [log(log(z» - Iog[ )) —log(-109(2) /; (12 » oV 2> 0)

2Fo(1, 1,
log(2) log(2)

06.36.06.0027.01

log(2)

) z & k! 1 1 1
li(2) o« Z + — (—Iog[ ]+ Iog[— )— log(-log(2) + Iog(log(z))] /i (12 = o0)
1092 = Iogk(z) 2 log(2) log(2)

06.36.06.0006.01

1
li(2) E [Iog(log(z)) - Iog[ )] —log(-log(2) + ]] /:(Zl > c0oVz— 0)

[1 + O[
log(2) log(2)

arg(-2 z 1
+2{— J+1)+ (l+0( J]/;(|Z|—>oo\/2—>0)
2n log(2) log(2)

Residue representations

log(2)

06.36.06.0028.01
agi-2+n
i@ cin ﬂ

2n

06.36.06.0007.01

0

1 1
i@=y- (Iog[—] - |Og(|09(z))] - Zress[
2 log(2)

j=0

I'(-9?(-log(2)°

P T(s+ 1)](—]—1)
rd-s

06.36.06.0008.02

s ) [(_Iog(z))s
j=1

: 1 1 5 I
li(2) = —log(-10g(2)) - E[Iog(| )—Iog(log(z»)— r&es((—log(z» s )(0)— D resy

F(s)] =D
09(2)
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Other series representations

06.36.06.0009.01
>, Li(~log(x) )

Ii(x)::—xzi 0<x<1
o k+1

Integral representations

On the real axis

Of thedirect function

06.36.07.0001.01
z 1
li@g=| —

o log(t)

Contour integral representations

06.36.07.0002.01

—log(z))°ds
2 iy (=log(2)

1 1 1 [(s+ 1) [(-s)?
li(2)=vy-— (Iog(—] - Iog(Iog(z))] -— f _—
log(2) 2riJr r@1-9?

06.36.07.0003.01

1 r+iwT(s+ 1) (=97
]—|OQ(|OQ(Z))]— 2—f E—

mi

1 T
E@=y- > [Iog( (-log)°ds/; -1<y <0 /\ larg(=log(2))| < >

log(2) y-io  [(1-9)?

E- == _l g—l g - - | g —I g|Og e ( )2 _l g _Sd
1(Z (0] 0g(z (0] O Z 0g(z S

06.36.07.0005.01

1 r+iw T(9)? . 7
)— Iog(log(z))) - f (~log@) *ds/;0<y /\ larg-log@) < 5
Y

1
li(2) == —log(-log(2) — — [Iog(
2 i Jy-ico T(S+1)

log(2)

Differential equations

Ordinary nonlinear differential equations

06.36.13.0001.01
W (2 +W (2% =0/: W@ =i

Complex characteristics

Real part
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06.36.19.0001.01

Re(li(x+1iy)) ==
1 © =k 2tani(x, y) || 4tan1(x y)2 .
Iog(tan’l(x y) +— Iog P(x + yz)) Z — cos[ktanl[ : ]] A | Iogk(x2 +Y)+y
2 ke Kk! log(x* +¥*) )| log?(x® + y?)
06.36.19.0002.01
© {EJ (- 1)1 22j-k
Re(li(x+iy)) == Iog(tan’l(x y) +— Iog (+y ]+ZZ ( )tan’l (x, y)?1 log* 2J(x +Y)+y

k=1 J:O

06.36.19.0003.01

o . / . / ¥
Re(lix+iy) == —[li|x+x | —— [+]li|x—=x [ —-——
2 N 2

Imaginary part

x

06.36.19.0004.01

1 1 1
Im(li(x+ i y)) = > (tan—l(E log(x? + ), tan™*(x, y)) - tan-l(E log(x? + y?), —tan™*(x, y))) +

2tan~(x, y) ]J

o 27k [ AtanL(x, y)2
log(x? + y?)

K2
+1| log(® +y?) sin[ktan‘l[
ka1 KK 1og?(x? + y?) ]
06.36.19.0005.01
-1 .
15 > (=1)i 22i-k+1tgn~L(x, y) Iog'<"21_1(x2 +Y?)
&4 KQj+D!(k-2j-1!

1 1 1
5 (tan‘l(E log(x? + y?), tan~*(x, y)) - tan‘l(a log(x? + y?), —tan*(x, y)))

06.36.19.0006.01

Absolute value

06.36.19.0007.01

o _ / . / ¥
lix+iy)l= [lijx=x | —— [lifx+x | ——
X2 X2

Argument

06.36.19.0008.01

1 X
arg(li(x+iy)) =tan™ — [li| x + x —i +lifx—x —ﬁ , — —i lif x — x —i —lifx+x —ﬁ
2 X2 X2 || 2y X2 X2 X2
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Conjugate value

06.36.19.0009.01

— 1 Vo Vol x| Y Vo y
lix+iy)=—|liix+x [ —— [+li|x=%x [-— [|-— [ —— [li|x=x [ —— [=lix+Xx [ —-—
2 X2 X2 2y X2 x2 X2

Signum value

06.36.19.0010.01

sgn(li(x+12y))-—i —ixli X—X —i =i —f X+ x|+l —i X+ X[+ li| x =X —i /
y X2 X2 X2 X2 X2

Differentiation

Low-order differentiation

06.36.20.0001.01
oli(2 1
0z log(2)

06.36.20.0002.01
82i(2) 1

07 zlog?(2)

Symbolic differentiation

06.36.20.0006.01

Mli(2) _ n-1 . o e
=6,li@+2™" Z(—l) k'SP log™ @ /;neN
k=0
06.36.20.0003.01
"li(2) ] n-1 . 0 1
==, li(2) + Boolgl n # 0, zl‘”Z(—l) k!'S¥ log™ @ |/;ineN
k=0
06.36.20.0004.01
Nli(2) n-1
= 2 1Kk S¥, log™ (@) /i ne N

k=0

Fractional integro-differentiation
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06.36.20.0005.01
i ORel-a)z® & (@Ei(k+110g@2)z%  6(-Re(l-a)z

0z - ri-ow oy k! " I'(le] - a+1)log(2)

>

k=0

(@-laz* W( la)

L) - m) (M=k=a+Dygym ) o [((—1)" p!+(k+1)10g@ 2F(1, 1; 2, 1~ p; (k+ 1) log(2)
p=0 P

(_1)rTHD+l (m-— 1); +iloglfh(z) Sﬂ) p' p—l&
h=0 o il(p-h-j+1!

Integration

Indefinite integration

Involving only one direct function

06.36.21.0001.01

Ei(2 Iog(a 2)
f|l(a2)d2 zli(az) -

06.36.21.0002.01

fli(z)dz:: zli(2) - Ei(2log(2)
Involving one direct function and elementary functions

Involving power function
Involving power

Linear argument

06.36.21.0003.01
" (a2 ((@2" li(a2 - Ei((e + 1) log(a2))
fz“‘l li@z)dz==

a

06.36.21.0004.01
2 1i(2) - Ei((@ + 1) 10g(2))
fz“‘l lidz==

a

Power arguments

06.36.21.0005.01

fz‘"lli(az')alz (lu(az’)—(az’)‘? EI[

(r +a)|og(az'))]
r

Involving logarithm
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Involving log

06.36.21.0006.01

1
flog(bz) li@z)dz= 2— (2Ei(2log(a2) (logaz) —logb2) + 1) —az(az-2(logb 2 — 1) li(a2))
a

Involving logarithm and a power function

Involving log and power

06.36.21.0007.01

fz‘"l logb2)li(@z)dz=

. Z* @2 ((@+D(alogbz -1 li(az —aza) (@2)* + (@ + 1) Ei((a + 1) log(az) (e log(az — alog(b 2 + 1))
a“(a+1)

06.36.21.0008.01

1
leog(bz) liaz)dz= — (a® ((6log(b2) - 3)li(az) — 2a2) Z + Ei(3log(az) (6log@az) — 6log(b 2) + 3))
12a

06.36.21.0009.01

1
fzz logb2)li(@z)dz== — (a®(43logb2) - 1) li(az) - 3a2) 2 + 4Ei(4log(a2) (3log(az) — 3log(b2) + 1))
36a

06.36.21.0010.01

1
fz3 logb2)li@z)dz= — (a*(5(4logb2) - 1) li(az) - 4a2) Z* + 5Ei(5log(a2) (4log(az) — 4log(b2) + 1))
80a

06.36.21.0011.01
fz‘”l log"@zli@z)dz=

(—)"Z @2 I'(n+1, —alog@z)li@z N T(k, —(a + 1) log@az) o® (@ + 1)
—(—a)‘”‘lz"(az)‘“n!z o fineN
k=0 :

a

Definite integration

Involving the direct function

06.36.21.0012.01

0 log(—a - 1)
f i) dt = —— /; Re(@) < -1
1 04

Representations through more general functions

Through hypergeometric functions

Involving ,Fq
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06.36.26.0001.01

1 1
li(2) = log(2) .F»(1, 1; 2, 2; l0g(2) + — (Iog(log(z» - Iog(—]] +y
2 log(2)

Through Meijer G

Classical casesfor the direct function itself

06.36.26.0002.01

] 1 1 12
li(2)==y- 5 (Iog(—] —log(log (z))] - 62:3(—Iog (2

1,1 )
log @ 10,0

06.36.26.0003.01

1 1
li (2 == -log(-log(2) - — [Iog[—] —log (log (z))) - Gi’g(—log 2
2 log (2 '

1
0, o)

Through other functions

06.36.26.0004.01

1 1
li(2) == -T'(0, —log(2)) + — (Iog(log(z)) - Iog(—]] — log(-log(2)
2 log(2)
06.36.26.0005.01
1 1
li(e?) = -T'(0, —2) + 5 (Iog(z) - Iog(—]) —log(-2 /; —n<Im(® <n
z

06.36.26.0006.01

1
li(2) = —=E1(-log(2) + > [Iog(log(z» - Iog[ ]] - log(-log(2)

log(2)
06.36.26.0007.01
1 1
li(e®) = —Ey(-2) + 5 (Iog(z) - Iog(—)] —log(-2) /;-n<Im2 <n
z

Representations through equivalent functions

With related functions

06.36.27.0001.01
li(2) == Ei(log(2))

06.36.27.0002.01
lied=Ei@/,-n<Im2=<n

06.36.27.0003.02

1 1
li(2) == Ci(ilog(2)) — i Si(i log(2)) — 5 [Iog[I

) - log(log(z») —log(ilog(2)
09(2)

06.36.27.0004.01

1 1
li(2) == Chi(log(2)) + Shi(log(2) — E [Iog(I

) + Iog(log(z))]
0g9(2)

Theorems
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The prime number theorem

709 ~ 1109+ 2R, 2O (\7?)

History

—L. Euler (1768)

—L. Mascheroni (1790)

—T. Caluso (1805)

—J. von Soldner (1809) introduced the notation li

— C. A. Bretschneider (1837)

—A.de Morgan (1842)

— H. Amstein (1895) introduced branch cut for complex argument
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