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Notations

Traditional name

Derivative of the Jacobi theta function ¢»

Traditional notation

95z, Q)

Mathematica StandardForm notation

EllipticThetaPrinme(2, z q]

Primary definition

09.06.02.0001.01

oz g =-2+/q > d*D @k+ Dsin(2k+1)2) /; o] < 1
k=0

Specific values

Specialized values

For fixed z

09.06.03.0001.01
35z, 0=0

For fixed g

09.06.03.0002.01
850, @) == 0

09.06.03.0004.01

(T ilog(@)\?
‘92(——, Q) =2n(-
2 Vg

09.06.03.0005.01

(T ilog(g))’
2 g

09.06.03.0003.01
dmm, q)=0/,meZ
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09.06.03.0006.01

Izlog(q)]3
| /mez
e

T
0’2(7r m+ > q) =2(-pm™? 77[—
09.06.03.0007.01

d(~i log(a), a) —:——,/ \/ a @ K(a @)

09.06.03.0008.01

1 1
(5"2[— 5 (i log(@)), Q) =i T d3(0, Q)
Va

09.06.03.0009.01

1
( (m—ilog(q)), q) = 34(0, @
va

09.06.03.0010.01

dy(ma—nilogg), @) = (-)™* 2niq™" ,/ \/q’l(onx/ K(q (@) nez

General characteristics

Domain and analyticity
5(z, ) isan analytic function of zand qforz, e C and |g| < 1.
09.06.04.0001.01
(2xzxq)— 05z 9 (Z19CR®C)—C
Symmetries and periodicities
Parity
5(z, 0) isan odd function with respect to z.

09.06.04.0002.01
¥(-2z g) = -05(z Q)

09.06.04.0003.01
i
95(z, —0) = exp(— " sgn(lm(q))) 9(z q)
Mirror symmetry

09.06.04.0004.01
35(2, T@) = (2, Q)

Periodicity
5(z, 0), considered as a function of z, has a period of 2.

09.06.04.0005.01
d(z+7, Q) = —d5(z, Q)
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09.06.04.0017.01
05(z+2m, q) = 85(z, Q)

09.06.04.0006.01
dz+mm, q) = (-1)" %z g /;meZ
Poles and essential singularities
With respect toq
The function ¢,(z, g) does not have poles and essential singularities inside of the unit circle g < 1.

09.06.04.0007.01
Sing, (%52, @) = {}

With respect to z

09.06.04.0008.01
Sing (95(z, @) = {}
Branch points
With respect to g
For fixed z, the function #,(z, ¢) has one branch point: g = 0. (The point g == —1 isthe branch cut endpoint.)

09.06.04.0009.01
BPq(3(2, Q) == {0}

09.06.04.0010.01
Rq(alZ(Z! q)l O) == 4

With respect to z
For fixed g, the function ¢5(z, g) does not have branch points.
09.06.04.0011.01

BPAY(z, Q) = {}

Branch cuts
With respect toq

For fixed z, the function ¢5(z, ) is a single-valued function inside the unit circle of the complex g-plane, cut along the
interval (-1, 0), whereit is continuous from above.

09.06.04.0012.01
BCqy(95(z @) = {(-1, 0), —i}}

09.06.04.0013.01

Iirr}) 35z q+ie)==0d5z0)/;-1<q<0
€+

09.06.04.0014.01
Iirr}) 05z, g-i€)=—idy(z,0)/; -1<q<0
€+
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With respect to z
For fixed g, the function ¢5(z, g) does not have branch cuts.

09.06.04.0015.01
BCA¥(z, @) = {}

Natural boundary of analyticity
Theunit circle |g| == 1 isthe natural boundary of the region of analyticity.

09.06.04.0016.01
ABL(I(z, @) = {&' 7}

Branch cut endpoints

The function ¢5(z, g) has one branch cut endpoint: g = —1.

Series representations

g-series

Expansions at generic point q == g

09.06.06.0005.01

352z, o)

’ / @y 2 (Z Qo ) 19(21'3)(2, Jdo)
#2(z, Q) o< 32(Z, Qo) + ¢;77(Z Go) (G — Qo) + f Q-Qp) + ——

5 (@-90)°+O((a- go)*)
09.06.06.0006.01

© 9z, qo)
dr(z, Q) = Z T (q- CIo)k

k=0

09.06.06.0007.01
95(z, Q) o« 35(2, Go) (1+O(q— o))

Expansions on branch cuts

09.06.06.0008.01
xi {arg(q—x) 02z, x) (9(213)(21 X)

X T 80z, %) (q-X) + ZT @-%7+ ———— @-°+0(@-x")| /

XeRA-1<x<0

09.06.06.0009.01

oo & 9572 0
iz =erl o 1y 2

q@-%%/;xeRA-1<x<0
k=0

09.06.06.0010.01
ni \‘WQ(Q*X)

0z ocezl 2 J&'z(z, X)(1+0(g-x)/;xeRA-1<x<0

Expansionsat q==0
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09.06.06.0011.01
95z, Q) —2{‘/? (Sn@+3sinB2) q? +5sin(52) ° + 7sin(72 g + ...) /; (@ > 0)
09.06.06.0001.01
3z g =-2+/q iq‘“kw 2k+Dsin(2k+1)2) /; ol < 1
k=0

09.06.06.0002.01

00 1,2
iz =i Y 4 @k+n iz g <1

k=—00
09.06.06.0012.01

35z, ) < ~2+q (Sn@ +O(?)) /; (@~ 0)

Expansionsat q ==

09.06.06.0013.01

2V i ,M{, aga-y J 3(g-1) 1 3 2
e 2n (l+ ——(q—1)2+—(q—1)3+...)e‘°9“”
(q-1)>3%2 4 32 128

8(z, Q)

= 2nz 2nz 4r? 4z 4z
Z—2e'%9 (zcosh( )+7rsinh[ )]+2e'°9‘q> [zcosh( ]+27rsinh[ ])+ /i q->DAlg<1

log(Q) log(aQ) log(q) log(a)

09.06.06.0014.01

; -1
L BVE i gfp ey

2n

d(z, Q) = e
(@-1¥
) 3\ k (—1) 2 0o m 72
3 -1 z 2mnz 2mnz
Z[k+ 2 ]Z - (l.()pjyk(q—l)"e"’g‘q’ Z+2 ) (~1)"Me'v@ [zcosh( ]+mnsinh(
o\ k)i 2j+3%) oy log(a) log(q)

(_ 1)k71

lal<1Alg-1 <1 =
(G q e —

1 k
/\pj,o=1/\ pj,k:—EZ(jm_k+m)Cm pj,k—m/\k€N+
m=1

09.06.06.0015.01

2Vr i | meh) 2
e

95(z, Q) o 2 | (1+0(q- 1) elo
(q-1)>3*?
= 2nz 2nz 4 4z 4z
Z—2e'90 (zcosh[ )+nsinh[ )]+O e'°99 [zcosh( ]+27rsjnh[ ]] /ilal<1
log(a) log(q) log(a) log(q)

Other g-seriesrepresentations

09.06.06.0003.01

= —tan(2) + 42
k=1

(9/2(2’ q) 1k 2k

(92(21 Q)

- sin(2k 2

1-q

Other series representations
09.06.06.0016.01

2-0¥*Vr 2 o K22 2knz 2knz
9z, g)=—————— "9 | 242 Z (- 1)K elos@ [z COSh[ ) +krs nh[ ]]
(—i log(q))*? P log(a) log(a)




http: //functions.wolfram.com

09.06.06.0004.01

(2 q) 2 S ( 1>”(Z ) ”(Z )2/ '
’ z, -— — — —+nlexpl—— | —+n : =:ewr‘r
HEA=-— n;m p[ —|- ) q

T

Differential equations

Partial differential equations

The elliptic theta functions satisfy the one-dimensional heat equation:

09.06.13.0001.01

8%z, Q) ni 0?9y(z, q) ,
== — — —/;q::e””’

ot 4 072

09.06.13.0002.01
0%z Q) Pz q)
+

aq ipa

4q

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.06.16.0002.01

2
) (~D¥ el 7 inz (inz =
9z )= - 220, , e | 1+ ind, , @i
(i log(q)¥? log(a log(a)

09.06.16.0001.01
8—25'2

O5(z+nT, Q) =

((9/2(2’ q) - 2i(92(2, q)) /7 g== eﬁnr

Differentiation

Low-order differentiation

With respect to z

09.06.20.0001.01
095(z, Q) o
262 =-2yq ) g*P 2k+ 12 cosi2k+ 1) 2) /; 1ol < 1
k=0
09.06.20.0002.01
385z, Q) )
ZT =2yq > d® D 2k+ 1P sin(2k+ D2 /: [ < 1
d k=0

With respect toq
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09.06.20.0003.01
95z, 9 ¥z q)

3 (o)
= -2q77 ) ®Vkk+1 2k+Dsn(@k+1)2) /g <1
aq 4q

k=1

09.06.20.0004.01
89z Q)

3 1
=-2q 4 qu<k+1) 2k+1) (k2+k— —)[k2+k+ —)sin((2k+ D2/ lal<1
o9 k=0 4 4

Symbolic differentiation

With respect to z

09.06.20.0005.01

Nz, Q)
z—q_:_ \/7qu<‘<+1>(21<+1)”*1 ( +(2k+1)z)/|q|<1/\neN*

With respect toq

09.06.20.0006.01
0"d,(z, Q)

o 5
=_-2qz " KD 2k + 1) [k(k+ 1 —n+—) sn(Ck+1)2/;lg<1AneN*
= gs "y gD )[( )-n+ | sn@k+ D2 /1d e

k=0 n

Fractional integro-differentiation

With respect to z

09.06.20.0007.01
0" %(z, q) 3-a a 1
—f T g A KD 2k + 1) F[ ,1——;——(2k+1)222)/;| <1
e \/72(3] 1F2 > > 2 q

With respect toq

09.06.20.0008.01

rinna "”i KD Tk + k+ 3] @k+ D sin(k+ 1) z)/ .
aq” k=0 F(k2+k—a+ ;)
Integration

Indefinite integration

Involving only one direct function

09.06.21.0001.01

f 3z, Q) dz==10,(z, )

Involving only one direct function with respect to q
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09.06.21.0002.01

5
o g PR 2k+ D sin(k+ 1) 2)
f0’2(z, Ddg=-2)" - /gl <1
k=0 (k+Dk+ 3

Representations through equivalent functions

With related functions

Involving theta functions

Involving ¢;(z, q)

09.06.27.0009.01

, hz o , 93z Q) 94z, )
5z ) = ——— 01z, )~ 920, ) ——————
(2 Q) 41z, 0

09.06.27.0010.01
Ve
¥(z, Q) = —19’1(2— - Q)
2
09.06.27.0004.01
U U g
d5(z, Q) == 01(z+ E q)
09.06.27.0011.01

1
¥z q) = (—1)’"0’1(57r(2m+ 1)+z q) imeZ

Involving &,(z, q)

09.06.27.0001.02

(9’2(2, e””) = 1@z 7T (9’2(2— nT, e””) — 2 i@z ) i&z(z— nT, e“”) /;1m(t) >0
09.06.27.0012.01

9z Q) == ?'2qQRidx(z+ 1T, Q)+ Iz +7T, Q) /; q= €T
09.06.27.0013.01

#z o) = "2 " 2indyz+nxt, @+ dhznar, @) ineZ [\ g= T
09.06.27.0014.01

&z q) = (=" 2N g’ (2indy(z+mr+nnt, g+ $z+mr+nnt, )/, imn ez /\ q=¢€""
09.06.27.0015.01

95(z, Q) = €***q(2i d(z— i log(), q) + d(z— i log(q), 0))
09.06.27.0016.01

9y(z, Q) = e 212 (-2i dp(z+ i log(q), Q) + F5(z+ i log(a), @)
09.06.27.0017.01

0z, q) = e‘Z”‘Zq"Z (-2indy(z+inlog(), Q) + d5(z+inlog(a), Q) /s neZ

09.06.27.0018.01
F(z, Q) = (-1 e 2in? qnz (=2indy(z+mm+inlog(Q), q) + 9(z+am+inlog(q), @) /; {(mn e Z
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Involving &s(z, Q)
09.06.27.0019.01
X nT nT .
= fa oo -sofe- ) ra e

09.06.27.0020.01

1
e+ mi-=

. 1 1 _
0z, q) = e @Mz 4 ((95(2— E 2m+Dnrr, q) —-i(2m+1) &3(2— 5 @2m+rr, q)) /imeZ /\ g=e'""
09.06.27.0021.01
’ [Z 4 . 1 . ’ 1 .
5z, g) = €' \/E (u &3(2— Ezz log(a), q) + 03[2— > ilog(q), q))
09.06.27.0022.01

1
e -+me =

) 1 1
¥(z, g) = e @™D2q 4 ((‘}g(z+ 5n‘(2m+ 1) log(q), q) —i(2m+1) 03(z+ En‘(2m+ 1) log(g), q]) /imeZ

Involving &4(z, q)

09.06.27.0023.01
) 1 1 .
9%z q) =e'? % (i 6}4(z+ EH(T +1), q) + &g(z+ EJr(T +1), q)] /iq=¢e""

09.06.27.0024.01

1
e +me =

. 1 1 .
¥z q) = eﬂ@m*l)zq 4 (0;1(2— 5 2m+Da(r-1), q) -i2m+1) 04(2— 5 2m+Dna(r-1), q)) /ime”Z /\q = ¢'77
09.06.27.0025.01
) 1 1
Hz o =e?q (,z &4(z+ (= ilog@), q) + (9;(z+ (= ilog@), q])

09.06.27.0026.01

. 1 1 1
¥z, Q) = e—”-’-””l)zq”‘z*"”i (0;,(z+ 3 2m+1) (i log(q) + ), q) —-i2m+1) 04(z+ 5 (2m+ 1) (i log(q) + ), q]) meZzZ
Involving Weler strass functions

09.06.27.0008.01

(9,2(2, q 2w (2wq s 2win dwimz
== (Z+ E)y 92, O3 | — -

i lw1, w3} == {w1(Qa, U3), W13(G2) U)} A1 == {(w1; G, U3)

&2(21 q) T 2

T s

Zeros

09.06.30.0002.01
#5(z,00=0

09.06.30.0003.01
%0, q)=0/,meZ

09.06.30.0001.01
dmnr, )=0/,meZ



http: //functions.wolfram.com

10

Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
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