
Notations

Numbers, variables, and functions 

Domains and domain membership

N

The set of natural numbers n: 8n Î NL � Hn Î 80, 1, 2, ¼<L.
N+

The set of positive natural numbers n: 8n Î N+L � Hn Î 81, 2, ¼<L.
Z

The set of integer numbers n: 8n Î ZL � Hn Î 80, ±1, ±2, ¼<L.
Q

The set of rational numbers r: 8r Î QL � Jr �
p

q
�; p Î Z, q Î N+N.

R

The set of real numbers x: 8x Î RL � Hx �; ImHxL � 0L.
C

The set of complex numbers z: 8z Î CL � Hz � a + ä b �; a, b Î RL.
P

The set of prime numbers p: 8p Î PL � Hp Î 82, 3, 5, 7, 11, ¼<L.
8 <
The empty set.

8am, am+1, ¼, an<
The finite set of elements am, am+1, ¼, an �; m £ n.

8listElement �; domainSpecification< 
A  sequence  of  elements  listElement.  Inside  a  list  8¼<  the  construction  8listElement �; domainSpecification<  is

understood to splice all occurences of listElement into the list.



Ap

The Cartesian product of p copies of sets A. (Tensor product of p sets A.)

A Ä B Ä ¼

The Cartesian product of the sets A, B, ….

8A Ä B Ä ¼<
The ordered set of sets A, B,….

Types of variables

As a rule, the following notation style is supported for all variables, numbers, and indices.

z, z1, z2, ¼, w, w1, w2, ¼

Generic complex variables.

x, x1, x2, ¼, y, y1, y2, ¼, a, a1, ¼

Generic real variables. (Relations of the form x > y, x < y, x ³ y, and x £ y imply that x and y are real.)

m, m1, m2, ¼, n, n1, n2, ¼, p, p1, p2, ¼, q, q1, q2, ¼

Integer variables.

k, k1, k2, ¼, j, j1, j2, ¼

Dummy variables used in sums and products.

t, Τ, s, Υ

Integration dummy variables in definite integrals or integral transforms.

Set membership

a Î A

The element a does belong to the set A.

a Ï A

The element a does not belong to the set A.

x Î Ha, bL
The number x lies within the specified interval Ha, bL (excluding a and b). It is True if the number x lies within the

specified interval Ha, bL (including its ends), and False otherwise.
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z Î @a, bL 
The number x lies within the specified interval Ha, bL (including a and excluding b).

z Ï Ha, bL
The number z does not belong to the specified interval Ha, bL.

Types of functions

f H-1LHzL
The inverse of the function f . The value of u for which the function f HuL � z: f I f H-1LHzLM � z.

f HzL Î CnHAL
The function f HzL defined on the set A is continuous and has all derivatives of orders k £ n.

ΧAHaL
The characteristic function of a set A has the value 1 when its argument a is an element of the specified set A, and

the value 0 otherwise.

booleHcondL
Gives 1 if cond is true, and 0 if it is false. 

booleHcond, exprL
Gives expr if cond is true, and 0 otherwise.

Logical operators and conditions

Logical operators

a ì b

Logical "a and b".

a ê b

Logical "a or b".

Ø a

The logical negation of a.

"

The universal quantor "for all".
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$

The existential quantor "exists".

Conditionals, equality and ordering operators

a �; b

Relation a holds under the condition b. (Returns a if condition b is satisfied.)

a � b

The expression a is mathematically identical to b. (Returns True if a and b are identical.)

a ¹ b

The expression a is mathematically different from b. (Returns True if a and b are different.)

x > y

The real number x is greater than the real number y. (Yields True if x is determined to be greater to y.)

x ³ y

The real number x is greater than or equal to y. (Yields True if x is determined to be greater than or equal to y.)

x < y

The real number x is less than the real number y. (Yields True if x is determined to be less than y.)

x £ y

NT I9a1, ¼, ap=M 
The sequence of values 9a1, ¼, ap= leads to a nonterminating hypergeometric series.

Operations 

Domain and range

z� f HzL � A�B

The function f HzL is defined on domain A : z Î A, and it acts from this domain to domain B : f HzL Î B.

Branch cuts and points, singularities, and discontinuities

ABzH f HzLL � boundary

The natural boundary of analyticity of the function f HzL with respect to z is the set boundary.
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BCzH f HzL, zL � branchCuts

BCzH f HzL, zL represents the branch cuts branchCuts of the function f HzL with respect to z. Each branch cut is of the

form  {interval, direction}  indicating  a  branch  cut  along  interval  and  continuity  of  f HzL  from  the  direction

direction.

BPzH f  HzLL � 8z1, z2, ¼, zn<
Gives a list of lists of the branch points z1, z2, ¼, zn  (if  present,  including infinity) of the function f  over the

complex z-plane. 

RzH f HzL, z0L
The ramification index for function f HzL in the branch point z � z0.

SingzH f HzLL
The set of poles (with their orders) and essential singularities of f HzL  with respect to z.  (The order of essential

singularity is ¥.)

DSzH f HzLL
The list of the (parametrized) intervals where the function f HzL is discontinuous over the complex z-plane.

Asymptotics and series

f HzL µ gHzL �; H z¤ ® ¥L
gHzL is the main term of asymptotic expansion of f  HzL at ¥�  that reflects the property: limÈzÈ®¥

f HzL
gHzL � 1.

f HzL µ gHzL + OI 1
zn M �; H È z È ® ¥L

Asymptotic relation that reflects the boundedness of znH f HzL - gHzLL near point ¥� .

f HzL µ gHzL + OHHz - aLnL �; Hz ® aL
Asymptotic relation that reflects the boundedness of 

f HzL-gHzLHz-aLn  near point z � a.

Pz0

@L,MDH f HzL, zL
The @L, MD Padé approximant of f HzL at z = z0.

H@znD f HzLL
Coefficient of the zn term in the series expansion around z = 0 of the function f HzL: f HzL � Ún=0

¥ H@znD f HzLL zn.

H@Hz - aLnD f HzLL
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Coefficient  of  the  Hz - aLn  term  in  the  series  expansion  around  z = a  of  the  function  f HzL:
f HzL � Ún=0

¥ H@Hz - aLnD f HzLL Hz - aLn.

IAz1
n1 , z2

n2 , ¼, zm
nm E H f Hz1, z2, ¼, zmLLM

Coefficient of the  z1
n1 z2

n2  ¼ zm
nm  term in the series expansion around Hz1, z2, ¼, zmL = H0, 0, ¼, 0L of the function

f Hz1, z2, ¼, zmL: f Hz1, z2, ¼, zmL � Úk1=0
¥ Úk2=0

¥ ¼ Úkm=0
¥ IAz1

n1 , z2
n2 , ¼, zm

nm E H f Hz1, z2, ¼, zmLLM z1
n1 z2

n2  ¼zm
nm .

reszH f HzLL HaL
The residue of f HzL at the point z � a that is equal to the coefficient of the Hz - aL-1  term in the series expansion

around z = a of the function f HzL: reszH f HzLL HaL � IAHz - aL-1E f HzLM.
resz1,z2,¼,zm H f Hz1, z2, ¼, zmLL Ha1, a2, ¼, amL
The residue of f Hz1, z2, ¼, zmL  at the point z1 � a1, z2 � a2, ¼, zm � am  that is equal to the coefficient of the

Ûj=1
m Iz j - a jM-1

 term in the series expansion around z1 � a1, z2 � a2, ¼, zm � am  of the function f Hz1, z2, ¼, zmL:
resz1,z2,¼,zm H f Hz1, z2, ¼, zmLL Ha1, a2, ¼, amL � IAHz1 - a1L-1, Hz2 - a2L-1, ¼, Hzm - amL-1E f Hz1, z2, ¼, zmLM.
GRes

a1, ¼, aA; b1, ¼, bB;

c1, ¼, cC; d1, ¼, dD;
 an, n, m; z

The residue of the function f HsL �
I Ûk=1

A GIak+sMM I Ûk=1
B GIbk-sMM

I Ûk=1
C GIck+sMM I Ûk=1

D GIdk-sMM  z-s  at the point s � -an - m �; m Î N, where this function

has  the  pole  of  order  n  because  a j - a j-1 Î N ì 2 £ j £ n:

GRes
a1, ¼, aA; b1, ¼, bB;

c1, ¼, cC; d1, ¼, dD;
 an, n, m; z � ress

I Ûk=1
A GIak+sMM I Ûk=1

B GIbk-sMM
I Ûk=1

C GIck+sMM I Ûk=1
D GIdk-sMM  z-s  H-an - mL �;

n Î N ì m Î N ì a j - a j-1 Î N ì 2 £ j £ n ì a j - a1 Ï Z ì n + 1 £ j £ A ì
-b j - an Ï N ì 1 £ j £ B ì -c j + an + m Ï N ì 1 £ j £ C ì -d j - an - m Ï N ì 1 £ j £ D.

Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M

The main  factor  in  the  coefficient  of  the  series  representation of  the  function q+1F
�

qIa1, ¼, aq+1; b1, ¼, bq; zM
through  Gauss  functions  2F

�
1Ia1, a2; a1 + a2 + Ψq + k; zM:

q+1F
�

qIa1, ¼, aq+1; b1, ¼, bq; zM � 1

Ûj=3
q+1

GIa jM  Úk=0
¥ Ek

HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M 2F
�

1Ia1, a2; a1 + a2 + Ψq + k; zM �;
Ψq � Új=1

q
b j - Új=1

q+1
a j.

A
F
�

a1, ¼, aq+1;

b1, ¼, bq;
 8z, 1, h<
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The part of the series representation of the function pF
�

qIa1, ¼, aq+1; b1, ¼, bq; zM at the point z � 1 that includes h

terms  of  the  series  expansions  of  the  regular  and  singular  components:

A
F
�

a1, ¼, aq+1;

b1, ¼, bq;
 8z, 1, h< �

GI-ΨqM
Ûk=1

q+1
GIakM  H1 - zLΨq Úk=0

h ck,qIΨq+1M
k

 H1 - zLk + 1

Ûk=1
q+1

GIakM  Úk=0
h gkH0L H1 - zLk �;

 z - 1¤ < 1 í Ψq � Új=1
q

b j - Új=1
q+1

a j í QHtL � Ûk=1
q Ht + bk - 1L í

RHtL � Ûk=1
q+1 Ht + akL í Dn f HxL � Úk=0

n H-1Ln-k K n
k

O f Hk + xL í Ick,q � 0 �; k < 0M í
c0,q � 1 í ck,1 �

Hb1-a1Lk Hb1-a2Lk

k!
í c1,q � -K Dq-2 QIΨqMHq-2L!

-
Dq-1 RIΨq-1MHq-1L!

O c0,q í
ck,q � - 1

k
 KH-1Lq RIk - q + ΨqM ck-q,q + H-1Lq Új=1

q-1 K D j-1 QIk-q+Ψq+1MH j-1L!
-

D j RIk-q+ΨqM
j!

O c j+k-q,qO í
Ψq Ï Z í gkH0L �

H-1Lk GHk+a1L GHk+a2L GIΨq-kM
k! Új=0

¥
IΨq-kM

j
E j

IqMI9a1,¼,aq+1=,9b1,¼,bq=M
GI j+a1+ΨqM GI j+a2+ΨqM í ReIΨqM > h í h Î N.

A
F
�

a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , h<

The asymptotic expansion of the function pF
�

qIa1, ¼, ap; b1, ¼, bq; zM at the point z � ¥�  that includes h terms of

the asymptotic expansions of the regular and exponential type components:

A
F
�

a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , h< � A

F
�
HpowerL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , h< +

∆q,p+1 A
F
�
HtrigL a1, ¼, ap;

b1, ¼, bp+1;
 8z, ¥� , h< + IΘ Hq - pL - ∆q,p+1M A

F
�
HexpL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , h<

.

A
F
�

a1, ¼, ap;

b1, ¼, bq;
 8z, a, ¥<

Infinite  series  or  asymptotic  representation  of  the  function  pF
�

qIa1, ¼, ap; b1, ¼, bq; zM  at  the  point

z � a �; a Î 81, ¥� <: HBL limh®¥ A
F
�

a1, ¼, ap;

b1, ¼, bq;
 8z, a, h<  where HBLlimh®¥  means the limit of a convergent series

or a Borel-regularized infinite sum.

A
F
�
HpowerL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , h<

The  nonexponential  part  of  the  asymptotic  expansion  (or  series  representation  for  p � q + 1)  of  the  function

pF
�

qIa1, ¼, ap; b1, ¼, bq; zM at the point z � ¥�  that includes h terms of each series expansion:

A
F
�
HpowerL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , h< � - 1

Ûk=1
p

GIakM  Új=1
p Úk=0

h GRes
0; 1 - a1, ¼, 1 - ap;

; 1 - b1, ¼, 1 - bq;
 1 - a j, 1, k; -z �;

"8 j,k<,8 j,k<ÎZì j¹kì1£ j£pì1£k£p Ia j - ak Ï ZM ì h Î N.

.
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In the cases where two or more a j  differ by integer values, the function A
F
�
HpowerL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , h<  is defined

by continuity. After evaluation of the corresponding limit, the general formula includes powers of logHzL and the psi

function ΨHkLHwL, and in such logarithmic cases the representations are very complicated.

A
F
�
HexpL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , h<

The  exponential  part  of  the  asymptotic  expansion  of  the  function  pF
�

qIa1, ¼, ap; b1, ¼, bq; zM  (for  q � p  or

q > p + 1) at the point z � ¥�  that includes h terms of the series expansion:

A
F
�
HexpL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , h< � H2 ΠL 1-Β

2

Β Ûk=1
p

GIakM  zΧ expI Β z1� ΒM Úk=0
h Β-k ck z

-
k

Β �;
Β � q - p + 1 í Ap � Úk=1

p
ak í Bq � Úk=1

q
bk í A � Ús=2

p Új=1
s-1 as a j í

B � Ús=2
q Új=1

s-1 bs b j í Χ � 1
Β

 J Β-1

2
+ Ap - BqN í Hck � 0 �; k < 0L í c0 � 1 í

c1 � 2 J HΒ-11L HΒ-1L
24 Β

- A + B + 1
2 Β

 IAp - Bq + Β IAp + BqM - 2M IAp - BqMN í
ck � 1

k Β
 IÚs=1

q
Tq-sHs - kL ck-s - Ús=1

p-1
Up-s-1Hs - kL ck-sM í TsHkL � Úr=0

s H-1Ls-r THk+rL
r! Hs-rL!

í
THtL � Ht + Β ΧL Ûj=1

q It + I Χ + b j - 1M ΒM í UsHkL � Úr=0
s H-1Ls-r UHk+rL

r! Hs-rL!
í UHtL � Ûj=1

p It + Β I Χ + a jMM í h Î N.

.

A
F
�
HtrigL a1, ¼, ap;

b1, ¼, bp+1;
 8z, ¥� , h<

The  trigonometric  type  part  of  the  asymptotic  expansion  of  the  function  pF
�

qIa1, ¼, ap; b1, ¼, bq; zM  (for

q � p + 1) at the point z � ¥�  that includes h terms of series expansion:

A
F
�
HtrigL a1, ¼, ap;

b1, ¼, bp+1;
 8z, ¥� , h< �

1

2 Π Ûk=1
p

GIakM  H-zLΧ Kãä JΠ Χ+2 -z N Úk=0
h H-äLk 2-k ck H-zL-

k

2 + ã-ä JΠ Χ+2 -z N Úk=0
h äk 2-k ck H-zL-

k

2 O �;
Ap � Úk=1

p
ak í Bp+1 � Úk=1

p+1
bk í A � Ús=2

p Új=1
s-1 as a j í B � Ús=2

p+1 Új=1
s-1 bs b j í Χ � 1

2
IAp - Bp+1 + 1

2
M í

Hck � 0 �; k < 0L í c0 � 1 í c1 � 2 IB - A + 1
4

I3 Ap + Bp+1 - 2M IAp - Bp+1M - 3
16

M í
ck � 1

2 k
 IÚs=1

p+1
Tp+1-sHs - kL ck-s - Ús=1

p-1
Up-s-1Hs - kL ck-sM í TsHkL � Úr=0

s H-1Ls-r THk+rL
r! Hs-rL!

í
THtL � Ht + 2 ΧL Ûj=1

p+1 I2 I Χ + b j - 1M + tM í UsHkL � Úr=0
s H-1Ls-r UHk+rL

r! Hs-rL!
í UHtL � Ûj=1

p It + 2 I Χ + a jMM í h Î N.

.

A
F
�
HtL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , ¥<
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Infinite  series  or  the  asymptotic  representation  of  the  function  pF
�

qIa1, ¼, ap; b1, ¼, bq; zM  at  the  point

z � ¥� : HBL limh®¥ A
F
�
HtL a1, ¼, ap;

b1, ¼, bq;
 8z, a, h<  where HBLlimh®¥  means the limit of a convergent series or a Borel-

regularized infinite sum and t Î 8power, exp, trig<.
AG

HpowerL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h<

The  nonexponential  part  of  the  asymptotic  expansion  (or  series  representation  for  p � q)  of  the  function

Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq
 at the point z � 0 that includes h terms of each series expansion. In particular,

AG
HpowerL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h< � Új=1

m Úk=0
h GRes

b1, ¼, bm; 1 - a1, ¼, 1 - an;

an+1, ¼, ap; 1 - bm+1, ¼, 1 - bq;
 b j, 1, k; z �;

"8 j,k<,8 j,k<ÎZì j¹kì1£ j£nì1£k£n Ia j - ak Ï ZM ì h Î N.

In  cases  where  two  or  more  b j �; 1 £ j £ m  differ  by  integer  values,  the  function

AG
HpowerL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h<  is defined by continuity. After evaluation of the corresponding limit,

the general formula includes powers of logHzL and the psi function ΨHkLHwL. It is too complicated for presentation

here. The following formulas include the most important ones for application cases where one, two, three, or four

b j  all differ by an integer.

AG
HexpL a1, ¼, an; an+1, ¼, aq+1;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h<

The  exponential  part  of  the  asymptotic  expansion  of  the  function  Gp,p+1
m,n z

a1, ¼, an, an+1, ¼, aq+1

b1, ¼, bm, bm+1, ¼, bq
 for

p � q + 1 at the point z � 0 that includes h terms of series expansion:

AG
HexpL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h< �

Πm+n-q-1 exp J H-1Lq-m-n

z
N Úr=1

n Ûj=m+1
q

sinIΠ Iar-b jMM
Û
j=1
j¹r

n
 sinIΠ Iar-a jMM  zar-1 J H-1Lq-m-n

z
NΧ+ar-1

 Úk=0
h ck H-1LHq-m-nL k zk �;

p - q � 1 í Hz ® 0L í Χ � Új=1
q

b j - Új=1
p

a j + 1 í Hck � 0 �; k < 0L í c0 � 1 í
c1 � 1

2
 IÚj=1

p
a j - Új=1

q
b jM2

+ Ús=2
p Új=1

s-1 as a j - Ús=2
q Új=1

s-1 bs b j + 1
2

 JIÚj=1
q

b jM2
- IÚj=1

p
a jM2N í

ck � 1
k

 IÚs=1
p-1

Tp-s-1Hs - kL ck-s - Ús=1
q-1

Uq-s-1Hs - kL ck-sM í TsHkL � Úr=0
s H-1Ls-r THk+rL

r! Hs-rL!
í

THtL � Ûj=1
p It + Χ + a j - 1M í UsHkL � Úr=0

s H-1Ls-r UHk+rL
r! Hs-rL!

í UHtL � Ûj=1
q It + Χ + b jM í h Î N

.

AG
HtrigL a1, ¼, an; an+1, ¼, aq+2;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h<
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The trigonometric part of the asymptotic expansion of function Gq+2,q
m,n z

a1, ¼, an, an+1, ¼, aq+2

b1, ¼, bm, bm+1, ¼, bq
 for p � q + 2

at the point z � 0 that includes h terms of series expansion:

AG
HtrigL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h< � Π

m+n-q-
3

2

2 Úr=1
n Ûj=m+1

q
sinIΠ Iar-b jMM

Û
j=1
j¹r

n
 sinIΠ Iar-a jMM  zar-1 

J H-1Lq-m-n-1

z
NΧ+ar-1

 exp ä Π H Χ + ar - 1L + 2 H-1Lq-m-n-1

z Úk=0
h H-äLk 2-k ck J H-1Lq-m-n-1

z
N-

k

2
+

exp -ä Π H Χ + ar - 1L + 2 H-1Lq-m-n-1

z Úk=0
h äk 2-k ck J H-1Lq-m-n-1

z
N-

k

2 �;
p - q � 2 í Hz ® 0L í Χ � 1

2
IÚj=1

q
b j - Új=1

p
a j + 3

2
M í Hck � 0 �; k < 0L í c0 � 1 í

c1 � 1
4

IÚj=1
p

a j - Új=1
q

b jM2
+ 1

2
JIÚj=1

q
b jM2

- IÚj=1
p

a jM2N + Ús=2
p Új=1

s-1 as a j - Ús=2
q Új=1

s-1 bs b j + 1
16

í
ck � 1

2 k
 IÚs=1

p-1
Tp-s-1Hs - kL ck-s - Ús=1

q-1
Uq-s-1Hs - kL ck-sM í

TsHkL � Úr=0
s H-1Ls-r THk+rL

r! Hs-rL!
í THtL � Ûj=1

p It + 2 I Χ + a j - 1MM í
UsHkL � Úr=0

s H-1Ls-r UHk+rL
r! Hs-rL!

í UHtL � Ûj=1
q It + 2 I Χ + b jMM í h Î N

.

AG
HhypL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h<

The hyperbolic part of the asymptotic expansion of the function Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq
 for p ³ q + 3 at

the point z � 0 that includes h terms of series expansions:

AG
HhypL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h< � GHäL + GH-äL �; p - q ³ 3 í Hz ® 0L í Β � p - q í GHwL �

H2 ΠL 1-Β

2 Πm+n-q-1

Β
exp Β ã

Π w Iq-m-nM
Β I 1

z
M1� Β

z- Χ Úr=1
n Ûj=m+1

q
sinIΠ Iar-b jMM

Û
j=1
j¹r

n
 sinIΠ Iar-a jMM  ãΠ w Hq-m-nL H Χ+ar-1L Úk=0

h Β-k ck ã
-

Π w Iq-m-nM k

Β  z
k

Β í

Χ � 1
Β

 J 1+Β

2
- Új=1

p
a j + Új=1

q
b jN í Hck � 0 �; k < 0L í c0 � 1 í

c1 � 1
2 Β

 IÚj=1
p

a j - Új=1
q

b jM2
+ Ús=2

p Új=1
s-1 as a j - Ús=2

q Új=1
s-1 bs b j + 1

2
 JIÚj=1

q
b jM2

- IÚj=1
p

a jM2N +
Β2-1

24 Β
í

ck � 1
k Β

 IÚs=1
p-1

Tp-s-1Hs - kL ck-s - Ús=1
q-1

Uq-s-1Hs - kL ck-sM í TsHkL � Úr=0
s H-1Ls-r THk+rL

r! Hs-rL!
í

THtL � Ûj=1
p It + Β I Χ + a j - 1MM í UsHkL � Úr=0

s H-1Ls-r UHk+rL
r! Hs-rL!

í UHtL � Ûj=1
q It + Β I Χ + b jMM í h Î N

AG
HpowerL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, ¥� , h<
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The  nonexponential  part  of  the  asymptotic  expansion  (or  series  representation  for  p � q)  of  the  function

Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq
at the point z � ¥�  which includes h terms of each series expansion. In particular,

AG
HpowerL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, ¥� , h< �

-Új=1
n Úk=0

h GRes
b1, ¼, bm; 1 - a1, ¼, 1 - an;

an+1, ¼, ap; 1 - bm+1, ¼, 1 - bq;
 1 - a j, 1, k; z �;

"8 j,k<,8 j,k<ÎZì j¹kì1£ j£nì1£k£n Ia j - ak Ï ZM ì h Î N

.

In  the  cases  where  two  or  more  a j �; 1 £ j £ n  differ  by  integer  values,  the  function

AG
HpowerL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, ¥� , h<  is defined by continuity. After evaluation of the corresponding limit,

the general formula includes powers of logHzL and the psi function ΨHkLHwL. It is too complicated for presentation

here. The following formulas include the most important one for applications of cases when only two, three, or four

a j differ by integers.

AG
HexpL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bp+1;
 8z, ¥� , h<

The  exponential  part  of  the  asymptotic  expansion  of  the  function  Gp,p+1
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bp+1
 for

q � p + 1 at the point z � ¥�  that includes h terms of series expansion:

AG
HexpL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, ¥� , h< �

Πm+n-p-1 exp IH-1Lp-m-n zM Úr=1
m Ûj=n+1

p
sinIΠ Ia j-brMM

Û
j=1
j¹r

m
 sinIΠ Ib j-brMM  zbr  IH-1Lp-m-n zMΧ-br  Úk=0

h ck ã-Π ä Hp-m-nL k  z-k �;

q - p � 1 í H z¤ ® ¥L í Χ � Új=1
q

b j - Új=1
p

a j í Hck � 0 �; k < 0L í c0 � 1 í
c1 � 1

2
 IÚj=1

p
a j - Új=1

q
b jM2

- Ús=2
p Új=1

s-1 as a j + Ús=2
q Új=1

s-1 bs b j + 1
2

 JIÚj=1
p

a jM2
- IÚj=1

q
b jM2N í

ck � 1
k

 IÚs=1
q-1

Tq-s-1Hs - kL ck-s - Ús=1
p-1

Up-s-1Hs - kL ck-sM í TsHkL � Úr=0
s H-1Ls-r THk+rL

r! Hs-rL!
í

THtL � Ûj=1
q It + Χ - b jM í UsHkL � Úr=0

s H-1Ls-r UHk+rL
r! Hs-rL!

í UHtL � Ûj=1
p It + Χ - a j + 1M í h Î N

.

AG
HtrigL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bp+2;
 8z, ¥� , h<

The trigonometric type part of the asymptotic expansion of the function Gp,p+2
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bp+2
 for

q � p + 2 at the point z � ¥�  that includes h terms of series expansion:
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AG
HtrigL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, ¥� , h< � Π

m+n-p-
3

2

2 Úr=1
m Ûj=n+1

p
sinIΠ Ia j-brMM

Û
j=1
j¹r

m
 sinIΠ Ib j-brMM  zbr IH-1Lp-m-n-1 zMΧ-br

 

exp ä Π H Χ - brL + 2 H-1L-m-n+p-1 z Úk=0
h H-äLk 2-k ck IH-1L-m-n+p-1 zM-

k

2 +

exp -ä Π H Χ - brL + 2 H-1L-m-n+p-1 z Úk=0
h äk 2-k ck IH-1L-m-n+p-1 zM-

k

2 �;
q - p � 2 í H z¤ ® ¥L í Χ � 1

2
IÚj=1

q
b j - Új=1

p
a j - 1

2
M í Hck � 0 �; k < 0L í c0 � 1 í

c1 � 1
4

IÚj=1
p

a j - Új=1
q

b jM2
+ 1

2
JIÚj=1

p
a jM2

- IÚj=1
q

b jM2N - Ús=2
p Új=1

s-1 as a j + Ús=2
q Új=1

s-1 bs b j + 1
16

í
ck � 1

2 k
 IÚs=1

q-1
Tq-s-1Hs - kL ck-s - Ús=1

p-1
Up-s-1Hs - kL ck-sM í

TsHkL � Úr=0
s H-1Ls-r THk+rL

r! Hs-rL!
í THtL � Ûj=1

q It + 2 I Χ - b jMM í
UsHkL � Úr=0

s H-1Ls-r UHk+rL
r! Hs-rL!

í UHtL � Ûj=1
p It + 2 I Χ - a j + 1MM í h Î N

.

AG
HhypL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, ¥� , h<

The  hyperbolic  type  part  of  the  asymptotic  expansion  of  the  function  Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq
 for

q ³ p + 3 at the point z � ¥�  that includes h terms of series expansions:

AG
HhypL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, ¥� , h< � GHäL + GH-äL �; q - p ³ 3 í H z¤ ® ¥L í Β � q - p í GHwL �

H2 ΠL 1-Β

2 Πm+n-p-1

Β
exp Β ã

Π w Ip-m-nM
Β z1� Β zΧ Úr=1

m Ûj=n+1
p

sinIΠ Ia j-brMM
Û
j=1
j¹r

m
 sinIΠ Ib j-brMM  ãΠ w Hp-m-nL H Χ-brL Úk=0

h Β-k ck ã
-

Π w Ip-m-nM k

Β  z
-

k

Β í

Χ � 1
Β

 J 1-Β

2
- Új=1

p
a j + Új=1

q
b jN í Hck � 0 �; k < 0L í c0 � 1 í

c1 � 1
2 Β

 IÚj=1
p

a j - Új=1
q

b jM2
- Ús=2

p Új=1
s-1 as a j + Ús=2

q Új=1
s-1 bs b j + 1

2
 JIÚj=1

p
a jM2

- IÚj=1
q

b jM2N +
Β2-1

24 Β
í

ck � 1
k Β

 IÚs=1
q-1

Tq-s-1Hs - kL ck-s - Ús=1
p-1

Up-s-1Hs - kL ck-sM í TsHkL � Úr=0
s H-1Ls-r THk+rL

r! Hs-rL!
í

THtL � Ûj=1
q It + Β I Χ - b jMM í UsHkL � Úr=0

s H-1Ls-r UHk+rL
r! Hs-rL!

í UHtL � Ûj=1
p It + Β I Χ - a j + 1MM í h Î N

AG
HtL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, a, ¥<

Infinite  series  or  the  asymptotic  representation  of  the  function  Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq
 at  the  point

z � a �; a Î 80, ¥� <:  HBL limh®¥ AG
HtL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, a, h< ,  where  HBL limh®¥  means  the  limit  of  a

convergent series or Borel-regularized infinite sums and t Î 8power, exp, trig, hyp<.
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AG

a1, ¼, an; an+1, ¼, aq;

b1, ¼, bm; bm+1, ¼, bq;
 9z, H-1Lm+n-q, h=

The part of the series representation of the function Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq
 at the point z � H-1Lm+n-q

that includes h  terms of the series expansions of the regular and singular components,  and reflects asymptotic

behavior at least in the circle  z¤ < 1:

AG

a1, ¼, an; an+1, ¼, aq;

b1, ¼, bm; bm+1, ¼, bq;
 9z, H-1Lm+n-q, h= � - Πm+n-q

sinIΨq ΠM
Úh=1

m Ûk=n+1
q

sinIIak-bhM ΠM
Û

k=1
k¹h

m
 sinIIbk-bhM ΠM  zbh Új=0

h b j,q,h IH-1Lq-m-n z - 1M j
+ I1 - H-1Lq-m-n zMΨq Új=0

h c j,q,h H1-H-1Lq-m-n zL j

GIΨq+ j+1M �;

IΨq � - Μ � Új=1
q Ia j - b jM - 1 �; p � qM í Q HtL � Ûk=1

q Ht - bkL í RHtL � Ûk=1
q Ht - ak + 1L í

Dn f HxL � Úk=0
n H-1Ln-k K n

k
O f Hk + xL í c0,q,h � 1 í c j,1,1 � 0 �;

H j Î N+L í c1,2,h � RHbh + Ψ2L í 2 c2,2,h � RHbh + Ψ2 + 1L c1,2,h í ¼ í
j c j,2,h � RH j + bh + Ψ2 - 1L c j-1,2,h í c1,3,h � DRHbh + Ψ3 - 1L - QHbh + Ψ3L í
2 c2,3,h � HDRHbh + Ψ3L - QHbh + Ψ3 + 1LL c1,3,h - RHbh + Ψ3L í ¼ í
j c j,3,h � HDRH j + bh + Ψ3 - 2L - QH j + bh + Ψ3 - 1LL c j-1,3,h - RH j + bh + Ψ3 - 2L c j-2,3,h í
c1,q,h �

Dq-2 RIbh+Ψq-q+2MHq-2L!
-

Dq-3 QIbh+Ψq-q+3MHq-3L!
í

2 c2,q,h � K Dq-2 RIbh+Ψq-q+3MHq-2L!
-

Dq-3 QIbh+Ψq-q+4MHq-3L!
O c1,q,h - K Dq-3 RIbh+Ψq-q+3MHq-3L!

-
Dq-4 QIbh+Ψq-q+4MHq-4L!

O í ¼ í j c j,q,h �

H-1Lq RI j - q + bh + Ψq + 1M c j-q+1,q,h + Úk=1
q-2 H-1Lq-k K Dk QI j-q+bh+Ψq+1M

k!
-

Dk-1 RI j-q+bh+Ψq+2MHk-1L!
O c j+k-q+1,q,h í

Ib j,1,1 � 0 �; j ³ 0M í b j,q,h � 1
2 Π ä

 ÙΓ-ä ¥

Γ+ä ¥ t
-bh

Ht-1L j+1
 XI9a1, ¼, aq=, 9b1, ¼, bq=, h, tM â t �;

0 < Γ < 1 ì Ψq Ï Z ì  z¤ < 1 ì ¡1 - H-1Lq-m-n z¥ < 1 ì h Î N

.

More detailed descriptions of AG

a1, ¼, an; an+1, ¼, aq;

b1, ¼, bm; bm+1, ¼, bq;
 9z, H-1Lm+n-q, h=  

AG

a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, a, h<

The asymptotic  expansion of the function Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq
 at  the point z � a �; a Î 80, ¥� <  that

includes h terms of the asymptotic expansions of the regular and exponential components:
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AG

a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h< � AG

HpowerL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h< +

∆p,q+1 AG
HexpL a1, ¼, an; an+1, ¼, aq+1;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h< + ∆p,q+2 AG

HtrigL a1, ¼, an; an+1, ¼, aq+2;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h< +

I1 - ∆p,q+1M I-∆p,q+1 - ∆p,q+2 + ΘHp - q - 2LM AG
HhypL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, 0, h<

.

AG

a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, ¥� , h< � AG

HpowerL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, ¥� , h< +

∆q,p+1 AG
HexpL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bp+1;
 8z, ¥� , h< + ∆q,p+2 AG

HtrigL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bp+2;
 8z, ¥� , h< +

I1 - ∆q,p+1M I-∆q,p+1 - ∆q,p+2 + ΘHq - p - 2LM AG
HhypL a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, ¥� , h<

.

AG

a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, a, ¥<

Infinite  series  or  asymptotic  representation  of  the  function  Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq
 at  the  point

z � a �; a Î 90, H-1Lm+n-q, ¥� =:  HBL limh®¥ AG

a1, ¼, an; an+1, ¼, ap;

b1, ¼, bm; bm+1, ¼, bq;
 8z, a, h<  where  HBL limh®¥  means  the

limit of a convergent series or a Borel-regularized infinite sum.

Summations

Úk=m
n f HkL

Sum of terms f HmL, f Hm + 1L, ¼, f HnL: Úk=m
n f HkL � f HmL + f Hm + 1L + ¼ + f HnL �; n ³ m; Úk=m

n f HkL � 0 �; n < m.

Úk=m
k¹l

n f HkL
Sum of terms f HmL, f Hm + 1L, ¼, f HnL excluding the term f HlL. 
Úk=m

¥ f HkL
Limit of the finite sum (infinite sum): limn®¥ Úk=m

n f HkL.
Úk=m,

Dk=2

¥ f HkL
Limit of the finite sum (infinite sum): limn®¥ Úk=0

n f Hm + 2 kL.
Úk=0

¥
0 k

2
Î Z

1
k!

True
� Π

2
I 1

2

H1L
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ÚΡk
f  HΡkL �; gHΡkL � 0

Sum over all solutions of the equation gHΡkL � 0.

ÚkÎK f HkL
Sum over the set  K.

Údýn f HdL
Sum of f HdL over all divisors of n.

Úk1=m1

n1 Úk2=m2

n2 ¼ Úkl=ml

nl f  Hk1, k2, ¼, klL
Multiple sum of function f Hk1, k2, ¼, klL over the sets  Hm1, n1L ´ Hm2, n2L ´ ¼ ´ Hml, nlL.
Úm, n=-¥8m,n<¹80,0<

¥ f Hm, nL
Double sum of f Hm, nL over all integers m, n except m � n � 0.

Products

Ûk=m
n f HkL

Product of terms f HmL, f Hm + 1L, ¼, f HnL: Ûk=m
n f HkL � f HmL f Hm + 1L ¼, f HnL �; n ³ m, Ûk=m

n f HkL � 1 �; n < m.

Ûk=m
k¹l

n f HkL
Product of f HmL, f Hm + 1L, ¼, f HnL excluding f HlL.
Ûk=m

¥ f HkL
Limit of finite product limn®¥ Ûk=m

n f  HkL.
ÛkÎK f HkL
Product over set K.

Ûdýn f HdL
Product of f HdL over all divisors of n.

Ûm, n=-¥8m,n<¹80,0<
¥ f Hm, nL

Double product of function f Hm, nL by all integers m, n excluding the term f H0, 0L.
Differentiations
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f ¢HzL
Derivative of a function f  of argument z: f ¢HzL � limΕ®0

f  Hz+ΕL- f  HzL
Ε

.

f ¢¢HzL
Second derivative of a function f  of argument z: f ¢¢HzL � ¶

¶z
 f ¢HzL � limΕ®0

f  HzL-2 f  Hz+ΕL+ f  Hz+2 ΕL
Ε2

.

f HnLHzL
The  nth  derivative  of  a  function  f  of  argument  z:

f HnLHzL � ¶
¶z

 f Hn-1LHzL � limΕ®0
1
Εn  Úk=0

n H-1Ln-k K n
k

O f Hz + k ΕL �; n Î N+.

f H0LHzL � f HzL
The 0th derivative of a function f  coincides with function f : f H0LHzL � f HzL.
¶ f  HzL

¶z

Partial derivative of f  with respect to z: 
¶ f  HzL

¶z
� limΕ®0

f  Hz+ΕL- f  HzL
Ε

.

¶n f  HzL
¶zn

The nth partial derivative of f  with respect to z: 
¶n f HzL

¶zn � ¶
¶z

 
¶n-1 f HzL

¶zn-1
� limΕ®0

1
Εn  Úk=0

n H-1Ln-k K n
k

O f Hz + k ΕL �; n Î N+.

f Hn1,n2,¼,nmLHz1, z2, ¼, zmL
The general form, representing a function obtained from f  by differentiating n1  times with respect to the first

argument, n2 times with respect to the second argument, and so on.

WzH f HzL, gHzLL
The  Wronskian  determinant  including  two  functions  and  its  derivatives:

Wz H f  HzL, g HzLL �
f  HzL g HzL
f ¢HzL g¢HzL � f  HzL g¢HzL - f ¢HzL gHzL.

The Wronskian determinant for second order linear differential equation w¢¢HzL + a1HzL w¢HzL + a2HzL wHzL � FHzL can

be  evaluated  by  the  Liouville  formula  WHzL � WzH f  HzL, g HzLL � WHz0L expJ-Ùz0

z
a1HtL â tN.  The  system  f HzL, gHzL

forms a  fundamental (linearly independent)  set  of solutions for this  differential  equation in a neighborhood z0

provided W does not vanish at that point.

WzH f1HzL, f2HzL, ¼, fnHzLL
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The  Wronskian  determinant  including  n  functions  and  its  derivatives:

Wz H f1 HzL, f2 HzL, ¼, fn HzLL �

f1 HzL f2 HzL ¼ fn HzL
f1

¢HzL f2
¢HzL ¼ fn

¢HzL
¼ ¼ ¼ ¼

f1
Hn-1LHzL f2

Hn-1LHzL ¼ fn
Hn-1LHzL

.

The  Wronskian  determinant  for  linear  differential  equations  of  the  form

f HnLHzL + a1HzL f Hn-1LHzL + a2HzL f Hn-2LHzL + ¼ + an-1HzL f ¢HzL + anHzL f HzL � FHzL  can  be  evaluated  by  the  Liouville

formula  WHzL � WzH f1 HzL, f2 HzL, ¼, fnHzLL � WHz0L expJ-Ùz0

z
a1HtL â tN.  The  system  f1 HzL, f2 HzL, ¼, fnHzL  forms  a

fundamental (linearly independent) set of solutions for this differential equation in a neighborhood z0  provided W

does not vanish at that point.

Fractional integro-differentiations

FCexp
HΑL Hz, aL

Fractional differentiation power constant:

FCexp
HΑL

 Hz, aL � zΑ-aI ¶Α

¶zΑ  zaM �

H-1LΑ H-aLΑ -a Î N+ ì Α Î Z ì a < Α

H-1La-1 HlogHzL+ΨH-aL-ΨHa-Α+1LLH-a-1L! GHa-Α+1L -a Î N+

GHa+1L
GHa-Α+1L True

.

FCexp
HΑL Hz, a + nL �

Ha+1LnHa-Α+1Ln
 FCexp

HΑL Hz, aL �;
n Î Z ì Ø Ha Î Z ì a < 0L ê n Î Z ì Α Î Z ì a Î Z ì a < minH0, ΑL ì n < Α - a

FClog
HΑL HzL � FCexp

HΑ-1LHz, -1L
gives  the  logarithmic  fractional  differentiation  constant  of  order  Α  with  respect  to  z:

FClog
HΑL

 HzL � FClog
HΑL

 Hz, 0L �
H-1LΑ-1 HΑ - 1L ! Α Î N+

logHzL-ΨH1-ΑL-ý

GH1-ΑL True
.

FClog
HΑL Hz, aL

gives  the  logarithmic  fractional  differentiation  constant  of  order  Α  with  respect  to  z:

FClog
HΑL Hz, aL �

H-1LΑ-a-1 GHa + 1L HΑ - a - 1L ! Α - a Î N+

zΑ-a
¶

GHa+1L za-Α

GHa-Α+1L
¶a

� GHa+1L HlogHzL+ΨHa+1L-ΨHa-Α+1L L
GHa-Α+1L True

.

FClog
HΑL Hz, a, nL

gives  the  logarithmic  fractional  differentiation  constant  of  order  Α  with  respect  to  z:

FClog
HΑL

 Hz, a, nL � zΑ-a ¶n

¶an  Iza-Α F  Cexp
HΑL  Hz, aLM � zΑ-a ¶n

¶an  I ¶Α

¶zΑ  zaM �; n Î N.
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¶Α f  HzL
¶zΑ � f HΑLHzL

The Αth  fractional integro-derivative of f  with respect  to z   (which provides the Riemann-Liouville-Hadamard

fractional left-sided integro-differentiation beginning at  point 0): 

¶Α

¶zΑ
 logn HzL â

k=-¥

¥

ck zk+a � â
k=-¥

¥

ck FClog
HΑL  Hz, k + a, nL zk+a-Α �; n Î N;

¶Α

¶zΑ
 â
k=0

¥

ck zk � â
k=0

¥ k ! ck

G Hk - Α + 1L  zk-Α;

¶Α f  HzL
¶zΑ

� à
0

z f  HtL Hz - tL-Α-1

G H-ΑL  â t �; Re H-ΑL > 0;

¶Α f  HzL
¶zΑ

�
¶n

¶zn
 à

0

z f  HtL Hz - tLn+Α-1

G Hn + ΑL  â t �; n � dRe H-ΑLt + 1 ì Re H-ΑL £ 0

The value 
¶Α f  HzL

¶zΑ � f HΑLHzL is defined for analytical functions in the following way.

Suppose that the function f HzL near point z � 0 can be represented through the Laurent type series

f HzL � lognHzL â
k=-¥

¥

ck zk+a �; n Î N

In particular for n � 0, a � 0, ck � 0 �; k < 0, this function is analytical near the point z � 0. In this case the value

f HΑLHzL �
¶Α f HzL

¶zΑ  can be defined for arbitrary complex order Α by the formula

¶Α f HzL
¶zΑ

� f HΑLHzL � â
k=-¥

¥

ck 
¶Α

¶zΑ
 IlognHzL zk+aM �

â
k=-¥

¥

ck 
¶n

¶an
 

¶Α

¶zΑ
 zk+a � â

k=-¥

¥

ck FClog
HΑLHz, k + a, nL zk+a-Α.

In particular, for n � 0

FClog
HΑLHz, b, 0L � zΑ-b ¶Α

¶zΑ
 zb � FCexp

HΑL Hz, bL.
Such an approach allows the integro-derivative of fractional (generically complex) order Α to be defined for all

functions of the hypergeometric type, including the Meijer G function, because all such functions can be repre-

sented as finite sums of the above Laurent type series.

Integrations
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ÙL
f HtL â t

Contour integral of function f HtL by contour L.

For the bounded open contour L = LHa, bL with t  ranging from a to b and arbitrary points tk Î L placed in order

between  a  and  b  (t0 � a, t1, ¼, tn � b).  Thus  the  contour  L  is  divided  into  subcontours  LHtk-1, tkL.  ThenÙL
f HtL â t � limD®0 IÚk=1

n f HΤkL É tk - tk-1 ÉM �;
Τk Î LHtk-1, tkL ì D � maxH È t1 - t0 È, È t2 - t1 È, ¼, È tn - tn-1 ÈL ì f HΤL Î C0HLHa, bLL.

For a closed contour L (such as the circle È t È � 1), the above procedure can be applied where b on L is "near" a:ÙL
f HtL â t � limb®a ÙLHa,bL f HtL â t.

For an unbounded contour L with one finite end a, the above procedure can be applied where b on L is "near" ¥� :ÙL
f HtL â t � ÙLHa,¥� L f HtL â t � limb®¥� ÙLHa,bL f HtL â t.

For an unbounded contour L with both ends infinite (such as the special contour L used in the definition of the

Meijer G function) define ÙL
f HtL â t � ÙL1

f HtL â t - ÙL2
f HtL â t  such as L  is divided into semi-unbounded contours

L1and L2 by some arbitrary finite point a Î L, such that the directions of L and L1 coincide. 

Ù f HzL â z

Indefinite integral (antiderivative) of function f HzL. Inverse operation to differentiation: ¶
¶z

 Ù f  HzL â z � f  HzL.
Ùa

b
f HtL â t

Definite integral of the function f HtL over interval Ha, bL:
 Ùa

b
f HtL â t � limD®0 IÚk=1

n f HΤkL Htk - tk-1LM �;
a � t0 < t1 < ¼ < tn � b ì tk-1 < Τk < tk ì D � maxHt1 - t0, t2 - t1, ¼, tn - tn-1L ì f HΤL Î C0HHa, bLL.

Ùa1

b1Ùa2

b2 ¼ Ùan

bn f Ht1, t2, ¼, tnL â tn â tn-1 ¼ â t1

Multiple definite integral of the function f Ht1, t2, ¼, tnL by the intervals  Ha1, b1L ´ Ha2, b2L ´ ¼ ´ Han, bnL.
Ùa

xÙa

t
¼ Ùa

t
f HtL â t â t¼ â t

n-times

� Ùa

x
f HtL Hx-tLn-1

Hn-1L!
 â t

The repeated (n-times) integral of function f HtL by interval Ha, xL.
P Ùa

b f HtL
t-x

 â t

Cauchy principal value of a singular integral: P Ùa

b f HtL
t-x

 â t � limΕ®0 JÙa

x-Ε f HtL
t-x

 â t + Ùx+Ε

b f HtL
t-x

 â tN �; a < x < b

L

The special contour L, which is used in the definition of the Meijer G function and its numerous particular cases.
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There are three possibilities for the contour L:

(i) L runs from Γ-ä ¥ to Γ+ä  ¥ (where ImHΓL = 0) so that all poles of GHbi + sL, i = 1, ¼, m are to the left of L,

and all poles of GH1 - ai - sL, i = 1, ¼, n, are to the right.

This contour can be a straight line HΓ - ä ¥, Γ + ä ¥L if  ReHbi - akL > -1 (then  -ReHbiL < Γ < 1 - ReHakL). (In this

case, the integral converges if p + q < 2 Hm + nL ,   ArgHzL¤ < Im + n -
p+q

2
M Π. If m + n -

p+q

2
= 0, then z must be

real  and positive,  and the  additional  condition  Hq - pL Γ + ReHΜL < 0, Μ � Úl=1
q

bl - Úk=1
p

ak +
p-q

2
+ 1 should be

added.

(ii)  L  is  a  loop on the  left  side  of  the  complex plane,  starting and ending at  -¥  and encircling all  poles  of

GHbi + sL, i = 1, ¼, m, once in the clockwise direction, but none of the poles of  GH1 - ai - sL, i = 1, ¼, n. 

(In this case, the integral converges if q ³ 1 and either q > p, or q = p and  z¤ < 1, or q = p and  z¤ � 1 and both

m + n -
p+q

2
³ 0 and  ReHΜL < 0.)

(iii) L  is a loop on the right side of the complex plane, starting and ending at +¥  and encircling all poles of

GH1 - ai - sL, i = 1, ¼, n, once in the counterclockwise direction, but none of the poles of GHbi + sL, i = 1, ¼, m. 

(In this case, the integral converges if p ³ 1 and either p > q, or p = q and  z¤ > 1, or q = p and  z¤ � 1 and both

m + n -
p+q

2
³ 0 and  ReHΜL < 0.)

Integral transforms

Ft@ f HtLD HzL
Exponential  Fourier  integral  transform  of  the  function  f  with  respect  to  the  variable  t:

Ft@ f HtLD HzL � 1

2 Π
 Ù-¥

¥
f HtL ãä t z â t.  (If this integral does not converge, the value of Ft@ f HtLD HzL  is defined in the

sense of generalized functions.)

Ft
-1@ f HtLD HzL

Inverse  exponential  Fourier  integral  transform  of  the  function  f  with  respect  to  the  variable  t:

Ft
-1@ f HtLD HzL � 1

2 Π
 Ù-¥

¥
f HtL ã-ä t z â t � Ft@ f HtLD H-zL. (If this integral does not converge, the value of Ft

-1@ f HtLD HzL
is defined in the sense of generalized functions.)

F8t1,t2<@ f  Ht1, t2LD Hz1, z2L
Fourier  double  integral  transform  of  the  function  f  with  respect  to  the  variables  t1,  t2:

F8t1,t2<@ f  Ht1, t2LD Hz1, z2L � 1
2 Π

 Ù-¥

¥ Ù-¥

¥
f  Ht1, t2L ãä Ht1  z1+t2  z2L â t1 â t2.  (If  this  integral does not converge,  the value of

F8t1,t2<@ f  Ht1, t2LD Hz1, z2L is defined in the sense of generalized functions.)

Fct@ f HtLD HzL
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Fourier  cosine  integral  transform  of  the  function  f  with  respect  to  the  variable  t:

Fct@ f HtLD HzL � 2 � Π Ù0

¥
f HtL cosHt zL â t. (If this integral does not converge, the value of Fct@ f HtLD HzL is defined in

the sense of generalized functions.)

Fst@ f HtLD HzL
Fourier  sine  integral  transform  of  the  function  f  with  respect  to  the  variable  t:

Fst@ f HtLD HzL � 2 � Π Ù0

¥
f HtL sinHt zL â t. (If this integral does not converge, the value of Fst@ f HtLD HzL is defined in

the sense of generalized functions.)

Ht@ f HtLD HxL
Hilbert transform of the function f  with respect to the variable t: Ht@ f HtLD HxL � 1

Π
 P Ù-¥

¥ f HtL
t-x

 â t �; x Î R.

HΝ;t@ f HtLD HzL
Hankel integral transform of the function f  with respect to the variable t: HΝ;t@ f HtLD HzL � Ù0

¥
f HtL t z JΝHt zL â t. (If

this integral does not converge, the value  HΝ;t@ f HtLD HzL is defined in the sense of generalized functions.)

Lt@ f HtLD HzL
Laplace integral transform of the function f  with respect to the variable t: Lt@ f HtLD HzL � Ù0

¥
f HtL ã-t z â t. 

Lt
-1@ f HtLD HpL

Inverse  Laplace  integral  transform  of  the  function  f  with  respect  to  the  variable  t:

LΓ;t
-1@ f HtLD HpL � 1

2 Π ä
 ÙΓ-ä ¥

Γ+ä ¥
f HtL ãt p â t. (If this integral does not converge, the value of Lt

-1@ f HtLD HpL is defined in the

sense of generalized functions.)

LΓ;t
-1@ f HtLD HpL

Inverse  Laplace  integral  transform  of  the  function  f  with  respect  to  the  variable  t:

LΓ;t
-1@ f HtLD HpL � 1

2 Π ä
 ÙΓ-ä ¥

Γ+ä ¥
f HtL ãt p â t. (If this integral does not converge, the value of LΓ;t

-1@ f HtLD HpL is defined in the

sense of generalized functions.)

Lt
-1@ f HtLD HpL

Inverse Laplace integral transform of the function f  with respect to the variable t: Lt
-1@ f HtLD HpL � LΓ;t

-1@ f HtLD HpL for

appropriately chosen Γ.

L8t1,t2<@ f Ht1, t2LD Hz1, z2L
Laplace  double  integral  transform  of  the  function  f  with  respect  to  the  variables  t1, t2:

L8t1,t2<@ f Ht1, t2LD Hz1, z2L � Ù0

¥Ù0

¥
f Ht1, t2L ã-t1 z1-t2 z2  â t1 â t2. 
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Mt@ f HtLD HzL
Mellin integral transform of the function f  with respect to the variable t:  Mt@ f HtLD HzL � Ù0

¥
f HtL tz-1 â t.  (If this

integral does not converge, the value of Mt@ f HtLD HzL is defined in the sense of generalized functions.)

MΓ;s
-1@ f HsLD HtL

Inverse  Mellin  integral  transform  of  the  function  f  with  respect  to  the  variable  s:

MΓ;s
-1@ f HsLD HtL � 1

2 Π ä
 ÙΓ-ä ¥

Γ+ä ¥
f HsL t-s â s.  (If  this  integral  does  not  converge,  the  value  of

MΓ;s
-1@ f HsLD HtL � 1

2 Π ä
 ÙΓ-ä ¥

Γ+ä ¥
f HsL t-s â s  is  defined  in  the  sense  of  generalized  functions.)  The  condition  on  Γ  is

typically indicated in the result.

Wy@ΨkHyLD Hx, pL
Wigner integral transform: Wy@ΨkHyLD Hx, pL � Ù

-¥

¥

e-i y p ΨkIx -
y

2
M ΨkIx +

y

2
M dy. (If this integral does not converge,

the value of Wy@ΨkHyLD Hx, pL is defined in the sense of generalized functions.)

Limits

limz®a f HzL
The  limiting  value  of  f HzL  when  z  approaches  a  in  any  direction:Hlimz®a f HzL � FL � "Ε,Ε>0 H$∆,∆>0 H"z, z-a¤<∆   f HzL - F¤ < ΕLL.
limz®a+0 f HzL � limz®a+ f HzL
The  limiting  value  of  f HzL  when  z  approaches  a  in  direction  -1:Hlimz®a+0 f HzL � limz®a+ f HzL � FL � "Ε,Ε>0 H$∆,∆>0 H"z,z-a<∆ìz>a   f HzL - F¤ < ΕLL.
limz®a-0 f HzL � limz®a- f HzL
The  limiting  value  of  f HzL  when  z  approaches  a  in  direction  1:Hlimz®a-0 f HzL � limz®a- f HzL � FL � "Ε,Ε>0 H$∆,∆>0 H"z,a-z<∆ìz<a   f HzL - F¤ < ΕLL.
limz®a+ä 0 f HzL
The  limiting  value  of  f HzL  when  z  approaches  a  in  direction  -ä:Hlimz®a+ä 0 f HzL � FL � "Ε,Ε>0 H$∆,∆>0 H"z, z-a¤<∆ì-ä Hz-aL>0   f HzL - F¤ < ΕLL.
limz®a-ä 0 f HzL

 The  limiting  value  of  f HzL  when  z  approaches  a  in  direction  ä:Hlimz®a-ä 0 f HzL � FL � "Ε,Ε>0 H$∆,∆>0 H"z, z-a¤<∆ìäHz-aL>0   f HzL - F¤ < ΕLL.
limz®¥ f HzL
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 The limiting value of f HzL when z approaches ¥: Hlimz®¥ f HzL � FL � "Ε,Ε>0 H$D,D>0 H"z,z>D   f HzL - F¤ < ΕLL.
limz®-¥ f HzL
 The limiting value of f HzL when z approaches -¥: Hlimz®-¥ f HzL � FL � "Ε,Ε>0 H$D,D>0 H"z,z<-D   f HzL - F¤ < ΕLL.
limz®¥� f  HzL
The limiting value of f HzL when z approaches ¥�  : Hlimz®¥� f HzL � FM � "Ε,Ε>0 H$D,D>0 H"z, z¤>D   f HzL - F¤ < ΕLL.

Continued fractions

K
k=m

n ak

bk

A finite continued fraction 
am

bm +
am+1

bm+1 +
am+2

bm+2 +
am+3

¸ bn-1 + an

.

K
k=1

¥ ak

bk

Limit of the finite continued fraction limn®¥ K
k=1

n ak

bk
= a1

b1+
a2

b2+
a3

b3+
a4

¸

.

Matrices and determinants

Ia j,kM0£ j£n

0£k£n

The n ´ n matrix with elements a j,k.

Ia j,kM0£ j£n

0£k£n

 The determinant of the  n ´ n matrix with elements a j,k.

Symbols used for functions

z � z1�2

Sqrt root: I z M2
� z.

 z¤
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The absolute value of the real or complex number z:

  z¤ �
z z ³ 0

-z z < 0
 for real z and  z¤ � ReHzL2 + ImHzL2  for complex z.

z��z­

Complex conjugate of the number z : z� � Re HzL - ä Im HzL; x � x �; Im HxL � 0.

n!

Factorial of n: n! � GHn + 1L; n! � 1 ´ 2 ´ 3 ¼Hn - 1L n �; n Î N+.

n!!

Double factorial of n: n!! � 2
n

2
-

1

4
cosHn ΠL+

1

4 Π
1

4
cosHn ΠL-

1

4 GI n
2

+ 1M; H2 kL !! � 2 ´ 4 ¼H2 k - 2L 2 k �; k Î N+;

H2 k + 1L !! � 1 ´ 3 ¼H2 k - 1L H2 k + 1L �; k Î N+.

K n
k

O
Binomial coefficient: K n

k
O � K n

n - k
O � n!

k! Hn-kL!
� G Hn+1L

G Hk+1L G Hn-k+1L .

Hn; n1, n2, ¼, nmL
Multinomial coefficient: Hn; n1, n2, ¼, nmL � n!Ûk=1

m nk!
�; n � Úk=1

m nk.

HaLn

Pochhammer  symbol  representing  the  product:HaLn � GHa+nL
GHaL ; HaLn � Ûk=0

n-1 Ha + kL � aHa + 1L Ha + 2L ¼Ha + n - 1L �; n Î N+.

za

Power function: za � Úk=0
¥ logk  HzL ak

k!
; zk � z ´ z ´ ¼ ´ z

k| times

� z zk-1 �; k Î N+.

Iz; Új=0
n a j  z jM

k

-1

The kth root  zk of algebraic equation Új=0
n a j  z j � 0: Új=0

n a j  z j � 0 �; z � zk � Iz; Új=0
n a j  z jM

k

-1
.

¥

Positive infinity symbol.

¥�

Symbolic value of a complex number when its absolute value tends to infinity.
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z ¥

Symbolic value of a complex number when its absolute value tends to infinity and its argument coincides with

ArgHzL: ArgHz ¥L � ArgHzL.
È

Indeterminate value symbol.

°

One degree °: 1 ° � Π
180

» 0.01745329 ¼

dzt
The greatest integer less than or equal to z: dxt � n �; x Î R ì n Î Z ì n £ x < n + 1.

`zp
The smallest integer greater than or equal to z: `xp � n �; x Î R ì n Î Z ì n - 1 < x £ n.

dzp
The  integer  closest  to  z:

dxp � n �; x Î R í n Î Z í  x - n¤ < 1
2
; en + 1

2
q � n �; n

2
Î Z; en + 1

2
q � n + 1 �; n+1

2
Î Z.

m mod n

The congruence (mod) (the remainder on division of m by n): m mod n � m - n e m
n

u.

X j1 j2 m1 m2 È j1 j2 j m\
The Clebsch-Gordan coefficient for the decomposition of   j m\ in terms of   j1 m1\ Ä   j2 m2\.

j1 j2 j3
m1 m2 m3

The value of the Wigner 3 j-symbol.

: j1 j2 j3
j4 j5 j6

>
The value of the Racah 6 j-symbol.

9sb
H1L HnL, sb

H2L HnL, ¼, sb
Hb-1L HnL, sb

H0L HnL=
The list of the numbers of 1, 2, ¼, b - 1, 0 digits in the base  b representation of n. sb

HkLHnL is the number of times

the digit k appears in the base b representation of the integer n; s2
H1LHnL � n - Úk=1

¥ e n

2k
u .

sb
HkLHnL is the number of times the digit k appears in the base b representation of the integer n.
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I n
m

M
Jacobi  symbol,  an  integer  function  of  n  and  m:I n

m
M � Ûk=1

j J n
pk

N �;
m-1

2
Î N í m = Ûk=1

j
pk í pk Î P í J n

p
N � 1 - ∆ n

p
-f n

p
v, 0

I2 sgn IÚj=1
p

∆ j2 mod p, n mod pM - 1M �; p Î P.

Jacobi symbol is identical to Kronecker symbol.

I n
m

M
Kronecker  symbol,  an  integer  function  of  n  and  m:I n

m
M � Ûk=1

j J n
pk

N �;
m-1

2
Î N í m = Ûk=1

j
pk í pk Î P í J n

p
N � 1 - ∆ n

p
-f n

p
v, 0

I2 sgn IÚj=1
p

∆ j2 mod p, n mod pM - 1M �; p Î P.

Kronecker symbol is identical to Jacobi symbol.

Functions in alphabetical order

A

arHqL
The characteristic value a for even Mathieu functions wHzL � CeHa, q, zL with characteristic exponent r and parame-

ter  q,  such  that  there  exists  a  solution  of  the  corresponding  Mathieu  differential  equation

w¢¢HzL + Ha - 2 q cosH2 zLL wHzL � 0 that is of the form wHzL � ãä r z f HzL,  where f  HzL  is an even function of z  with

period 2 Π.

A

The Glaisher constant A: A » 1.2824271¼

agmHa, bL
The arithmetic-geometric mean of a and b: agm Ha, bL � Π Ha + bL � J4 KJI a-b

a+b
M2NN.

aik

The kth root of the equation AiHzL � 0: HAiHzL �; z � aikL � 0 �; k Î N
+.

AiHzL
The Airy function Ai: Ai HzL � 1

32�3 G J 2

3
N 0F1 J; 2

3
; z3

9
N - z

3
3

G J 1

3
N 0F1 J; 4

3
; z3

9
N.

Ai¢HzL
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The first derivative of the Airy function Ai: Ai¢ HzL � z2

2 32�3 G J 2

3
N 0F1 J; 5

3
; z3

9
N - 1

3
3

G J 1

3
N 0F1 J; 1

3
; z3

9
N.

amHz È mL
Jacobi amplitude function with module m. The value of u for which the elliptic integral of the first kind FHu È mL has

the value z: amHz È mL � 2 Úk=-¥
¥ tan-1ItanhI Π

2
 KHmL
KH1-mL Ik + z

2 KHmL MMM.
argHzL � ArgHzL
The argument of the complex number z (where z �  z¤ ãä argHzL): argHzL � -ä logI z z¤ M.

B

brHqL
The characteristic value b for odd Mathieu functions wHzL � SeHa, q, zL with characteristic exponent r and parame-

ter  q,  such  that  there  exists  a  solution  of  the  corresponding  Mathieu  differential  equation

w¢¢HzL + Ha - 2 q cosH2 zLL wHzL � 0 that is  of the form wHzL � ãä r z f HzL,  where f  HzL  is  an odd function of z  with

period 2 Π.

Bn

The nth Bell number: Bn � n! I@tn D ããt-1M �; n Î N; Bn � BnH1L �; n Î N.

BnHzL
Bn

The nth Bernoulli number: Bn � n! I@tn D t
ãt-1

M �; n Î N; Bn � BnH0L �; n Î N.

BnHzL
Bn

HzL

Bn
HΑLHzL

beiHzL
The Kelvin function of the first kind bei: beiHzL � z2

4 Úk=0
¥ H-1Lk

HH2 k+1L!L2
 I z

2
M4 k

; beiHzL � bei0HzL.
beiΝHzL
The  Kelvin  function  of  the  first  kind  bei:

beiΝHzL �
cosJ 3 Π Ν

4
N

GHΝ+2L  I z
2

MΝ+2
 Úk=0

¥ H-1Lk I z

4
M4 k

I Ν

2
+1M

k
J Ν+3

2
N
k

J 3

2
N
k

k!
+

sinJ 3 Π Ν

4
N

GHΝ+1L  I z
2

MΝ
 Úk=0

¥ H-1Lk I z

4
M4 k

J Ν+1

2
N
k

I Ν

2
+1M

k
J 1

2
N
k

k!
�; -Ν Ï N+.
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berHzL
The Kelvin function of the first kind ber: berHzL � Úk=0

¥ H-1Lk I z

2
M4 k

HH2 kL!L2
; berHzL � ber0HzL.

berΝHzL
The  Kelvin  function  of  the  first  kind  ber:

berΝHzL �
cosJ 3 Π Ν

4
N

GHΝ+1L  I z
2

MΝ
 Úk=0

¥ H-1Lk I z

4
M4 k

J Ν+1

2
N
k

I Ν

2
+1M

k
J 1

2
N
k

k!
-

sinJ 3 Π Ν

4
N

GHΝ+2L  I z
2

MΝ+2
 Úk=0

¥ H-1Lk I z

4
M4 k

I Ν

2
+1M

k
J Ν+3

2
N
k

J 3

2
N
k

k!
�; -Ν Ï N+.

bik

The kth root of the equation BiHzL � 0: HBiHzL �; z � bikL � 0 �; k Î N
+.

BiHzL
The Airy function Bi: Bi HzL � 1

3
6

G J 2

3
N 0F1 J; 2

3
; z3

9
N + 3

6
z

G J 1

3
N 0F1 J; 4

3
; z3

9
N.

Bi¢HzL
The first derivative of the Airy function Bi: Bi¢ HzL � z2

2 3
6

G J 2

3
N  0F1 J; 5

3
; z3

9
N + 3

6

G J 1

3
N  0F1 J; 1

3
; z3

9
N.

C

C

The Catalan constant C: C » 0.9159655¼

CHzL
Cz

The Catalan numbers: Cz �
22 z GJz+

1

2
N

Π GHz+2L .

CnHzL
The cyclotomic polynomial of order n in z: CnHzL � Û

k=1
gcd Hk,nL=1

n Iz - ã2 Π ä k�nM.

CΝ
H0LHzL � CΝHzL

The renormalized form of the Νth Gegenbauer function in z: CΝ
H0LHzL � 2

Ν
 TΝHzL � 2

Ν
 cosIΝ cos-1HzLM. For the nonnega-

tive integer Ν, the function CΝ
H0LHzL is a polynomial in z.
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CΝ
ΛHzL

The Νth  Gegenbauer  function in  z  for  parameter  Λ:  CΝ
ΛHzL � 21-2 Λ Π GHΝ+2 ΛL

Ν! GHΛL 2F
�

1I-Ν, Ν + 2 Λ; Λ + 1
2
; 1-z

2
M.  For  the

nonnegative integer Ν, the function CΝ
ΛHzL is a polynomial in z.

cdHz È mL
The Jacobi elliptic function cd: cdHz È mL � cnHzÈmL

dnHzÈmL � 1
dcHzÈmL .

cd-1Hz È mL
The inverse of the Jacobi elliptic function cd is the value of u for which the Jacobi elliptic function cd, such that

cdHu È mL � z : cd-1Hz È mL � Ùz

1 1

1-t2 1-m t2

 â t �; -1 < z < 1 ì m < 1.

CeHa, q, zL
The even Mathieu function with characteristic value a and parameter q.

CezHa, q, zL � Ce¢Ha, q, zL
The  derivative  with  respect  to  z  of  the  even  Mathieu  function  with  characteristic  value  a  and  parameter  q:

CezHa, q, zL �
¶Ce Ha,q,zL

¶z
.

ChiHzL
The hyperbolic cosine integral function: Chi HzL � Ù0

z cosh HtL-1
t

 â t + log HzL + ý � logHzL + ý + 1
2 Úk=1

¥ z2 k

k H2 kL!
.

CiHzL
The  cosine  integral  function:  Ci HzL � Ù0

z cos HtL-1
t

 â t + log HzL + ý�

-Ùz

¥ cosHtL
t

 â t � logHzL + ý + 1
2 Úk=1

¥ H-1Lk z2 k

k H2 kL!
�;  ArgHzL¤ < Π.

cnHz È mL
The Jacobi elliptic function cn: cnHz È mL � cosHamHz È mLL.
cn-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  cn.  The  value  of  u  such  that

cnHu È mL � z : cn-1Hz È mL � Ùz

1 1

1-t2 m t2-m+1
 â t �; -1 < z < 1 ì m Iz2 - 1M > -1.

cosHzL
The cosine function: cosHzL � ã ä z+ã- ä z

2
� Úk=0

¥ H-1Lk  z2 k

H2 kL!
.
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cos-1HzL
The inverse cosine function: cos-1HzL � Π

2
- sin-1HzL � Π

2
+ ä log ä z + 1 - z2 .

coshHzL
The hyperbolic cosine function: coshHzL � ãz+ã-z

2
� cosHä zL � Úk=0

¥ z2 k

H2 kL!
.

cosh-1HzL
The inverse hyperbolic cosine function: cosh-1HzL � logIz + z - 1 z + 1 N � z-1

1-z
 cos-1HzL.

cotHzL
The cotangent function: cotHzL � cosHzL

sinHzL � 1
tanHzL .

cot-1HzL
The inverse cotangent function: cot-1HzL � tan-1I 1

z
M � ä

2
IlogI1 - ä

z
M - logI1 + ä

z
MM �; z ¹ 0.

cothHzL
The hyperbolic cotangent function: cothHzL � coshHzL

sinhHzL � 1
tanhHzL � ä cotHä zL.

coth-1HzL
csHz È mL
The Jacobi elliptic function cs: csHz È mL � cnHzÈmL

snHzÈmL � 1
scHzÈmL .

cs-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  cs.  The  value  of  u  such  that

cs Hu È mL � z : cs-1 Hz È mL � Ùz

¥ 1

t2+1 t2-m+1
 â t �; z Î R ì z2 - m > -1.

cscHzL
The cosecant function: cscHzL � 1

sinHzL .

csc-1HzL
The inverse cosecant function: csc-1HzL � sin-1I 1

z
M � -ä log ä

z
+ 1 - 1

z2
.

cschHzL
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The hyperbolic cosecant function: cschHzL � 1
sinhHzL � ä cscHä zL.

csch-1HzL
The inverse hyperbolic cosecant function: csch-1HzL � sinh-1I 1

z
M � ä csc-1Hä zL � log 1 + 1

z2
+ 1

z
.

D

dM ,M ¢
J H ΒL

The  Wigner  d-function:

dM ,M ¢
J  H ΒL � H-1LJ-M ¢ HJ + ML ! HJ - ML ! HJ + M ¢L ! HJ - M ¢L ! Úk=maxH0,-M-M ¢LminHJ-M ,J-M ¢L H-1Lk

cosM+M¢+2 kK Β

2
O sin2 J-M-M¢-2 kK Β

2
O

k! HJ-M-kL! HJ-M ¢-kL! HM+M ¢+kL!
�;

82 J, 2 M , 2 M ¢, J - M , J - M ¢< Î Z ì  M ¤ £ J ì  M ¢¤ £ J

DΝHzL
The parabolic cylinder function D: DΝHzL � 2Ν�2 Π  ã-

z2

4
1

GJ 1-Ν

2
N  1F1J- Ν

2
; 1

2
; z2

2
N - 2 z

GI-
Ν

2
M  1F1J 1-Ν

2
; 3

2
; z2

2
N .

DM ,M ¢
J HΑ, Β, ΓL

dcHz È mL
The Jacobi elliptic function dc: dcHz È mL � dnHzÈmL

cnHzÈmL � 1
cdHzÈmL .

dc-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  dc.  The  value  of  u  such  that

dc Hu È mL � z : dc-1 Hz È mL � Ù1

z 1

t2-1 t2-m
 â t �; z Î R ì z2 > 1 ì z2 - m > 0 ì m < 1.

denHrL
The denominator of r.

divisorsHnL
dnHz È mL
The Jacobi elliptic function dn: dnHz È mL � 1 - m sin2HamHz È mLL �; m < 1.

dn-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  dn.  The  value  of  u  such  that

dnHu È mL � z : dn-1Hz È mL � Ùz

1 1

1-t2 t2+m-1
 â t �; -1 < z < 1 ì z2 + m > 1.
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dsHz È mL
The Jacobi elliptic function ds: dsHz È mL � dnHzÈmL

snHzÈmL � 1
sdHzÈmL .

ds-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  ds.  The  value  of  u  such  that

ds Hu È mL � z : ds-1 Hz È mL � Ùz

¥ 1

t2+m t2+m-1
 â t �; z Î R ì z2 + m > 1.

E

ã

The Euler exponential constant ã: ã » 2.7182818¼

ãz � expHzL
Exponential function: ãz � Úk=0

¥ zk

k!
.

8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3LL
The  values  of  the  Weierstrass  Ã  function  at  the  half-periods  8Ω1, Ω2, Ω3<:8e1, e2, e3< � 8e1Hg2, g3L, e2Hg2, g3L, e3Hg2, g3LL � 8Ã HΩ1; g2, g3L, Ã HΩ2; g2, g3L, Ã HΩ3; g2, g3L< �; Ω2 � -Ω1 - Ω3.

9e1
¢ , e2

¢ , e3
¢ = � 9e1

¢ Hg2, g3L, e2
¢ Hg2, g3L, e3

¢ Hg2, g3LM
The  values  of  the  Weierstrass  Ã¢  function  at  the  half-periods  8Ω1, Ω2, Ω3<:9e1

¢ , e2
¢ , e3

¢ = � 9e1
¢ Hg2, g3L, e2

¢ Hg2, g3L, e3
¢ Hg2, g3LM � 8Ã¢HΩ1; g2, g3L, Ã¢HΩ2; g2, g3L, Ã¢HΩ3; g2, g3L< �; Ω2 � -Ω1 - Ω3.

EHzL
The complete elliptic integral of the second kind: EHzL � EI Π

2
É zM � Ù0

Π

2 1 - z sin2HtL  â t �;  ArgH1 - zL¤ < Π.

EHz È mL
The elliptic integral of the second kind: EHz È mL � Ù0

z
1 - m sin2HtL  â t.

En

The nth Euler number: En � 2n+1 n! J@tn D ãt�2
ãt+1

N �; n Î N

EnHzL
The Euler polynomial of order n in z: EnHzL � 2 n! I@tn D ãz t

ãt+1
M �; n Î N.

EΝHzL
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The exponential integral E: EΝHzL � Ù1

¥ ã-z t

tΝ  â t �; Re HzL > 0.

eexpHz; a, bL
The  elliptic  exponential  function  eexpHz; a, bL � 8x, y<.  The  values  8x, y<  such  that

z � elog Hx, y; a, bL �; y2 - x Ix2 + a x + bM � 0.

eexpz
¢ Hz; a, bL

The first derivative of the elliptic exponential function with respect to z: eexpz
¢  Hz; a, bL �

¶eexp Hz;a,bL
¶z

.

egcdHm, nL
The  extended  greatest  common  divisor  of  the  integers  m  and  n:
egcd Hm, nL � 8g, 8r, s<< �; g � gcd Hm, nL ì g � m r + n s ì Re HmL, Im HmL, Re HnL, Im HnL Î Z.

elogHz1, z2; a, bL
The  generalized  elliptic  logarithm  associated  with  the  elliptic  curve  z1

3 + a z1
2 + b z1 - z2

2 � 0:

elog Hz1, z2; a, bL �
z2

2

2 z2
Ù¥

z1 1

t3+a t2+b t
 â t �; z1

3 + a z1
2 + b z1 - z2

2 � 0 í a Î R í b Î R.

erfHzL
The error function: erfHzL � 2

Π
 Ù0

z
ã-t2

 â t � 2

Π
 Úk=0

¥ H-1Lk z2 k+1

k! H2 k+1L .

erf-1HzL
The inverse of the error function. The value of u such that erfHuL � z.

erfHz1, z2L
The generalized error function: erfHz1, z2L � 2

Π
 Ùz1

z2 ã-t2
 â t � erfHz2L - erfHz1L.

erf-1Hz1, z2L
The inverse of the generalized error function. The value of u such that erfHz1, uL � z2.

erfcHzL
The complementary error function: erfcHzL � 2

Π
 Ùz

¥
ã-t2

 â t � 1 - erfHzL � 1 - 2

Π
 Úk=0

¥ H-1Lk z2 k+1

k! H2 k+1L .

erfc-1HzL
The inverse of the complementary error function. The value of u such that erfcHuL � z.

erfiHzL
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The imaginary error function: erfiHzL � 2

Π
 Ù0

z
ãt2

 â t � -ä erfHä zL � 2

Π
 Úk=0

¥ z2 k+1

k! H2 k+1L .

EiHzL
F

FΝ

FΝHzL
The Fibonacci polynomial of order n in z: FΝ HzL � 1

z2+4
 2-Ν z + z2 + 4

Ν

- cos HΝ ΠL 2Ν z + z2 + 4
-Ν

.

FHz È mL
The elliptic integral of the first kind: FHz È mL � Ù0

z 1

1-m sin2HtL  â t.

F1Ha; b1, b2; c; z1, z2L
The  Appell  hypergeometric  function  of  two  variables

F1 : F1Ha; b1, b2; c; z1, z2L � Úk=0
¥ Úl=0

¥ HaLk+l Hb1Lk Hb2Ll z1
k z2

l

HcLk+l k! l!
�;  z1¤ < 1 ì  z2¤ < 1.

0F0H; ; zL
The generalized hypergeometric function 0F0 : 0F0H; ; zL � ãz.

1F0Ha; ; zL
The generalized hypergeometric function 1F0 : 1F0Ha; ; zL � H1 - zL-a.

0F1H; b; zL
The generalized hypergeometric function 0F1 : 0F1H; b; zL � Úk=0

¥ zk

HbLk k!
.

0F
�

1H; b; zL
The regularized generalized hypergeometric function 0F

�
1 : 0F

�
1H; b; zL � Úk=0

¥ zk

GHb+kL k!
.

1F1Ha; b; zL
The Kummer confluent hypergeometric function 1F1 : 1F1Ha; b; zL � Úk=0

¥ HaLk zk

HbLk k!
.

1F
�

1Ha; b; zL
The regularized confluent hypergeometric function 1F

�
1 : 1F

�
1Ha; b; zL � Úk=0

¥ HaLk zk

G Hb+kL k!
.
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2F1Ha, b; c; zL
The Gauss hypergeometric function 2F1 : 2F1Ha, b; c; zL � Úk=0

¥ HaLk HbLk zk

HcLk k!
�;  z¤ < 1.

2F
�

1Ha, b; c; zL
The regularized Gauss hypergeometric function 2F

�
1 : 2F

�
1Ha, b; c; zL � Úk=0

¥ HaLk HbLk zk

G Hc+kL k!
�;  z¤ < 1.

1F2Ha1; b1, b2; zL
The generalized hypergeometric function 1F2 : 1F2Ha1; b1, b2; zL � Úk=0

¥ Ha1Lk zk

Hb1Lk Hb2Lk k!
.

2F2Ha1, a2; b1, b2; zL
The generalized hypergeometric function 2F2 : 2F2Ha1, a2; b1, b2; zL � Úk=0

¥ Ha1Lk Ha2Lk zk

Hb1Lk Hb2Lk k!
.

2F3Ha1, a2; b1, b2, b3; zL
The generalized hypergeometric function 2F3 : 2F3Ha1, a2; b1, b2, b3; zL � Úk=0

¥ Ha1Lk Ha2Lk zk

Hb1Lk Hb2Lk Ib3M
k

k!
.

3F2Ha1, a2, a3; b1, b2; zL
The generalized hypergeometric function 3F2 : 3F2Ha1, a2, a3; b1, b2; zL � Úk=0

¥ Ha1Lk Ha2Lk Ia3M
k

zk

Hb1Lk Hb2Lk k!
�;  z¤ < 1.

4F3Ha1, a2, a3, a4; b1, b2, b3; zL
The generalized hypergeometric function 4F3 : 4F3Ha1, a2, a3, a4; b1, b2, b3; zL � Úk=0

¥ Ha1Lk Ha2Lk Ia3M
k

Ha4Lk zk

Hb1Lk Hb2Lk Ib3M
k

k!
�;  z¤ < 1.

pFqIa1, a2, ¼, ap; b1, b2, ¼, bq; zM
The  generalized  hypergeometric  function

pFq : pFqIa1, a2, ¼, ap; b1, b2, ¼, bq; zM � Úk=0
¥

Ûj=1
p Ia jMk

zk

Ûj=1
q Ib jMk

k!
�; q � p - 1 ì  z¤ < 1 ê q ³ p.

pF
�

qIa1, a2, ¼, ap; b1, b2, ¼, bq; zM
The  regularized  generalized  hypergeometric  function

pF
�

q : pF
�

qIa1, a2, ¼, ap; b1, b2, ¼, bq; zM � Úk=0
¥

Ûj=1
p Ia jMk

zk

Ûj=1
q

G Ik+b jM k!
�; q � p - 1 ì  z¤ < 1 ê q ³ p.

FP,Q,S
A,B,C a1, ¼, aA; b1, ¼, bB; c1, ¼, cC;

p1, ¼, pP; q1, ¼, qQ; s1, ¼, sS;
 z, w
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The  generalized  hypergeometric  function  of  two  variables  (Kampe  de  Feriet  function):

FP,Q,S
A,B,C a1, ¼, aA; b1, ¼, bB; c1, ¼, cC;

p1, ¼, pP; q1, ¼, qQ; s1, ¼, sS;
 z, w � Úm=0

¥ Ún=0
¥

Ûj=1
A Ia jMm+n

Ûj=1
B Ib jMm

Ûj=1
C Ic jMn

zm  wn

m! n! Ûj=1
P Ip jMm+n

Ûj=1
Q Iq jMm

Ûj=1
S Is jMn

.

FP,Q,S
A,B,C a1, ¼, aA; b1, ¼, bB; c1, ¼, cC;

p1, ¼, pP; q1, ¼, qQ; s1, ¼, sS;
 z, w � â

m=0

¥ â
n=0

¥ Ûj=1
A Ha jLm+n Ûj=1

B Hb jLm Ûj=1
C Hc jLn zm wn

m! n! Ûj=1
P Hp jLm+n Ûj=1

Q Hq jLm Ûj=1
S Hs jLn

�

â
m=0

¥ Ûj=1
A Ha jLm Ûj=1

B Hb jLm zm

m! Ûj=1
P Hp jLm Ûj=1

Q Hq jLm

 A+CFP+S Ha1 + m, a2 + m, ¼, aA + m, c1, ¼, cC;

p1 + m, p2 + m, ¼, pP + m, s1, ¼, sS; wL � â
m=0

¥ Ûj=1
A Ha jLm Ûj=1

B Hb jLm zm

m! Ûj=1
P Hp jLm Ûj=1

Q Hq jLm

 

Ûk=1
q GHbkL

Ûk=1
q+1 GHakL  â

k=1

A
GHak + mL Ûj=1

j¹k

A G Ha j - akL Ûj=1
C GHc j - ak - mL

Ûj=1
q GHb j - akL H-wL-ak-m P+S+1FA+C-1 

ak + m, 1 + ak - p1, ¼, 1 + ak - pP, 1 + ak + m - s1, ¼, 1 + ak + m - sS;

1 + ak - a1, ¼, 1 + ak - ak-1, 1 + ak - ak+1, ¼, 1 + ak - aA,

1 +ak +m - c1, ¼, 1 +ak +m - cC;
1

w
+

Ûk=1
q GHbkL

Ûk=1
q+1 GHakL  â

k=1

C
GHakL Ûj=1

j¹k

q+1 GHa j - akL
Ûj=1

q GHb j - akL H-zL-ak  q+1Fq ak, 1 + ak - b1, ¼, 1 + ak - bq;

1 + ak - a1, ¼, 1 + ak - ak-1, 1 + ak - ak+1, ¼, 1 + ak - aq+1;
1

w

F
�

P,Q,S

A,B,C a1, ¼, aA; b1, ¼, bB; c1, ¼, cC;
p1, ¼, pP; q1, ¼, qQ; s1, ¼, sS;

 z, w

The regularized generalized hypergeometric  function of  two variables (regularized Kampe de Feriet  function):

F
�

P,Q,S

A,B,C a1, ¼, aA; b1, ¼, bB; c1, ¼, cC;
p1, ¼, pP; q1, ¼, qQ; s1, ¼, sS;

 z, w � Úm=0
¥ Ún=0

¥
Ûj=1

A Ia jMm+n
Ûj=1

B Ib jMm
Ûj=1

C Ic jMn
zm  wn

m! n! Ûj=1
P G Im+n+p jM Ûj=1

Q G Im+q jM Ûj=1
S G In+s jM .

FA
HnL Ha, b1, ¼, bn; c1, ¼, cn; z1, ¼, znL
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The  Lauricella  function  A  of  n  variables:

FA
HnLHa, b1, ¼, bn; c1, ¼, cn; z1, ¼, znL � Úk1=0

¥ ¼ Úkn=0
¥

HaLk1+¼+kn
Hb1Lk1

 ¼ HbnLknHc1Lk1
 ¼ HcnLkn

z1

k1  ¼zn
kn

k1! ¼kn!
�;  z1¤ + ¼ +  zn¤ < 1.

FB
HnLHa1, ¼, an, b1, ¼, bn; c; z1, ¼, znL

The  Lauricella  function  B  of  n  variables:

FB
HnLHa1, ¼, an, b1, ¼, bn; c; z1, ¼, znL � Úk1=0

¥ ¼ Úkn=0
¥

Ha1Lk1
 ¼ HanLkn

 Hb1Lk1
 ¼ HbnLknHcLk1+¼+kn

 
z1

k1  ¼zn
kn

k1! ¼kn!
�; maxH z1¤, ¼,  zn¤L < 1.

FC
HnLHa, b; c1, ¼, cn; z1, ¼, znL

The  Lauricella  function  C  of  n  variables:

FC
HnLHa, b; c1, ¼, cn; z1, ¼, znL � Úk1=0

¥ ¼ Úkn=0
¥ HaLk1+¼+kn

HbLk1+¼+knHc1Lk1
 ¼ HcnLkn

z1

k1  ¼zn
kn

k1! ¼kn!
�;  z1¤ + ¼ +  zn¤ < 1.

FD
HnLHa, b1, ¼, bn; c; z1, ¼, znL

The  Lauricella  function  D  of  n  variables:

FD
HnLHa, b1, ¼, bn; c; z1, ¼, znL � Úk1=0

¥ ¼ Úkn=0
¥

HaLk1+¼+kn
Hb1Lk1

 ¼ HbnLknHcLk1+¼+kn

 
z1

k1  ¼zn
kn

k1! ¼kn!
�; maxH z1¤, ¼,  zn¤L < 1.

factorsHnL
The prime factors of the integer n, together with their exponents.

frac HzL
The fractional part of number z: fracHxL � x - n �; x Î R ì n Î Z ì 0 £ sgn HxL Hx - nL < 1 ì x ¹ 0.

G

Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq

The  Meijer  G  function:

Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq
� 1

2 Π ä
 Ù
L

Ûk=1
m G Ibk+sM Ûk=1

n G I1-ak-sM
Ûk=n+1

p
G Iak+sM Ûk=m+1

q
G I1-bk-sM  z-s â s �; 0 £ m £ q, 0 £ n £ p.

The infinite contour of integration L separates the poles of GH1 - ak - sL at s = 1 - ak + j, j Î N from the poles of

GHbi + sL at s = -bi - l, l Î N. Such a contour always exists in the cases  ak - bi - 1 Ï N.

There are three possibilities for the contour L:
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(i) L runs from Γ-ä ¥  to Γ+ä  ¥ (where ImHΓL = 0) so that all poles of GHbi + sL, i = 1, ¼, m are to the left of  L ,

and  all  poles  of  GH1 - ai - sL,  i = 1, ¼, n  are  to  the  right  of  L.  This  contour  can  be  a  straight   lineHΓ - ä ¥, Γ + ä ¥L  if   ReHbi - akL > -1 (then  -ReHbiL < Γ < 1 - ReHakL).  (In this  case,  the integral converges if

p + q < 2 Hm + nL ,   ArgHzL¤ < Im + n -
p+q

2
M Π. If m + n -

p+q

2
= 0, then z must be real and positive and the addi-

tional condition  Hq - pL Γ + ReHΜL < 0, Μ � Úl=1
q

bl - Úk=1
p

ak +
p-q

2
+ 1 should be added.)

(ii) L is a left loop, starting and ending at -¥ and encircling all poles of GHbi + sL, i = 1, ¼, m, once in the positive

direction, but none of the poles of  GH1 - ai - sL, i = 1, ¼, n. In this case, the integral converges if q ³ 1 and one of

the following conditions is satisfied:

   �  q > p or q = p and  z¤ < 1

   �  q = p and  z¤ � 1 and  m + n -
p+q

2
³ 0 and ReHΜL < 0.

(iii) L is a right loop, starting and ending at +¥ and encircling all  poles of GH1 - ai - sL, i = 1, ¼, n, once in the

negative direction, but none of the poles of GHbi + sL, i = 1, ¼, m. In this case, the integral converges if p ³ 1 and

one of the following conditions is satisfied:

   �  p > q or p = q and  z¤ > 1

   �  q = p and  z¤ � 1 and  m + n -
p+q

2
³ 0 and  ReHΜL < 0.

Gp,q
m,n z, r

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq

The generalized Meijer G function: Gp,q
m,n z, r

a1, a2,
b1, b2,

 
¼, ap

¼, bq
� 1

2 Π ä
 Ù
L

IÛk=1
m GIbk+sM M Ûk=1

n GI1-ak-sM
IÛk=n+1

p
GIak+sM M Ûk=m+1

q
GI1-bk-sM  z-

s

r  â s �;
r Î R ì r ¹ 0 ì m Î N ì n Î N ì p Î N ì q Î N ì m £ q ì n £ p.

For the description of the contour L, see Gp,q
m,n z

a1, ¼, an, an+1, ¼, ap

b1, ¼, bm, bm+1, ¼, bq
.

Gp,q:p1,q1:p2,q2

m,n:m1,n1:m2,n2
a1,
b1,

 
¼, ap

¼, bq

a1,1,

b1,1,
 

¼, a1,p1

¼, b1,q1

a2,1,

b2,1,
 

¼, a2,p2

¼, b2,q2

z, w

The  Meijer  G  function  of  two  variables:

Gp,q:p1,q1:p2,q2

m,n:m1,n1:m2,n2
a1,
b1,

 
¼, ap

¼, bq

a1,1,

b1,1,
 

¼, a1,p1

¼, b1,q1

a2,1,

b2,1,
 

¼, a2,p2

¼, b2,q2

z, w �

1H 2 Π äL2
 à
L

à
L*

Û
j=1

m
GIb j+s+tM Û

j=1

n
GI1-a j-s-tM

Û
j=n+1

p

GIa j+s+tM Û
j=m+1

q

GI1-b j-s-tM  
Û
j=1

m1
GIb1, j+sM Û

j=1

n1
GI1-a1, j-sM

Û
j=n1+1

p1
GIa1, j+sM Û

j=m1+1

q1
GI1-b1, j-sM  

Û
j=1

m2
GIb2, j+tM Û

j=1

n2
GI1-a2, j-tM

Û
j=n2+1

p2
GIa2, j+tM Û

j=m2+1

q2
GI1-b2, j-tM  z-s w-t  â s â t �;

0 £ m £ q, 0 £ n £ p, 0 £ m1 £ q1, 0 £ n1 £ p1, 0 £ m2 £ q2, 0 £ n2 £ p2.

8g2, g3< � 8g2HΩ1, Ω3L, g3HΩ1, Ω3L<
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The  invariants  8g2, g3<  for  Weierstrass  elliptic  functions  corresponding  to  the  half-periods  8Ω1, Ω3<:
8g2 HΩ1, Ω3L, g3HΩ1, Ω3L< � :60 Úm, n=-¥8m,n<¹80,0<

¥ 1

I2 m Ω1+2 n Ω3M4
, 140 Úm, n=-¥8m,n<¹80,0<

¥ 1

I2 m Ω1+2 n Ω3M6
> �;  Im J Ω3

Ω1
N > 0.

gcdHn1, n2, ¼, nkL
The greatest common divisor of the integers n1, ¼, nk.

H

hΝ
H1LHzL

The Hankel spherical function of the first kind H1: hΝ
H1LHzL � Π

2
 1

z
 H

Ν+
1

2

H1L HzL.
hΝ

H2LHzL
The Hankel spherical function of the second kind H2: hΝ

H2LHzL � Π
2

 1

z
 H

Ν+
1

2

H2L HzL.
Hz

The zth harmonic number: Hz � Úk=1
¥ I 1

k
- 1

k+z
M � ΨHz + 1L + Γ.

Hz
HrL

The generalized harmonic number of order r: Hz
HrL � ΖHrL - ΖHr, z + 1L.

HΝHzL
The  Νth  Hermite  function  in  z:  HΝHzL � 2Ν Π 1

GJ 1-Ν

2
N  1F1I- Ν

2
; 1

2
; z2M - 2 z

GI-
Ν

2
M  1F1I 1-Ν

2
; 3

2
; z2M .  For  nonnegative

integer Ν it is a polynomial in z.

HΝHzL
The Struve function H: HΝHzL � I z

2
MΝ+1 Úk=0

¥ H-1Lk

G Jk+
3

2
N G Jk+Ν+

3

2
N  I z

2
M2 k

.

HΝ
H1LHzL

The Hankel function of the first kind H1: HΝ
H1LHzL � JΝHzL + ä YΝHzL.

HΝ
H2LHzL

The Hankel function of the second kind H2: HΝ
H2LHzL � JΝHzL - ä YΝHzL.
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Hp,q
m,n z

8a1, A1<, ¼, 8an, An<, 8an+1, An+1<, ¼, 9ap, Ap=
8b1, B1<, ¼, 8bm, Bm<, 8bm+1, Bm+1<, ¼, 9bq, Bq=

The  Fox  H  function:

Hp,q
m,n z

8a1, A1<, ¼, 8an, An<, 8an+1, An+1<, ¼, 9ap, Ap=
8b1, B1<, ¼, 8bm, Bm<, 8bm+1, Bm+1<, ¼, 9bq, Bq= � 1

2 Π ä
 Ù
L

Ûk=1
m G Ibk+Bk  sM Ûk=1

n G I1-ak-Ak  sM
Ûk=n+1

p
G Iak+Ak  sM Ûk=m+1

q
G I1-bk-Bk  sM  z-s â s �;

0 £ m £ q, 0 £ n £ p.

The infinite contour of integration L separates the poles of GH1 - ak - Ak  sL at s = H1 - ak + jL � Ak, j Î N from the

poles of GHbi + Bi sL at points s = -Hbi + lL � Bi, l Î N.

I

ä

The imaginary unit ä: ä � -1 .

IΝHzL
The modified Bessel function of the first kind: IΝHzL � Úk=0

¥ 1
GHk+Ν+1L k!

 I z
2

M2 k+Ν
� 1

GHΝ+1L  I z
2

MΝ
0F1J; Ν + 1; z2

4
N.

IzHa, bL
The regularized incomplete beta function: IzHa, bL �

BzHa,bL
BHa,bL .

Iz
-1Ha, bL

The inverse of the regularized incomplete beta function. The value of u such that IuHa, bL � z.

IHz1,z2LHa, bL
The generalized regularized incomplete beta function: IHz1,z2LHa, bL � BHz1,z2,a,bL

BHa,bL .

IHz1,z2L-1 Ha, bL
The inverse of the generalized regularized incomplete beta function. The value of u such that IHz1,uLHa, bL � z2.

ImHzL
The imaginary part of the number z: z � ReHzL + ä ImHzL, ImHzL � z-z

�

2 ä
.

int HzL
The integer part of number z: intHxL � n �; x Î R ì n Î Z ì 0 £ sgnHxL Hx - nL < 1 ì x ¹ 0.

J
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jΝHzL
The spherical Bessel function of the first kind: jΝHzL � Π

2
 1

z
J

Ν+
1

2

HzL � Π
2

I z
2

MΝ Úk=0
¥ H-1Lk z2 k

4k GJk+Ν+
3

2
N k!

.

jΝ,k

The kth root of the equation JΝHzL � 0: HJΝHzL �; z � jΝ,kL � 0 �; Ν Î R ì k Î N+.

JHzL
The Klein invariant modular function: J HzL �

JJ2  I0,ãΠ ä zM8
+J3  I0,ãΠ ä zM8

+J4  I0,ãΠ ä zM8N3

54 IJ2  I0,ãΠ ä zM J3  I0,ãΠ ä zM J4  I0,ãΠ ä zMM8
�; Im HzL > 0.

JΝHzL
The Bessel function of the first kind: JΝHzL � Úk=0

¥ H-1Lk

GHk+Ν+1L k!
 I z

2
M2 k+Ν

� 1
GHΝ+1L  I z

2
MΝ

0F1J; Ν + 1; - z2

4
N.

K

K

The Khinchin constant K: K » 2.685452001 ¼

KHzL
The complete elliptic integral of the first kind: KHzL � FI Π

2
É zM � Ù0

Π

2 1

1-z sin2HtL  â t �;  ArgH1 - zL¤ < Π.

KΝHzL
The modified Bessel function of the second kind: KΝHzL � Π csc HΠ ΝL

2
HI-Ν HzL - IΝ HzLL �; Ν Ï Z.

keiHzL
The  Kelvin  function  of  the  second  kind  kei:

keiHzL � - 1
4

ä J2 K0J -1
4

zN + Π Y0J -1
4

zN - 4 ä JlogHzL - logJ -1
4

zNN beiHzL - ä Π berHzLN; keiHzL � kei0HzL.
keiΝHzL
The Kelvin function of the second kind kei: keiΝHzL � Π

2
HcscHΠ ΝL bei-ΝHzL - cotHΠ ΝL beiΝHzL + berΝHzLL �; Ν Ï Z.

kerHzL
The  Kelvin  function  of  the  second  kind  ker:

kerHzL � 1
4

J2 K0J -1
4

zN - Π Y0J -1
4

zN + Π beiHzL - 4 JlogHzL - logJ -1
4

zNN berHzLN; kerHzL � ker0HzL.
kerΝHzL
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The Kelvin function of the second kind ker: kerΝHzL � - 1
2

Π HbeiΝHzL - cscHΠ ΝL ber-ΝHzL + cotHΠ ΝL berΝHzLL �; Ν Ï Z.

L

LΝ

The Νth Lucas number: LΝ � ΦΝ + Φ-Ν cosHΠ ΝL.
LΝHzL
The Νth Laguerre function in z: LΝHzL �1 F1H-Ν; 1; zL. For nonnegative integer Ν it is a polynomial in z.

LΝ
ΛHzL

The Νth generalized Laguerre polynomial in z for parameter Λ: LîΛ  HzL � GHΛ+î+1Lî!
 1F

�
1H-î; Λ + 1; zL. For nonnegative

integer Ν it is a polynomial in z.

LΝHzL
The modified Struve function: LΝHzL � I z

2
MΝ+1 Úk=0

¥ 1

G Jk+
3

2
N G Jk+Ν+

3

2
N  I z

2
M2 k

.

lcmHn1, n2, ¼, nmL
The least common multiple of the integers (or rational) nk.

liHzL
LiΝHzL
The  polylogarithm  function  of  order Ν :

LiΝHzL � Úk=1
¥ zk

kΝ �; È z È < 1. For Ν � 2 it is a dilogarithm function in z.

logHzL
The natural logarithm: logHzL � Úk=1

¥ H-1Lk-1 Hz-1Lk

k
�;  z - 1¤ < 1.

logaHzL
The logarithm in base a: logaHzL �

logHzL
logHaL .

logG HzL
The logarithmic gamma function: logGHzL � Úk=1

¥ I z
k

- logI1 + z
k

MM - ý z - logHzL.
M
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MΝ,ΜHzL
The Whittaker hypergeometric function M: MΝ,ΜHzL � zΜ+

1

2 ã-
z

2 1F1IΜ - Ν + 1
2
; 2 Μ + 1; zM.

maxHx1, x2, ¼, xnL
The  maximum  function  (the  numerically  largest  of  the  real  numbers  x1, x2, ¼, xn):

maxHx1, x2L � 1
2

x1 + x2 + Hx1 - x2L2 �; x1 Î R ì x2 Î R;

maxHx1, x2, ¼, xnL � maxHmaxHx1, x2L, x3, ¼, xnL.
minHx1, x2, ¼, xnL
The  minimum  function  (the  numerically  smallest  of  the  real  numbers  x1, x2, ¼, xn):

minHx1, x2L � 1
2

x1 + x2 - Hx1 - x2L2 �; x1 Î R ì x2 Î R; maxHx1, x2, ¼, xnL � maxHmaxHx1, x2L, x3, ¼, xnL.
N

ncHz È mL
The Jacobi elliptic function nc: ncHz È mL � 1

cnHzÈmL .

nc-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  nc.  The  value  of  u  such  that

nc Hu È mL � z : nc-1 Hz È mL � Ù1

z 1

t2-1 H1-mL t2+m
 â t �; z Î R ì z2 > 1 ì H1 - mL z2 + m > 0.

ndHz È mL
The Jacobi elliptic function nd: ndHz È mL � 1

dnHzÈmL .

nd-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  nd.  The  value  of  u  such  that

nd Hu È mL � z : nd-1 Hz È mL � Ù1

z 1

t2-1 1-H1-mL t2

 â t �; z Î R ì z2 > 1 ì H1 - mL z2 < 1 ì m > 0.

nsHz È mL
The Jacobi elliptic function ns: nsHz È mL � 1

snHzÈmL .

ns-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  ns.  The  value  of  u  such  that

ns Hu È mL � z : ns-1 Hz È mL � Ùz

¥ 1

t2-1 t2-m
 â t �; z Î R ì z2 > 1 ì z2 > m.
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P

pHnL
The number of unrestricted partitions (independent of the order and with repetitions allowed) of the positive integer

n into a sum of strictly positive integers that add up to n: pHnL � J@tnD Ûk=1
¥ 1

1-tk
N �; n Î N.

pnH � primeHnLL
The nth  prime number (the smallest integer greater than pn-1  that cannot be divided by any integer greater than 1

and  smaller  than  itself):

pn � m �; n > 1 í m Î Z í m > pn-1 í IØ $p,pÎP pn-1 < p < mM í IØ $k,kÎZì1<k<m
m
k

Î ZM.
PΝHzL
The Νth Legendre function in z: PΝHzL � 2F1I-Ν, Ν + 1; 1; 1-z

2
M. For nonnegative integer Ν it is a polynomial in z.

PΝ
ΜHzL

The associated Legendre function of the first kind of type 2: PΝ
ΜHzL � H1+zLΜ�2

H1-zLΜ�2 2F
�

1I-Ν, Ν + 1; 1 - Μ; 1-z
2

M.
PΝ

ΜHzL
The associated Legendre function of the second kind of type 3: PΝ

ΜHzL � Hz+1LΜ�2

Hz-1LΜ�2
 2F

�
1 I-Ν, Ν + 1; 1 - Μ; 1-z

2
M.

PΝ
Ha,bLHzL

The  Νth  Jacobi  function  in  z  for  parameters  a  and  b:  PΝ
Ha,bLHzL � GHa+Ν+1L

GHΝ+1L  2F
�

1I-Ν, a + b + Ν + 1; a + 1; 1-z
2

M.  For

nonnegative integer Ν it is a polynomial in z.

Physica{QH j1, m1, j2, m2, j, mL
A  Boolean  function  that  tests  whether  the  angular  momentum  quantum  numbers  are  physically  realizable:
Physica{QH j1, m1, j2, m2, j, mL �H2 j1 Î Z ì 2 j2 Î Z ì 2 j Î Z ì 2 m1 Î Z ì 2 m2 Î Z ì 2 m Î Z ì j1 - m1 Î Z ì j2 - m2 Î Z ì

j - m Î Z ì - j1 £ m1 £ j1 ì - j2 £ m2 £ j2 ì - j £ m £ j ì   j1 - j2¤ £ j ì   j¤ £ j1 + j2L.
PSΝ,ΜHΓ, zL
The angular spheroidal function of the first kind with variable z and parameters Ν,  Μ,  Γ.

PSΝ,Μ
¢HΓ, zL

The derivative with respect to z of the angular spheroidal function of the first kind with variable z and parameters Ν,

Μ,  Γ: PSΝ,Μ
¢HΓ, zL � ¶PSΝ,ΜHΓ,zL

¶z
.
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Q

qHnL
The number of ordered partitions (independent of the order and no repetitions allowed) of the positive integer n

into a sum of strictly positive integers which add up to n: qHnL � I@tnD Ûk=1
¥ I1 + tkMM �; n Î N.

qHmL
The elliptic nome q of the module m: qHmL � expI-Π KH1-mL

KHmL M.
q-1HzL
The module m of the nome z: q-1HzL � 16 zÛk=1

¥ J 1+z2 k

1+z2 k-1
N8 �;  z¤ < 1, q-1HqHmLL � m.

QΝHzL
The Νth Legendre function of the second kind: QΝHzL � QΝ

0HzL.
QΝ

ΜHzLassociated

The  associated  Legendre  function  of  the  second  kind  of  type  2:

QΝ
ΜHzL �

Π cscHΜ ΠL
2

 J H1+zLΜ�2

H1-zLΜ�2
cosHΜ ΠL 2F

�
1I-Ν, Ν + 1; 1 - Μ; 1-z

2
M -

GHΜ+Ν+1L
GH-Μ+Ν+1L  H1-zLΜ�2

H1+zLΜ�2
 2F

�
1I-Ν, Ν + 1; Μ + 1; 1-z

2
MN �;

Μ Ï Z.

QΝ
ΜHzL

The  associated  Legendre  function  of  the  second  kind  of  type  3:

QΝ
ΜHzL �

Π cscHΜ ΠL
2

 ãΠ ä Μ J Hz+1LΜ�2

Hz-1LΜ�2 2F
�

1I-Ν, Ν + 1; 1 - Μ; 1-z
2

M -
GHΜ+Ν+1L

GH-Μ+Ν+1L  Hz-1LΜ�2

Hz+1LΜ�2
 2F

�
1I-Ν, Ν + 1; Μ + 1; 1-z

2
MN �; Μ Ï Z.

QHa, zL
The regularized incomplete gamma function: QHa, zL � 1

G HaL  Ùz

¥
ta-1 ã-t  â t � 1 - za

GHa+1L  Úk=0
¥ a H-zLk

Ha+kL k!
.

Q-1Ha, zL
The inverse of the regularized incomplete gamma function. The value of u such that QHa, uL � z.

QHa, z1, z2L
The generalized regularized incomplete gamma function: QHa, z1, z2L � 1

G HaL  Ùz1

z2 ta-1 ã-t  â t.

Q-1Ha, z1, z2L
The inverse of the generalized regularized incomplete gamma function. The value u such that QHa, z1, uL � w.
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QSΝ,ΜHΓ, zL
The angular spheroidal function of the second kind with variable z and parameters Ν,  Μ,  Γ.

QSΝ,Μ
¢HΓ, zL

The derivative with respect to z of the angular spheroidal function of the second kind with variable z and parame-

ters Ν,  Μ,  Γ: QSΝ,Μ
¢HΓ, zL �

¶QSΝ,ΜHΓ,zL
¶z

.

quotientHm, nL
The integer quotient of m and n: quotientHm, nL � e m

n
u.

R

rmHnL
The number of representations of n as a sum of m squares of different positive or negative integers.

rHa, qL
The  characteristic  exponent  of  the  Mathieu  functions.  MathieuFunctionHa, q, zL = ãi r Ha,qL z f HzL  (where  f HzL  has

period 2 Π).

Rn
mHzL

ReHzL
 The real part of the number z: z � ReHzL + ä ImHzL, ReHzL � z+z

�

2
.

S

SHzL
The Fresnel integral S: SHzL � Ù0

z
sin J Π t2

2
N â t � z3 Úk=0

¥ 2-2 k-1 Π2 k+1 I-z4Mk

H4 k+3L H2 k+1L!
.

SΝ,pHzL � SΝ
pHzL

The Nielsen generalized polylogarithm: SΝ,pHzL � Úk=1
¥ H-1Lk+p Sk

IpM
zk

kΝ k!
�;  z¤ < 1 ì p Î N+.

Sn
HmL

The Stirling number of the first kind: Sn
HmL � H-1Ln H@tmD H-tLnL �; m, n Î N.

Sn
HmL
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The Stirling number of the second kind: Sn
HmL � 1

m!
 Úk=0

m H-1Lm-k K m
k

O kn �; m, n - 1 Î N.

SΝ,Μ
H1L HΓ, zL

The radial spheroidal function of the first kind with variable z and parameters Ν,  Μ,  Γ.

SΝ,Μ
H1L ¢HΓ, zL

The derivative with respect to z of the radial spheroidal function of the first kind with variable z and parameters Ν,

Μ,  Γ: SΝ,Μ
H1L ¢HΓ, zL � ¶SΝ,Μ

H1L HΓ,zL
¶z

.

SΝ,Μ
H2L HΓ, zL

The radial spheroidal function of the second kind with variable z and parameters Ν,  Μ,  Γ.

SΝ,Μ
H2L ¢HΓ, zL

The derivative with respect to z of the radial spheroidal function of the second kind with variable z and parameters

Ν,  Μ,  Γ: SΝ,Μ
H2L ¢HΓ, zL � ¶SΝ,Μ

H2L HΓ,zL
¶z

.

scHz È mL
The Jacobi elliptic function sc: scHz È mL � snHzÈmL

cnHzÈmL � 1
csHzÈmL .

sc-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  sc.  The  value  of  u  such  that

sc Hu È mL � z : sc-1 Hz È mL � Ù0

z 1

t2+1 H1-mL t2+1
 â t �; z Î R ì H1 - mL z2 > -1.

sdHz È mL
The Jacobi elliptic function sd: sdHz È mL � snHzÈmL

dnHzÈmL � 1
dsHzÈmL .

sd-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  sd.  The  value  of  u  such  that

sd Hu È mL � z : sd-1 Hz È mL � Ù0

z 1

m t2+1 1-H1-mL t2

 â t �; z Î R ì m z2 > -1 ì H1 - mL z2 < 1.

SeHa, q, zL
The odd Mathieu function with characteristic value a and parameter q.

SezHa, q, zL � Se¢Ha, q, zL
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The  derivative  with  respect  to  z  of  the  odd  Mathieu  function  with  characteristic  value  a  and  parameter  q:

Se¢Ha, q, zL �
¶Se Ha,q,zL

¶z
.

secHzL
The secant function: secHzL � 1

cosHzL .

sec-1HzL
The inverse secant function: sec-1HzL � cos-1I 1

z
M.

sechHzL
The hyperbolic secant function: sechHzL � 1

coshHzL � secHä zL.
sech-1HzL
The inverse hyperbolic secant function: sech-1HzL � cosh-1I 1

z
M � 1�z-1

1-1�z  sec-1HzL.
sgnHzL
The signum of the number z: sgn HzL � z z¤ �; z ¹ 0

ShiHzL
The hyperbolic sine integral function: ShiHzL � Ù0

z sinhHtL
t

 â t � z Úk=0
¥ z2 k

H1+2 kL2 H2 kL!
.

SiHzL
The sine integral function: SiHzL � Ù0

z sinHtL
t

 â t � Úk=0
¥ H-1Lk z2 k+1

H2 k+1L H2 k+1L!
.

sinHzL
The sine function: sinHzL � ãä z-ã-ä z

2 ä
� Úk=0

¥ H-1Lk z2 k+1

H2 k+1L!
.

sin-1HzL
The inverse sine function: sin-1HzL � -ä log ä z + 1 - z2 .

sincHzL
The sinc (sampling) function: sincHzL � sinHzL

z
�; z ¹ 0; sincH0L � 1.

sinhHzL
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The  hyperbolic  sine  function:

sinhHzL � ãz-ã-z

2
� -ä sinHä zL � Úk=0

¥ z2 k+1

H2 k+1L!
 .

sinh-1HzL
The inverse hyperbolic sine function: sinh-1HzL � log z + 1 + z2 � -ä sin-1Hä zL.
snHz È mL
The Jacobi elliptic function sn: snHz È mL � sinHamHz È mLL.
sn-1Hz È mL
The  inverse  of  the  Jacobi  elliptic  function  sn.  The  value  of  u  such  that

snHu È mL � z : sn-1Hz È mL � Ù0

z 1

1-t2 1-m t2

 â t �; -1 < z < 1 ì m z2 < 1.

SpheroidalJoiningFactorHΝ, Μ, ΓL
The spheroidal joining factor of degree Ν and order Μ appearing in the relations between radial and angular spheroi-

dal functions.

SpheroidalRadialFactorHΝ, Μ, ΓL
The spheroidal radial factor of degree Ν and order Μ appearing in expansions of radial spheroidal function of the

first kind around Γ � 0 .

Subfactorial@zD
The subfactorial function (number of complete permutations) : Subfactorial@zD � GHz+1,-1L

ã
.

T

TΝHzL
The Νth  Chebyshev function of the first kind: TΝHzL � cosIΝ cos-1HzLM � 2F1I-Ν, Ν; 1

2
; 1-z

2
M. For nonnegative integer

Ν it is a polynomial in z.

tanHzL
The tangent function: tanHzL � sinHzL

cosHzL .

tan-1HzL
The inverse tangent function: tan-1HzL � ä

2
HlogH1 - ä zL - logH1 + ä zLL.

tan-1Hx, yL
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The inverse tangent function of two variables: tan-1Hx, yL � -ä log
x+ä y

x2+y2
.

tanhHzL
The hyperbolic tangent function: tanhHzL � sinhHzL

coshHzL � -ä tanHä zL.
tanh-1HzL
The inverse hyperbolic tangent function: tanh-1HzL � 1

2
HlogH1 + zL - logH1 - zLL � -ä tan-1Hä zL.

U

UΝHzL
The  Νth  Chebyshev  function  of  the  second  kind:  UΝHzL �

sinIHΝ+1L cos-1HzLM
1-z2

� HΝ + 1L 2F1I-Ν, Ν + 2; 3
2
; 1-z

2
M.  For

nonnegative integer Ν it is a polynomial in z.

UHa, b, zL
The  Tricomi  hypergeometric  function  U:

UHa, b, zL � G Hb-1L z1-b

G HaL 1F1Ha - b + 1; 2 - b; zL + G H1-bL
G Ha-b+1L  1F1Ha; b; zL �; b Ï Z.

UHa, b, c, zL
W

WHzL
The product log function on the principal sheet. The value of u such that u eu � z.

WkHzL
The product log function on the kth sheet. The kth value of u such that u eu � z.

WΝ,ΜHzL
The Whittaker hypergeometric function W: WΝ,ΜHzL � zΜ+

1

2 ã-
z

2 UIΜ - Ν + 1
2
, 2 Μ + 1, zM.

Y

yΝHzL
The spherical Bessel function of the second kind: yΝHzL � Π

2
 1

z
 Y

Ν+
1

2

HzL.
yΝ,k
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The kth root of the equation YΝHzL � 0: HYΝHzL �; z � yΝ,kL � 0 �; Ν Î R ì k Î N+.

YΝHzL
The Bessel function of the second kind: YΝ HzL � csc HΠ ΝL Hcos HΠ ΝL JΝ HzL - J-Ν HzLL �; Ν Ï Z.

YΛ
ΜHJ, jL

The  spherical  harmonic  function  of   Θ  and  j  for  parameters  Λ  and  Μ:

YΛ
ΜHJ, jL � 2 Λ+1

4 Π

GHΛ-Μ+1L
GHΛ+Μ+1L ãä j Μ

cos2J J

2
NΜ�2

sin2J J

2
NΜ�2 2F

�
1I-Λ, Λ + 1; 1 - Μ; sin2I J

2
MM.

Z

ZHzL
 The Riemann-Siegel Zeta function: ZHzL � ãä JHzL ΖIä z + 1

2
M.

ZHz È mL
The Jacobi Zeta function: ZHz È mL � EHz È mL - EHmL

KHmL FHz È mL.
B

BHa, bL
The Euler beta function: BHa, bL � G HaL G HbL

G Ha+bL � Ù0

1
ta-1 H1 - tLb-1 â t �; Re HaL > 0 ì Re HbL > 0.

BzHa, bL
The  incomplete  beta  function:

BzHa, bL � Ù0

z
ta-1 H1 - tLb-1 â t �; Re HaL > 0; BzHa, bL � za GHaL 2F

�
1Ha, 1 - b; a + 1; zL �; -a Ï N.

BHz1,z2LHa, bL
The generalized incomplete beta function: BHz1,z2LHa, bL � Ùz1

z2 ta-1 H1 - tLb-1 â t � Bz2
Ha, bL - Bz1

Ha, bL.
G

ý

Euler gamma ý: ý � limn®¥ IÚk=1
n 1

k
- logHnLM » 0.5772156¼

Γn

The nth Stieltjes constant: Γn � H-1Ln n! IAHs - 1Ln E IΖHsL - 1
s-1

MM �; n Î N.
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GHzL
The Euler gamma function: GHzL � Ù0

¥
tz-1 ã-t  â t �; ReHzL > 0.

GHa, zL
The incomplete gamma function: GHa, zL � Ùz

¥
ta-1 ã-t  â t � GHaL - za Úk=0

¥ H-zLk

Ha+kL k!
.

GHa, z1, z2L
The generalized incomplete gamma function: GHa, z1, z2L � Ùz1

z2 ta-1 ã-t  â t � GHa, z1L - GHa, z2L.
D

∆HxL
The Dirac delta function: ∆ HxL � 1

Π
 lim¶®0

¶

x2+¶2
�; x Î R.

∆Hx1, x2, ¼, xmL
∆HnL
The discrete delta function: ∆HnL = : 1 n � 0

0 else

∆Hn1, n2, ¼, nmL
The multidimensional discrete delta function: ∆Hn1, n2, ¼, nmL = Ûk=1

m ∆In jM
∆n1,n2,¼,nm

The Kronecker delta function: ∆n1,n2,¼,nm = : 1 n1 � n2 � ¼ � nm

0 else

E

¶n1,n2,¼,nd

Z

ΖHsL
The Riemann zeta function: ΖHsL � Úk=1

¥ 1
ks �; Re HsL > 1.

ΖHs, aL
The generalized Riemann zeta function: ΖHs, aL � Úk=0

¥ 1

IHa+kL2Ms�2 �; -a Ï N.
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Ζ
`Hs, aL
The generalized classical Riemann zeta function: Ζ

`Hs, aL � Úk=0
¥ 1Ha+kLs �; Re HsL > 1.

Ζ
�Hs, aL
The regularized generalized classical Riemann zeta function: Ζ

�Hs, aL � Úk=0
¥ 1Ha+kLs �; -a Ï N;

Ζ
�Hs, -nL � Úk=0

n-1 zk

Hk-nLs + Úk=n+1
¥ zk

Hk-nLs �; n Î N.

ΖHz; g2, g3L
The Weierstrass elliptic zeta function: Ζ Hz; g2, g3L � 1

z
+ Úm, n=-¥8m,n<¹80,0<

¥ 1

z-2 m Ω1Ig2,g3M-2 n Ω3Ig2,g3M +

1

2 m Ω1Ig2,g3M+2 n Ω3Ig2,g3M + z

I2 m Ω1Ig2,g3M+2 n Ω3Ig2,g3MM2
.

H

ΗHzL
The Dedekind eta modular function: ΗHzL � ãΠ ä z�12 Ûk=1

¥ I1 - ã2 Π ä k zM �; Im HzL > 0.

8Η1, Η2, Η3< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3 Hg2, g3L<
The  values  of  the  Weierstrass  zeta  function  at  the  half-periods  8Ω1, Ω2, Ω3<:8Η1, Η2, Η3< � 8Η1Hg2, g3L, Η2Hg2, g3L, Η3Hg2, g3LL � 8Ζ HΩ1; g2, g3L, Ζ HΩ2; g2, g3L, Ζ HΩ3; g2, g3L<.

Q

ΘHxL
The unit step function: ΘHxL �

1 x ³ 0

0 x < 0
�; x Î R.

ΘHx1, x2, ¼, xnL
The multidimensional unit step: ΘHx1, x2, ¼, xnL = Ûk=1

n ΘHxkL
JHzL
The Riemann-Siegel theta function: JHzL � -

z log HΠL
2

- ä
2

IlogG I 1
4

+ ä z
2

M - logG I 1
4

- ä z
2

MM.
J1Hz, qL
The first elliptic theta function: J1Hz, qL � 2 q4 Úk=0

¥ H-1Lk qk Hk+1L sinHH2 k + 1L zL �;  q¤ < 1.

J1
¢ Hz, qL
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The  first  derivative  with  respect  to  z  of  the  first  elliptic  theta  function:

J1
¢  Hz, qL �

¶J1  Hz,qL
¶z

� 2 q4 Úk=0
¥ H-1Lk qk Hk+1L H2 k + 1L cos HH2 k + 1L zL �;  q¤ < 1.

J2Hz, qL
The second elliptic theta function: J2Hz, qL � 2 q4 Úk=0

¥ qk Hk+1L cosHH2 k + 1L zL �;  q¤ < 1.

J2
¢ Hz, qL

The  first  derivative  with  respect  to  z  of  the  second  elliptic  theta  function:

J2
¢  Hz, qL �

¶J2  Hz,qL
¶z

� -2 q4 Úk=0
¥ qk Hk+1L H2 k + 1L sin HH2 k + 1L zL �;  q¤ < 1.

J3Hz, qL
The third elliptic theta function: J3Hz, qL � 1 + 2 Úk=1

¥ qk2
cosH2 k zL �;  q¤ < 1.

J3
¢ Hz, qL

The  first  derivative  with  respect  to  z  of  the  third  elliptic  theta  function:

J3
¢  Hz, qL �

¶J3  Hz,qL
¶z

� -4 Úk=1
¥ qk2

k sin H2 k zL �;  q¤ < 1.

J4Hz, qL
The fourth elliptic theta function: J4Hz, qL � 1 + 2 Úk=1

¥ H-1Lk qk2
cosH2 k zL �;  q¤ < 1.

J4
¢ Hz, qL

The  first  derivative  with  respect  to  z  of  the  fourth  elliptic  theta  function:

J4
¢  Hz, qL �

¶4 Hz,qL
¶z

� -4 Úk=1
¥ H-1Lk k qk2

sin H2 k zL �;  q¤ < 1.

JcHz È mL
The Neville elliptic theta function C: Jc Hz È mL �

2 Π qHmL
m K HmL Úk=0

¥ qHmLk Hk+1L cos I H2 k+1L Π z
2 K HmL M.

JdHz È mL
The Neville elliptic theta function D: Jd  Hz È mL � Π

2 K HmL J1 + 2 Úk=1
¥ qHmLk2

cos I k Π z
K HmL MN.

JnHz È mL
The Neville elliptic theta function N: Jn Hz È mL � Π

2 1-m K HmL J1 + 2 Úk=1
¥ H-1Lk qHmLk2

cos I k Π z
K HmL MN.

JsHz È mL
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The Neville elliptic theta function S: Js Hz È mL �
2 Π qHmL

m 1-m K HmL Úk=0
¥ H-1Lk qHmLk Hk+1L sin I H2 k+1L Π z

2 K HmL M.
QHW, sL
The  Siegel  theta  function  QHW, sL  with  symmetric  Riemann  modular  matrix

W � 88m1,1, ¼, m1,r<, ¼, 8mr,1, ¼, mr,r<<   with  positive  definite  imaginary  part  and  vector  s � 8s1, ¼, sr<   is

defined through Ún1=-¥
¥ ¼ Únr=-¥

¥ ãä Π In×WT ×n+2 n×sM, where WT  means transposed to W matrix (or vector) and n ranges

over  all  possible  vectors  in  the  r-dimensional  integer  lattice:

QHW, sL � Q

m1,1 ¼ m1,r

¼ ¼ ¼
mr,1 ¼ mr,r

, 8s1, ¼, sr< � Ún1=-¥
¥ ¼ Únr=-¥

¥ ãä Π Hn×W×n+2 n×sL �;
W � 88m1,1, ¼, m1,r<, ¼, 8mr,1, ¼, mr,r<< ì s � 8s1, ¼, sr< ì n = 8n1, ¼, nr<.

QB u
v

F HW, sL
The  Siegel  theta  function  QB u

v
F HW, sL  with  characteristic  K u

v
O �; u � 8u1, ¼, ur< ì v � 8v1, ¼, vr<,  symmetric

Riemann  modular  matrix  W � 88m1,1, ¼, m1,r<, ¼, 8mr,1, ¼, mr,r<<   with  positive  definite  imaginary  part  and

vector s � 8s1, ¼, sr<  is defined through Ún1=-¥
¥ ¼ Únr=-¥

¥ ãä Π IHn+uL×WT ×Hn+uL+2 Hn+uL×Hs+vLM, where WT  means transposed

to  W  matrix  (or  vector)  and  n  ranges  over  all  possible  vectors  in  the  r-dimensional  integer  lattice:

QB u
v

F HW, sL � QB 8u1, ¼, ur<8v1, ¼, vr< F 

m1,1 ¼ m1,r

¼ ¼ ¼
mr,1 ¼ mr,r

, 8s1, ¼, sr< � Ún1=-¥
¥ ¼ Únr=-¥

¥ ãä Π HHn+uL×W×Hn+uL+2 Hn+uL×Hs+vLL �;
u = 8u1, ¼, ur< ì v � 8v1, ¼, vr< ì W � 88m1,1, ¼, m1,r<, ¼, 8mr,1, ¼, mr,r<< ì s � 8s1, ¼, sr< ì n =8n1, ¼, nr< ì n + u � 8n1 + u1, ¼, nr + ur< ì s + v � 8s1 + v1, ¼, sr + vr<.

L

ΛHnL
The Carmichael lambda function: the smallest integer Λ such that for any m with gcdHm, nL � 1 the congruence

mΛ HnL mod n � 1 holds.

ΛHzL
The lambda modular function: Λ HzL � 16 ãä Π z Ûk=1

¥ J 1+ ã2 k Π ä z

1+ãH2 k -1L Π ä z
N8 �; Im HzL > 0.

ΛΝ,ΜHΓL
The eigenvalue of the spheroidal wave functions (the spheroidal eigenvalue of degree Ν and order Μ of the corre-

sponding  Sturm-Liouville  wave  differential  equationI1 - z2M w¢¢HzL - 2 z w¢HzL + IΛ + Γ2I1 - z2M - Μ2 � I1 - z2MM wHzL � 0).
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M

ΜHnL

The Möbius function Μ: ΜHnL �

1 if n � 1

0 if $m
n

m2
Î Z

H-1Lk if n � Ûj=1
k p j �; p j Î P ì p j-1 < p j

. 

P

Π

The constant pi: Π � 4 Úk=0
¥ H-1Lk

2 k+1
» 3.141592¼

ΠHxL
The number of primes less than or equal to x: Π HxL � Úk=1

dxt ΘHx - pkL �; x Î R ì x ³ 0 ì pk Î P.

PHn È mL
The complete elliptic integral of the third kind: PHn È mL � PIn; Π

2
É mM � Ù0

Π

2 1

I1-n sin2HtLM 1-m sin2HtL  â t �; - Π
2

< z < Π
2

.

PHn; z È mL
The incomplete elliptic integral of the third kind: PHn; z È mL � Ù0

z 1

I1-n sin2HtLM 1-m sin2HtL  â t.

R

Ρk

The  kth  nontrivial  zero  of  the  Riemann's  zeta  function  ΖHsL  on  the  critical  half-line  s � 1
2

+ ä t �; t > 0:

HΖHsL �; s � ΡkL � 0 �; k Î N
+.

S

ΣkHnL
The sum of the kth powers of the divisors of n: ΣkHnL � Údýn dk �; n Î N+.

ΣHz; g2, g3L
The  elliptic  Weierstrass  sigma  function:

Σ Hz; g2, g3L � z Ûm, n=-¥8m,n<¹80,0<
¥ K1 - z

2 m Ω1Ig2,g3M+2 n Ω3Ig2,g3M O ´ exp z2

2 I2 m Ω1Ig2,g3M+2 n Ω3Ig2,g3MM2
+ z

2 m Ω1Ig2,g3M+2 n Ω3Ig2,g3M .

ΣnHz, g2, g3L
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The  associated  elliptic  Weierstrass  sigma  function:

Σn Hz, g2, g3L �
ã-Ηn z ΣIz+Ωn;g2,g3M

ΣIΩn;g2,g3M �; n Î 81, 2, 3< ì
8Ω1, Ω2, Ω3< � 8Ω1Hg2, g3L, -Ω1Hg2, g3L - Ω3 Hg2, g3L, Ω3Hg2, g3L< ì Ηn � ΖHΩn; g2, g3L ì n Î 81, 2, 3<.

T

ΤHnL
The Ramanujan tau function of n: ΤHnL � 1

2 Ùä Γ-1

ä Γ+1
ã-2 Π ä n z ΗHzL24 â z �; n Î Z ì n ³ 0 ì ReHΓL > 0.

ΤLHzL
The Ramanujan tau L function: ΤLHzL � Ún=1

¥ RamanujanTauHnL
nz �; ReHzL > 1.

ΤZHzL
The Ramanujan tau Zeta function: ΤZHzL � 2-ä z Π-ä z-

1

2 GH6 + ä zL ΤLH6 + ä zL sinhHΠ zL
z Iz2+1M Iz2+4M Iz2+9M Iz2+16M Iz2+25M .

ΤΘHzL
The Ramanujan tau theta function: ΤΘHzL � -logH2 ΠL z - ä

2
 HlogGH6 + ä zL - logGH6 - ä zLL.

F

FHz, s, aL
The Lerch function: FHz, s, aL � Úk=0

¥ zk

IHa+kL2Ms�2 �; H z¤ < 1 ê H z¤ � 1 ì Re HsL > 1LL ì -a Ï N;

FHz, s, -nL � Úk=0
n-1 zk

IHk-nL2Ms�2 + Úk=n+1
¥ zk

IHk-nL2Ms�2 �; H z¤ < 1 ê H z¤ � 1 ì Re HsL > 1LL ì n Î N.

F
` Hz, s, aL
The Lerch classical transcendent phi function: F

` Hz, s, aL � Úk=0
¥ zk

Ha+kLs �;  z¤ < 1 ê H z¤ � 1 ì Re HsL > 1L.
F
� Hz, s, aL
The  Lerch  classical  regularized  transcendent  phi  function:

F
� Hz, s, aL � Úk=0

¥ zk

Ha+kLs �; H z¤ < 1 ê  z¤ � 1 ì Re HsL > 1L ì -a Ï N;

F
�

 Hz, s, -nL � Úk=0
n-1 zk

Hk-nLs + Úk=n+1
¥ zk

Hk-nLs �; H z¤ < 1 ê  z¤ � 1 ì Re HsL > 1L ì n Î N.

Φ

The golden ratio Φ: Φ � 1
2

I1 + 5 N » 1.618033 ¼
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ΦHnL
The  number  of  positive  integers  less  than  n  Hn ³ 0L  and  relatively  prime  to  dnt  (the  Euler  totient  function):

ΦHnL � Úk=1
n ∆gcd Hn,kL,1 �; n Î N.

Y

Ψ HzL
The digamma function ΨHzL: ΨHzL � Úk=1

¥ I 1
k

- 1
k+z-1

M - ý.

ΨHΝLHzL
The  Νth  derivative  of  the  digamma  function:

ΨHΝLHzL �

Ψ HzL Ν � 0

H-1LΝ+1 Ν ! Úk=0
¥ 1Hk+zLΝ+1

Ν Î N
+

H-ý Hz+ΝL+Ν logHzL-Ν ΨH-ΝLL z-Ν-1

GH1-ΝL + JÚk=1
¥ 1

k2
 2F

�
1I1, 2; 2 - Ν; - z

k
MN z1-Ν True

.

W

8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω3Hg2, g3L<
The  half-periods  8Ω1, Ω3<  for  Weierstrass  elliptic  functions  corresponding  to  the  invariants  8g2, g3<:
8Ω1Hg2, g3L, Ω3Hg2, g3L< � :ä 60

g2
 Úm, n=-¥8m,n<¹80,0<

¥ 1H2 m+2 n tL4

1�4
, ä t 60

g2
 Úm, n=-¥8m,n<¹80,0<

¥ 1H2 m+2 n tL4

1�4> �; JHtL �
g2

3

g2
3-27 g3

2
.

8Ω1, Ω2, Ω3< � 8Ω1Hg2, g3L, -Ω1Hg2, g3L - Ω3 Hg2, g3L, Ω3 Hg2, g3L<
The  half-periods  for  Weierstrass  elliptic  functions  corresponding  to  the  invariants8g2, g3<:8Ω1Hg2, g3L, Ω2Hg2, g3L, Ω3Hg2, g3L< � 8Ω1, Ω2, Ω3< �;

8Ω1, Ω3< � :ä 60
g2

 Úm, n=-¥8m,n<¹80,0<
¥ 1H2 m+2 n tL4

1�4
, ä t 60

g2
 Úm, n=-¥8m,n<¹80,0<

¥ 1H2 m+2 n tL4

1�4> �; J HtL �
g2

3

g2
3-27 g3

2
í Ω2 � -Ω1 - Ω3

Ã

ÃHz; g2, g3L
The  Weierstrass  elliptic  function  Ã:

Ã Hz; g2, g3L � 1

z2
+ Úm, n=-¥8m,n<¹80,0<

¥ 1

Iz-2 m Ω1Ig2,g3M-2 n Ω3Ig2,g3MM2
- 1

I2 m Ω1Ig2,g3M+2 n Ω3Ig2,g3MM2
.

Ã¢Hz; g2, g3L
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The  derivative  with  respect  to  z  of  the  Weierstrass  elliptic  function  P:

Ã¢ Hz; g2, g3L �
¶Ã Iz;g2,g3M

¶z
� -2 Úm=-¥

¥ Ún=-¥
¥ 1

Iz-2 m Ω1Ig2,g3M-2 n Ω3Ig2,g3MM3
.

Ã-1Hz; g2, g3L
The  inverse  of  the  Weierstrass  elliptic  function  Ã.  The  value  of  u  such  that  Ã Hu; g2, g3L � z:

Ã-1Hz; g2, g3L � Ù¥

z 1

4 t3-g2 t-g3

 â t �; z Î R ì Re I4 z3 - g2 z - g3M > 0.

Ã-1Hz1, z2; g2, g3L
The inverse of the Weierstrass function Ã. The value of u such that Ã Hu; g2, g3L � z1 and z2 � 4 z1

3 - g2 z1 - g3 :

Ã-1Hz1, z2; g2, g3L � Ù¥

z1 1

4 t3-g2 t-g3

 â t �; z2 � 4 z1
3 - g2 z1 - g3 .

HxL
The generalized Dirac comb function (x) : HxL � Úk=-¥

¥ ∆Hx - kL.
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