
EllipticThetaPrime2

Notations

Traditional name

Derivative of the Jacobi theta function J2

Traditional notation

J2
¢ Hz, qL

Mathematica StandardForm notation

EllipticThetaPrime@2, z, qD

Primary definition
09.06.02.0001.01

J2
¢ Hz, qL � -2 q4 â

k=0

¥

qk Hk+1L H2 k + 1L sinHH2 k + 1L zL �;  q¤ < 1

Specific values

Specialized values

For fixed z

09.06.03.0001.01

J2
¢ Hz, 0L � 0

For fixed q

09.06.03.0002.01

J2
¢ H0, qL � 0

09.06.03.0004.01

J2
¢ -

Π

2
, q � 2 Η -

ä logHqL
Π

3

09.06.03.0005.01

J2
¢

Π

2
, q � -2 Η -

ä logHqL
Π

3

09.06.03.0003.01

J2
¢ Hm Π, qL � 0 �; m Î Z



09.06.03.0006.01

J2
¢ Π m +

Π

2
, q � 2 H-1Lm-1 Η -

ä logHqL
Π

3 �; m Î Z

09.06.03.0007.01

J2
¢ H-ä logHqL, qL � -

2 ä

q
 

2

Π
q-1HqL4

KIq-1HqLM
09.06.03.0008.01

J2
¢ -

1

2
Hä logHqLL, q � -ä

1

q
4

J3H0, qL
09.06.03.0009.01

J2
¢

1

2
HΠ - ä logHqLL, q � -

1

q
4

J4H0, qL
09.06.03.0010.01

J2
¢ Hm Π - n ä logHqL, qL � H-1Lm+1 2 n ä q-n2 2

Π
q-1HqL4

KIq-1HqLM �; 8m, n< Î Z

General characteristics

Domain and analyticity

J2
¢ Hz, qL is an analytic function of z and q for z, q Î C and  q¤ < 1.

09.06.04.0001.01H2 * z * qL �J2
¢ Hz, qL � H82< Ä C Ä CL �C

Symmetries and periodicities

Parity

J2
¢ Hz, qL is an odd function with respect to z.

09.06.04.0002.01

J2
¢ H-z, qL � -J2

¢ Hz, qL
09.06.04.0003.01

J2
¢ Hz, -qL � exp -

ä Π

4
sgnHImHqLL J2

¢ Hz, qL
Mirror symmetry

09.06.04.0004.01

J2
¢ Hz�, qL � J2

¢ Hz, qL
Periodicity

J2
¢ Hz, qL, considered as a function of z, has a period of 2 Π.

09.06.04.0005.01

J2
¢ Hz + Π, qL � -J2

¢ Hz, qL

http://functions.wolfram.com 2



09.06.04.0017.01

J2
¢ Hz + 2 Π, qL � J2

¢ Hz, qL
09.06.04.0006.01

J2
¢ Hz + m Π, qL � H-1Lm J2

¢ Hz, qL �; m Î Z

Poles and essential singularities

With respect to q

The function J2
¢ Hz, qL does not have poles and essential singularities inside of the unit circle  q¤ < 1.

09.06.04.0007.01

SingqHJ2
¢ Hz, qLL � 8<

With respect to z

09.06.04.0008.01

SingzHJ2
¢ Hz, qLL � 8<

Branch points

With respect to q

For fixed z, the function J2
¢ Hz, qL has one branch point: q = 0. (The point q � -1 is the branch cut endpoint.)

09.06.04.0009.01

BPqHJ2
¢ Hz, qLL � 80<

09.06.04.0010.01

RqHJ2
¢ Hz, qL, 0L � 4

With respect to z

For fixed q, the function J2
¢ Hz, qL does not have branch points.

09.06.04.0011.01

BPzHJ2
¢ Hz, qLL � 8<

Branch cuts

With respect to q

For fixed z, the function J2
¢ Hz, qL is a single-valued function inside the unit circle of the complex q-plane, cut along the

interval H-1, 0L, where it is continuous from above.

09.06.04.0012.01

BCqHJ2
¢ Hz, qLL � 88H-1, 0L, -ä<<

09.06.04.0013.01

lim
Ε®+0

J2
¢ Hz, q + ä ΕL � J2

¢ Hz, qL �; -1 < q < 0

09.06.04.0014.01

lim
Ε®+0

J2
¢ Hz, q - ä ΕL � -ä J2

¢ Hz, qL �; -1 < q < 0
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With respect to z

For fixed q, the function J2
¢ Hz, qL does not have branch cuts.

09.06.04.0015.01

BCzHJ2
¢ Hz, qLL � 8<

Natural boundary of analyticity

The unit circle  q¤ � 1 is the natural boundary of the region of analyticity.

09.06.04.0016.01

ABzHJ2
¢ Hz, qLL � 9ãä H-Π,ΠL=

Branch cut endpoints

The function J2
¢ Hz, qL has one branch cut endpoint: q = -1. 

Series representations

q-series

Expansions at generic point q � q0

09.06.06.0005.01

J2
¢ Hz, qL µ J2

¢ Hz, q0L + J2
H1,1LHz, q0L Hq - q0L +

J2
H1,2LHz, q0L

2
Hq - q0L2 +

J2
H1,3LHz, q0L

6
Hq - q0L3 + OIHq - q0L4M

09.06.06.0006.01

J2
¢ Hz, qL � â

k=0

¥ J2
H1,kLHz, q0L

k !
 Hq - q0Lk

09.06.06.0007.01

J2
¢ Hz, qL µ J2

¢ Hz, q0L H1 + OHq - q0LL
Expansions on branch cuts

09.06.06.0008.01

J2
¢ Hz, qL µ ã

Π ä

2
g argHq-xL

2 Π
w

J2
¢ Hz, xL + J2

H1,1LHz, xL Hq - xL +
J2

H1,2LHz, xL
2

Hq - xL2 +
J2

H1,3LHz, xL
6

Hq - xL3 + OIHq - xL4M �;
x Î R ß -1 < x < 0

09.06.06.0009.01

J2
¢ Hz, qL � ã

Π ä

2
g argHq-xL

2 Π
w
 â
k=0

¥ J2
H1,kLHz, xL

k !
 Hq - xLk �; x Î R ß -1 < x < 0

09.06.06.0010.01

J2
¢ Hz, qL µ ã

Π ä

2
g argHq-xL

2 Π
w
 J2

¢ Hz, xL H1 + OHq - xLL �; x Î R ß -1 < x < 0

Expansions at q � 0
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09.06.06.0011.01

J2
¢ Hz, qL µ -2 q4 IsinHzL + 3 sinH3 zL q2 + 5 sinH5 zL q6 + 7 sinH7 zL q12 + ¼M �; Hq ® 0L

09.06.06.0001.01

J2
¢ Hz, qL � -2 q4 â

k=0

¥

qk Hk+1L H2 k + 1L sinHH2 k + 1L zL �;  q¤ < 1

09.06.06.0002.01

J2
¢ Hz, qL � ä â

k=-¥

¥

qJk+
1

2
N2 H2 k + 1L ãH2 k+1L ä z �;  q¤ < 1

09.06.06.0012.01

J2
¢ Hz, qL µ -2 q4 IsinHzL + OIq2MM �; Hq ® 0L

Expansions at q � 1

09.06.06.0013.01

J2
¢ Hz, qL µ

2 Π ä

Hq - 1L3�2 ã
-ä Π -

argHq-1L
2 Π 1 +

3 Hq - 1L
4

-
1

32
Hq - 1L2 +

3

128
Hq - 1L3 + ¼ ã

z2

logHqL

z - 2 ã
Π2

logHqL z cosh
2 Π z

logHqL + Π sinh
2 Π z

logHqL + 2 ã
4 Π2

logHqL z cosh
4 Π z

logHqL + 2 Π sinh
4 Π z

logHqL + ¼ �; Hq ® 1L ì  q¤ < 1

09.06.06.0014.01

J2
¢ Hz, qL �

6 Π ä

Hq - 1L3�2  ã
-3 ä Π

3

4
-

argHq-1L
2 Π

â
k=0

¥ k + 3

2

k
â
j=0

k H-1L j

2 j + 3

k
j

p j,k Hq - 1Lk ã
z2

logHqL z + 2 â
m=1

¥ H-1Lm ã
m2 Π2

logHqL z cosh
2 m Π z

logHqL + m Π sinh
2 m Π z

logHqL �;

H q¤ < 1 ì  q - 1¤ < 1L í ck �
H-1Lk-1

k + 1
í p j,0 � 1 í p j,k � -

1

k
 â
m=1

k H j m - k + mL cm p j,k-m í k Î N+

09.06.06.0015.01

J2
¢ Hz, qL µ

2 Π ä

Hq - 1L3�2 ã
-ä Π -

argHq-1L
2 Π H1 + OHq - 1LL ã

z2

logHqL

z - 2 ã
Π2

logHqL z cosh
2 Π z

logHqL + Π sinh
2 Π z

logHqL + O ã
4 Π2

logHqL z cosh
4 Π z

logHqL + 2 Π sinh
4 Π z

logHqL �;  q¤ < 1

Other q-series representations

09.06.06.0003.01

J2
¢ Hz, qL

J2Hz, qL � -tanHzL + 4 â
k=1

¥ H-1Lk  q2 k

1 - q2 k
sinH2 k zL

Other series representations

09.06.06.0016.01

J2
¢ Hz, qL � -

2 H-1L3�4 Π

H-ä logHqLL3�2  ã
z2

logHqL z + 2 â
k=1

¥ H-1Lk ã
k2 Π2

logHqL z cosh
2 k Π z

logHqL + k Π sinh
2 k Π z

logHqL
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09.06.06.0004.01

J2
¢ Hz, qL � -

2 ä3�2
Τ3�2 â

n=-¥

¥ H-1Ln
z

Π
+ n exp -

Π ä

Τ

z

Π
+ n

2 �; q � ãä Π Τ

Differential equations

Partial differential equations

The elliptic theta functions satisfy the one-dimensional heat equation:

09.06.13.0001.01

¶J2
¢ Hz, qL
¶Τ

� -
Π ä

4

¶2 J2
¢ Hz, qL

¶z2
�; q � ãä Π Τ

09.06.13.0002.01

4 q
¶J2

¢ Hz, qL
¶q

+
¶2 J2

¢ Hz, qL
¶z2

� 0

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.06.16.0002.01

J2
¢ Hz, qL � -

H-1L3�4 ã
z2

logHqL Π

H-ä logHqLL3�2  2 z J4

ä Π z

logHqL , ã
Π2

logHqL + ä Π J4
¢

ä Π z

logHqL , ã
Π2

logHqL

09.06.16.0001.01

J2
¢ Hz + Π Τ, qL �

ã-2 ä z

q
HJ2

¢ Hz, qL - 2 ä J2Hz, qLL �; q � ãä Π Τ

Differentiation

Low-order differentiation

With respect to z

09.06.20.0001.01

¶J2
¢ Hz, qL
¶z

� -2 q4 â
k=0

¥

qk Hk+1L H2 k + 1L2 cosHH2 k + 1L zL �;  q¤ < 1

09.06.20.0002.01

¶2 J2
¢ Hz, qL

¶z2
� 2 q4 â

k=0

¥

qk Hk+1L H2 k + 1L3 sinHH2 k + 1L zL �;  q¤ < 1

With respect to q
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09.06.20.0003.01

¶J2
¢ Hz, qL
¶q

�
J2

¢ Hz, qL
4 q

- 2 q-
3

4 â
k=1

¥

qk Hk+1L k Hk + 1L H2 k + 1L sinHH2 k + 1L zL �;  q¤ < 1

09.06.20.0004.01

¶2 J2
¢ Hz, qL

¶q2
� -2 q-

7

4 â
k=0

¥

qk Hk+1L H2 k + 1L k2 + k -
3

4
k2 + k +

1

4
sinHH2 k + 1L zL �;  q¤ < 1

Symbolic differentiation 

With respect to z

09.06.20.0005.01

¶n J2
¢ Hz, qL

¶zn
� -2 q4 â

k=0

¥

qk Hk+1L H2 k + 1Ln+1 sin
Π n

2
+ H2 k + 1L z �;  q¤ < 1 ì n Î N+

With respect to q

09.06.20.0006.01

¶n J2Hz, qL
¶qn

� -2 q
1

4
-n â

k=0

¥

qk Hk+1L H2 k + 1L k Hk + 1L - n +
5

4 n

sinHH2 k + 1L zL �;  q¤ < 1 ì n Î N+

Fractional integro-differentiation

With respect to z

09.06.20.0007.01

¶Α J2
¢ Hz, qL

¶zΑ
� -2Α a Π z1-Α q4 â

k=0

¥

qk Hk+1L H2 k + 1L 1F
�

2 1;
3 - Α

2
, 1 -

Α

2
; -

1

4
H2 k + 1L2 z2 �;  q¤ < 1

With respect to q

09.06.20.0008.01

¶Α J2
¢ Hz, qL

¶qΑ
� -2 q

1

4
-Α â

k=0

¥ qk Hk+1L GJk2 + k + 5

4
N H2 k + 1L sinHH2 k + 1L zL

GJk2 + k - Α + 5

4
N �;  q¤ < 1

Integration

Indefinite integration

Involving only one direct function

09.06.21.0001.01

à J2
¢ Hz, qL â z � J2Hz, qL

Involving only one direct function with respect to q
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09.06.21.0002.01

à J2
¢ Hz, qL â q � -2 â

k=0

¥ qHk+1L k+
5

4 H2 k + 1L sinHH2 k + 1L zL
Hk + 1L k + 5

4

�;  q¤ < 1

Representations through equivalent functions

With related functions

Involving theta functions

Involving J1
¢ Hz, qL

09.06.27.0009.01

J2
¢ Hz, qL �

J2Hz, qL
J1Hz, qL  J1

¢ Hz, qL - J2H0, qL2 
J3Hz, qL J4Hz, qL

J1Hz, qL
09.06.27.0010.01

J2
¢ Hz, qL � -J1

¢ z -
Π

2
, q

09.06.27.0004.01

J2
¢ Hz, qL � J1

¢ z +
Π

2
, q

09.06.27.0011.01

J2
¢ Hz, qL � H-1Lm J1

¢
1

2
Π H2 m + 1L + z, q �; m Î Z

Involving J2Hz, qL
09.06.27.0001.02

J2
¢ Iz, ãä Π ΤM � ã-ä H2 z-Π ΤL J2

¢ Iz - Π Τ, ãä Π ΤM - 2 ã-ä H2 z-Π ΤL ä J2Iz - Π Τ, ãä Π ΤM �; ImHΤL > 0

09.06.27.0012.01

J2
¢ Hz, qL � ã2 ä z q H2 ä J2Hz + Π Τ, qL + J2

¢ Hz + Π Τ, qLL �; q � ãä Π Τ

09.06.27.0013.01

J2
¢ Hz, qL � ã2 ä n z qn2 H2 ä n J2Hz + n Π Τ, qL + J2

¢ Hz + n Π Τ, qLL �; n Î Z í q � ãä Π Τ

09.06.27.0014.01

J2
¢ Hz, qL � H-1Lm ã2 ä n z qn2 H2 ä n J2Hz + m Π + n Π Τ, qL + J2

¢ Hz + m Π + n Π Τ, qLL �; 8m, n< Î Z í q � ãä Π Τ

09.06.27.0015.01

J2
¢ Hz, qL � ã2 ä z q H2 ä J2Hz - ä logHqL, qL + J2

¢ Hz - ä logHqL, qLL
09.06.27.0016.01

J2
¢ Hz, qL � ã-2 ä z q H-2 ä J2Hz + ä logHqL, qL + J2

¢ Hz + ä logHqL, qLL
09.06.27.0017.01

J2
¢ Hz, qL � ã-2 ä n z qn2 H-2 ä n J2Hz + ä n logHqL, qL + J2

¢ Hz + ä n logHqL, qLL �; n Î Z

09.06.27.0018.01

J2
¢ Hz, qL � H-1Lm ã-2 ä n z qn2 H-2 ä n J2Hz + Π m + ä n logHqL, qL + J2

¢ Hz + Π m + ä n logHqL, qLL �; 8m, n< Î Z
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Involving J3Hz, qL
09.06.27.0019.01

J2
¢ Hz, qL � ã-ä z q4 J3

¢ z -
Π Τ

2
, q - ä J3 z -

Π Τ

2
, q �; q � ãä Π Τ

09.06.27.0020.01

J2
¢ Hz, qL � ã-ä H2 m+1L z qm2+m+

1

4 J3
¢ z -

1

2
H2 m + 1L Π Τ, q - ä H2 m + 1L J3 z -

1

2
H2 m + 1L Π Τ, q �; m Î Z í q � ãä Π Τ

09.06.27.0021.01

J2
¢ Hz, qL � ãä z q4 ä J3 z -

1

2
ä logHqL, q + J3

¢ z -
1

2
ä logHqL, q

09.06.27.0022.01

J2
¢ Hz, qL � ã-ä H2 m+1L z qm2+m+

1

4 J3
¢ z +

1

2
ä H2 m + 1L logHqL, q - ä H2 m + 1L J3 z +

1

2
ä H2 m + 1L logHqL, q �; m Î Z

Involving J4Hz, qL
09.06.27.0023.01

J2
¢ Hz, qL � ãä z q4 ä J4 z +

1

2
Π HΤ + 1L, q + J4

¢ z +
1

2
Π HΤ + 1L, q �; q � ãä Π Τ

09.06.27.0024.01

J2
¢ Hz, qL � ã-ä H2 m+1L z qm2+m+

1

4 J4
¢ z -

1

2
H2 m + 1L Π HΤ - 1L, q - ä H2 m + 1L J4 z -

1

2
H2 m + 1L Π HΤ - 1L, q �; m Î Z í q � ãä Π Τ

09.06.27.0025.01

J2
¢ Hz, qL � ãä z q4 ä J4 z +

1

2
HΠ - ä logHqLL, q + J4

¢ z +
1

2
HΠ - ä logHqLL, q

09.06.27.0026.01

J2
¢ Hz, qL � ã-ä H2 m+1L z qm2+m+

1

4 J4
¢ z +

1

2
H2 m + 1L Hä logHqL + ΠL, q - ä H2 m + 1L J4 z +

1

2
H2 m + 1L Hä logHqL + ΠL, q �; m Î Z

Involving Weierstrass functions

09.06.27.0008.01

J2
¢ Hz, qL

J2Hz, qL �
2 Ω1

Π
Ζ

2 Ω1

Π
z +

Π

2
; g2, g3 -

2 Ω1 Η1

Π
-

4 Ω1 Η1 z

Π2
�; 8Ω1, Ω3< � 8Ω1Hg2, g3L, Ω13Hg2, g3L< ì Η1 � ΖHΩ1; g2, g3L

Zeros
09.06.30.0002.01

J2
¢ Hz, 0L � 0

09.06.30.0003.01

J2
¢ H0, qL � 0 �; m Î Z

09.06.30.0001.01

J2
¢ Hm Π, qL � 0 �; m Î Z
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