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Notations

Traditional name

Welerstrass half-periods

Traditional notation

{w1(92, 93), w3(Q2, Ua)}

Mathematica StandardForm notation

Wi erstrassHal f Periods|[{g, gs}]

Primary definition

09.18.02.0001.01

14 1/4
60 & 1 60 & 1 9%
(@102 89, 3G, @) = {i| — D ————| Lit|— Y ————| }ido=
92 m, N=—co (2 m+2n t)4 92 m, N=—co (2 m+2n t)4 gg -27 g%
{mn}#{0,0} {mn}=+{0,0}

The following abbreviation will be used below:

09.18.02.0002.01
(w1, Wy, w3} = {w1(G2, U3), —w1(d2, U3) — W3(d2, G3), w3(Qz, U3)}

Specific values

Values at fixed points

09.18.03.0001.01
2

1+1 1
(1(-1, 0), wy(~1, 0)) = { r(—)
4+ 21 4

)

09.18.03.0002.01
2

1 1 i 1
{wy(1, 0), w(L, 0)} ::{ r(—) , r[ ) }
avx Y aVn

09.18.03.0003.01

1 (1 1+vV3i (1)
(@10, D, w300, )= {— r( ] . r[ )}
T /e
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General characteristics

Domain and analyticity
{w1(g2, 93), w3(Ge, 93)} is an vector-valued function of g, and gs that is analytic in each component and it is
defined over C2.
09.18.04.0001.01

{02+ 9a} — {w1(G2, Ga), w3(G2, B} 1 {CRC}—{CRC}

Symmetries and periodicities

Mirror symmetry

09.18.04.0002.01
w1(T2, T3) == w1(Q2, 93)

09.18.04.0003.01
w3(T2, O3) = —w3(G2, G3)

Series representations

Generalized power series

09.18.06.0001.01

1/4 1/4
60 & 1 60 & 1 %
(0182 G), w3(@, I} = {i| — > —————| it|— Y ————| }ran=
gZ m, N=—co (2m+ 2nt)4 g2 m, N=—co (2m+ 2nt)4 gg - 27 g%
{m,n}#{0,0} {m,n}(0,0}

Integral representations

On the real axis

Of thedirect function

09.18.07.0001.01

~ e
{w1(%2, O3), w3(G2, G3)} == {f
€

if— }/;

1 1
—_—dt, dt
VAt —gpt—gs T4t —gt-gs

BeRN\meRN\G-27¢>0/\ 4 -gt-g=4t-e)t-e)t-e&) \e>e>e

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
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09.18.13.0001.01

s o, dor 19
(9;-279) E + 7 w105~ > O3 {(w1; G, U3) == 0/; {w1, w3t == {w1(02, G3), w3(Q2, Ga)} /\
2
3 5 (3&)3 1 5 9
(63-279) g + Zws g - > 03 {(w3; Go, G3) == 0/\ {w1, w3} == {w1(d2, U3), W3(G2, G3)}
2

09.18.13.0002.01

3 5, 01w1(G2, G3), w3(Q2, G3)} )
4(g; - 27 93) a9 == 189311 — 03 {w1(D2, U3), w3(Q2, O3)} /;
2

{92, 93} == {9, (71, m2), G5 (71, m2)} A\ (11, M2} = (L (w1 G, Ba), {ws; G2, G} A\ (w1, w3} = {w1(Ta, Gs), W3(Ga, T)}

Differentiation

Low-order differentiation

With respect to g

09.18.20.0005.01
d{w1(G2, G3), w3(Gp, G3)} 1803 {({w1(Ta, Ta), w3(T2, Ga)}; T2, Ua) — U3 {w1(Tz, Gs), w3(Gp, U3)}

0% 4(g-2743)

09.18.20.0001.01

dw;  18ggm - Q5w
— = —————————— /i {w1, w3} = {w1(¥2, G3), w3(Q2, G3)} A i = {(wi; G2, U3)
09, 4(g5 - 273

09.18.20.0002.01

dws  18gsns— g3 ws
— = ————— /[, {w1, w3} = {w1(2, G3), W3(02, G3)} A i = {(wi; G2, U3)
0%  4(g-274))

09.18.20.0006.01

62 {wl(921 g3)1 (4)3(92, g3)} 1 2 2
= . (5{w1(G2, 93), w3(G2, Ga)} 05 — 216 93 {({w1(Ta, G3), w3(D2, Ga)}; U2y G3) G5 +

a9 16(g; - 27G3)

18903 {w1(Q2, Gs), w3(Ta, o)} G2 + 16205 ¢ ({w1(a, Ga), w3(T2, G3)); Gz, O))

With respect to g3

09.18.20.0007.01
9{w1(2, G3), w3(G2, B)} 903 {w1(92, U3), w3(92, 93)} — 602 {({w1(D2, 93), w3(T2s G3)}; G2y U3)

003 2 (gg -27dj)

09.18.20.0003.01
dw; 9%zw1-6gm
— = —————— [} {w1, w3} = {w1(G2, G3), W3(T2, G3)} A in == {(wn; G2, 3) ANe (L, 2, 3}
9% 2(g-27g})

09.18.20.0004.01

dwz 903wz -6 13
— = ————————— /[, {w1, w3} = {w1(Q2, G3), W3(G2, U3)} A 1in = {(wn; G2, G3) ANe(l, 2, 3}
093 2(g-278%)
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09.18.20.0008.01
8 {w1(Gp, Y3), w3(, Ga)} 1

IV

= ” (3(5{w1(2, 93), w3(Gp, G2)} O3 + 6 ¢’ ({w1(Tp, Ga), Wa(2, G3)); G2, G3) G5 —
4(g; - 2793)

216 g5 {({w1(Q2, G3), w3(Q2, G3)}; G2, Ua) G + 189 05 {w1(Qa, G3), w3(Qa, G3)})

Representations through equivalent functions

With inverse function

09.18.27.0001.01

{92, G} = {0, (w1, W3), G5 (W1, W)} /; {w1, W3} = {W1(Gp, T3), W3(T, Ua)}

With related functions

Involving elliptic integrals

09.18.27.0002.01

w3z K@A-m) N I T w3
=—/im=q [ (
wy K(m)

]) /\ (o1, w3) = (w1(G2, Ga), w3(Gz. B))

wq

09.18.27.0003.01
K(m) iK(1-m)

J%—%’J%—%

I7Tws3
m== q‘l[exp[

{w1, w3} == {

}/2 {€1, &, &3} == {p(w1; G2, G3), P(w1 + w3; Gz, G3), P(ws; Tz, G3)} /\

]] /\ {w1, w3} = {w1(92, G3), W3(T2, B3)}

w1

Theorems

Transcendentality of one expression with Weierstrass functions

Any a1 w1(e, U3) + @2 w3(d2, 93) + @3 {(w1(J2, 93); G2, U3) + @4 {(w3(Q2, U3); G2, U3) + @5 27i #+ 0, where ay, a»,
as, a4, as are algebraic numbers, is transcendental .

History

—C. G. J. Jacobi (1835)
—K. Weierstrass (1862)
—A. Hurwitz (1905)
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involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01
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