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Notations

Traditional name

Derivative of the Jacobi theta function ¢4

Traditional notation

3z O

Mathematica StandardForm notation

EllipticThetaPrinme(4, z q]

Primary definition

09.08.02.0001.01

3z 0 =-4 (-D*kd sin2k2) /; [l < 1
k=1

Specific values

Specialized values

For fixed z

09.08.03.0001.01
94(z,0)=0

For fixed g

09.08.03.0002.01
3,0, ) == 0

09.08.03.0004.01

T 4ilog(q) s
oo 2

T

09.08.03.0005.01

s 4ilog(q) 3
021(—, Q) = 477(— ]
4 b
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09.08.03.0003.01
mn
0;(—, q) =0/meZ
2
09.08.03.0006.01
m 4ilog(q) 3
021[—+—, q)==4(—1)"‘r1 - imeZ
2 4 b8
09.08.03.0007.01

21 2
H-ilog@ ="~ Ji-q%@ VK@)
Ve
09.08.03.0008.01
i log(q) i ilog(@)\®
TR
2 W T
09.08.03.0009.01

1 1 (2 = -
0;[—<n—ilog(q)), q] =—i— [Z+al@ VK(a @)
2 = bs

q

09.08.03.0010.01

’ . n . —n? 2 4 -1 -1 .
d(mm+inlog(g), o) = (-1)"2niq - \/l—q (@ \/K(q @) /iimnez
Vs

General characteristics

Domain and analyticity

#,(z, g) isan analytic function of zand g forz, e C and |g| < 1.
09.08.04.0001.01
(Axzxq)— %z Q) :: (4 ®C®C)—C
Symmetries and periodicities
Parity
#4(z, q) isan odd function with respect to z.

09.08.04.0002.01
94(-z Q) = -4z 9

09.08.04.0003.02
0:}(21 _q) = (9:,3(2! q)

Mirror symmetry

09.08.04.0004.01
(2 O =4z 9

Periodicity

d4(z, 0), considered as afunction of z, hasa period of .
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09.08.04.0013.01
$y(z+m, q) = 34(z q)

09.08.04.0005.01
MzZ+m, =04z q/;meZ

Poles and essential singularities
With respect toq
The function ¢4(z, ) does not have poles and essential singularities inside of the unit circle g < 1.

09.08.04.0006.01
Sing,(33(z, @) = {}

With respect to z

09.08.04.0007.01
Sing (94(z, @) = {}
Branch points
With respect to g
The function ¢,(z, g) does not have branch points with respect to q.

09.08.04.0008.01
BP0z ) = {}

With respect to z
The function ¢4(z, ) does not have branch points with respect to z

09.08.04.0009.01
BPA(H4(z @) =1{}

Branch cuts
With respect toq
The function ¢4(z, ) does not have branch cuts with respect to g.

09.08.04.0010.01
BCqy(3y(z Q) ={}

With respect to z
The function ¢4(z, ) does not have branch cuts with respect to z.

09.08.04.0011.01
BCAHy(z, o) = {}

Natural boundary of analyticity

Theunit circle | q| == 1 isthe natural boundary of the region of analyticity.
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09.08.04.0012.01
AB(Hy(z, ) = {&! TP}

Series representations

g-series

Expansions at generic point q == o

09.08.06.0005.01
12
(94

94z, @) < 84z o) + 950z G0) (G- o) +

09.08.06.0006.01

© 39z, g)

/ _ A Y Ak
Ja(z, @) = Z " (9—- o)
k=0
09.08.06.0007.01
94(2, Q) o 34(z, Go) (1+O(q - Gp))
Expansionsat q==0

09.08.06.0008.01

¥,z g) « 4sin(22) q-8sin(42) g* + 12sin(62) ¢° — 16sin(82) q'° +

09.08.06.0001.01
%z @) =-4 (-D*kd sin2k2) /; [al < 1
k=1

09.08.06.0002.01

Gz =2i » (-1 d“ke? 2/ |q <1

k=—co
09.08.06.0009.01
9z q) < 4qsin2) (1+0(c’)) /; (- 0)
Expansionsat q==1

09.08.06.0010.01

93z Q) o — e

-1 4

nz nz 2r2
nsinh[ ]+22(:05h[ ]+e'°9“4’
log(a) log(a)

2V i, | Fead 39-1
M{ " J(“

(21 qO)
(Q—0o)° +

1

2

- —(g-1%+
32(q )

3nz
[37rsinh[

log(a)

6

3
—g-1%+...

128

3nz
] +2 zcosh[
log(Q)

982z qo)

ARV

(@-00)®+0((q-do)*)

422472
] e 4log@

])+...]/; @-DAlgl<1
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09.08.06.0011.01

) 6V i L {7 arga-1) J
Gz, Q) = — e 2
(q-1¥
o 3 k j 42472 m(m+1) 72
3 (-1 dzn @2m+)rz 2m+lnz
Z[k+ 2 ]Z - (l.()pj,k(q—l)ke“"’g‘q’ Z e 99 ((2m+ 1)nsinh[—)+22cosh[—]]/;
o\ k Jip2j+3l ar log(q) log(g)

(_1)k—l 1 k .
(ld <1Alg-1 < N o= — /\pj,o=1/\pj,k=—EZ<Jm—k+m)cmpj,k_m/\keN+
m=1

09.08.06.0012.01
2V i —m{— gD J 4242
(9:1(2, q) o< — e 2n (1 + O(q _ 1)) e 4log(q)
(q-1¥

[ nz nz 222 3nz 3nz
ﬂsinh( ]+22005h[ ]+O e [3nsinh( ]+22cosh( ]] /ilg <1
log(a) log(a) log(a) log(a)

Other g-seriesrepresentations

09.08.06.0003.01
%(z, 9) = g

- 42

da(z, Q) o 1-g2k

sin(2k 2

Other series representations

09.08.06.0013.01

2V 42+x2 o kkeDr? Qk+1)rz o kksln2 @k+rz
Kz Q) = ———— et |2 zZe log@ cosh[i) +7 Ze log@ 2k +1) sinh[i)
(~log(@)¥? par log(q) o log(q)

09.08.06.0004.01

5 2%? i( z 1] mi(z 1)2 / ,
(z, Q) = — n+———|expl——|—+n—-— 1Q ="t
4(2,0) > P 2 q

2
2 = Vg T \m

Differential equations

Partial differential equations

The elliptic theta functions satisfy the one-dimensional heat equation:
09.08.13.0001.01
0%z Q) mi %z Q) /
ot 4 072
09.08.13.0002.01
A I A
4q +
aq iy

Transformations
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Transformations and argument simplifications

Argument involving basic arithmetic operations

09.08.16.0001.01
42472

, o4 /1 irz 7 | inz L
KMz ) =— 220, , €% [+imd, e'°9

P log(a) log(@)’
oo 3/2
e (~log(@))

Differentiation

Low-order differentiation

With respect to z

09.08.20.0001.01
0%,(z, Q) had
=8 (-1 KR cost2k2) /; o < 1
k=1

0z

09.08.20.0002.01

82%,(z, 9) ad

B A 1621(—1)k ¢ K¥sink2 /; gl < 1
822 k=1

With respect toq

09.08.20.0003.01
%z q &
=4y DR N2k /ol < 1
dq k=1

09.08.20.0004.01

FPozg 4
3472 = — > DK (K - 1)sin2k2) /; [l < 1
q q° k=2

Symbolic differentiation

With respect to z

09.08.20.0005.01
0"¥(z q)

i mn
=2\ Lkl k”*lsin(—+2kz]/;| |<1AneN*
oz 2, b 2 a

k=1

With respect toq

09.08.20.0006.01
"% (z, Q) o
;—n = 42“(—1)"‘1 gén k(k*-n+1) sin@k2) /; gl <1AneN?
qa k=1
Fractional integro-differentiation

With respect to z
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09.08.20.0007.01

"% (z, Q) kel . 3-a a
SRS BV 27 ) (- hie q¢ 1F2(1; —1-— K 22) /ildl <1
oz o) 2 2

With respect toq

09.08.20.0008.01

&9z 9 o (-DFkg€ Ik + 1) sin2k2)
— . =4ar /ildl <1
aqa k=1 F(k2 -+ l)
Integration

Indefinite integration

Involving only one direct function

09.08.21.0001.01

f&z(zr q) dz== (94(2‘ q)

Involving only one direct function with respect to q

09.08.21.0002.01
© (—1)* kgl sinR2k2)

[z aaa=a}; fla <1

k=1 k2 +1

Representations through equivalent functions

With related functions

Involving theta functions

Involving &4(z, q)

09.08.27.0005.01
(94(21 q) , 2 02(21 q) 03(21 q)
1z, @) =30, ) ————
%1(z, 0) d(z O

0:1(21 q) =
09.08.27.0006.01
. T nT )
(921(2, q) == etlé/a (u (91(2— ?, q) - &l(z_ ?’ q)) /’ q== e i T
09.08.27.0007.01
ameve g (s 1 |
9z, @) = (-1 & @™ D2 (™3 (12(9’1(2— > 2m+rr, q) -2m+1) 01(2— 5 2m+rr, q)] imezZ /\ q=e "7

09.08.27.0008.01

o 1 1
Iz, g)=e*? \/E (01[z+ Eilog(q), q) + w’l(z+ Eilog(q), q))
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09.08.27.0009.01

1
0z, @) = (-1 Mz (

1 1
2m+1) 01(z+ Ei(2m+ 1) log(q), q) + rl&'l(z+ E i(2m+1)log(g), q)) /imeZ
Involving &»(z, q)
09.08.27.0010.01
. 1 1 )
¥z, g)=—e"*? ﬁ (02(2— Eﬂ(T + 1), q) + w’z[z— En(r +1), q)) /;q=e""
09.08.27.0011.01

1
2-+m- =

. 1 1 ,
F(z q) = @m™DZq 2 (i 0'2(z+ 3 @m+na(r-1), q) -2m+1) 02(z+ 3 @m+r(r-1), q)) imeZz /\ q=e""
09.08.27.0012.01
. 1 T 1 T
#z g =e'?yq ((92(z+ —ilog(q) — —, q) +w’2(z+ —ilog(Q) — —, q])
2 2 2 2
09.08.27.0013.01

1
e +ma-=

, 1 1
(2, q) = @m™DZq a ((2m+ 1) (92(2— 5 (2m+1) (i log(q) + 7), q) - w'z[z- P (2m+ 1) (ilog(q) + ), q)] imeZ

Involving ¢5(z, q)

09.08.27.0004.01

T
94z Q) = 0’3(2— = q)

2
09.08.27.0014.01

T
94(z, Q) = 6"3(2+ = q]

2
09.08.27.0015.01

1
0z ) = 0/3(5n(2m+ 1)+z q) /imeZ

Involving &4(z, q)

09.08.27.0001.02

(921(2, e””) =2 1@%7D i(‘}4(z— nT, e””) — gtz (921(2— T, e“”) /;Im(t) >0
09.08.27.0016.01

9z Q) = —e*?q2i 04z + 7T, Q) + Kz + 7T, Q) /; g ="
09.08.27.0017.01

(2 g) == (-1)" 2N g (2ind,z+nnT, Q) + Hz+nrT, Q) /ineZ /\ q=¢'""
09.08.27.0018.01

(2 g) == (-1)" 222" (2indyz+rm+nrT, ) + Hz+am+nar, Q) /;imneZ /\ g=€""
09.08.27.0019.01

94z, O) = —€*'?q(2i d4(z— ilog(a), Q) + Fy(z—ilog(a), @) /; g =€""
09.08.27.0020.01

¥z, Q) = e 22 q(2i d(z+ i log(q), O) — ¥y(z+ i log(a), §)) /; g = €'""
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09.08.27.0021.01
(2 @) = (1" e 217" (~2indy(z+inlog(@), ) + dz+inlog@), @) ineZ \ g=e"

09.08.27.0022.01
&z g = (1" e72i2q" (_2ind,z+xm+inloga), Q) + #(z+am+inlog(q), 9)/; imn ez /\ g=€""

Zeros

09.08.30.0001.01
94(z,0)=0

09.08.30.0002.02
3,0, @)==0

09.08.30.0003.01

mmn
(921(7, q) = 0/, meZ

Theorems

Solution set of the Halphen equations

The functions w;(2) == 2 w AWy (2) =2 M AWws(2) =2 w are a solution set of the

Halphen equations

W1(2) == W1 (2) (Wa(2) + W3(2)) — Wa(2) W3(2) A Wa(2) == W2(2) (W1(2) + W3(2)) — W1 (2) W3(2) A
W;5(2) == W3(2) (W1(2) + W2(2)) — Wi (2) Wa(2).
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