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Notations

Traditional name

Generalized regularized incomplete beta function

Traditional notation

I(Zl,ZZ)(av b)

Mathematica StandardForm notation

Bet aRegul ari zed[z, 2, a, b]

Primary definition

06.22.02.0001.01
B(z1, 2, &, b)

lz,.2,)(@, b) ==
@z B(a, b)

Specific values

Specialized values

For fixed z1, 2, a

06.22.03.0001.01
lg.zp@ -M=0/;neN

06.22.03.0002.01

-1 (@) (1-2) n-1 (@), (1-27)¥
lz,.2)(@ M) == é; T - éé T /ineN

For fixed z1, 5, b

06.22.03.0003.01
I(Zl,Zz)(_nl b)=0/;neN

06.22.03.0004.01

! (b) % ! (b2
lgzp(M b)=(1-2)° Y ——-(1-2)° ) —— /;neN
k=0 k! k=0 k!

For fixed z, a, b
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06.22.03.0005.02
Iz, 0(@ b)=-1;(a b)/;Re(@ >0

06.22.03.0006.01
Iz, 0@ b) =& /; Re(a) < 0

06.22.03.0007.01
(@ b) = 1-1,,(a, b) /; Re(b) > 0

For fixed 25, a, b

06.22.03.0008.02
lozy(@ b)==15(a b)/; Re(a) > 0

06.22.03.0009.02
loz)(@ b) ==& /;Re(@) <0

06.22.03.0010.02
I(l’zz)(a, b) = Izz(a, b) - 1/, Re(b) >0

General characteristics

Domain and analyticity
l(z,2,)(@, b) isan analytical function of z;, z, a, b which is defined in Cc.
06.22.04.0001.01
(z1x2p*axb)— lz.2)(@, b):: (C4)—>C
Symmetries and periodicities

Mirror symmetry

06.22.04.0002.02
lgrz(@ b) =gy 2@ 0) /; 21 & (00, ) A 21 & (1, ) A2 & (=00, ) A 25 & (1, 0)

Permutation symmetry

06.22.04.0003.01
I(Zl,ZZ)(av b) == _I(ZZ,Zl)(ar b)

Periodicity

No periodicity

Poles and essential singularities
With respect tob
For fixed z;, 7, a, the function I, ,,,(a, b) has only one singular point at b = c. Itisan essential singular point.

06.22.04.0004.01
Sing, (1z,2,)(@, b)) = {0, co}}

With respect to a
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For fixed z;, 75, b, the function |, ,,,(a, b) has only one singular point at a = c. Itisan essentia singular point.

06.22.04.0005.01
Sing,(1z,2,)(@, b)) = {0, oo}}

With respect to z
For fixed a, b, the function I, ,,)(a, b) does not have poles and essential singularities.
06.22.04.0006.01
Singzk(l(zl,zz)(a, b))=={} /; ke {1 2}
Branch points
With respect tob
For fixed z;, 7, a, the function |, ,,(a, b) does not have branch points.

06.22.04.0007.01
BPy(lz.2)(@ b)) = {}

With respect to a
For fixed z;, 75, b, the function |, ,,(a, b) does not have branch points.

06.22.04.0008.01
Bpa(l(zl,zz)(a‘ b)) ={}

With respect to z
The function 1, »,)(a, b) has for fixed zor fixed z:three singular branch points with respect to zor z;: z =0, 7 =1,
Z=c0, k=1, 2.

06.22.04.0009.01
BP; (lgz)(@ D) =10, 1, &} / ke {1, 2}

06.22.04.0010.01
Ry (lg 2@ 0), 0)=log/;a¢ Z Nag Q ANke {1, 2}

06.22.04.0011.01

p
Ra(lz2(@ b), 0) = q /; a= a/\ pez \g-1en* A gedp, gy =1/\ke(1 2

06.22.04.0012.01
R (lg 2@ b), 1) =log/;be Z AbeQ Ake {1, 2}

06.22.04.0013.01

p
Ry (2@ ), 1) = q /; b= E/\ pez N\a-1en A\ gadpa=1/\ke(1 2

06.22.04.0014.01
R (lgzp@ b), ®)=log/;a+bezVa+beQAke(l, 2}
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06.22.04.0015.01

r
Rzk(l(zlyzy(a, b), &)) =s/;a+b= —/\r eZ/\s— 1eN*/\gcd(r, S) == 1/\ke {1, 2}
S

Branch cuts
With respect tob
For fixed z;, 2, a, the function |, ,,,(a, b) does not have branch cuts.

06.22.04.0016.01
BCp(l(zy,2)(@ D)) = {}

With respect to a
For fixed z;, 75, b, the function I ., ,,,(a, b) does not have branch cuts.

06.22.04.0017.01
BCa(l (2,29 D)) = {}

With respect to

For fixed a, b, 2, the function I, ,,(a, b) is asingle-valued function on the z;-plane cut along the intervals (-0, 0) and
(1, ).
The function |, 2,)(a, b) is continuous from above on the interval (—co, 0) and from below on theinterval (1, co).
06.22.04.0018.01
BCy(Iz,.2)(@ b)) = {{(=00, 0), =i}, {(1, c0), i}}
06.22.04.0019.01

EI”I}) |<xl+i€12)(a, b) = I(Xl'zz)(a, b) /, Xl < 0

06.22.04.0020.01
'lTo lix—i (@ B) =l z)(@ ) + (L= €7227) I, (a, b) /i % < 0

06.22.04.0021.01
lim 1o _iez,)(@ D) =l 2)@ b) /; X > 1
e->+0

06.22.04.0022.01
Iirpo lixy i€z (@ D) ==l 2@ D) + (1= €227 Iy (@, b) — 2i e ®" sin(b ) /; % > 1
€

With respect to z,

For fixed a, b, z, the function I, ,,)(a, b) is asingle-valued function on the z,-plane cut along the intervals (-0, 0) and
(1, o).
Thefunction |, ,,)(a, b) is continuous from above on the interval (—co, 0) and from below on theinterval (1, co).

06.22.04.0023.01
BCy)(liz,2)(@, D)) = {{(—00, 0), =i}, {(1, o), i}

06.22.04.0024.01
lim I(Zl,X2+5'e)(av b) == I(Zl,XZ)(av b) /i %o < 0
e—>+0
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06.22.04.0025.01
1M 1y -1 0@ D) = Iz (8, b) - (1-e2@ ) 1@ b) /; % <0

06.22.04.0026.01
M 1 x,-io(@ b) == Iz x,)@ b) /; % > 1
e-+0

06.22.04.0027.01
; -2ib —ib7 .
1M 1y v b) == I (@, ) = (1= e7#7) Ly (3, b) + 2727 i sin(b) /% > 1

Series representations

Generalized power series

Expansionsat {z, 2} == {0, 0}

06.22.06.0001.02

|-+

1-b2-bZF
+

I(Zl,Zz)(av b) o«

Bab) 2la 1+a 202+a) 1" Ba@ b

@ ->0ANZ->0A-a¢N

a l1+a

06.22.06.0002.01

1 0 (1 _ b)k (Zngk _ ﬁ‘*’k)
|z, 2)(@ b) == Nzl <1A|Bl<1A-aeN
@z)(@ b) B(a,b)k; ol s Azl <1\ -ag

06.22.06.0003.01

liz,,2)(@, b) = (B 2Fi@, 1-b a+1;2) -4 ,Fi(a 1-ba+1;z))

aB(a, b)

06.22.06.0004.01

lz.2)(@ b) Z(1+0@)-41+0@) ;@ >0 AZ->0)A-a¢N

B(a, b)

Integral representations

On the real axis

Of thedirect function

06.22.07.0001.01

Z
f 11 -t tat

4

I(Zl,Zz)(av b) ==
B(a, b)

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

06.22.13.0001.01
1-z)zW @)+ 1Q-a+@+b-2)2)W(z) =0/, WZ) = ¢ |z )@ D)+,

1 (1-bz A-bER-b2B ] 1 [1 1-bzg
+ +.. +

22+a
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06.22.13.0003.01
(1-z)"" 7™
Wzl(l, l(z.,2,)(@, b)) == W

06.22.13.0002.01
1-2)W (Z)+(1-a+@+b-2)2)W(Z) =0/, WZ) = ¢ |z )@ b +c

06.22.13.0004.01
A-z)"*Z*
sz(l, I(zl,zz)(ay b)) == W

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.22.16.0001.01
I(l—zl,l—zz)(av b) == _I(Zl,Zz)(br a)

06.22.16.0002.01

I'(a+hb)

lo y@+1, b=, @b+ ———(1-2)° 2 - (1-2)°
(7, z)( ) (7, z)( ) r(a+ 1) F(b) (( l) ﬁ ( 2) é)
06.22.16.0003.01
ra+b-1)
lg zy@=1,0) =g ;@ b+ ———— (1-2)°P & = (1 -2)° AL
(7, 2)( ) (7, 2)( ) F(a_) F(b) (( 2) Z; ( l) 411 )
06.22.16.0004.01
1 n-1 (1-a-n)
lgzp(@+ N, b) =I5, 2)(@ b) + X (-2 2" - 1-2)° B Y ineN
@+b+n-1B@+n,b)i52-a-b-n)
06.22.16.0005.01
1 n-1 (1—a)k
I 2@=1, b) = |5 5@, b) + 1-z)P 2% 1z 2 Y neN
@zl )=l @ D Ba D) £ (2-a- by (@-2°Z""-A-2°47") /ine
Identities
Recurrence identities
Consecutive neighbors
06.22.17.0001.01
I'(a+hb)
lgzy@b) =1, @+l b+ —— (1-2)" 2 -(1-27)°
(21,2) ) (21,2) ) F(a+ 1) F(b) (( 2) Zg 1 Zi)
06.22.17.0002.01
Fa+b-1)
| a b= a-Lb+— (1-z)P A t-1-2)A?
@.2)@ D) = |z, 2)( ) T (1-z)*Z " -1-2"F7)

Distant neighbors
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06.22.17.0003.01

. . 1 N (a+b-1)
| a, b)=1 a+n, b+
@) (@ 0 =l ) B(a b)(@a+b-1) ;‘ (@)

((1 _ 22)b Z;;+k—l _ (1 _ Zl)b z,;+k—l) /; nenN

06.22.17.0004.01

li2)(@ b) = I (@1, D) + - i (A-2" 4™ -A-2"Z* ") ineN
2,2)\& V) = l(z,,z —-n - —(1-= ‘ne
(21,25) (21,2)) B, b)(a+b—1)k (2—a—b)k 1 >

|
o

Functional identities

Relations between contiguous functions

06.22.17.0005.01

1
lzy2)(@ D) = —— (@l g z)(@+ 1, b) + bl 2@ b+ 1))
a+b

Major general cases

06.22.17.0006.01
lzy,2)(@ D) == —l(1_7 1-7,)(D, &

06.22.17.0007.01
I(1—21,22)(av b) == I(1—22,21)(bu a)

Differentiation

Low-order differentiation

With respect to z

06.22.20.0001.01
— -1
0l 2@ ) (1- Zl)b . Zi

0z B(a, b)

06.22.20.0002.01
Plgy @b (1-a+@+b-22z)

92 B(a, b)

(1-z)P2272

With respect to z,

06.22.20.0003.01
Ngzm@ b A-z) 1A
9z,  B@b)

06.22.20.0004.01

azlzl,zz (@ b a-(@a+b-2z-1
@.2) _ (a=( )2 )(1_22),)72 A2
0z B(a, b)

With respect toa
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06.22.20.0005.01

al(zl,zz)(ay b)
———— =109 (%) I,(a, b) —log(z;) I, (& b) + (Y (@a+b) — (@) Iz 2@ b) +
IF'@r@+b _ _
T o (Z3Fxaa 1-ba+l,a+1,2)-43Fya a 1-bja+1 a+1;2))

06.22.20.0006.01

#lgz)@ b))  2I(@TI(@+b)
o2 T

Z (log(zp) - y(a) + Y@+ h) sFa(a a, 1-bja+1,a+1;2)) +

(Z (logz) —v@ +y@+b)sFa@ a 1-bja+l a+1z)-

2l (@)?(a+b)

I'(b)
Iz,(@, b) (~log’(zy) + 2y(@) log(zy) - 2¥(a+ b) log(zy) — (@) - w(@+b)* + 2y(@ y(a+b) + yP(@ - yP@+ b)) +

I2,@, b) (10g°(z) + 2y(@+b) log(zp) + w(@? + w(@a+ ) - 2y(@) (log(z) + Y@+ b)) -y (@ + yP(a+ b))

(B4Fs@aa l-bja+l,a+l,a+1,2)-Z44F3@ aa 1-ba+la+la+1z)+

With respect tob

06.22.20.0007.01

6|(zl,z2)(a, b)
Y l0g(1-2) 11 (b, @ — 109(1 = 2) I35, (b, @) + (Y(@+b) —¢(0)) | (@ b) +
I'(b) (@ +b)
T(g z(bbl ab+1 b+11 22)(1 22) —ng(bbl ab+l b+1l Z]_)(l Zl))
a

06.22.20.0008.01
Pl 2@ b)) 2(1-2)°T(b)I@+b)
o2 I
((log(1-2) —y(b) + Y@+ b)) sFa(b, b, 1-a;b+1,b+1;1-2)-T(b) 4F3(b, b, b, 1-a;b+1,b+1, b+11-2)) -
15, (b, @) (l0g”(1 - 2) + 2¥(@+ b) 10g(L - 2,) + Y(b)” + W@+ b)* — 2y(b) (10g(L - 2,) + Y(@+ b)) -y (b) + yP(@+ b)) -

2(1-27)°T(b)T(@+b)

r'(a)
((og(1-2zy) —y(b) + Y@+ b)) sFa(b, b, 1-a;b+1,b+1;1-2)-T(b) 4F3(b, b, b, 1-a;b+1,b+1 b+11-2))+

15, (b, @) (log”(1 ~ 21) + 2@+ b) l0g(L - z;) + Y(b)* + Y@+ b)* — 2u(b) (log(1 - z;) + Y(@+ b)) -y (b) + yP(a+ b))

Symbolic differentiation

With respect to 4

06.22.20.0017.01

9"l ,,z,)(a, b) (1-z) A"t z
T =6nlz )@ b))+ ———— Z( n" k( K )(1 by (1 -a)n k1 ( 12

06.22.20.0009.02
Mg zy@ b  (-D)"T(@+ b)

G

k
) /ineN

1
—z)P A, (1 al-mb-n+1; l——)/neN
ZA|

With respect to z,
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06.22.20.0018.01

"lz,,2)(@, b) (1_22)b—1 Zg_n l n-1 Zz)
e — =g py@ - ————— (—1)”"‘( )(1—b) (1-a)nk ( ] fineN
GFA ") Bab = k K ket 1-2

06.22.20.0010.02
Mg my@b  (—)"r@+b)

05 (@

With respect toa

(1-2z)™" 23'1 2'31(

06.22.20.0011.02
"z 2,)(@ b) bsin(rb) (@) n!

éa" }

b
i=0

1
i=0 (j_|)!

n
z";Z(—l)“-i log'z) T@+b)" " oFn jsa(an, @, oy @0

j=0
i 1 ~
—— i2Fia(C G o G =B+ L G + 1,
i=0 (] _l)!
q=ay==..=ap1=a+bAc=c=..=¢c,1=aAneN
With respect tob

06.22.20.0012.02
Mz z)@ b)  asingra)T(b)n!
b

T

n
1-2)° > (D" logh 1 - ) @+ b 0P jua(as, 2o,
j=0

i

2.

i=0

Y i+2Fir1(CL Gy oy Gup, 1-85 G+ L, G + 1,

1-a,1-nb-

———— i2Fia(Cy, Gy o G, 1= G+ 1 G+ 1,

1
n+1;1-—
Z

)/;neN

n
2 (1" log @) T@+ )" 0P a(an 8, o nojen 14D & + 1, 80+ 1, oy By is + 1 )

@)
log(z)

o G+ 1 2)

o)
L ltbiar+1,a+1 ., a8+ 1 1)

I'(a)
log(z;)

ceey Ci+1+1; Zl) [—

R l+baa+1,a+1, ..., An_j+1 T 1; 1)
I(b) )i

v CGp1 + 15 1—22)(——
log(1-2)

n
(1-20° > (D" logh X - z) @+ )" | oFn jia(81, B, oo njur, T+ DA AL+ 1, 2+ 1, oy By + 15 1)

j=0
i 1 ~
> 1oFiaCL, G G, 1-E G+ 1 G+ 1,
i=0 (] _i)!
g ==ay==..=ap1==a+bAc=c=..=¢cy1=bAneN

Fractional integro-differentiation

With respect to z

I'(b)

Gt l-z)f-———
log(1-2z)

==
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06.22.20.0013.01
" |(zl,zz)(ay b) ZIQ

04

ZT(a+b)
T

2F1(a., 1- b, a—a

lZZ (a, b)
3

06.22.20.0014.01

+1,7z)/, —a¢N*

iz <1

1,1,(@, b) z . 1 = (1-b)FCo@, a+k ™
== IZ a, —
0z rl-ao) (& D B(a, b) & @+kk!

With respect to z,

06.22.20.0015.01
g p@b)  T@+b) ™

—Q

Fial-ba-a+12)-

I,(a b) /; —a¢N*

62‘2’ I'(b) —a
06.22.20.0016.01
1 zzp(@, b) 1 & (1-byFCohz a+k ™" 2o
= - @ b)/lzl<1
0z, B(a, b) = (a+kyk! rl-a)
Integration

Indefinite integration

Involving only one direct function with respect to z;

06.22.21.0001.01

fl(a zl,zz)(aq b)d 7 =

loz(@+1, D)+ 14z 2@ b)zg
a(@+

06.22.21.0002.01

a
f'(zl,zz)(a, b)dz == a+b

Izl(a+ 1, b) +27Z; |(Zl,22)(a, b)
Involving one direct function and elementary functionswith

Involving power function

06.22.21.0003.01

f471 I(tlzl,zz)(a, b) dzl == zf

a

I'@+b)(@z)™
I'(a) T[(b)

06.22.21.0004.01

_ v Fa+bT@+a)
fzﬁ L |(zlyzz)(a, b) d/Zl = — |(Zl‘22)(a., b) +
a

_

eT@T@+b+a)

Involving only one direct function with respect to z,
06.22.21.0005.01

fl(zl,azz)(aa bdz, =2z |(zl,azz)(av b) -

a
lz,(@+1, b)
a(@a+b)

06.22.21.0006.01

a
f'(zl,zz)(a, b)dz, =21z 2)(@ ) — ——I,(@+1, b)
a+b

respect toz

Boz(@+a, b) +1uz2)(@ b)

y@+e, b)
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Involving one direct function and elementary functionswith respect to z;

Involving power function

06.22.21.0007.01

~ A B,z,@+a,b)(az)™
fZZ ! I(Zl,a zz)(an b) dzz = I(zl,a zz)(a; b) - :
a

B(a, b)
06.22.21.0008.01
IF'a+bTI(a+a
f g0 (@ b dz == é l2,.2)(@ D) — farbr@+e I, (@a+a, b)
a al@T(@+b+a)
Integral transforms
Laplace transforms
06.22.22.0001.01
1 (-1 2T (@+b)
.Ct[l(tvzz)(a, b)] (Z = — |Zz(a, b) - T U(a, a+ b, —Z) /, Re(Z) >0A Re(a) >-1
z

Representations through more general functions

Through hypergeometric functions

Involving oF1

06.22.26.0001.01
I'@+b)
I'(b)

liz.2)(@, b) = (Z 2Fi@ 1-bja+1;,2)-ZFi(a 1-bja+1,2))/; —a¢N

06.22.26.0002.01

I'@+b)

Iz, 2)(@, b) = (1-z)°ZFi1a+b b+ 1 1-2)-(1-2)°F,Fi(1, a+b b+ 1,1-2))/; -b&N

06.22.26.0003.01

| b) == csc( b)) sin(b ) N A ) Z) ﬂicwﬂ(a+b))
2.2,)(@ D) = a+b))sin —-2) 88— (-z) ) -
@.2)( 7 ( ™ (-2 (=7 r@r®)
_ 1 ~ 1
((—zz)b‘lzngl(l—b, l-a-b2-a-b; —)—(—zl)b‘lz‘izFl(l—b, l-a-b2-a-b; —)) a+beN*
4] Z

Involving »F;

06.22.26.0004.01

liz,,2)(@, b) = (BoFi@ 1-ba+1,2)-Z,Fi(a 1-ba+1,z)) /; —a¢N

06.22.26.0005.01

liz,,2)(@, b) = (A-z)"ZFi(La+b b+ 1 1-2)-(1-2)° B ,Fi(1, a+bb+1;,1-2)) /; -beN

bB(a, b)
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06.22.26.0006.01
Izz 1b== b)) sin(b —-2,) 8L —(-z)? - @ @
(@.2p(@ ) = stz (a+ b)) sin(b ) (-2) 2 4 - (-2z0) 2i)+(a+b_1)B(a, ™
1 1
((—zz)b‘lézFl(l—b, l-a-b;2-a-b; —]—(—zl)b‘lﬁzFl(l—b, l-a-b;2-a-b; —))/; a+be¢N*
2] Z

Through Meijer G

Classical casesfor the direct function itself

06.22.26.0007.01

sin(bm) T (a+hb)

l(z,2)(@ b) = ﬂF—@ (é Géé(—zz

1-ab

0. -a )_ Z?Géé(_z

1-a3a, b))
0, —-a

Classical casesinvolving algebraic functionsin the arguments

06.22.26.0008.01

I ) (3 b)= 1‘2(2‘ L 1_a)/'2ez( 1
=Y T rarm 2l bo )" ’
06.22.26.0009.01
sn(ra)I' (a+b
(Z+ 1)a+b—1 I 1 1)(&, b) _ (7T ) ( + ) Géé(z‘ b,ba'g b) /’ z¢ (—oo, —l)
z+1’ T y

Representations through equivalent functions

With inverse function
06.22.27.0001.01
ity e0) @ D = 22
With related functions

06.22.27.0002.01
I(Zl,ZZ)(av b) == |22(a: b) - Izl(av b)

06.22.27.0003.01

I(zl,zz)(a- b) == B(zl,zz)(a- b)

J
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