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Notations

Traditional name

Derivative of the Jacobi theta function d3

Traditional notation

¥(z 9)

Mathematica StandardForm notation

EllipticThetaPrinme(3, z q]

Primary definition

09.07.02.0001.01

(2 @ =-4) d“ksink2 /; ol < 1
k=1

Specific values

Specialized values

For fixed z

09.07.03.0001.01
95z, 00=0

For fixed q

09.07.03.0002.01
950, =0

09.07.03.0004.01

T 4ilog(q) 3
A-3a)= "[‘ )

T
09.07.03.0005.01

Vg 4ilog(q) 3
{9 ‘4"(‘ ]

T
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09.07.03.0003.01
m
0%(7, q) = 0/, meZ

09.07.03.0006.01
m n 4ilog(q) )
(9'3[7+Z, Q)==4(—1)m_177[— 9 ) imez

T

09.07.03.0007.01

2i [2
J3(—ilog(q), Q) = = VK@ @)
Vs

09.07.03.0008.01
ilog(g) 1 /2,
0’3[— ,q] =—i— - Vaia + K(a™ (@)
2 W b4

09.07.03.0009.01

1 1 ilog(q) 3
6"3[5 (m —ilog(q)), q) =2i 4—77(— ]

\/H e

09.07.03.0010.01

2
dymz+nilog@), @ =2nig™ | — VK@) /;imnez
Vs

General characteristics

Domain and analyticity

5(z, ) isan analytic function of zand g for z, e C and |g| < 1.
09.07.04.0001.01
Bxzxg)—¥(z g 1 ({3C®C)—C
Symmetries and periodicities
Parity
2(z, 0) isan odd function with respect to z.

09.07.04.0002.01
03(_21 q) = _(9/3(2’ q)

09.07.04.0003.01
¥3(z, —0) = ¢(z Q)

Mirror symmetry

09.07.04.0004.01
d5(z @ =5z 9)

Periodicity

4(z, ), considered as afunction of z, has a period of 7.
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09.07.04.0005.01
05(z+m, q) = 95(z q)

09.07.04.0006.01
d5(z+mm, =05z, Q) /;me Z

Poles and essential singularities
With respect toq
The function ¢5(z, ) does not have poles and essential singularities inside of the unit circle|g < 1.

09.07.04.0007.01
Sing (952 ) = {)

With respect to z

09.07.04.0008.01
Sing (#5(z, @) = {}
Branch points
With respect toq
The function d5(z, g) does not have branch points with respect to g.

09.07.04.0009.01
BP0z, ) = {}

With respect to z
The function ¢5(z, g) does not have branch points with respect to z
09.07.04.0010.01
BP(%(z D) ={}
Branch cuts
With respect to q
The function d5(z, ) does not have branch cuts with respect to g.

09.07.04.0011.01
BCo(%3(z D) = {}

With respect to z
The function ¢5(z, ) does not have branch cuts with respect to z.

09.07.04.0012.01
BCAy(z, ) = {}

Natural boundary of analyticity
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The unit circle |g| == 1 isthe natural boundary of the region of analyticity.

09.07.04.0013.01
AB¥3(z, ) = {&' T}

Series representations

g-series

Expansions at generic point q == o

09.07.06.0005.01

/ , an 3522, o) , 957z , .
03(2, 6) o< 952 Go) + 95™(2 Go) (A= Go) + ———— (4= Q)"+ ———— Q=G+ O((g-a0)*)
09.07.06.0006.01
= 85z, qo)
5z =) ———@-q"
g

09.07.06.0007.01
93z, ) o 83(z, Go) (1+O(q - 0p))
Expansionsat q==0

09.07.06.0008.01
¥z ) « —4sin(22)q-8sin(42) q* - 12sin(62) q° - 16sin(82) q** + ... /; (- 0)

09.07.06.0001.01

(2 @ =-4) d“ksinka /; gl < 1
k=1

09.07.06.0002.01

0z =2i Y d“ke? /g <1

k=—co
09.07.06.0009.01
9z q) o« —4sin22) q(1+O(q?)) /; (9 - 0)
Expansionsat g ==

09.07.06.0010.01

2Vn i K{MJ 3g-1) 1 3 2
e 2n (1+ ——(q—1)2+—(q—1)3+...)e‘°9‘q’
(q- %2 4 32 28

1
2 2nz 2nz 4 4rz 4z
Z+2e'%99 (z cosh[ ) +nrd nh( )] + 2 '@ [z cosh( ] +2rs nh[
log(Q) log(a) log(a) log(a)

93(z, Q)

])+...]/; @->DAIlg <1
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09.07.06.0011.01

6V i gif2mey)
f— 4 2

)

°° 3\ K (-1 2 w 2mnz 2mnz
Z[klz]Zz(j:3(T)pj,k(q—l)ke'°9@[z+22e'°9<‘4>[zcosh[ " ]+mnsinh[ " ]]]/;

1 log(Q) log(Q)

(_1)k—l 1 k .
(ld <1Alg-1 < N o= — /\pj,o=1/\pj,k=—EZ<Jm—k+m)cmpj,k_m/\keN+
m=1

09.07.06.0012.01

2V7 i | ) 2
e

93(z, ) 2r |(1+0(q- 1)) '@

(-1

2 2nz 2nz
Z+ 2099 (zcosh[ ) +7 sinh[ )] +0
log(Q) log(a)

472 4rz 4drz
%99 [Zcosh( ]+2nsinh[ )) filal<1
log(q) log(Q)

Other g-seriesrepresentations

09.07.06.0003.01
¥z 9 & B
=4 (-1
(93(21 q) k=1 1 - q2k

sin(2kz)

Other series representations
09.07.06.0013.01
) 2(-)¥Vr 2 >, 2knz 2knz
Kz =-—""—"—¢e" 9|2+ 22@'09“4’ [z cosh( ) + knsinh[ ))
(i log(q)¥? pa} log(a) log(a)

09.07.06.0004.01

232 z ni(z 2 :
=22 5 o e e

2 = n T\

Differential equations

Partial differential equations

The €lliptic theta functions satisfy the one-dimensional heat equation:

09.07.13.0001.01
4%z Q) ni 0?9z 9

—_— - - /’ q — ein‘r
ot 4 072
09.07.13.0002.01
0%z q) 0%z )
4q + =0

aq ipa

Transformations
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Transformations and argument simplifications

Argument involving basic arithmetic operations

09.07.16.0001.01

2
) (~1)¥* e /7 inz (irz =
Kz Q) =- 22093 , @99 | + iy , '@
(~ilog()*¥? log(q) log(q)

Differentiation

Low-order differentiation

With respect to z

09.07.20.0001.01

0%4(z, Q) >
S -8 K2 cos2k) /; dl < 1
dz k=1

09.07.20.0002.01
%z Q)

— 15;Z:qk2 K*sin2k2) /; ol < 1
07 k=1

With respect toq

09.07.20.0003.01

a9z, ) =
4 ¢ eEn2ka) /il < 1
aq k=1
09.07.20.0004.01
Pz, o) o s
7::_—Zq kP (K*-1)sin2k2) /; al < 1
o o i

Symbolic differentiation

With respect to z

09.07.20.0005.01
" z?é(z q)

— 2“+ZZ K KL gin ( +2kz)/|q|<1/\neN+

With respect to g

09.07.20.0006.01
0”0§(Z Q)
Z n+1)nsin(2kz)/;|q|<1/\neN+
k=1

Fractional integro-differentiation

With respect to z
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09.07.20.0007.01

3% 95(z, Q) © 5 3-«a a
s _2‘”2\/721“'qu2 K? 1F2(12 T, 1- Ei -k 22) flal<1

0z =y

With respect toq

09.07.20.0008.01

" ¥(z, 9) © ¢ kI(K +1)sin2k2)
———=-4q" /ilol <1
oq 1 T(K-a+1)
Integration

Indefinite integration

Involving only one direct function

09.07.21.0001.01

f(?IS(ZI q) dz= (93(21 q)

Involving only one direct function with respect to q

09.07.21.0002.01

* kg*+lsin2k2)
e aaa=—a3 =" <1

k=1 ke +

Representations through equivalent functions

With related functions

Involving theta functions

Involving &4(z, q)

09.07.27.0005.01

(2,

’9, (Z q) _ (93(0 q)2 (92(21 q) (94(21 q)
1(4, s —_—

¥z Q) =
(91(21 q) (91(21 q)

09.07.27.0006.01
. 1 1 .
dz ) =—ici?yq (01[2- SrD, q) +i &’l(z— SrD), q)) fq= el

09.07.27.0007.01

_ 1y? 1 1 ,
¥(z g) = e*‘(zm*l)zq(””E) (0’1(2— 571(2mr+‘r+ 1), q)—zi(2m+ 1)01(2— 571(2mr+‘r+ 1), q)) /ime Z/\q:: et

09.07.27.0008.01

’ —iz 4 ’ 1 . . 1 .
iz 9 =e*{q (&1[z+ - (Elog(@ + ), q) - wl(z+ 5 ({109(@ + ), q]]
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09.07.27.0009.01

2 1 1
¥(z, q)——w’”zm*l)z( )((2m+1)01(z+—m(2m+1)log(q)—g )+n01(z+—1(2m+1)log(q)—g ))/;mez

Involving &»(z, q)

09.07.27.0010.01
) nT T _
@ =e o fioe- 70 -nfe- o e

09.07.27.0011.01
1

, () 1 : 1 A :
95(z, Q) == e @MDZ (7)1 (u’(2m+l)<‘}2(z—5(2m+l)n7, e”T)—<9’2(Z—E(2m+l)ﬂT, e"”)]/;mel/\q:e”“

09.07.27.0012.01
) 1 1
¥z Q) =e'? {‘/E (u’ &Z(z— Ezilog(q), q) + 0’2[2— > ilog(q), q))

09.07.27.0013.01

m2ems -

1 1
F(z, q) = @™DZq 2 (u 2m+1) 02(2— —i(2m+ 1)log(q), q)+0’[z— —i(2m+ 1) log(q), q)] imeZ

Involving ¢3(z, Q)
09.07.27.0001.02
(9’3(2, e””) = 1@z 7T (9’3(2—7TT, e””) — 2 t@ZTT) r£(93(z— nT, e“”) /;1m(t) >0

09.07.27.0014.01
95z, Q) = e*'*q(2id3z+ 7T, Q) + 2z +7T, Q) /; = €'""

09.07.27.0015.01
%z, Q) = e2inzg?® (2ind3z+nrT, Q)+ dzZ+naT, Q) /ineZ /\ gq=e'""
09.07.27.0016.01

%(z O ::ezxnzqnz (zin03(z+mn+n7r‘r, Q) +d5zZ+ma+nnr, q) /; {m, n} eZ/\q-—e

09.07.27.0017.01
95(z, Q) = €***q(2i d3(z— i log(q), q) + ¥5(z—ilog(q), 9)) /; g =e'""
09.07.27.0018.01
95(z, O) = €27 (=24 d3(z+ i 0g(Q), O) + I(z+ i log(q), @) /; q = &'""
09.07.27.0019.01
%(z q) = e 202" (-2indsz+inloga), q) + d(z+inlog@), o)) ;ne Z /\ gq=¢""

09.07.27.0020.01

#(z, Q) = e2inz g (-2indaz+mr+inlog(a), q) + #(z+mx +inlog@), @) /; {m n} € Z /\q =7

Involving &,(z, q)

09.07.27.0021.01

T
5z, =iz~ -
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09.07.27.0004.01
U ’ 7r
3(z Q) == 04[24‘ -, Q)
2
09.07.27.0022.01

1
5(z, ) = 0g[z+ E7r(2m+ 1), q) /ime”Z

Zeros

09.07.30.0003.01
5(z,0)=0

09.07.30.0002.01
3(0,9)=0

09.07.30.0001.01

mm
(9/3(7, q) = O/, meZ
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