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Notations

Traditional name

Euler polynomial

Traditional notation

En(2

Mathematica StandardForm notation

Eul erE[n, z]

Primary definition

05.13.02.0001.01
ezt

En(2) =2n! ([t"]
et+1

)/;neN

Specific values

Specialized values

For fixed n
05.13.03.0001.01
2 (2n+1 _ l)
En(0)==——— Bn1
n+1

05.13.03.0002.01

n
En(0) = —2"" (2™ - 1) 2" n! sm(?n) {n+1)/;neN*

05.13.03.0003.01

1 (1_ 31—2n) (22n _ 1)
E2n—1(_) =- B, /;neN*t
3 2n

05.13.03.0004.01

1
En(—) =2"E,
2
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05.13.03.0005.01

2 (1_31—2n) (22n_l)
E _(—):: B,,/;neN*
2n-1 3 2n 2n
05.13.03.0006.01
2(2n+1 _ 1)
En()) = —————Bp1 /ineN’
n+1

05.13.03.0007.01

3
En(—) =2I""-2"E,
2
05.13.03.0008.01

1 m-1
En(m+ E) =2"(-D"E,+2 Z (=™l 2k + 1)"] /;meN*
k=0

05.13.03.0009.01

1 m-1
En(z - m) =2"(-1)"E, -2 Z (-1t @2k-2m+ 1)”] /;meN*
k=0

05.13.03.0010.01

p 4n! 4 2k-1 k-1 pr 7nn
En[—]zzi ({n+1, )S'n[ ——]/;n—leN*/\peN/\qu*/\psq
9 @ro™ia 24 q 2

For fixed z

05.13.03.0011.01

Eo(2==1
05.13.03.0012.01
1
E1(2 =2z~ -
2
05.13.03.0013.01
E,9=2-z2

05.13.03.0014.01

32 1
Ex9=2- —+—
2 4

05.13.03.0015.01

E,2=2"-27+z
05.13.03.0016.01
524 572 1
== 25 _— _— =
Es(2) > + > 5

05.13.03.0017.01

Es(2=2-32+57-3z

05.13.03.0018.01

74 3572 2172 17
E2=7 - —+ ——+—
2 4 2 8
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05.13.03.0019.01
Es(2==2-47 +142°-282+ 17z

05.13.03.0020.01
1532 31

2

9748
Ee(2)==29—7+2126—6324+

05.13.03.0021.01
Eip(@2=7°-52+307 -1262 + 2557 - 1557

General characteristics

Domain and analyticity

En(2) isapolynomia of zand as such an analytical function of z. E,(2) is defined in the whole complex z-plane and
forneN.

05.13.04.0001.01
nN+x2—E@::N®C)—C

Symmetries and periodicities

Mirror symmetry

05.13.04.0002.01
En(2) = En(2

Periodicity

No periodicity

Poles and essential singularities
With respect to z
The function E,(2) hasapole of order nat z== .
05.13.04.0003.01
Sing (En(2) = {{<, n}}
Branch points
With respect to z
The function E,(2) does not have branch points.

05.13.04.0004.01
BP(Ea(2) == {}

Branch cuts

With respect to z



http: //functions.wolfram.com

The function E,(2) does not have branch cuts.

05.13.04.0005.01
BCAEn(2) = {}

Series representations

Generalized power series

Expansions at generic point z== z

For the function itself

05.13.06.0010.01

1
En(2) o En(20) + NEn1(20) (- 20) + > (- NEy2(Z) (Z-20)° + ... /3 (2~ 20)

05.13.06.0011.01

1
En( o« Enl2) + NEn-1(20) (2 20) + = (N~ DNy 2(20) (2~ 2)° +0((z- 2)°)

05.13.06.0012.01

N (N—K+ 1) Enk(20)
En(2) = Z « (-2
o k!

k

05.13.06.0013.01
En(2) o En(20) 1+ O(z- 7))

Expansionsat z==0

For the function itself

05.13.06.0014.01
(2-2"2)Bny (2-2"n

En@oc ——————— +(2-2"Y) B z+
n+1

By1Z +

05.13.06.0004.01

n (2 - 2n—k+2) Bn—k+1 Zk

En(2) < n! 1 (z—>0
(2 é K!(n—k+1)! fi@=0

05.13.06.0005.01

(2(2™1-1)Byy)
En@ o« -————F— 1+ 0(2) /; (z- 0)
n+1

Exponential Fourier series

05.13.06.0001.01
4n! &

En(X) == _—
™S @k+ D™t

i (z-0)

n
sjn((2k+1)7rx— ?)/; -1<x<1AneN*
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05.13.06.0002.01

=D"42n-1)! & cos(2k+ 1) x)
Eon-1(¥) = /i-1<Xx<1AneN*'

n2n ko (2k+1)7°"

05.13.06.0003.01
=D"42n)! & sin(Rk+1)x)
Eon(X) == i-1<x=<1AneN*
71.2n+1 o (2k+ 1)2n+1

Asymptotic series expansions

05.13.06.0006.02
n (2 _ 2k+2) B 1 7K
Ei@ocn!?' ) ————— [, (12 - o)
~ (n-Kk!(k+D!
05.13.06.0007.01

1
En(2) « 2" (1+ O(—)) /i (12 = o0)
z

05.13.06.0008.01

n 1
En(2) « 2 [1— —+ O[—]] /1 (14 = o)
2z pas

05.13.06.0015.01
En(2 < 2" /; (14 = )

Other series representations

05.13.06.0009.01
on- k+2

En(2) = n'zk'(n Y nk+lZk

Integral representations

On the real axis

Of thedirect function
05.13.07.0001.01
an oo (SN (z—it) — (D™ sin(r (it + 2))t"
E@ =72 [
0 cosh(2rt) — cos(27 2)

dt/;0<Re(z<1AneN

05.13.07.0002.01

4 fllog( )(tzsm( (5 +x) -sin(x (5 - x)))

En(X) == dt/:0<x<1AneN
vl —2cos2aX)t2+1
05.13.07.0003.01
4(-Dsinrx) 1 log? () (2 +1)
Exn(X) = f dt/;0=<x<1AneN
n2ml 0 t*—2cos2aX)t2+1
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05.13.07.0004.01

E X) ==
2 n+l( ) o2

Pis t

Generating functions

05.13.11.0001.01
zt

En(2) =2n! [[t“]
el +

]/;neN

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

05.13.16.0001.01
En(1+2=27"-Ex\2

05.13.16.0002.01
n

n
Ed+2=)(,)&@

k=0

05.13.16.0003.01
En(1-2) = (-1)"En(2

05.13.16.0004.01
En(-2) = (-D)™ (En(2 - 22")

05.13.16.0005.01
Enz-1)=20z-1)"-Ex2

05.13.16.0006.01

m-1
En(z+m) = (=)™ En(2) + 2 Z )™ 1 z+ K"/ meN*

k=0
05.13.16.0007.01
m-1
En(z—m) = (-)MEn(2) - 2 Z Dt z+k-m"/; meN*
k=0

Addition formulas

05.13.16.0008.01
n

En(z+W) = Z( E) Ec@wk

k=0

Multiple arguments

05.13.16.0009.01

m-1 k m-1
E,(m2) = " Z (-1 En(z+ —] /; eN*
m 2

k=0

=)™ 2n+1) fl log®"(t) | [t2 +2cos(rX)t+1
og
0 t2—2cos(rX)t+1

]dt/;Osxsl/\neN
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05.13.16.0010.01

2n+l 1
En(22) = - (Bml(z) - Bn+1(z+ _))
n+1 2

05.13.16.0011.01

2mh m1 k m
En(m2) = - —— Z](—l)k Bn+1(_ + z] /i —eN*
n+1i= m 2

Identities

Recurrence identities

Consecutive neighbors

05.13.17.0001.01
En2 =27"-E\(z+1)

05.13.17.0002.01

En2=2z-1)"-E\z-1)

Distant neighbors
05.13.17.0003.01
m-1
Ea@ = ()" Ea@+m) - (-D)"2 Y (D™ ! (k+2)" ;me N
k=0
05.13.17.0004.01

m-1
Ea@ = ()" Eaz-m) +2(-)" Y (- k-m+2)" ;meN*
k=0

Functional identities

Relations of special kind

05.13.17.0005.01
En@+Enz+1) =227

05.13.17.0006.01
m-1
En(M) = (~D"Eq(0)~2 ) (D™ K" /imeN
k=1

05.13.17.0007.01
n

En(z+1) = Z( :) E@

k=0

Complex characteristics

Real part
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05.13.19.0001.01

o v v
Re(En(X+ 1Y) ==5Enx—x —; +Ep| X+ X —;

Imaginary part

05.13.19.0002.01

IM(En(X+1iY) ::2— - En[ x—Xx - —En[ X+ X -
y X X X

Absolute value

05.13.19.0003.01

Argument

05.13.19.0004.01

N

arg(En(x+iy)) =tan*| - | E,

X=X y2]+En[x+x yz]]x —i [En[xx yz]En[x+x —i
\J X2 X2 || 2y x? \J X2 \J X2

Conjugate value

05.13.19.0005.01

Signum value

05.13.19.0006.01

X [—ﬁz [En[x—x /—ﬁz]—En[ [—ﬁz x+x)]
. X X X [ y2 ] [ y2]
SON(En(X + i y)) == +Enq - XX + Eq| x=x ,——2 /
X X

y

[

Differentiation
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Low-order differentiation

05.13.20.0001.01

0En(2)
=nEq_1(2
0z
05.13.20.0002.01
8En(2)
=nn-1)E, 22
iy

Symbolic differentiation

05.13.20.0003.02
OMEn(2)

az"

=M-m+1),Er-m@/; meN

Fractional integro-differentiation

05.13.20.0004.01

"Ea@ noo(2-2nke2) e
=n! Bhks+1
0z o M—k+DITk-a+1)
Integration

Indefinite integration

Involving only one direct function

05.13.21.0001.01
En+l(Z)
fEn(z)d’z::

n+1

Definite integration

For thedirect function itself

05.13.21.0002.01
(D" 4(2™™2 - 1)m!n!

1
f Em(t) En(t) d't == Bmins2
0 (Mm+n+2)!

Involving the direct function

05.13.21.0003.01

1 1 7 "1nt 1 3 n+1
f En(t) sec(n t) dt == (1) 2 [g(n+ 1, —)—g[n+ 1, —)) /; — eN*
0 4n 4 4 2

Integral transforms

Fourier exp transforms
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10

05.13.22.0001.01
n (2 _ 2n—k+2) (_E')k
FUED] (00 = V271 Nl Y| ———" By 1 6¥(0
= kl(n-k+1)!
Inverse Fourier exp transforms

05.13.22.0002.01

n 2 on- k+2)
FEND] (0 = V21 n'z B i1 M)

k! (n-k+1)!
Fourier cos transforms
05.13.22.0003.01

3 (c1)k (2 2v2ke2 13) 2kl (11K

— - [2 ld(2-2 (-1

FalEa®1 (0 =V 27 n! E ,¥ Bn_2ks1 0%FX0) - [ — n! ( ) Bn_ok
k0(2k)'(n 2k+1)! n pa (n—2k)!x2k+2

J—

Fourier sin transforms
05.13.22.0004.01

2 EJ (- 1)k 2_ 2n—2 k+2 [EJ (_1)k 2_ 2n—2k+1
Fsi[En®] (0 = [ — n! (—) Broks — V27 n! Z # Br_ok 62D (x)
b oo (N—2k+ 1)1 x2k+1 o Ck+D!(n-2K)!

Laplace transforms

05.13.22.0005.01

2_ 2n—k+2) B ket 7 k-1

LiEn(t =n! VR 0
{En(D] (2 nk; Y /; Re(2) >

Summation

Finite summation

05.13.23.0001.01

nn
Z( k) Ex(@ = En(z+ 1)

=0

K

05.13.23.0002.01

Zn:( E) Ec@wW< =w" En(z+ %)

=0

F3

05.13.23.0003.01
m k
D1k En[z+
o m+1

05.13.23.0004.01

m
):: (Mm+1)"Ey(mz+2) /; By eN’

n

Z( E) Ex(2 Enk(W) == 2E ;1 (Z+W)+2(1-z2-W) E(z+W) /;neN
k=0
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05.13.23.0005.01

S1)aen-zef)

k=0

Infinite summation

05.13.23.0006.01
s3] Wn 2 eZW

Y —E@= /il <7
eV+1

!
n=0 n!

Representations through more general functions

Through other functions

Involving Stirling numbers

05.13.26.0001.01

n
En(2) =2 Z (D™ (=2 oF1(d, z+ 1, —m+z+1; -1 STV
m=0
Involving zeta functions

05.13.26.0002.01

En(2) == 2 (2"*1 g(— n, g) —{(-n, z)) ineN

05.13.26.0003.01

En(2) 2“+1(§( n Z) g( n Z+1))/ neN
n(2) = -n, —|-{|-n, — || /ine
2 2

Representations through equivalent functions

With related functions

05.13.27.0001.01

n —k

=1 s(e-3)

k=0

05.13.27.0002.01
2 1 z
En(z) = (Bn+1(z) —-2m Bn+1(_))
n+1 2

05.13.27.0003.01

2n+l z+1 z
n N+l n+1 2 n+1 2

05.13.27.0004.01
n (2 _ 2n—k+2) Zk

E@=nY-— " B,
" ék!(n—k+1)! il
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05.13.27.0005.01

4 N n+2
- 2n—k+2_l Bn7+ B
(n+1)(n+2)§( k )( ) Bntiz Be(@

En(2 ==
05.13.27.0006.01

2jn 1t k+z\
En(z) == - Z(_l)k Bn+l(+] /; 2] eN*
n+1k:0 j

Inequalities

05.13.29.0001.01

1
0<EZn(x><4*”|E2n|/;neN+/\0<x<E

05.13.29.0002.01

O0<(-D)"E (X) ( )![l+ )/ N*/\O —
< ) —1(X) < yne < X<
2n-1 2

ﬂ.2n n_

Other identities

Congruence properties

05.13.32.0001.01

q”[En[B]—(—l)pqEn(O))eZ/;neN*/\peZ/\qu/\q#&O
q

Theorems

The Boole summation formula

18 B
f(1) ~ —Z l )(f(k)(1)+ 19(0)).
244 k!

History

—L. Euler

—H. F. Scherk (1825) suggested the name and calculated the first 30 numbers
—G. Chrystal (1889) introduced modern notations

—L. Saalschiitz (1893) found the relation between Euler and Bernoulli numbers
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