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Numbers, variables, and functions
Domains and domain membership
N
The set of natural numbersn: {(neN) < (ne{0, 1, 2, ...}).
N*
The set of positive natural numbersn: {(neN*) © (ne {1, 2, ...}).
/A
The set of integer numbersn: {(ne Z) © (ne {0, +1, £2, ...}).
Q

The set of rational numbersr: {r € Q) (r == g/; peZ,qge N*).

R

The set of real numbers x: {x € R) & (x/; Im(x) == 0).

C

The set of complex numbersz {ze C) & (z==a+ib/; a,beR).
P

The set of primenumbers p: {peP) & (pe {2, 3,5, 7,11, ...}).
{}

The empty set.

{am, @mi1, .-, @l

Thefinite set of lements ay, ame1, ..., @y /; M=<n.

{listElement /; domainSpecification}

A sequence of elements listElement. Inside a list {...} the construction {listElement /; domainSpecification} is
understood to splice all occurences of listElement into thelist.
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AP

The Cartesian product of p copies of sets A. (Tensor product of p sets A.)
ARB®...

The Cartesian product of thesets A, B, ....

(A®B®...}

The ordered set of sets A, B,....

Types of variables
Asarule, the following notation style is supported for all variables, numbers, and indices.
2,2, 2, ..., W, Wy, W, ...
Generic complex variables.
Xy X1y X2y oo Vo Y1, Y2 -oey @, @, ...
Generic real variables. (Relations of theform x>y, X<y, x=y, andx <y imply that xandy arereal.)
m, my, My, ..., N, Ny, No, ..., P, P1, P2y -+, O O, Oy -
Integer variables.
K, Ke, Koy ooey Jy J1s J2y -ee
Dummy variables used in sums and products.
t,7,S, v

Integration dummy variables in definite integrals or integral transforms.

Set membership

aeA

The element a does belong to the set A.
ag¢A

The element a does not belong to the set A.
Xe (a b)

The number x lies within the specified interval (a, b) (excluding a and b). It is True if the number x lies within the
specified interval (a, b) (including its ends), and False otherwise.
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zela b)
The number x lies within the specified interval (a, b) (including a and excluding b).
z¢(a, b

The number z does not belong to the specified interval (a, b).

Types of functions
f-1(z)
Theinverse of the function f. The value of u for which the function f(u) ==z f(f<‘1)(z)) =z
f(2 € C"(A)
The function f(2) defined on the set A is continuous and has al derivatives of ordersk < n.

xa(@)

The characteristic function of aset A has the value 1 when its argument a is an element of the specified set A, and
the value O otherwise.

boole(cond)
Gives1if condistrue, and O if itisfase.
boole(cond, expr)

Gives expr if cond istrue, and O otherwise.

Logical operators and conditions

Logical operators
aAb
Logica "aand b".
aVVb
Logica "aor b".
-a
Thelogical negation of a.
v

The universal quantor "for all".
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E|
The existential quantor "exists".
Conditionals, equality and ordering operators
a/;b
Relation a holds under the condition b. (Returns a if condition b is satisfied.)
a==>b
The expression ais mathematically identical to b. (Returns True if a and b are identical.)
a+b
The expression a is mathematically different from b. (Returns Trueif a and b are different.)
X>y
The real number x is greater than the real number y. (Yields Trueif x is determined to be greater to y.)
X=Yy
Therea number x is greater than or equal to y. (Yields Trueif x is determined to be greater than or equal to y.)
X<y
Therea number x isless than the real number y. (Yields True if x is determined to be lessthan y.)
X<y
NT ({ag, ..., ap})

The segquence of values {al, ap} |eads to a nonterminating hypergeometric series.

Operations

Domain and range

z—f(2::A—B

Thefunction f(2) isdefined ondomain A : ze A, and it acts from thisdomain to domain B : f(z) € B.
Branch cuts and points, singularities, and discontinuities

AB,(f(2)) == boundary

The natural boundary of analyticity of the function f(z) with respect to z is the set boundary.
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BC,(f(2), 2) == branchCuts

BC,(f(2), 2) represents the branch cuts branchCuts of the function f(2) with respect to z. Each branch cut is of the
form {interval, direction} indicating a branch cut along interval and continuity of f(z) from the direction
direction.

BP,(f(2) =71, 2o, ..., Zn}

Gives a list of lists of the branch points z, z, ..., z, (if present, including infinity) of the function f over the
complex z-plane.

RA1(2), 20)

The ramification index for function f(2) in the branch point z == z,.
Sing (f(2)

The set of poles (with their orders) and essential singularities of f(z) with respect to z. (The order of essential
singularity is c.)

DS(1(2)

Thelist of the (parametrized) intervals where the function f(2) is discontinuous over the complex z-plane.

Asymptotics and series

f(2 <92/, (14 - o)

0(2) isthe main term of asymptotic expansion of f (2) at co that reflects the property: [imz- e % =1.

(@ «g@+0(3)/: (12| > c0)
Asymptotic relation that reflects the boundedness of Z'(f(2) — g(2)) near point .

f(2) <92 +O((z-a)") /; (z— a)

f(2-9

Asymptotic relation that reflects the boundedness of —ar

near point z== a.
PLM((2), 2
The [L, M] Padé approximant of f(2) at z= z,.

(2" f(2)

Coefficient of the Z" term in the series expansion around z = 0 of the function f(2): f(2) == >, ([Z"] f(2)) 2.

([(z-—a)" f(2)
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Coefficient of the (z—a)" term in the series expansion around z=a of the function f(2):
f(2=Yro((z-a)" f(2) z-a)".

(2 22 .z (F(@, 22, <., Zw)

Coefficient of the z'l11 2;2 ... Zi term in the series expansion around (zy, 2, ..., Zn) = (0, 0, ..., 0) of the function
f(z0, 22, ..o Zw): F(20, 22, oo Zm) = S0 Do - Tieo ([ 220 - 2| (F(21, 22, . Z)) 20 22 . 2

res,(f(2) (a)

The residue of f(2) at the point z== a that is equal to the coefficient of the (z— a)~! term in the series expansion

around z = a of the function f(2): res/(f(2)) (a) = ([(z- a)‘l] f(2).
resll|22 ,,,, Zm(f(zlv 221 ey Zm)) (alv a-2! ey afT'I)

The residue of f(z, 2, ..., zZy) @ the point z == a3, z == ay, ..., Zn == 8y that is equa to the coefficient of the
1’15“:1 (z,- - aj)f1 term in the series expansion around z, == a3, 2, == ay, ..., Zyn == @y, Of the function f(z, z, ..., Zy):

(€S 2o (F(Z, 22, o Zn) (A1, B2, o am) = ([ — @)™ (- a) ™ ..., Zm—am) ] f(21, 22, ..., Zw)).

aj, ..., aq, b]_,...,bg; )
I'R N, Mz
aﬁ(cl,...,cc; dy, ..., dp; @n

(M&aT(@c+s) (T T (b))
(IMeaT(Gers)) (ITaT(de-s)
has the pole of order n because aj-ai-1eNA2<j=n
ai, ..., aq; by, ..., bg; ) (ﬂﬁlr(aﬁs))(ﬂf:ll"(bk—s))
rRaﬂ( Clyoos Gt Chy ooy dpy; O T Z) - ress((ﬂler(cws))(l‘[ﬁlr(dk—s))
neNAmeNAg-a_1eNA2<jsnAg-aa¢ZAn+l<j<AA
-bj-—an ¢NAl=<j<BA-Cj+an+megNAl<j<CA-dj-a,-m¢&NAl<j<D.

The residue of the function f(s) ==

Z S a the point s== —a, — m/; me N, where this function

rs) (—a,—m)/;

&X({an, - Agut), (b1, - b))

The main factor in the coefficient of the series representation of the function q.1Fq(ay, ..., ag:1; by, ..., bg; 2)

through Gauss functions oFi(ay, a1 + a3 + Yq + K 2):
q+1l3q(a1, -ey Agt1s bl, cen bq; Z) == 1‘[q+1‘@) Zﬁios(kq)({al, ceey aq+1}, {b]_, ceey bq}) zlil(al, ,y+a+ lﬂq +Kk; Z) /i
j=31 18

q a+1
Yq =21 bj - Xl &.

ag, ..., aq+1;
ﬂﬁ( by, ....bg; 2T h})
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The part of the series representation of the function plfq(al, - R T TN o z) at the point z==1 that includes h
teems of the series expansions of the regular and singular components:

ag,y ... aq+1; ) ( ) e ~
ﬂ"( bl, o bq, {Z, l, h} ng‘? ( ) ( ) Zk O( ) ( ) nk:lr( )Zk ng(O) (l Z) /

z-1<1/\vg=31b - 5" a A\ Q) =TTy t+ b - 1) /\
RO =[5 ¢+ 0 /\ A" 100 = S0 ™ (1) b0 A\ (ekq =0/ k< 0) A\

(by— ank(bl )y A2Q(yg)  ATRyq-1)
COq“l/\Ckl /\Cl,q = _( @2 (@ q/\

_1 [ AT Q(k—-g+yg+l) Al Rk—g+y
Ciq == _% ((_ 1)q R(k -q+ l/’q) Ck-qq t (- 1)q Z?:ll( ((j_f; ) - i j!Q+ q)) Cj+k—q,q) /\

(a)
(~DKTkray) Tera) Twg-K) oy YaK), & ({r- g1} (b ba})
boe 2 |\ g0 = DTl g (b0, 2 = A\Re{vqg)>h /\heN.

(al, -

Fl by, ... by 2 h})

The asymptotic expansion of the function pIfq(al, ..., ap; by, ..., by z) at the point z == % that includes h terms of

the asymptotic expansions of the regular and exponential type components:

ai, ..., ap, 5 . (power)( ai, ..., ap, ~ )
ﬂﬁ( by, ..., bg; e h}) = b, ..., by; (z, 00, |+

. a, ..., dp, a, ..., dp,
(trig) p ~ (exp) p -
6q prt ﬂﬁ (blr e bp+1; {Z, < h}) i (9 (q - p) - 5q’p+1) ﬂﬁ ( b11 LR bqv {Z, < h})
ai, ..., dp;
IE( bl! ey bq; {Z’ a’ OO})

Infinite series or asymptotic representation of the function pIfq(al, ..., ap; by, ..., by z) at the point

a, ..., ap;

b b- {z a, h}) where ®)imy,_,., means the limit of a convergent series
1y <oey qr

z=a/;ac{l, &) @ liMhse ﬂﬁ(
or aBorel-regularized infinite sum.

(power)( a, ..., ap;

’E bl, ...,bq;

{z, o, h})
The nonexponential part of the asymptotic expansion (or series representation for p==q+ 1) of the function
pFq(as, ..., ap; by, ..., by; 2) a the point z== & that includes h terms of each series expansion:

ay, ..., ap; 0, 1-a,...,1-ay;
(power) p ~ __ P N
: (bl,...,bq; {Z'“'h})“ TS 12””@(; 1-by...1-by -~ LK Z)/"

YiiKk(kezAj#kAl=j<pAl=k=p (aj —a ¢ Z) AheN.
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(powen( 811 -+ Ap;
In the cases where two or more a; differ by integer values, the function ﬂ

bl, ceey bq,
by continuity. After evaluation of the corresponding limit, the general formulaincludes powers of log(z) and the psi

{z, oo, h}) is defined

function w(k)(w), and in such logarithmic cases the representations are very complicated.

a, ..., dp,
(exp) P ~
'E (bll ey bq; {Z, Oo’ h}J

The exponential part of the asymptotic expansion of the function pqu(al, ..., ap; by, ..., by z) (for g==p or
g> p+ 1) at the point z== c that includes h terms of the series expansion:

1-p

ay, ..., ay; _k
(exp) P _en2 1/8\yh  p-k 5/
A (bl, by {z, &, h}] N z exp(BZYF) Yo B ez 7 /;

ﬁ::q‘p"’l/\Ap::Zk1ak/\Bq:Zk—lbk/\H::Ziszi%asai/\
B=30,571bsby [\ x =3 (5 +Av-B) [\ @c=0/k<0) Noo=1/\
c1==2(%—a+s+ﬁ( p—Bq+ﬁ(Ap+Bq)—2)(Ap—Bq))/\

Ck == & (Zgzl To-s(5— K) Cs — 25;11 Up-s-1(s— K Ck—s) /\ Ts(K) = Yroo Sl

r!(s—r)!

T = (t+ B ) Ty (t+ (r + by - 1) B) \ Ustl = 5o SE20 A\ ety =10, (t+ 8 (x +ay)) [\ he .
. ai, ..., dp,
(trig) p ~
ﬂﬁ (bly ey bp+1, {Z, o h})

The trigonometric type part of the asymptotic expansion of the function pIfq(al, ..., ap; by, ..., by z) (for
g== p+ 1) at the point z == c that includes h terms of series expansion:

i ai, ..., dp;
(trig) p i -
e (bl, ceor Dpia; {z, o, h}) ==
#"F@k) (-2¥ (ei (ﬂx+2 «/?) ZE:O (-2 *e (-2 + e (nx+2 \/;) ZEZO . (_2)75) ,
7T [
Ap = ZE:lak/\ Bpi1== Zk— bk/\?'l == 2&22 1954, /\B == p+lzls_%bsbj /\X__ ) o %)/\

(=0/k<0) \co=1/\c1=2(B-A+ 2 (3Ay+Bp.1—2) (Ap— Bpua) - 136)/\
Ck == i ( pel Tp+1 3(5 k) Ck-s ZS::L Up—s—l(S k) Ck— /\ Ts(k Zr =0 CTen DY Tden)

r! (s-r)!
Tt =t +2 0177 (2(x + by — 1) +1) /\ Ustho = 55 C2 96D A yty =10, (t+ 2(x +45)) \ heN.

r!(s-r)!

a]_, ...,ap; ~
®
oty 2
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Infinite series or the asymptotic representation of the function pFq(ay, ..., ap; by, ..., bg; 2) at the point
aj_, ceey ap,
b]_, ceey b X

regularized infinite sum and t € {power, exp, trig}.

2225 B limpLe ﬂ(t)( (z a, h}] where ®)imy_,., means the limit of a convergent series or a Borel-

(power)( ag, ..., 8n; Antly --es apy

T O S h})

The nonexponential part of the asymptotic expansion (or series representation for p==q) of the function

mn al! -"ranl an+1, 1ap h . h . I h f h . . . I
Gpqlz b, ... b brosg, ... b at the point z == 0 that includes h terms of each series expansion. In particular,
] ] ] ] » Mg

al7-"1an; an+11"'=a; ba---yb ; 1_a111_al"|1
(power) p __ym th 1 m 1 ) . .
G (bly ceey bm; bm+1, LERS ] bq; {Z' 0, h}) - ZJ:le:OFR# an+1, cey ap; 1_ bm+1, LERS ] 1_ bq; bJ’ 1, k’ Z) /’

V{J kh{j.KleZ\j#kA\l<j=nAl<ksn ( j — ax & Z) /\ heN.

In cases where two or more bj/;1<j<m differ by integer values, the function

(power)( ai, ..., 8n;  8nidy .- Ap;
© b1, ..., bm; brml,.--,bq;

the general formula includes powers of log(z) and the psi function zp(k)(w). It is too complicated for presentation

{z, O, h}) is defined by continuity. After evaluation of the corresponding limit,

here. The following formulas include the most important ones for application cases where one, two, three, or four
b; all differ by an integer.

ai, ..., An; Ansl, "'vanrl; )
(exp)
A z,0,h
G (bli---ybm; bm+ly'--ybq; { }
aln CERE} an: an+1' CERE aq+1)
for

The exponential part of the asymptotic expansion of the function Gp p+1(z
bl, ceey bm, bI'T'H~11 ceey bq

p ==+ 1at the point z== 0 that includes h terms of series expansion:

ﬂ(exp)( ag, ..., @n; Angdy -ees apy

° bl, o bm’ bm+l. ceey bq1 {Z’ 0, h}) -

a1 exp(( i M)Zr 1 HT:”ngn(ﬂ(aﬁbj)) 71 ((‘NM )X+a_l Sho C (D) @Mk A

M snir (a-a;) ’
j#r

p—q::l/\(z—> O)/\X==Z?:lbj —Z}D:la,- +1/\(ck::0/; k<0)/\cO::1/\
2 2
€= (21 =18j — Z?:l bj) + 38, Z,ii 8saj — P Zjii bs bj + ((Z =1 bJ) (ijzl ai) )/\
Ok = ¢ (2;1 Tp-s-1(5—K) Ges = 303 Ug-s-1(5— K) Ci-s) /\ Ts(k) = ZT*O (_lr)'}(;#

T =T (t+ 1 + 2 - 1) \ Usth = 550 S 2%0 Ayt =10, (t+ ¢ +byj) [\ he

ﬂ(tl‘ig)( a11 ceey aﬂa an+]_, ceey aq+2;
¢ b11 LERS ] bm; bm+1, ceey bq;

{z, O, h})
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ai, ...y Any Anidy - aq+2

for p==q+2
bll ---ybmr bm+11 .bq) p q

The trigonometric part of the asymptotic expansion of function G, +2q(

at the point z == 0 that includes h terms of series expansion:

2 0, h}) _ L qff Z? . ["[J.T‘rmlsin(ﬂ(a,—bj)) Za{_l
j]:_g s n(n (a—aj ))

j#r

_ya-men-1y Y+ar—1 . _1\a-m-n-1 . _1y¢-m-n-1 £
(—( 1)Z ) [exp(ﬂ 71()(+a{—1)+2,[—( 1)2 ]]Zﬂzo(—n)kZ‘kck(—( 1)2 ) et
k
—m-n-1 —m-n-1\"5
exp[—u’ ry+a-1+2, ] % ]]ZﬂzoiKZ“ck(%) :

p-a=2/\@->0\x=2(lib -2 a+%) \@=0/k<0 \eo=1/\
cr=2(Saa -5l b) + %((2 by)" - (£a2) ) + 225t ey - SLo Dby + 5\
== o (S0 Tos1(5— K Ges — 531 Ug s a5 - K ies) /\
To(k) = 550 ST A\ Tty = n] (t+2(r+a-1) /\
Us(k) = 350 2D A\ Uy =Ty (t+2(x + 1)) [\ h e

(trig)[ a, ..., n; Angdy -ees ap;
G bl! "-ybm; bm+1;---,bq;

/i

aj, ..., @n;  9Anta, ..., Qp;

(hyp) P

A z 0, h)

G (bla KRS bmu brTH—ll LERY] bq, { }

a11 LRRS anv an+11 LRRS ap

by, ... b B, ..., bq) forp=q+3a

The hyperbolic part of the asymptotic expansion of the function Gm”[
the point z == 0 that includes h terms of series expansions:

\ﬂ(hyp)[ aj, ---; n; Angdy -eey ap1
G bl! "'ybm; bm+1|---,bq;

2,0, h})::G(za>+G<—i)/; p-q=3/\@->0 /\p=p-q/\cw=

aw(g-m-nk g

2™ W(@-m-n) (x+a,—1) ZE—O BXce ¢z /\

7w(g-m-n)

CIER iak exp(ﬂ@T (&) ] ZXY,

HJ me1 SN (af*bi))

M1 sinfr (-2
j=
j#r

X:%(hﬁ IR 1bJ)/\(Ck“O/ k<o)/\00 /\
o= o (5P - 30 by) + 52,5 acey - L, wd by + 3 (k) - (e a) )+ 57 /\

Ge= 5 (223 Tp s 15— K Gs = X3 Ug s 1(5- K Gicg) /\ Tol = 55 ?ﬁ;ff)k.*”
ST Uk
T =10 (t+ B (1 + 2 — 1)) /\ Ustk) = 550 “28%0 A ugty = [T, (t+ B(x +by)) A heN

a, ..., an, an+ly---1ap;

(power)
Ag
(bly--qu; bm+1,---ybq;

{z, %, h})
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The nonexponentia part of the asymptotic expansion (or series representation for p==q) of the function

Gm”[ ap, ...y Any Antly ooy

) at the point z == co which includes h terms of each series expansion. In particular,
bly [EX3] bm; bm+lv .. bq

ﬂ(power)( aj, ..., An;  Gntly ..., Ap;
I P

b, ....,bm; 1-a1,...,1-a,;
n h . . .
_Zj:1Zk=OFR# aﬂ+1i (EXS apu 1_ blTH-li CERE} 1_ bq1 1_ al, 1, k, Z) /,

V{J k}{j kleZ\j£kAl<j<n/A\l<k=n ( j — ax & Z) /\ h eN

In the cases where two or more a;/;1<j<n differ by integer values, the function

(power)( az, ..., @n; Ay, ..., Qp;
¢ b1, ..., bm; bm+1,...,bq;

the general formula includes powers of log(z) and the psi function w(k)(w). It istoo complicated for presentation

{z, %, h}) is defined by continuity. After evaluation of the corresponding limit,

here. The following formulas include the most important one for applications of cases when only two, three, or four
a; differ by integers.

(exp)( a11 LS| aﬂv an+11 (RS ap,
G

{z, %, h})

bla (RN bm: bm+lv [EX3] bp+1;

a'11 [RX3 ani an+l: [RX]} ap ) for

The exponentia part of the asymptotic expansion of the function Gp p+1( b b b b
1y ooy ms M1y +-s p+1

g==p+ 1atthepoint z== c that includes h terms of series expansion:

al,”'7an; an+11"-1a 1

(exp) 0 i -

G (bl, ...,bm; blTH’l!'--,bq; {z, o0, h})--

a™PLexp (-DP™ " Z) 3y M 2 ((-pPm " Z)X_br S o ik gk g
ﬂsm( (b _br))

j=1
j#r

a-p=1/\d-c0) \ x=30ib -5 a5 \@=0/k<0) New=1/\

1 2 2
C1==35 (Zl-p:l aj — Z?:]_ b]) - 22:2 Zjii aaj + 25_2 ZT% bs b t3 ((ZJ =1 al) - (Zj=1 bl) ) /\
Cy == % (Zg;ll Tyg-s-1(S—K) ks — Z’S);ll Up-s-1(s—K) Ck— /\ Ts(k) = 3o H::;#

T =T (t+ x - by) /\ Usth = 556 SE200 A uty =17, (t+ x—aj+1) [\ heN

(tng)( all LERY] aﬂ! an+11 [KES ] ap,
G

Z, &, h

b11 EERY) bm; bm+1y (R bp+2; {z o })

a, ...y Any Angly .-y ap )
for

The trigonometric type part of the asymptotic expansion of the function G p+2( b b b b
1y «oos Mmy Ml -0 p+2

g==p+ 2 at the point z==  that includes h terms of series expansion:
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12

. . 3
‘“‘9)( e B A 8 h}) A g oS o (gpemenen 1

G bl! [ERE] bm; bm+lv RS bq; 2 =t Flsm(n(bj—br))
j=1
j#r

(exp(zz (71 (x —bp)+2v (=)™ "P 1z )) Shoo (¥ 2K g (-1 )7

exp( (ﬂ(){ br) + 2 (1)‘““‘”+p‘1z])zﬂzou'kz-kck((—1>‘““+p‘1z)‘5) /i

a-p=2/\ 2~ [\ x=3(Zlib-aa - 5) \@=0/k<0 \eo=1/\
e =2 (Sha - X by) + ;((ZJ laJ) ~ (21 ) )‘ZS:zZ?jasaj + 30, 5 beby + = /\
= o (S Tqs1(5— KOs = 207 Up s a5 - K ies) /\
To() = Y50 SN0 A\ Tty =1L, (t+2(x - by)) /\
Us(k) = 3 CE 06D A ety =10, (t+2(x -5+ 1)) \heN

r(s-r)!
aj, ..., @n;  Anta, ..., Qp;
(hyp) p ~
\?(G (bla ey bm; brTH—ll LERY] bq, {Z, o h})
al! LR an1 an+17 AR} ap

The hyperbolic type part of the asymptotic expansion of the function Gm'“(z ) for
Pa blv [ER}] bmr bm+ly [ER3] bq

g = p+ 3 at the point z== co that includes h terms of series expansions:

ai, ..., @n;  Anyly ..., Aps
f p
mgym[

N h}] =G(i) +G(-i) ;q-p=3 /\ (4> =) \ B=q-p/\ Gw =

- aw(p-m-n) (p-m-n)k K

mn-p-1 NS I1 L SNl a—by — —

@m 2 exp(,Be B Zl/ﬁ’] zym, M "W (p-m-n) (x—br) ka‘:o BXee P z# /\
i1:'£sm(7r(bj—br))

j#r

x=2(F-2a+3lb) \@=05k<0 =1/
2
o= 55 (S8 - Xlab)) - Z‘;zz,-iiasaj+Zl22,iibsbj+%((2}’:1aj) - (2 )) iwl
(=D T(k+r)

Ck == é (Zg;]:} Tq—s—l(s_ k) Ck-s — Zsz_]:_l Up—s—l(s_ k) Ck—s /\ Ts(k) == Zf—o — T (s=r)!
T =TT (t+ B (x - by)) /\ Ustk) = 550 S0 A ugty =17, (t+ B (v - + 1)) A heN

(t)( ag, ..., 8y Antly --es apy {Z a })
G bl!"'lbm; bm+1a---, bq| Bl
A1, ...y Any Angly «oey a

at the point
bly LERY} bm1 bm+11 . bq) p

Infinite series or the asymptotic representation of the function G'gfg(z

a, ..., an, an+11--'1ap;
bl! "'ybm; bm+1.---,bq;

convergent series or Borel-regularized infinite sumsand t € {power, exp, trig, hyp}.

z==a/;ae {0, &} @ liMmpe mg(

{z, &, h}), where @ [imp. means the limit of a



http: //functions.wolfram.com

(aly----an; an+]_,---,aq;

_1\™n-=q
¢ bll [ERX] bmv bI’TH-ll e bq, {Z’ ( l) ’ h})

a, ...y &y Bnids .-
b1, ..., b, B, -
that includes h terms of the series expansions of the regular and singular components, and reflects asymptotic
behavior at least inthecircle |7 < 1.

' )atthepomtz——( 1™n-a
- by

The part of the series representation of the function G';fg‘(z

mn—q

(alv---;an; an+1:~--,aq;

_ 1\m+n—q —_ Ps
G b11~--1bm; bm""lv‘--,bq; {Za( l) ,h}) -

S n(l//q 7()

cJ,q,h (1_(_1)q—nkn Z)J )

k=n+191 by) 7 -m-n j -m-n _)\%q
th 1 w th(z?zo bj,q,h ((_ 1)q 7 1)1 4 (1 - (- 1)q Z)‘ﬁ Z?:O oD

kljlsn((bk—bh) 7)

k+h

(Wq=—u=3"1(aj b)) -1/ p=0) \ Q) =TTyt~ b /\ RO =TTL; (t —ac+ 1) /\
A 100 = S0 1™ () fk+ 0 \ cogn =1\ 102 =

(JeNY) /\ Cr2h = R(bn +¥2) /\ 220 == R(bh +¢2+ 1) C12n /\ /\
jCizn=R(+bn+ ¥z~ ci-12n [\ cran = ARD, + ¥z~ 1)~ Qlbn + v3) /\
2C53n == (AR + ¥3) — QUbn + 3 + D) cran — Ry + ) /\ ... /\
jCan = (AR(j +bh +¥3-2) - Q(j + bn + ¥z - 1)) €130 = R(j + bn + ¥3 - 2) Cj23n /\
AT?Rbytye-a+2) T3 Qlbytig-+3) A

CLan = @-2)! ©@-3)!

i = e L e = e = FARSYAV LR
(-DIR(j — g+ bn+¥q + 1) Cj_girgn + PHEYCE L (Ak Q(j_q;b el 2 R(Jﬂ?? %Q)) Cj+k-g+Lgh /\

(biaa =072 0) A\ bian = 2 710 -0 Slfan, .2l (b . b h )t

0<y<1AYq&ZAId<IA|1-(-D¥™"Z4<1AheN

1y - 1an, an+1a~~~yan

m+n—q
by, ooy by Brmess -y b (z D h}]

More detailed descriptions of ﬂe(
(all"'!aﬂ; aﬂ+1i---1ap;

z, a,h)
¢ bl!"'ybm; bn’H—ly"'abq; { }

ai, -+ Any Angdy ooy a-p
bl, ceey bm, blTH-l! ceey bq

includes h terms of the asymptotic expansions of the regular and exponential components:

The asymptotic expansion of the function Gg"g(z ) at the point z==a/; a € {0, co} that
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a, ..., an; an+11~--1ap;
G

(pcwer)( aj, ..., @n;  Antls ..., Ap,
bl’ ] bm, bm+1, ey bq,

{Z, 0, h}) - ﬂG bll ey bm, bm+11 [XRS ] bq! {Z, 0’ h}) "

Ay, ..o Ay Angls ey aq+2;
b]_, L] bm; bITH-11 L] bq;

ap, ..., an, an+ly'~~1ap;

(hyp)
(1-6pge1) (~Opge1 — Opgez + O(P— Q- 2)) Ag'” ( by, .. b Bt oos bg; {z, 0, h})

a1, .. Ay Ongly e aq+1;

z, O,h)+
b11 ceey bm; bm+1a ceey bq; { }

5meﬂ§@( {zo,m)+5pmbﬂg@(

a, ..., 8n; st ... Ap; _ B (power)( a, ..., 8n; s ... Ap; ~ )
ﬂG( b11 RS bm; bm+l, LS| bq; {z’ o h}J - ﬂG bl! [RRS bm; bI'T'hLl! LR ] bq; {Z’ o h} -

aly"'lan; an+11"'1a; i ala"'v an; an+ly"'!a ;

(exp) p ~ (trig) p ~

5q1p+1 ﬂG (blu ceey bm: brT‘H—lv CEXY} bp+l; {Z, o h}) " 6q,p+2 ﬂG (bll (AR} bm, brn+1! ceey bp+2; {Z, o h}) "
all~~-;an; an 11---;ap; -

(1= 04p12) (“qps2 = dgpz + 00 - P 2) ﬂgyp)(bl e b By s b h})

a, ..., an; an+11~--1ap;
G

bll ey bmv bI’TH-ll ey bq, {Z, a’ OO})

a, ...y Any Antdy oo ap
bl! (RN bmr bm+la (RN bq

ap, ..., an; an+11~~-1ap;
by, ..., bm; B, -, bq;

limit of a convergent series or a Borel-regularized infinite sum.

) at the point

Infinite series or asymptotic representation of the function GEQ(Z

z=a/;ae{0, (-D™"9, &} B limp,e ﬂe( (z a h}) where @ |imyL., means the

Summations

Sum of terms f(m), f(m+21), ..., f(n): T fK =fmM+ fm+D)+ ...+ f(n)/;n=m Yo f(K=0/;n<m

k#l
Sum of terms f(m), f(m+ 1), ..., f(n) excluding theterm f(l).
Ziem (K
Limit of the finite sum (infinite sum): limy e Sp_m F(K).

Yicm, f(
Ak=2

Limit of the finite sum (infinite sum): limy e Y o f(M+ 2K).
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2o (o0 /5 9pk) =0

Sum over al solutions of the equation g(pk) == 0.
kek T(K)

Sum over the set K.

Y f(d)

Sum of f(d) over all divisors of n.

IREID Y1 YA J (P NI )
Multiple sum of function f(ky, ko, ..., k) over the sets (my, ny) X (IMp, Np) X ... X (M, Np).

Z;‘]o, N=—oc0 f(mv n)

{mn}={0,0}

Double sum of f(m, n) over al integersm, n except m==n==0.

Products
[Teem F0
Product of terms f(m), f(m+1), ..., f(): [T, f(K) = f(m) fm+ 1) ..., f)/in=m, [T, fK=1/;n<m.

[Tkem f(K)

kel
Product of f(m), f(m+1), ..., f(n) excluding f(l).
[Tizm X

Limit of finite product |imp e [Teem T (K).

[Tkek F(k)

Product over set K.

[Tain f(d)

Product of f(d) over all divisors of n.

[T ne—oo F(M, )

{mn}{0,0}

Double product of function f(m, n) by all integers m, n excluding the term f (0, 0).

Differentiations
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f'(2

f (z+e)-f (2

€

Derivative of afunction f of argument z f/(2) == lime_o

f//(z)

f (2-2f (z+e)+f (z+2¢)

€2

Second derivative of afunction f of argument z f(2) == % f/(2) = limeso

fW(2)
The n"  derivative of a function f of argument =z

f(z) = 8‘9—2 f0-D(z) == lim0 el” Ykeo (-1 ( E) f(z+ke) /;neN*,
fO@) = f(

The 0™ derivative of afunction f coincides with function f: f©(2) = f(2).

of (2
Jz

of (2 _

Partial derivative of f with respect to z = = limeso M.

€

f (2
02"

I@ 9 @

271D im, einzfgzo(—l)”—k(ﬂ) f(z+ke) /;neN*.

th i ivati ; .
Then" partial derivative of f with respect to z T g

f(nl,nz ,,,,, nm)(zl, 22, ey Zm)

The general form, representing a function obtained from f by differentiating n, times with respect to the first
argument, n, times with respect to the second argument, and so on.

W,(f(2), 9(2)

The Wronskian determinant including two functions and its derivatives:

f2 9@
W; (f(2,9(2) = ( g

f/(z) g/(z) ) = f (Z) g/(z) - f/(Z) g(z)

The Wronskian determinant for second order linear differential equation w’(2) + a1(2) W' (2) + ax(2) W(2) == F(2) can
be evaluated by the Liouville formula W(2) == Wy(f (2), g (2)) = W(zo) exp(— fraw dt). The system f(2), g(2)
forms a fundamental (linearly independent) set of solutions for this differential equation in a neighborhood z,

provided W does not vanish at that point.

Wo(f1(2), f2(2), ..., a(2)
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The Wronskian determinant including n functions and its derivatives:

f1 (2 @ .. f®@
/(2 52 ... (2
wihio, -] B
"V "2 ... "o

The Wronskian determinant for linear differential  equations of the form
02 +a1(2 " V@ + a2 f"2@) +... +a,-1(2 (2 + a(2) f(2) = F(2) can be evaluated by the Liouville

formula W(2) == W,(f1 (2), f2(2), ..., Ta(2)) = W(z) exp(— fzzal(t) dt). The system f; (2, f2(2), ..., fa(2) forms a

fundamental (linearly independent) set of solutions for this differential equation in a neighborhood z, provided W
does not vanish at that point.

Fractional integro-differentiations
FCon(Z, a)

Fractional differentiation power constant:

(-1 (-a), —aeNTAeeZNa<a
(@ 9 (-1 (log@+¥(-a)-y(a—a+1)
FCoxp (Z @) = a(@ z ) = (—a-1)!T(@-a+1) —aeN’
[(@a+l)
T(@a—a+1) True
(Q) (a+1), ((1)
ep(Z @+ N) == aar ), exp(Z @) /;

neZAN-(aeZNa<0\VneZNacZ NaesZ  \Na<min0,a) An<a-a

FClay(2) = FCop (2, 1)
gives the logarithmic fractional differentiation constant of order « with respect to z

(@) (@) (_1)a_1 (@—1)! aeN*
7Ciog @ =7Crog (2 0=1 gy

o) True

FClo(z, a)

gives the logarithmic fractional differentiation constant of order « with respect to z

-1 *r@+1) (@-a-1)! a—aeN*
(@) -
C, Z, a) == [a+l) A
FClog(z @) s-a I aan _ T@+l) (og@+d(a+-y(a—a+l)) T
= rue
da I'a-a+1)

Cf;’é(z a, n)

gives the logarithmic fractional differentiation constant of order o with respect to z
Tz an =221 (FoFcza)=22L (2 2);neN

dan
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a9 f(z)

— = 9@

The o'" fractional integro-derivative of f with respect to z (which provides the Riemann-Liouville-Hadamard
fractional |eft-sided integro-differentiation beginning at point 0):

a—[log (2) Z ckzk+a] Z ck(f‘C,(E,ﬁ;l (z k+a,nZ??/ neN;

k! ck

_2“21 B Z;r(k a+1)zk_a;

o° f Zf (1) (z—t)" @t
@ ——f -1 dt/; Re(—a) > 0;
0

0z I'(-a)
Ff@ o Ef M) @E-pmet
= — f dt|{/;n=|Re(-a)]+1 A Re(-a)<0
0z* 07" \Jo I'n+a
Thevalue 212 - = f@(z) isdefined for analytical functionsin the following way.

0z*

Suppose that the function f(2) near point z== 0 can be represented through the Laurent type series

f(2) = log"(2 Z 2/ neN

k=—0c0
In particular forn==0, a==0, ¢x == 0/; k < 0, this function is analytical near the point z==0. In this case the value

f@(2) = r f(z) can be defined for arbitrary complex order a by the formula

1@ _ oy Z Ck_ (log(2) 2+) =

0z" =
Z Ck — (— )-- Z Ck?Cfgé(z, k+a, n)Z+ae,
= od

In particular, forn==0

ad
7oiaa b0 =27 2| =7ca b,

Such an approach allows the integro-derivative of fractional (generically complex) order « to be defined for all
functions of the hypergeometric type, including the Meijer G function, because all such functions can be repre-

sented as finite sums of the above Laurent type series.

Integrations
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J fdt
Contour integral of function f(t) by contour L.

For the bounded open contour L = L(a, b) with t ranging from a to b and arbitrary points tx € L placed in order

between a and b (tg =4, 1, ..., t, ==b). Thus the contour L is divided into subcontours L(tx_1, tx). Then
Jif® dt=1limao (kg F(T0) [t —tiea |) /;
€ Lt t) AA=max(|ty—to|, [b—ta], ..., [th—tn_s DA (1) € COL(a, b)).

For a closed contour L (such asthecircle |t| == 1), the above procedure can be applied where b on L is "near" a:
Jfdt=lime.a [, fOdL.

For an unbounded contour L with one finite end a, the above procedure can be applied where b on L is "near" :
Jfdt= fL(a’&)f(t)dt =lim, & fL(ayb)f(t)dt.

For an unbounded contour L with both ends infinite (such as the special contour £ used in the definition of the
Meijer G function) define | f(t)dt = lef(t)aZt _szf(t) dt such as L is divided into semi-unbounded contours

Liand L, by some arbitrary finite point a € L, such that the directions of L and L; coincide.

[t@dz

Indefinite integral (antiderivative) of function f(2). Inverse operation to differentiation: j—z f f(@dz="f (2.
b

[ fat

Definite integral of the function f(t) over interval (a, b):

[ dt =m0 (Shy 0 (e~ t) /;
a=ty<ty<..<th=bAtci <tk <t AA==max(ty —tg, to —tg, ..., tn — tr-1) A F(1) € C%(a, b)).

by (b, bn
f b BTt ) dtndtg o dty

Multiple definite integral of the function f(ty, to, ..., t,) by theintervals (a;, by) X (ap, by) X ... X (an, bp).

LR foatat..dt= [ f@) ((X;_"l"; dt

n-times

The repeated (n-times) integral of function f(t) by interval (a, x).

P 710 gt

a t-Xx

Cauchy principal value of asingular integral: betff—t; dt==1imeo (fxféf_(—t: clt+fb @dt) f;a<x<b

a a X+e t—Xx

L

The specia contour £, which is used in the definition of the Meijer G function and its numerous particular cases.
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There are three possibilities for the contour £:

(i) £ runsfrom y-i o to y+i oo (Where Im(y) = 0) so that all polesof T'(b; + 9), i =1, ..., mareto the left of £,
and al polesof T'(1-a — 9),i =1, ..., n, areto theright.

This contour can be a straight line (y —i oo, y +ic0) if Re(b; —ay) > —1 (then —Re(b) <y < 1 - Re(ay)). (In this
case, the integral convergesif p+qg<2(m+n), |Arg(2)| < (m +n— %)n. Ifm+n- % = 0, then z must be
real and positive, and the additional condition (q—p)y + Re(u) <0, =" b - 3F a + % + 1 should be

added.

(ii) £ is aloop on the left side of the complex plane, starting and ending at -co and encircling all poles of
I'(b + 9),i =1, ..., m, oncein the clockwise direction, but none of the polesof T'(1-a - 9),i=1, ..., n.

(In this case, the integral convergesif g= 1 and either q> p, org=pand |z < 1, or g= p and |z == 1 and both
m+n-— %annd Re(u) < 0.)

(iif) L is aloop on the right side of the complex plane, starting and ending at +co and encircling all poles of
I'l-a-9),i=1, ..., n oncein the counterclockwise direction, but none of the polesof T'(b; +),i =1, ..., m.
(In this case, the integral convergesif p= 1 and either p>q, or p=qgand |z > 1, or = p and |Z == 1 and both
m+n-— %annd Re(u) < 0.)

Integral transforms
FLF®] (2
Exponential Fourier integral transform of the function f with respect to the variable t:
Ff(D)] (2= %f_’if(t) €'t dt. (If this integral does not converge, the value of F[f(t)] (2) is defined in the
sense of generalized functions.)
FHIO1@
Inverse exponential Fourier integral transform of the function f with respect to the variable t:
FUIMD] (2 = % ff:of(t) e 124t = F[f(1)] (-2). (If thisintegral does not converge, the value of 72 f(t)] (2)
is defined in the sense of generalized functions.)

Fitpny [T (1, 12)](21, 22)

Fourier double integral transform of the function f with respect to the variables tj, to:
Fieu [ (1, )] (21, Z2) = % [7 [0 f (t, tp) !B+ gty dty. (If this integral does not converge, the value of
Fituy[ T (t1, 12)] (21, 22) isdefined in the sense of generalized functions.)

Falf1O] (@
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Fourier cosine integral transform of the function f with respect to the variable t:
Falf)]@=V2/n fowf(t) cos(t z) dt. (If thisintegral does not converge, the value of Fc[f(t)] (2) is defined in

the sense of generalized functions.)
Fsil f(O] (2

Fourier sine integral transform of the function f with respect to the variable t:
Fsi[f](@D=V2/n fowf(t)sin(t 2) dt. (If thisintegral does not converge, the value of Fs¢[f(t)] (2) is defined in

the sense of generalized functions.)
H[F(D] (X

oo f(t)

Hilbert transform of the function f with respect to the variable t: H;[ f(t)] (X) == }r SDf ~ dt/; xeR.

—00

Hy[FO] (2

Hankel integral transform of the function f with respect to the variable t: H,([ f(t)] (2) = fowf(t) vtz J(t2dt. (If
thisintegral does not converge, thevalue [ f(t)] (2) is defined in the sense of generalized functions.)

LIfOI@

Laplace integral transform of the function f with respect to the variable t: L[ f(t)] (2) == fom ft) e t2dt.

LT ®I(p)

Inverse Laplace integral transform of the function f with respect to the variable t:

1 y+i 0o

LAFOI(P =5~ [

2ni Jy—ioo

f(t) e' P dt. (If thisintegral does not converge, the value of £7X[f(t)] (p) is defined in the

sense of generalized functions.)
L3O (p)

Inverse Laplace integral transform of the function f with respect to the variable t:

LAFOI(P) = 5 |

2ni Jy—ioo

sense of generalized functions.)

v e f(t) et P dt. (If thisintegral does not converge, the value of L;%[ f(t)] (p) is defined in the
LITO1(P

Inverse Laplace integral transform of the function f with respect to the variable t: £7X[f(t)] (p) == L;;%[f(t)] (p) for
appropriately chosen .

Lyt iy T, )] (21, 2)

Laplace double integral transform of the function f with respect to the variables ty, to:
Ll ftn, )] (@, 2) =[] [ f(t1, tp) e 82722 dty dt,.
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MIf®1

Méllin integral transform of the function f with respect to the variable t: M[f(t)] (2) == f0°°f(t) t=14t. (If this

integral does not converge, the value of M;[f(t)] (2) isdefined in the sense of generalized functions.)
M1 O
Inverse Méllin integral transform of the function f with respect to the variable s

M;;g[f(s)] ) ==% fyy_;ff(s)tfsds (If this integra does not converge, the vaue of

y+i co

MO = 5 [

2ni Jy—ico

f(s9t™3ds is defined in the sense of generalized functions.) The condition on y is

typicaly indicated in the result.

Wyl (X p)

Wigner integral transform: Wy [uw(y)] (X, p)== [ € YPy,(x— %) (X + %) dy. (If thisintegral does not converge,
the value of ‘Wy[y(y)] (X, p) is defined in the sense of generalized functions.)

Limits
limz.a f(2)

The limiting value of f(z when 2z approaches a in any direction:
(limz—>a f(Z) == F) == vs,e>0 (36,6>0 (Vz,|z—a|<6 |f(Z) - Fl < 6))

l1Mzsar0 f(2) == ”mz»a* f(2

The limiting value of f(z when 2z approaches a in direction -1:

(liMgsaro T(D =liMq T(@=F)== Vees0 (5550 (Vzz—a<spza |f(2) - F| <¢).
liMzsa-0 f(2) = liMza (2

The limiting value of f(z when 2z approaches a in direction 1:

(liMgsa—o F(@=iMyy f(D=F) = Vees0 (5550 (Vza—z<5A2<a |f(2) - F| <¢).
|imz—>a+z?0 f(Z)

The limiting value of f(z when 2z approaches a in direction -i
(liMgsario (2D =F) = VYee0 (F5650 (Y2 jz-al<6\—i (z-8)>0 [f(2) - F| < e).

| imz—>a—z? 0 f(Z)

The limiting value of f(z when 2z approaches a in direction &
(lIMgsazio T(2) = F) = Ve es0 (F5.650 (Vzjz—a<spiz—a>0 | T (2 — F| < €).

lIMzse F(2)



http: //functions.wolfram.com

The limiting value of f(2) when z approaches co: (IiMye f(2) = F) = Ve a0 (Faaso Vzza [T(2D) — F| <€)).

limz,_o (2
The limiting value of f(z) when z approaches —co: (IIMy_o f(2) == F) == V¢ o0 (Fnns0 (Vzz<-a |T(2) — F| < €)).

limZ—m’o f (Z)
The limiting value of f(2) when z approachesco : (lim,,s f(2) == F) = VYeer0 (Fanso Vzzsa 1 T(2 — F| <€)).

Continued fractions

n

a
kI:<m b_k

. . . am
A finite continued fraction

Am+1
bm +
b + Ami2

mel am+3

bpo+ ——
" . bpoy +ag

=~
INSR:
R

n

K

Limit of the finite continued fraction |imn_e Kb = o

=2

Matrices and determinants

(aj,k)OSjsn
O<k=n

The nx n matrix with elements a; .

(aj,k)Osjsn

O<k=n

The determinant of the nx n matrix with elements a;

Symbols used for functions

\/? == 712
Sart root: (Vz )2 =2z

12
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The absolute value of the real or complex number z:

z z=0 2 D)
|2 = { for real zand | =V Re(2)* + Im(2)~ for complex z.

-z z<0
=7
Complex conjugate of the number z: z==Re(2) —iIm(2); X == X /; Im(x) == 0.
n!
Factoridl of n: n!'==T'(n+1); n!==1x2x3...(n=1)n/;neN*,

n!'!

Double factorial of n: 1t == 25~ ©SNM+; 7 cosna-— [(3+1); QK1 =2x4..2k-2)2k/; keN*;
2k+D"=1x3...2k-1D(2k+1)/; ke N*,
n
(&)

Binomial coefficient: (E) ==( n )z n_ . Ll

n-k/) KoKl = TkeDI (k)"
(n; Ny, Ny, ..., Ny)
Multinomial coefficient: (n; ny, Ny, ..., Ny) = #ink' fin==Y, Ny
(@)n
Pochhammer symbol representing the product:
@ = 5% @p =TT @+k =a@+1@+2)..@a+n-1/neN"
2
Power function: 22 == 30 Iogkk#ak K=zxzx..xz2==2Z"1/ ke N*.

k- times

(z S0oa2), "

The k™ root z of algebraic equation Y a; Z = 0: 3_gaj 2 =0/, 2= 2 = (z ¥]_0 3 zj);l.
00

Positive infinity symbol.

co

Symbolic value of acomplex number when its absolute value tends to infinity.
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Z oo

Symbolic value of a complex number when its absolute value tends to infinity and its argument coincides with
Arg(2): Arg(zoo) == Arg(2).

6
Indeterminate value symbol.

o

One degree®: 1° == & ~ 0.01745329 ...

4]

The greatest integer lessthanorequal toz [x] ==n/; xeR A neZ An<x<n+1
[Z]

The smallest integer greater thanorequal toz [X]==n/; xe R AneZ An-1<x<n.
LZ]

The integer closest to z

X =n/ixeR /\ nez \x-n<3|n+3]=n/2ez|n+]=n+1/%lez

mmod n
The congruence (mod) (the remainder on division of mby n): mmodn=m-n| /.
(Jrjamemg | jpj2jm)

The Clebsch-Gordan coefficient for the decomposition of |j m) intermsof |j M) ® |j2 mp).

(jl iz js)
m M g
The value of the Wigner 3j-symbol.
{jl 2 13}
ja js e
The value of the Racah 6 j-symbol.

{8 ), 82 M), ..., 7 (), &2 ()

(k)

Thelist of the numbersof 1, 2, ..., b—1, Odigitsin the base b representation of n. 5,”(n) is the number of times

the digit k appears in the base b representation of theinteger n; s5”(n) == n— 35, [5])-

(k)

S, () isthe number of timesthe digit k appearsin the base b representation of theinteger n.
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(%)
Jacobi ' symbol, an integer function of n and m:
(R) =Tl ()
mleNn Am=Tlap/\ peP /\(2)= (1—5%_{%}0)(2Sgl”l(sz:l(5]-2modp’nmodp) ~1)/;peP.

Jacobi symbol isidentical to Kronecker symbol.

K roneck_er symbol, an integer function of n and m:
(7)==l (3)
mleN Am=Tlp/\ peeP /\ (%)= (1— 6%-{%}0) (2507 (246, mog et ) — 1) /5 P EP.

Kronecker symbol isidentical to Jacobi symbol.

Functions in alphabetical order

A
a:(g)

The characteristic value a for even Mathieu functions w(z) == Ce(a, q, 2) with characteristic exponent r and parame-
ter g, such that there exists a solution of the corresponding Mathieu differential equation

W’ (2) + (a— 20 cos(2 2) W(2) == 0 that is of the form w(z) = ¢*"% f(2), where f (2) is an even function of z with
period 2 7.

A

The Glaisher constant A: A ~ 1.2824271...

agm(a, b)

The arithmetic-geometric mean of a and b: agm (a, b) =7 (a+ b) / (4 K((a;b)z))

a+b
ak
The k" root of the equation Ai(z) == 0: (Ai(2) /; z=ai) =0/; ke N*.

Ai(2)

. . S .2. 2 . 4.2
The Airy function Ai: Ai (2) == 32/3;(3) oFl(, % 3)— z - oFl(, %, 3).

Ai'(2)



http: //functions.wolfram.com 27

. R . . oA 2 .5.2\ 1 1.2
Thefirst derivative of the Airy function Ai: Ai’ (2) == 23ﬂ3r(3) oFl(, 3 9) - oFl(, 3 9).

am(z| m)

Jacobi amplitude function with module m. The value of u for which the dliptic integral of the first kind F(u | m) has

thevaluez. am(z| m) =27, tan(tanh(% K'((l(Tr)n) (k+ 5 Kz(m) ))-

arg(2) == Arg(2)

The argument of the complex number z (where z == |7 ¢/ ¥9?): arg(2) == —i Iog(é).

B
br (@)

The characteristic value b for odd Mathieu functions w(z) == Se(a, g, 2) with characteristic exponent r and parame-
ter g, such that there exists a solution of the corresponding Mathieu differential equation

W’ (2) + (a—2qcos(22) W(2) == 0 that is of the form w(2) == ¢’ f(2), where f (2) is an odd function of z with
period 2.

Bn

Then™ Bell number: B, =n! ([t"]e“ ) /;nelN; By=By1)/ineN.
Bn(2

Bn

Then'" Bernoulli number: By == n! ([t"] f,%l) ineN; By=B,0)/;neN.
Bn(2

By

B (2)

bei(2)

The Kelvin function of the first kind bei: bei(2) = £ 732, —2 (3)"" b2 = beio(@.

bel,(2)

The Kelvin function of the first kind bei:

ok ("™ sin(22) (E)V e 1K (2
2 =

+ .
BT TR 0,

)4k

bei,(2) = o 7) (5

v+2
T(v+2) 2)

pI /i —v ¢ N*.



http: //functions.wolfram.com 28

ber(2)

. . o EE
The Kelvin function of thefirst kind ber: ber(2) = Yo W; ber(2) == berg(2).
ber,(2)

The Kelvin function of the first kind ber:
4k . (3nv
(

oof )y ) PN S & 1
T+ (E) 2k=0 (%)k(v )k(l)kk! T T2 (E) Zk=OW

2t 2 k\2

/i —v ¢ N*,

ber, (2 =

+
2

2
bik
The k" root of the equation Bi(2) == 0: (Bi(2) /; z=bix) =0/; ke N*.

Bi(2)

The Airy function Bi: Bi (2) ==

L_oF
Var()

Bi'(2)

Thefirst derivative of the Airy function Bi: Bi’ (2) =

275 (]

C
C

The Catalan constant C: C ~ 0.9159655. ..

C®
C,
221(z+3)
The Catalan numbers: C, = 2
V1 T(@z+2)

Cn(@

n .
The cyclotomic polynomial of order ninz: Cy(2) =[] (z-2¢").
k=1
ged (k,n)=1

c?@2=C,©

The renormalized form of the v'" Gegenbauer function in z C¥(2) = % T,(2) == % cos(v cos1(2)). For the nonnega-

tive integer v, the function C(VO)(z) isapolynomial in z.



http: //functions.wolfram.com

Cr2

The v Gegenbauer function in z for parameter A: Ci(2) == %&;”2” 2Fi(-v,v+2X2+ %; %) For the

nonnegative integer v, the function C.(2) is a polynomial in z.

cd(z| m)

. _ . i __on@m 1
The Jacobi élliptic function cd: cd(z| m) == anam = daam”

cd Yz m)

The inverse of the Jacobi eliptic function cd is the value of u for which the Jacobi eliptic function cd, such that

cd(u|m)==z:cd‘1(z|m)==f dt/;-1<z<1Am<1.

1 1

Ce(a q, 2

The even Mathieu function with characteristic value a and parameter g.
Ce/a, q,2=C€(a q, 2

The derivative with respect to z of the even Mathieu function with characteristic value a and parameter q:

Cefa, g, 2) = "Ce;%z)

Chi(2)

Thefyperbolic cosneiniegral funcrion: Ch ) = ozw dt+log(2+y=Ilog2+vy+ % Dot %
Ci(2

The cosine integral function: Ci(9 = foz%)"l dt+1og(2) + y==

oo cogt 1 oo (DKZX
_‘L %a)dt == |Og(Z) +7r+ Ezk=l ﬁ /i |Arg(2)| <.

cn(z| m)
The Jacobi dliptic function cn; cn(z| m) == cos(am(z | m)).
cni(z| m)

The inverse of the Jacobi elliptic function cn. The vaue of u such that

1 at/i-1<z<1Am(Z-1)>-1
vV 1-t2  mt2-m+1 ( )

cn(u|my=2z: cn"i(z| m) == le

C0s(2)

(_1)k 2k

The cosine function: cos(z) == “ 44— =y, ot

2
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cos 1(2)

. . . . -1 o 1 o . .
The inverse cosine function: cos (z) == >-SnN"@=3+ ulog(nz+ \/ 1-7 )

cosh(2)

The hyperbolic cosine function: cosh(z) == ezz‘ﬂ =00(i 2) == Yoo (f—kk),

cosh 1(2)

The inverse hyperbolic cosine function: cosh™(2) == log(z+ Vz-1 Vz+1 ) = % cos 1(2).
cot(2

The cotangent function: cot(z) == ;";(‘:)) = aj(z).

cot~1(2)

The inverse cotangent function: cot™(z) == tan‘l(%) = % (log(1- g) —log(1+ ’E)) /;z2#0.

coth(2)

The hyperbolic cotangent function: coth(z) == Zor:((zz)) == tani(z) == [ COt(Z 2).
coth™(2)

c(z| m)

The Jacobi elliptic function cs: cs(z | m) == ;':Ejr':; == sc(ilm)'

cs iz m)

The inverse of the Jacobi dliptic function cs. The value of u such that
cs(u|m)==z:cs*l(zlm)::fm%dt/;ze[l{/\zz—m>—l.

z vV 2+l A P-mrl
Ccsc(2)
1

The cosecant function: csc(z) == o

csc(2)
Theinverse cosecant function: csc(z) = sin™(3) = —i Iog[i; + [1- % ]

csch(z)
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The hyperbolic cosecant function: csch(z) == ﬁh(z) =i CC(i 2).

csch™(2)
Theinverse hyperbolic cosecant function: csch™i(2) = sinh‘l(%) =jcsc iz = Iog( [1+ % + %]

D
dyy e (B)

The Wigner d-function:

COSM+M’+2|<(E) sinZJ’M’M/’Zk(E)
2

dy e B =D"™ VI+MIIA-MII+M)TI- M)t e =M
{23,2M,2M",J-M,J-M}eZAM|<IAM|=<]

D,(2

2
The parabolic cylinder function D: D,(2) == 22V ¢ = [

e
Dy w (@ B.Y)

dc(z| m)

dn(zm) __ 1
cn@m) T cd@m)

The Jacobi élliptic function dc: dc(z | m) ==

dc iz m)

The inverse of the Jacobi elliptic function dc. The value of u such that
4 1

= [(——=———dt/;zeRAZ>1AZ-m>0Am< 1l

fl V-1 y 2-m

deuim=2z: dct(z|m)-=

den(r)
The denominator of r.
divisors(n)

dn(z| m)

The Jacobi élliptic function dn: dn(z| m) == \/1— msinam(z| m)) /;m< 1.

dn~t(z| m)

The inverse of the Jacobi édliptic function dn. The vaue of u such that

dn(u|m):=z:dn‘1(z|m)==fZ dt/;-1<z<1ANZ+m>1

1 1
V12 \ tP4m-1

k
D k! (I-M—K)! (3-M’"—K)! (M+M’+K)! /;
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ds(z| m)

The Jacobi dlliptic function ds: ds(z| m) = T2 = .

ds‘l(zl m)

The inverse of the Jacobi elliptic function ds. The value of u such that

dsulm=z:dst@zlm=["—>1 —dt/izeRAZ+m> 1
L vV t2+m y 24m-1

E

e

The Euler exponential constant e: e ~ 2.7182818...

e =exp(2)
Exponential function: e* ==Y}, %

{ell €2, e3} == {e1(92! g3)l e2(92| g3)1 e3(921 93))

The values of the Weierstrass g function a the half-periods {wi, wy, ws):
(€1, &, €3} == {e1(Q2, U3), €2(T2, U3), €3(Q2, U3)) == {® (w1; U2, U3), ¥ (wW2; G2, O3), 9 (W3; T2, U3)} /; w2 == —~w1 — wa3.

(el &, &) ={€}(T2, %), €(T2, T3), (T2, Ba))

The vaues of the Welerstrass ¢’ function at the haf-periods {wi, ws, ws}:

(&1, &, &} == {€((02, T3), (G2, Ga), (T2, Ta)) == {9 (w1; T2, Do), 9’ (w2; Go, Ga), 9 (w3; T2, o)} /; wo = —w1 — w3

E(2

The complete elliptic integral of the second kind: E(2) = E(5 | 2) = [V 1- zsin(t) dt/; |Arg(l - 2)| < 7.

E(z| m)

Thedlliptic integral of the second kind: E(z| m) == foz\j 1- msinz(t) dt.

En
The n" Euler number: E, == 21 n! ([tn ] %) /ineN
En(2

The Euler polynomial of order ninz En(2) == 2n! ([t"] et )/ineN.

e'+1

E.2
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The exponential integral E: E,(2) == t—z dt /; Re(z) > 0.
eexp(z a, b)

The édliptic exponential function eexp(z a, b)=={x,y}. The vaues {x,y} such that
z=¢og(x, y;a b) /i y¥?—x(x*+ax+b)==

eexpy(z; a, b)

deexp (za,b)

Thefirst derivative of the elliptic exponential function with respect to z: eexp;, (z, a, b) = o

egcd(m, n)

The extended greatest common divisor of the integers m and n:
egcd(m, n) == {g, {r, s}} /; g==gcd (m, n) A g==mr + ns A Re(m), Im(m), Re(n), Im(n) € Z.

elog(z, 2; @, b)

The generalized elliptic logarithm associated with the elliptic curve Z +azZ+bz -z =0:

\/> 24
eog(z, z; a, b) = dt/;Z+azZ+bz-Z=0/\acR /\beR.
22 f V t*+at?+bt ' ! 2 /\ /\
erf(2)
The error function: erf(2) = 2= [“e* dt == s
e error function: erf(z) == ﬁf __—Zk 0 WD
erf~(2)

The inverse of the error function. The value of u such that erf(u) == z.
erf(z1, 2)

The generalized error function: erf(z, z) = % f 2o Jt == erf(z) — ef(z).

efl(z, 2)

Theinverse of the generalized error function. The value of u such that erf(z;, u) == z,.

erfc(2)
The complementary error function: erfc(z) == % [ “etdt=1-ef®=1- = Zk 0 (k,l()zkli k;)l
erfcl(2)

Theinverse of the complementary error function. The value of u such that erfc(u) == z

erfi(2
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Theimaginary error function: erfi(z) == % foze‘z dt=—ierf(iz) = % ka0 K (Z;kl:l).
Ei(2
F
Fy
F(2)

The Fibonacci polynomial of order ninz: F, (2) == \/1_ (Z‘V (z+ VZ+4 ) —cos(vm) 2 (z+ VZ+4 ) )

2+4

F(zIm

1

v 1-msin’(t)

Theédlliptic integral of the first kind: F(z| m) = foz dt.

Fi(a; by, by; C; 21, 20)

The Appell hypergeometric function of two variables

. . . 00 [ (@ys (bl) (bz) iiig .
F1:Fa(@; by, by € 21, ) = X320 2o W [lal <1zl < 1.

oFo(; ;2

The generalized hypergeometric function gFg : oFo(; ; 2) == €%

1Fo(& ;2

The generalized hypergeometric function 1Fq : 1Fo(a; ;2 = (1-2~%
oF1( b; 2

The generalized hypergeometric function oF1 : oF1(; b; 2 = X2 ﬁ.

oF1( ;2

The regularized generalized hypergeometric function oFy : oF1(; b; 2) = Y ﬁ

1F1(& b; 2

. . =
The Kummer confluent hypergeometric function 1F; : 1F1(a; b; 2) = Y2 %

1Fi@ b; 2)

. . . - - X
The regularized confluent hypergeometric function 1F : 1F1(a; b; 2) = Y32 r((%kk)k,
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2F1(a, b; c; 2)
. . _ o @i (&
The Gauss hypergeometric function oF1 : oF1(&, b; ¢; 2 == Y20 ——— oK /i17 < 1.
2F1(a b; ¢ 2)
The regularized Gauss hypergeometric function oF1 : oF1(a, b; ¢; 2) = Yo, (?)(Z:blz;k, /112 <
1Fa(ay; by, by; 2)
)y 2
The generalized hypergeometric function 1F5 : 1Fo(ay; b1, by; 2 = Yo e
(by)y (o) k!
2Fo(ay, ap; by, by; 2)
. . . ) (@) (@) 2
The generalized hypergeometric function ,F; : 2Fa(aq, ag; by, b2; 2) == X2, CRNCANTE
2F3(aq, ag; by, by, bs; 2)
. . . . X . oo (@) (az)kzk
The generalized hypergeometric function oF3 : sF3(as, ag; by, by, b3; 2 = Y20 ——————.
(by) (0); (b3), K!
sFa(aq, ap, ag; by, by; 2)
. . . o (@) (@) (ag), %
The generalized hypergeometric function sF; : 3sFa(as, @, as; by, by; 2 = Y0 ETRNCS /12 <1
1)k \M2)k
aF3(a, &, ag, ay; by, by, bs; 2)
. . . o (@ (@) (Bs), (@) 2
The generalized hypergeometric function 4Fsz : 4F3(a1, ap, as, ag; by, by, bs; 2) == 332, RO /12 < 1.
)k (02)y (B3, K2
oFq(as, @, ..., ap; by, by, ..., bg; 2)
The generalized hypergeometri c function
Pa(ay), 2
oFq pFq(as, @, ..., ap; by, by, ..., by 2) = T2 HJ 1(bl) iq=p-1Al142<1Vag=p.
=1\ g
pliq(a]_, ap, ..., ap; bl, bg, ceny bq; Z)
The regularized generalized hypergeometric function
P
.. (ay), 2
qu : qu(al, ag, ..., ap; by, by, ..., bq; ) Zk 0 ﬁ La=p-1AlZd<1Vqg=p.
j 1 :
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The generalized hypergeometric function of two variables (Kampe de Feriet function):

A,B,C( ai, ...,aa; by, ..., bg;cq, ..., Cc; ) R M), TT2(b;) I15.4(c ), 2w
PQsS plv ey pP! qlv ey qu Sla LR ] SSy T 4m=0£n=0 'n'H’f 1(pj) H?:l(ql)mﬂjzl(sj)n '

,:A,B,c(al, nan by, .., bgic, .., Ce ) ZZ [Ti1 @)y [T (B, TT51 (G)),, 27 WP
P,Q,S . . . Z, ==
PLees PP Qs o Q00 B2 - S5 020 MU T (P [T (G [Tia (S1),

[Ty @) 151 (0)), 2"

= 3 acFpis(@+ma+m, ...,an+mM,Cy, ..., Cc;
m=0 M! TTi=1 (PP, [Tj21 @,

=, [T @) [T (o)), 27
pr+m, pa+m, ..., pp+m, sl,...,ss;w)::z . -
m=0 M! TTi=1 (PP, [Tj21 @,

[ Ty &, TG M T T @~ 0TI, T(e; —ac—m
= i e
ng I'(ay) ; H L Ty — &)

p+si1FArc-1

(ak+m, 1+a—-p1, .., 1+a—pp, l+ax+m-s, ..., 1+ a8+ M- Sg;
l+a—ag, ..., 1+a—ag1, 1+ax— a1, ..., 1+ ax—aa,

1
l+ag+m-cy, ..., 1+ax+m—cg; —)+
w

1ty <, @ [T M@ — a0
k=1 Z j#k

Nr@) i [Ty -aw

(_Z)_ak q+qu (ak! 1+ak_ bl! ey 1+ak_ bq1

1
l+a-—ag, .., 1+ak—ak1, 1+ax— a1, ..., 1+ ax—agq; W)

~A,B,C( ai, ...,aa; by, ..., bg;cyq, ..., Cc; , w)
PQS\ py, ..y PPy QL -y 003 S, -y 51

The regularized generalized hypergeometric function of two variables (regularized Kampe de Feriet function):

nf:l(aj)mnn?ﬂ( ) HJ 1( ) 7w

m! n! ]'[JF’:ll‘ (m+n+pj)]'[J:11‘ (m+ay) ]'[J:1F (n+s)) '

~A,B,C( ai, ..., aa; by, ..., bg;Cq, ..., Cc;

PQS| Py, ..., PPi G vy G0 S1r +vos S5, z, W) == Xm0 2n=0

F(An) (a" bl’ AR} bny Cl! ceey Cnu Zlv LR} Zn)
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The Lauricella function A of n variables:

o e Ot Ok
Fa(@ by, ...y bnjCy ooy €y e, ooy Z0) == D20 -+ 20 G ik 1Al 7l <1
1

Fg])(ala ey an, bly CRRS ] bn, Cl Zl: ceey Zn)

The Lauricella function B of n variables:
. o @) @)y by (o) ST S
FE' (@, - 80, D1, oo b0 €21, Z0) = B0 B0 — e fmax(zl, e JzaD) < L.
Qe seeBne

FO(@a, b;cy, ..., Cn; 21, -y Z0)

The Lauricella function C of n variables:

@iy Oy 2240
, < 1.
O R BV ALl <]

FO(a, by Cy, vy Cnl Z1, ooy Z0) = Tico - Ym0

F(Dn)(af bll RS ] bn, C, Zly L] Zn)

The Lauricella function D of n variables:
Kn
O e /i max(al, o 1) < 1

@y O - (B z'il .z

F'@ by, .o bni G 21, .. Z0) = o0 Thomo

factors(n)
The prime factors of the integer n, together with their exponents.
frac (2)

The fractional part of number z frac(x) ==x-n/; xe RAne Z AO=<sgn(xX) x—n) < LA x#0.

G
m’n(z al! [ERX] an- aﬂ+1! RN ap)
pa blv (RS ] bm1 bn’H—ly (RS bq
The Meijer G function:
ai, ..., An,y Antly --ey ap) 1 [TeeaT (bi+9) [Ty, T (1-ay—s)
itz = = el z%ds/;0=m=q, O<n=p.
p’q( bly LR bm1 brTH-ly LRRE bq 2ri Lfl—l’k]:mrlr (ak+s)l_[g:m+1r(l_bk_s) / q p

The infinite contour of integration £ separates the polesof I'(1—-ax—s)at s=1—-a + |, j € N from the poles of
I'(by+ s)ats=—b; — 1,1 € N. Such acontour always existsinthecases ay — b — 1 ¢ N.

There are three possibilities for the contour £:
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(i) £ runsfrom y-i co toy+i oo (where Im(y) = 0) so that all polesof I'(b; + s),i =1, ..., mareto theleft of £,
and al poles of I'(1-g —9), i=1,...,n are to the right of £. This contour can be a straight line
(y—ioo, y+ioo)if Re(bj—ay)> -1 (then —Re(by) <y <1-Re@)). (In this case, the integral converges if

PCI)

p+g<2(m+ny, |Arg(z)|<(m +n- mlfm+n- —q = 0, then z must be real and positive and the addi-

tional condition (q— p)y + Re(u) <0, u == Z|q=1 b — Zk_l ay + 29 4 1 should be added. )

(if) L isaleft loop, starting and ending at -co and encircling al polesof I'(bj + 9),i =1, ..., m, once in the positive
direction, but none of thepolesof I'(1-a — 9),i =1, ..., n. Inthis case, the integral convergesif g = 1 and one of
the following conditionsis satisfied:

mg>porg=pandiz <1
mg=pand|z=1land m+n- —>OandRe(y)<0

(iii) L isaright loop, starting and ending at +co and encircling al polesof I'(1-a —9),i=1, ..., h, oncein the
negative direction, but none of the poles of I'(b; + 9), i =1, ..., m. In this case, the integral convergesif p= 1 and
one of the following conditions is satisfied:

m p>qorp=qgand|g>1

m g=pand|z =1land m+n——>0and Re(u) < 0.

mn(z aj, ..., an, an+l.---aap)
pa bl!"'lbml bm+1y---,bq
&, ap, - 8 weal(b wT(1-a- s
The generalized Meijer G function: (z o p) == (?“r( ”S)mz’lr(l %9 _,%as),
b1, by, ..., by 2mi T (Mine1T(a+S) ) Ticme T(1-by—s)

reRAr0AmeNAneNApeNAgeNAm=gAn=p.

. ai, ..., an, Anel, ooer @
For the description of the contour £, seeGB‘,g(Z’ bl +1 p)
11

o bmv bm+ly [EX3] bq '
Gm,n:ml,nl:mz,nz( a, - G| ayy, - 8p | A1, o AR2p, . W)
P.O-PuGu-P2 G2 by, cee bq bl,11 vy b]_,q1 bz’l, vy bz'q2 '
The Meijer G function of two variables:
Gm,n:m1,n1imz,nz( a;, .- Gp|ayy, - Qp | &1, - H2p . W) _
P.0:P1 G- P22 b]_, ceey bq bl,la ceey b]_’ql bgyl, ceey b2,q2 '
m n my n m )
T (bj+s+t) [TT(1-a-s-1) T(byj+s) [1T(1-ayj-s) [1T(byj+t) [1T(1-ag-t)
J i .

1 i

N
i

j=1 j=1

zSwtdsdt/;

o -
1

2 ff q p q q
‘2’”’ Fajs+t) T T(1-by-st) [ Mla,+s) 1 Fa-by-9) 1 rlee ) i R
m+ ny+ J=my+

L r j= r|+1 j=m+l j=n,+1 j=my+1 j=ny+1

O=m=q, O=<sn=p,0=m=q, O=sM=p;,0=m=q, 0= < po.

{02, 93} == {Q2(w1, w3), Y3(wy, w3)}
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The invariants {g,, g3} for Weierstrass elliptic functions corresponding to the half-periods {w1, ws}:

(62 (01, 09, G5(@1, w3)) = (80T oo ot MOT v o I () > 0

Mmoo (2Mw1+2nws) mn=00 (2Mwi+2Nws

ged(ng, ny, ..., )

The greatest common divisor of theintegersny, ..., nk.

H

h )

The Hankel spherical function of thefirst kind H1: hV(2) = y/ % =H@.
2

h?(2

The Hankel spherical function of the second kind H2: hi?(2) = +/ 3 % Hfl(z)-
2

H,

_1
k+z

The Z" harmonic number: H, == Y52 ; (% )=(z+ 1) +7.
H"
The generalized harmonic number of order r: HY == £(r) — £(r, z+ 1).

H,(2)

The v Hermite function in z H,(® =2"Vr 1Fa(-3; %; Z) - 22 1F1(l’—v; g; %) |. For nonnegative

1
(%)
integer v it isapolynomial in z.

H,(2)

)v+1

The Struve function H: H,(2) = (%

HM 2
The Hankel function of thefirst kind H1: HY(2) = J,(2) + i Y,(2).
HP (2

The Hankel function of the second kind H2: H'?(2) == J,(2) — i Y,(2).
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pmef | (@20 Al (B0 Ack (@0t Aval {ap, Ap} )
P\7| tby, Bul, ..., (b, Brnly (B, Bre), ... {bg, Ba

The Fox H function:

Hmo(, (a1, A}, -..s (@0 And {8nes Anst)s - {ap, Ap} 1 f [T, T (BB § T2 T (1-a—A 9)
P4 {by, By}, ..., {bm, B}y {Bme1, Bmetls - (bq, Bq} o 2ni L nlf:mlr(ak+Aks)nE:m1r(1_bk_Bks)

O<m=gqg, O=n=p.

zsds/;

The infinite contour of integration £ separates the polesof T'(1—ax — AxS) ats=(1—-ax+ j)/ A« j €N from the
polesof I'(b; + B; ) at pointss= —(b; +1)/B;, | N.

i

Theimaginary uniti:i==vV-1.

L2

The modified Bessel function of the first kind: 1,(2) = 5o rertrgr (2)° = mkgy (2) oF a1 v+ 11 5,
I(a, b)

The regularized incomplete beta function: I,(a, b) == ii:g).

7%, b)
Theinverse of the regularized incomplete beta function. The value of u such that I,(a, b) == z

I (21,22)(a1 b)

B(z,2,a,b)
B(a,b)

The generalized regularized incomplete beta function: I, ,,) (@, b) =

a2 (@ D)

Theinverse of the generalized regularized incomplete beta function. The value of u such that |, (@, b) = 2.
Im(2)

Theimaginary part of the number z: z== Re(2) + i Im(2), Im(2) == %

int(2)

The integer part of number z: int(x) ==n/; xe RAneZ AO0=<sgn(x) (x—-n) <1 A x+ 0.

40
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W2

(—Dk 2

The spherical Bessel function of thefirstkind: j,(2 = '3 =3 @ = Y& (2)" 32, P
2 4 E !

vz
Jvk
Thek!" root of the equation J,(2) = 0: (J,(2) /; 2= j,k) =0/; ve R Ak e N*.
J(2

(02 0.7 +05 (0.7 2+, (02’

The Klein invariant modular function: J (2) == /: Im(2) > 0.

54 (r92 (Omngl) O (o,gniz) 9 (o’eniz))s

J (2

The Bessel function of the first kind: J,(2) = S, 1“(k+lkl)k' (g)zk+v = ﬁ (%)V oFl(; v+ 1 - é)
K

K

The Khinchin constant K: K ~ 2.685452001 ...

K(2

The complete elliptic integral of thefirst kind: K(2) = F( | z) = f(f; dt /; |1Arg(l - 2)| < «.

v 1-zsind(t)

Kv(2)
The modified Bessel function of the second kind: K,(2) = “£52 (1, () - I, (2)) /; v ¢ Z.
kei(2)

The Kelvin function of the second kind kei:
kei(z) = —% i (2 Ko(\/4 -1 z) + nYO(\/4 -1 z) —4i (Iog(z) - Iog(\/4 -1 z)) bel(z—in ber(z)); kei(z) = kelg(2).

kel,(2)
The Kelvin function of the second kind kei: kei, (2) = % (csc(rv) bei_,(2) — cot(mrv) bel,(2) + ber,(2) /; v ¢ Z.
ker(2)

The Kelvin function of the second kind ker:
ker(z2) = % (2 Ko(\/4 -1 z) -7 Yo(\/4 -1 z) + 7 bei(z) — 4(Iog(z) - Iog(\/4 -1 z)) ber(z)); ker(z) = kerg(2).

ker,(2)
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The Kelvin function of the second kind ker: ker,(2) = — % 7 (bel,(2) — csc(nrv) ber_,(2) + cot(mrv) ber(2) /; v & Z.

L,
Thev"" Lucas number: L, = ¢” + ¢~ cos(m v).
L,(2

The v"" Laguerrefunctionin z L,(2) ==, F1(-v; 1; 2). For nonnegative integer v it is a polynomial in z.

L) (@)
The v!" generalized Laguerre polynomial in z for parameter A: LY (2 == r(“viv,”) 1F1(=Vv: 1 + 1; 2). For nonnegative
integer v it isapolynomial in z.
L.(2
The modified Struve function: L, (2) == (5)V+1 ) S — (5)2k
Y 2 T ETE R

lem(nyg, Ny, ..., Ny)
The least common multiple of the integers (or rational) ny.

li(2)
Li,(2

The polylogarithm function of orderv

Liy(@ =21 ki /; 1z| < 1. Forv=2itisadilogarithm functionin z.
log(2)
The natural logarithm: log(2) == Y24 (_1)“+1)k [ilz—1 < 1.

log,(2)

The logarithm in base a: log, (2) == :33((:)

logl’ (2)

The logarithmic gamma function: logl'(2) = 334 (¢ - log(1+ £)) - ¥ - log(2).

M
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M, (2
1 z
The Whittaker hypergeometric function M: M, ,(2) = 7"z ez 1Fy(u — v + %; 2u+1;2).

MaX(Xy, X2, ..., Xn)

The maximum function (the numerically largest of the real numbers Xxq, Xo, ..., Xn):
max(Xq, Xp) == %(X1+X2+ V (1 — %) )/; x1eRAX eR;

max(Xy, X2, ..., Xn) == MaX(MaX(Xy, X2), X3, -.., Xn)-
min(Xy, X, ..., Xn)

The minimum function (the numerically smallest of the real numbers xg, X, ..., Xn):

min(Xy, Xo) == % (xl +X =V (X1 — %) )/; X1 € R A X2 € R; max(Xy, Xo, ..., Xn) == Max(MaX(Xy, X2), X3, ..., Xn).

N

nc(z | m)
. L . . 1
The Jacobi elliptic function nc: nc(z | m) == S
nc1(z| m)
The inverse of the Jacobi elliptic function nc. The value of u such that
nculm=znclzm=[—2 dt;zeRAZ>1AA-mZA+m>0.
fl V2-1  (@-m)t2+m

nd(z | m)

The Jacobi elliptic function nd: nd(z| m) == L

~ dn(zm) "

nd~%(z| m)
The inverse of the Jacobi éelliptic function nd. The vaue of u such that

:fIZ;\/idt/;zeR/\z%l/\(l—m)z%1/\m>0-
vV t2-1 v 1-(1-m)t?

nd(u|m =z: nd*(z| m =

ns(z| m)

The Jacobi élliptic function ns: ns(z| m) == %

ns1(z| m)

The inverse of the Jacobi elliptic function ns. The value of u such that
ns(u|m)==z: ns*l(z|m)==f°° ! dt/;zeRAZ>1ANZ>m

* V-1 ye-m
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P
p(n)
The number of unrestricted partitions (independent of the order and with repetitions allowed) of the positive integer
ninto asum of strictly positive integers that add up to n: p(n) == ([t”] [T ﬁ) ineN.
Pn( == prime(n))

The n'" prime number (the smallest integer greater than P, that cannot be divided by any integer greater than 1
and smaller than itself):

p,=m/;n> 1/\ meZ /\ m>p, , /\ (= Fpper Pyy < P<M) /\ (= FkezA1<kem % €Z).
P.(2)

Thev'" Legendre functionin z: P,(2) == 2F1(—v, v+1;1; %) For nonnegative integer v it isa polynomial in z.

P,
The associated Legendre function of the first kind of type 2: PX(z) == SJ'Z;:Z Fa(-v, v+ 11— Z5).

—Z)
Pl(2
The associated L egendre function of the second kind of type 3: P4 (2) == E”%i Fi(-vv+1L1-y %)

7— 1M

PP (2)
The v Jacobi function in z for parameters a and b: P&P(2) == F(r"’z::)l) Fi(-v,a+b+v+La+l; %) For

nonnegative integer v it isapolynomia in z.

Physical@(j1, My, 2, Mp, j, M)

A Boolean function that tests whether the angular momentum quantum numbers are physically realizable:
Physical@(j1, My, 2, Mp, j, M) ==

Rj1eZN2jpeZN2jeZN2meZN2myeZA\2meZNji—-meZNj,-meZ A
j-meZA-jism<jiA-josmp<jppA-j=m<jAljr—jal = JAljl < j1+j2).

PS (v, 2
The angular spheroidal function of the first kind with variable z and parametersv, u, v.
PS,. (7,2

The derivative with respect to z of the angular spheroidal function of the first kind with variable z and parameters v,

, oPS,,(v,2)
/J, 7 PS/,;I (71 Z) - (;Z .
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Q
a(n)

The number of ordered partitions (independent of the order and no repetitions allowed) of the positive integer n
into asum of strictly positive integerswhich add up to n: g(n) == ([t"] [T, (1 +t)) s neN.

a(m

K(l—m))
K(m)

The elliptic nome q of the module m: g(m) == exp(—;r
q'@

— _ 00 1+2%K 8 . -1 —
The module m of the nome z. q~*(2) == 16 anzl(lﬂzm) /12 <1, g+(g(m)) = m.

Q@
Thev'" Legendre function of the second kind: Q,(2) == Q?(z).
Q. ()associated

The associated Legendre function of the second kind of type 2

_ mes(um ((1+2? = : Clezy  Tehvd)) -2 = . . 1-z7)) ..
Q’;(Z) = — (m cos(u ) 2F1(—v, v+1 1-y T) T D) (g 2F1(—v, v+1Lu+l T)) /;

pez.
Q2

The associated Legendre function of the second kind of type 3
Q2 = ”mz(””) erin ((”1)“/2 Fa(—v, v+ 11—y BF) - D) (17" Fi(-vv+ L+ %)) Liu¢Z.

(z-1? 12 C(=p+v+1) (z41/2
Q@ 2
; ; F— 1 (®a-1 -t 17 o a(-2¥
The regularized incomplete gammafunction: Q(a, 2) == - @ fz et dt = D Dkeo R
Q'@ 2

Theinverse of the regularized incomplete gamma function. The value of u such that Q(a, u) == z.

Q@& z, )
The generalized regularized incomplete gamma function: Q(a, z;, ) == % [ fzta—l etdt.
Qa7 2)

Theinverse of the generalized regularized incomplete gamma function. The value u such that Q(a, z;, u) == w.
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Qs 2

The angular spheroidal function of the second kind with variable z and parametersv, u, v.

Qs .2

The derivative with respect to z of the angular spheroidal function of the second kind with variable z and parame-
Qs ,(r,2)

tersv, u, :QS, (v, 9 = —;

guotient(m, n)

The integer quotient of mand n: quotient(m, n) = | = |.

R
Fm(N)
The number of representations of n as a sum of m squares of different positive or negative integers.
r@ q

The characteristic exponent of the Mathieu functions. MathieuFunction(a, g, 2) = ¢' " @97 f(2) (where f(2) has
period 2 7).

RY(2)
Re(2)

The real part of the number z z== Re(2) + i Im(2), Re(2) == 5~

S
S

2-2k-1 2kl ( z“)k

The Fresnel integral S: S(2) = fosm( )cﬂt =2 Yo ana ek

Sp2=52
)k+p é(p

e LA <1ApeN.

The Nielsen generalized polylogarithm: S, p(2) = X} 1
§
The Stirling number of the first kind: S == (-1)" ([t™] (-t),,) /; m, ne N.

Sy
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m
The Stirling number of the second kind: S == % N E 1)””‘( K ) K"imn-1eN.

Su(. 2
Theradial spheroidal function of the first kind with variable zand parameters v, u, 7.
Sh 0.2

The derivative with respect to z of the radial spheroidal function of the first kind with variable z and parameters v,

Y _98h02
m oy Sy, 9= —%

Sy, 2

Theradial spheroidal function of the second kind with variable z and parametersv, u, y.

%'y, 2

The derivative with respect to z of the radial spheroidal function of the second kind with variable z and parameters

L2 555)(%2)
v, 1, v S (7, ) = —5

sc(z| m)

The Jacobi elliptic function sc: sc(z | m) == :ER = @

sci(z| m)

The inverse of the Jacobi dliptic function sc. The vaue of u such that

1
—— dt/;zeR 1-m2zZ>-1
V241 (1-m)t2+1 fzeRA( )z >

suim=2z:st@lm= [

sd(z| m)

The Jacobi elliptic function sd: sd(z| m) == EEZ":?) = 3 S(;m).

sdiz| m)

The inverse of the Jacobi elliptic function sd. The value of u such that
sdu|m=2z:sd@z|m=[ L dt/;zeRAMZ>-1ANA-mZA<1
fo \ mt2+1 y 1-(1-m) 2

Se(a, g, 2)
The odd Mathieu function with characteristic value a and parameter q.

Se[a, 0,2 =S¢, 0,2
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The derivative with respect to z of the odd Mathieu function with characteristic value a and parameter q:

0%e(a,q,2)
Se/(a’ q’ Z) == 0

Sec(2)

1

The secant function: sec(2) == 3

seci(2)

The inverse secant function; sec™1(2) == cos*l(%).

sech(2)
The hyperbolic secant function: sech(z) == = s|1q(z> == sec(i 2).
sech™(2)
The inverse hyperbolic secant function: sech™(2) == cosh’l(%) = % sec1(2).
Son(2)
The signum of the number z: sgn (2) == é /iz+0
Shi(2)
2k

The hyperbolic sineintegral function: Shi(z) == Ozg”th O gt == 230 YT

Si(2)

q _1\k 52k+1
The sineintegral function: Si(2) = [ 3% dt = 32, %

sin(2)

. . L Eiz_e—z‘z o
The sine function: sin(z) == 5 = ke

(71)k 22k+1
Qk+1!

sni(2)

Theinverse sine function: sin"}(z) == —i Iog(u‘z+ \/E)
sinc(z)

The sinc (sampling) function: sinc(2) = %(Z) /;z+ 0; sinc(0) = 1.

sinh(2)



http: //functions.wolfram.com 49

The hyperbolic sine function:
. Z_ ,-Z L. . o 22k+1

sinh(z) = £ 2" =—isN(i2) = Yo 2D -

sinh(2)

The inverse hyperbolic sine function: sinh™(z) == Iog(z+ Vi+Z ) =—isin"Yi 2).

sn(z| m)

The Jacobi lliptic function sn: sn(z| m) == sin(fam(z | m)).

sn~1(z| m)

The inverse of the Jacobi dliptic function sn. The value of u such that
:ﬁﬁdt/; ~1<z<1AmZ<1

Spheroidal JoiningFactor(v, u, v)

sulm=z: sn(z|m)=

The spheroidal joining factor of degree v and order u appearing in the relations between radial and angular spheroi-
dal functions.

Spheroidal Radial Factor(v, 11, y)

The spheroidal radial factor of degree v and order u appearing in expansions of radial spheroidal function of the
first kind around y ==

Subfactorial[z]

_ I'(z+1,-1)
==

The subfactorial function (number of complete permutations) : Subfactorial[Zz] =

T

@

The v"" Chebyshev function of the first kind: T,(2) == cos(v cos™1(2)) = oF4(-v, v; %; %) For nonnegative integer

vitisapolynomia in z
tan(2)

sin(2)
cos(2) *

The tangent function: tan(z) ==
tan1(2)
The inverse tangent function: tan=(z) == 5” (log(1-i2 —log(1l + i 2)).

tan1(x, y)
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The inverse tangent function of two variables: tan~1(x, y) = —i Iog[x+—w).

v X2+y?
tanh(2)

sinh(z) _
cosh(z) ~

The hyperbolic tangent function: tanh(z) == = —jtan(i 2).
tanh~(2)

Theinverse hyperbolic tangent function: tanh™(2) == % (log(1+2) - log(1 - 2)) = —itan™1(i 2).

U
U,(2
The v Chebyshev function of the second kind: U,(2) == % =+ 1) Fi(-v,v+2 g; %) For
nonnegative integer v it isapolynomial in z.
U(a, b, 2
The Tricomi hypergeometric function u:
UGa b, 2 = r(br_(li)zl_b 1Fi@a-b+12-b;2+ rr(;:?l) 1Fi@ b2/, bez.
U(a, b, c, 2
W
W(2)

The product log function on the principal sheet. The value of u such that ue* == z.
Wk(2)
The product log function on the k" sheet. The k™ value of u such that u e == z.

W, (2

The Whittaker hypergeometric function W: W, ,(2) = 27 ¢ Ulp-v+ % 2u+1,72).
Y

V(2

The spherical Bessel function of the second kind: y,(2) = +/ g % Y 12
z V3

yv,k
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The k" root of the equation Y,(2) == 0: (Y,(2) /; z=Y,x) ==0/; ve R A ke N*.

Yy(2)

The Bessel function of the second kind: Y, (2) == csc(wv) (cos(nv) J, (2) = J_, (2) /; v ¢ Z.
Y, (4, ¢)

The spherical harmonic function of 6 and ¢ for parameters A and

9\/2
ViW, o) = [ 2 ”m B gion 2L )/2 SFr(~A, A+ 11— sir?(2)

l‘(/\+u+l sin (2)

4

Z(2)

The Riemann-Siegel Zeta function: Z(2) = "% {(i z+ %)

Z(z| m)
The Jacobi Zetafunction: Z(z| m) == E(z| m) — % F(z| m).
B
B(a, b)
The Euler betafunction: B(a, b) == rr(‘?aig?) fo a1 (1 - t)b Lat/:Re(@) > 0 A Re(b) > 0.
B(a, b)
The incomplete beta function:

B,(a, b) == foztafl (1-tP1dt/;Re(@) >0; Bya b)==2T(@),Fa 1-ba+12/ -ae&N.

B(zl,zz)(a: b)

The generalized incomplete beta function: Bz, ,/(a, b) == [ jzta‘l (1-t>1dt=B,(a b)-By(a b).

r

Y

Euler gammay: 7 == liMneo (zk_l - —log(n)) ~ 0.5772156...

Yn

The n" Stieltjes constant: y, = (-1)"n! ([(s- D" | (¢(s) - —))/ nen.
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I'(2
The Euler gammafunction: I'(2) == fowtz‘l e 'dt/; Re(2) > 0.

I'(a, 2

The incomplete gamma function: I'(a, 2) == [ “tletdt=T() -2 Y2, %

I'(a, 7, 2)

The generalized incomplete gamma function: T'(a, z;, 2) == fz jzta‘l etdt=T(a z)-T(a ).

A
6(X)
The Dirac deltafunction: § (x) = = lim,_o = /; X R.
m X2+2
6(Xll X2| LERY] Xm)
o(n)
The discrete delta function: §(n) = { 1n=0
Ho(m = 0 else

6(n1= n21 LR} nm)

The multidimensional discrete deltafunction: 6(ny, Ny, ..., Nm) = [TeL1 6(n;)

6n1,n2 ..... Nm
L Inp=ny=...==p
The Kronecker deltafunction: 6y, n, . n, = { 0 dse
E
Enyny,...Ng
Z
{6
The Riemann zeta function: £(s) == Y24 kl /: Re(s) > 1.

{(s @

The generalized Riemann zetafunction: {(s, @) == X} ;2 /i —a¢N,
((a+k)2)sl
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(s a)

The generalized classical Riemann zeta function: £(s, a) = i = /; Re(9) > 1

(s a
The regularized generalized classical Riemann zeta function: (s, a) == Ykeo ﬁ [, —a¢N;

£, —1) = Y4h g + Ticnet g i EN.
{(Z 92, 93)

The Weierstrass élliptic zeta function: ¢ (z, go, =1y ( L +
P ¢z 92 0) z ZTHS,;‘ES;’ z-2Mw;(0.93)-2 N w3(0,.03)

1 + z _ )
2mMwy(g2,93)+2Nws(02.9s) (2mMw1(92.93)+2 N w3(92.95))

H
n(2

The Dedekind eta modular function: 7(2) == e** 72 [z, (1 - €2**%?) /; Im(2) > .

{71, 12, 13} == {11(92, 93), 72(d2, G3), N3 (J2, U3)}
The values of the Weierstrass zeta function a the haf-periods {wi, wy, w3}

{11, m2, m3} == {N1(d2, 93), M2(T2, 93), 13(92, 93)) == {{ (w1; U2, Ga), { (w2; U2, O3), £ (w3; G2, O3)}.

®

6(x)

. . 1 x=0
The unit step function: 6(x) == { /i XxeR.

0 x<0
O(X1, X2, ..., %n)
The multidimensional unit step: 6(xy, Xp, ..., Xn) = [ 11 0(%)

N2

zlog ()

The Riemann-Siegel theta function: §(2) = - —— - g(logr(% + %) - Iogr(% - %))

$(z 9
Thefirst eliptic theta function: ¢4(z, q) =2 ﬁ o (D gD sin2k+ 1) 2) /; Igl < 1.

1z 9



http: //functions.wolfram.com

The first derivative with respect to z of the first dliptic theta function:
@z g =220 - 2.3/q 5, (DK ke 2k + D cos(@k+ D) D /; o] < L.

d2(z, Q)
The second elliptic theta function: ¢,(z, q) == 2 ﬁ Sheo 0c D cos(2k + 1) 2) /; Il < 1.

¥(z, Q)

The first derivative with respect to z of the second edliptic theta function:
% (z, q) = 6023(22@ = —2%2&‘;0 g<®*D 2k + 1) sin(Rk+1)2) /; gl < 1.

d3(z, Q)
Thethird dliptic thetafunction: 93(z, @) =1+ 2, qk2 cos(2kz) /; 1ql < 1.
¥z 9

The first derivative with respect to z of the third dliptic theta function:

Lz =" = 45, g ksin(2k2) /; o] < L

J4(z, Q)
The fourth elliptic theta function: d4(z, @) =1+ 23} ; (- 1)k qk2 cos(2kz) /; 1ql < 1.
3z 9

The first derivative with respect to z of the fourth elliptic theta function:

O g =20 = a3 -1k’ sin@k2) /; [l < 1.

de(z| M)

. - . . | 2ayam oo k(k+1) k+Drz
The Neville éliptic theta function C: d¢ (z| m) == Tk Yoo QM) COS(T(m)).
da(z] m)

The Neville elliptic theta function D: dg (2| m) =y 72— (1+ 2352, am) cos(£22))

On(z| M)
- L P _ n 0 4K k2 kx
The Neville dliptic thetafunction N: ¢, (z| m) == P (1+ 250 1 (=D qg(m) cos(K(m))).

ds(z| m)
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. . . 27+ o(m) oo K K(k+1) .- ( Rkt 7z
The Nevilledliptic thetafunction S; 95 (z| M) == | —————— = (=¥ gm)*** D gin .
[ ipti uncti s(z| m) NN e Yoo (=D)" q(m) ( KM )

0\, s

The Siegel theta function ©(Q,s) with symmetric Riemann modular matrix
Q={{myq, ..., M}, ..., {M 1, ..., m}} with positive definite imaginary part and vector s={s;, ..., &} is

defined through >0'_ ... X7 _ £t (M7 n+20s) \where OT means transposed to O matrix (or vector) and n ranges

over al possible vectors in the r-dimensional integer lattice:
Mg ... My
O, 5) =06

{S_l S(}] = En"" §n°° @in(n'ﬂ-n+2 n-s) /
1 LR ] =—00 *** = ;
N1 ... My

Q={{my, ..., My}, o Mg, M AS={s, o sEAN={N L N

of!ms

The Siegel theta function 9[5] (2, ) with characteristic (\lj)/; u=={uy, ..., U} AV=={vy, ..., i}, symmetric
Riemann modular matrix = {{my1, ..., My}, ..., {Mrg, ..., My }} with positive definite imaginary part and
VeCtor s= sy, ..., s} isdefined through S5__ ... 3 ¢ m (02T 10s2(0)5+9) \where 0T means transposed
to Q matrix (or vector) and n ranges over al possible vectors in the r-dimensional integer lattice:
®[u](ﬂ S :@[{UL Ur}][[ Mg ... My

v tva, il Ce

. {51 Sr}] — Z;o Z;O ei7r((n+u)~ﬂ~(n+u)+2(n+u)~(s+v)) /
’ LR j=—00 * " f =—00 1
M1 ... My

U={uy, ..., Ut AV=Avy, .., Vi) AQ ={{myq, ..., M, oo Mg, o, Mg AS=1{sy, ..., S}AN=
N, ..., JAn+u={n;+uy, ..., +U}AS+v={s +Vvq, ..., S + V%, }.

A
A(n)

The Carmichael lambda function: the smallest integer A such that for any m with ged(m, n) == 1 the congruence
m* ™ mod n == 1 holds.

A2

. niz 8
The lambda modular function: A (2) == 16@”2H§°:1(1+1;2'+;m) /i 1m(2) > 0.

Ay ()

The eigenvalue of the spheroidal wave functions (the spheroidal eigenvalue of degree v and order u of the corre-

sponding Sturm-Liouville wave differential equation
(1-2)W@-2zw@ + (A +y)(1-2) - 1 /(1 - Z)) w2 = 0).
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M
p(n)
1 if n=1
The Mobius function u: p(n) == 0 i Im % €z

-D* it n=TT,pj /s pjePAP-1<p

The constant pi: 7 == 4}, % ~ 3.141592...

7(X)

The number of primes less than or equal to x: 7 (X) = Z}jﬁla(x— P /i XxeRAX=0A pceP.

II(n| m)

The complete eliptic integral of the third kind: TI(n | m) =TI(n; 2 | m) == : 1 dt/; -2 <z<Z,
( 2 | ) fo (1-nsir) v 1-msinZ(t) 2 2

II(n; z| M)

dt.

The incomplete elliptic integral of the third kind: TI(n; z| m) == fz L

0
(1-nsir(®) v 1-msird(b)

P
Pk
The k" nontrivial zero of the Riemann's zeta function /(s) on the critical half-line s== % +it/;t>0:
O /;s=p=0/keN".
Z
ok(n)

The sum of the k'™ powers of the divisors of n: oy(n) = Yy, d¢ /; n € N*.

(Z 92, G3)
The eliptic Weierstrass sigma function:

Zo )=z |1- Z ) ex ( z Z )
7z G G3) Hr(r:hg;(;g’o ( 2Mwi(92.05)+2 N w3(92.9s) &P 2(2mw1(92’g3)+2”w3(92x93))2 ’ 2maw(G2.0s)+2n ws(02.85)

O-n(zy 92! g3)
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The associated dliptic Welerstrass sigma function:

e o(z+wn; 0y,
002 021 G0) = ) e (1,2,3) A

{w1, w2, w3} == {w1(92, G3), —wW1(02, G3) — W3 (T2, 93), W3(T2, 93)} A\ 77n == {(wn; G2, B3) Ane {1, 2, 3}.

T

7(n)
iy+l e-27inz 24 .
The Ramanujan tau function of n: 7(n) == 5 f n2<dz/;neZ An=0ARey)>0.

7L(2)

RamanUJanTau(n)

The Ramanujan tau L function: 7L(2) = Yy /; Re(2) > 1.
7Z(2)
. P iz —z Z—— sinh(rr 2)
The Ramanujan tau Zeta function: 7Z(z) = 2['(6+i2)7L(6+12) \/ TR
76(2)

The Ramanujan tau theta function: 76(z2) = —log(2 ) z— % (logl'(6 + i 2) — logl’(6 — i 2)).
0]
d(z s, a)

The Lerch function: ®(z, s, &) == >}~ 0( )yz /i <1V(Zd=1ARe(®>1)A-aeN;

®(z, S, —N) = 3((k_n e+ B )yz/ (Z<1V(Zd=1ARe®>1)AneN.
d(z s, a)

The Lerch classical transcendent phi function: <i>(z, S, @) == Yoo ﬁ /i14d <1V (Z =1ARe(s) >1).

d(z s, a)
The Lerch classical regularized transcendent phi function:
bz, @) =0 o /: (A< 1V A=1ARe(® > DA -aeN,

®(z s - =Y (kzkn)s + Ticnet o n)s/ (2<1ViZz=1ARe®>1)AneN.

¢

The golden ratio ¢: ¢ == % (1+ w/?) ~1.618033...
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¢(n)
The number of positive integers less than n (n = 0) and relatively prime to [n] (the Euler totient function):
P(N) = Y_1 6gedniyr /; NEN.
b 4
¥ (2

The digamma function ¥(2): ¥(2) = Y5, (% - ﬁ) -7.

()
The pih derivative of the digamma function:
¥ (2) y=0
v+1 | .
(@ = D" v (k+z) — veN .
(Cy @vpviog@-vyv) co . .z -
T(1-v) + (Zk=1 @ 2F1(1, 2,2-v; - E)) 27 True
Q

{w1, w3} == {w1(G2, ¥3), w3(Q2, Ga)}
The half-periods {wq, w3} for Weierstrass elliptic functions corresponding to the invariants {g,, gs}:

1/4 1/4
(01092, G), Wa(G2 Ga)) = {( S e ;] : [ P ;) b/ 3 ==

4 4
{mAN£(0.0] 2m+2nt) M (2m+2nt)

3

0272

{w1, W2, w3} == {w1(d2, 93), —wW1(Q2, U3) — W3 (T2, U3), w3 (T2, Ua)}

The half-periods for Welerstrass elliptic functions corresponding to the invariants

{921 g3}:
{w1(92, 93), W2(92, O3), W3(F2, B3)} == {w1, w2, w3} /;

1 v 60 1 v _
{w11w3 { Zmn_—oo— it gZZmn_—oo— }/‘J()—— 3272/\ 2 == —W1 — W3

mnoo 2 m+2nt)* mn=00 2 m+2nt)*
9
9(Z 02, 93)
The Welerstrass eliptic function o

1 1
Z U2, G3) = + e - .
9 (Z 82 Ga) = ZT n) 0.0} ((2—2 mwl(gz,g3)—2nw3(gz,g3))2 (2 mwl(gz,g3)+2nw3(gz,g3))2 )

QI(Z; 92, g3)
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The derivative with respect to z of the Weierstrass dliptic function P:

99 (292.93) 0o 00 1
O (202, 03) == ——— == =23 o Zne—oo )
4 92 O 0z Zm: Zn (z-2 mwl(gz,gg)—an3(gz,g3))3

9 YZ 92, U3)

The inverse of the Weierstrass elliptic function p. The value of u such that ¢ (u; gy, g3) ==z

0 YZ g2, Q3) = f:; dt/;zeRA\Re(42 - gz-gs) > 0.

\ 4t-gyt-gs

0 Yz, 2; 92, B3)

Theinverse of the Weierstrass function . The value of u such that ¢ (U; 9o, 93) == 1 and z, == 4/ 4z§ - 0221—-03:

-1 . Z 1 .
(21, 22,02, Q) = [ ——=——dt [; o= 4B -G 71 — Q3 .
9 (21, 225 92, O3 fwm 2 19221 —03

1 (X

The generalized Dirac comb function B(x) : B (X) = Y} _ . 6(Xx = K).
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