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Notations

Traditional name

Double factorial

Traditional notation

n!!

Mathematica StandardForm notation

Factorial 2[n]

Primary definition

06.02.02.0001.01

5 %(l—coin m) n
n!!::(—) 2“/2r(5+1)

/4

Specific values

Specialized values

06.02.03.0001.01

k
@kt =[]2j/keN
=1

06.02.03.0002.01
kN =2Xrk+1)/: keN

06.02.03.0003.01
(-2k!'=& /; ke N*

06.02.03.0004.01

k
(2k—1)!!=:l_[(2j—1)/;keN

=1

06.02.03.0005.01
2K 1
k-1 = —F(k+ —) /i keN
p 2
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Values at fixed points

06.02.03.0006.01

(-3 =-1

06.02.03.0007.01
)N =&

06.02.03.0008.01
(D=1

06.02.03.0009.01
on=1

06.02.03.0010.01
11 =

06.02.03.0011.01
211=2

06.02.03.0012.01
311=3

06.02.03.0013.01
411==8

06.02.03.0014.01
511 =15

06.02.03.0015.01
61! == 48

06.02.03.0016.01
711 = 105

06.02.03.0017.01
81! == 384

06.02.03.0018.01
911 =945

06.02.03.0019.01
101! == 3840

Values at infinities

06.02.03.0020.01

oo!l =00

06.02.03.0021.01
(—oo)!t =
06.02.03.0022.01

(foo)!! =0

06.02.03.0023.01

(ico)!l =&

06.02.03.0024.01

soll=¢
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General characteristics

Domain and analyticity
n!! is an analytical function of n which is defined in the whole complex n-plane with the exception of countably
many pointsn= -k /; k—1eN*.1/n!!isan entire function.

06.02.04.0001.01
n—n!!l::C—C

Symmetries and periodicities

Mirror symmetry
06.02.04.0002.01

nll=n!
Periodicity

No periodicity

Poles and essential singularities

The function n!! has an infinite set of singular points:

n=-2k/;k-1eN* ae the smple poles  with residues

a)
(G .
k-2 !

b) n == & isthe point of convergence of poles, which is an essential singular point.

06.02.04.0003.01
Sing, (!N = {{{-2k, 1} /; k=1 eN*}, {&, oo}

06.02.04.0004.01
k-1

res,(n!) (-2k) == —— /; ke N*
k=21

Branch points
The function n!! does not have branch points.
06.02.04.0005.01
BPp(N) == {}
Branch cuts
The function n!! does not have branch cuts.

06.02.04.0006.01
BCn(n!) = {}

Series representations
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Generalized power series

Expansionsatn==ng /; N # —=2m

06.02.06.0001.02

1 Ng 2
n!! o ng!! [1+ — (Iog(4) + Zw(— + 1) +n|og(—)sin(n0n)) (n—ng) +
4 2 n
1 n 2 n n 2
> [4Iog2(2) + 4(//(30 + 1) + 4(//@(30 + 1) + 41;/(50 + 1) (2 log(2) +n|og(;) sin(ng n)) +

2 2
n Iog(—) (471 cos(Ng 1) + Sin(Ng ) (4 log(2) + Iog(—) sin(ng n)))] (n— no)2 +

T T

é [8Iog3(2) + Sw(% + 1)3 + 8¢(2)(% + 1) + Gw(% + 1) [4Iogz(2) + 4¢(1>(nz—o + 1) +7rlog(2)

T

2 2
(471 cos(Ng 1) + Sin(ng ) (Iog(le) +7 Iog(—) sin(ng n)))) +7 Iog(—) [2471 cos(ng ) 10g(2) + sin(ng )
Vs Vs
, 2\ 2\ . 2\
[12 log®(2) — 16 7% + 7 Iog(—) sin(Ng 70) (Iog(64) +7 Iog(—) sin(Ng ﬂ)]) +67° Iog(—] sin(2ng n')] +
T T T

n, 2 n 2 n,
12 [1/1(50 + 1) + lﬁ(l)(?() + 1)) (|09(4) +7rlog( )sin(n no))) (n—np)*+ ] /3 (N = ng) /\ _?0 e N*

Vs
06.02.06.0003.02

1 Ng 2
n! o nO!!(1+ 4_1 (Iog(4)+21//(3 +1)+7rlog(

. Ng
)Sm(no ﬂ)) (n—ng) + O(n— no)z)) fitn-ng) A\ - 5 ¢ N*

x
Expansionsat n == -2m

06.02.06.0004.02
(_1)ITF1 Zlfm
Mo ———(1+0N+2mM) /; (N> -2m AmeN*
(m=-D!'(2m+n)

06.02.06.0005.02

(_1)m—121—m 1
n!! o —(1+ —(Iog(2)+¢(m))(n+2m))+0(n+2m) /i(n=>-2m A meN*
(m=1D!'(n+2m) 2
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06.02.06.0006.02

(_1)W121—m
nMMoe —m
m-D!'2m+n)

1 1
(1 t (10g(2) + y(m) (N+2m) + ” (3109°(2) + 7% + 3y(m)? + 72 log(8) — 372 log(n) + 10g(64) y(m) — 3y (m)

1
@n+2m?+ y (10g°@2) + 372 log”(2) + 7 10g(2) + Y(m)® + log(8) Y(m)? — 72 log(8) log(x) -
log(8) y(m) + y(m) (3log*(2) + 7% (log(8) - 3log(x) + 1) - 3y (m) + y@(m) (n+2m)° +

1
o (1510g"(2) + 9072 10og*(2) + 45 7 log?(2) + 30 7% Iog’(2) - 9072 log(x) log’(2) — 307* I0g(2) + 60 Y(m)’

log(2) — 90 7 log(r) 10g(2) + 60 @ (m) log(2) + 7 #* + 15w (m)* + 45 2* log’(x) + 45 wl)(m)2 +307* log(m) —
30(310g°(2) + 7% (log(8) — 3log(x) + 1)) ¢V (m) + 30y(m)? (310g°(2) + % (10g(8) — 3log(x) + 1) — 3y (m)) +
60¢(m) (log*(2) + 372 log(2) + 7% log(2) — x% log(8) log(x) — log(8) y P (m) + y@(m)) - 15 w<3>(m))

(n+2m)4+0((n+2m)5))/; (n->-2m AmeN*

Asymptotic series expansions
06.02.06.0007.01
2 %(l_cos(”n)) n+l n
n!!oc(—] Vanzez/(no o)
T

06.02.06.0008.01

1
" (2)z<l—°°5<”">> nel ( 1 1 139 571 163879 5246819
n!t o

nnzez2[l+y —+ - - + + -
6n 72 6480n° 155520n* 6531840n° 1175731200n°

534703531 4483131259 432261921612371 [ 1

- + +0Q —)) [+ larg)| < A (Inf = eo)
7054387200n"  338610585600n®  1005673439232000n° n'o

06.02.06.0009.01

T

2 %(1—cos(7rn)) m1 n w 2k ()i PR2(j +k), j)nK
n”oc(_] \/Frl?lﬂ[ﬂzz( ) P2 +K), ) ]/;

m k=1 j=1 2 (j+ k!

(larg| <x A (In| = ) AP(M, j) = (M= (M-2)P(M-3, j -1 +P(m-1, ) A
PO, 0)=1APM 1) =mM-D)!'APM, j)=0/;m=<3j-1)

06.02.06.0010.01

2 %(lfcos(ﬂ m) n+l n 1
n!!oc(—) Vanz e_5(1+0(—)]/; larg(n)| < & A (In| - o)
4 n

Product representations

06.02.08.0001.01

k
@ =[]2jskeN

j=1
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06.02.08.0002.01
k

@k-Dit=][]@j-1/keN

=1

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.02.16.0001.01
n!
n-D!"=—
n!!
06.02.16.0002.01
nm
n (r« COSZ(?)
(-m!=— (—)
nit\2

Csc(nﬂ)
2
06.02.16.0003.01
1 T Cosz(nf) nr
= (2 )
(n=21\2 2
06.02.16.0004.01
1 /n COSZ(H?”) nx
cn-am=- (2 )
2
06.02.16.0005.01
-1"
(-2n-HN=——/ine”Z

nit\2
@2n-1"

06.02.16.0006.01
+2)!'=(n+ "
n+2)! n+2yn!!

06.02.16.0007.01

n
2m+n)!! = 2m(5+1) n''/;mez

m

06.02.16.0008.01

n!!
n-2=—
n
06.02.16.0009.01
(—1m 2" 1!
(h-2mit=—— " ;mez
2

Multiple arguments

06.02.16.0010.01

2 %sinz(nzr)
) n=!"nN

@n! = 2”(—
T
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06.02.16.0011.01

1 3n41 (2 —%cos(Snzr) 2 4
@Bm!l=—-—32 (—) n!!(n——]!![n——]!!

m Vg 3 3

06.02.16.0012.01

1
1 m 7 Z(l—rmcos(mnzr)) m-1/9k
mm!t =mz ™Y n2% ( ) [T|=+n-2|t/rmen
k=o\ M

Products, sums, and powers of the direct function

Products of the direct function

06.02.16.0013.01
(n-!'n!t=n!

06.02.16.0014.01
(=2n-DNERn-DN=(-1)"/ineZ

={3)
={3)

1 - (z)i(ZCos(mn)oos(nn)) m+n

06.02.16.0015.01
T cosz("?”)
(n=2)!"'n!! = —(—)
2
06.02.16.0016.01

n COSZ(%")
(—n)!!n!!::n(—)
2

06.02.16.0017.01

n!!'m!! = 22 |- !
mn n 2
2
n
2
06.02.16.0018.01
nn nem (2 %(cos(mn)—oos(nn)) m
— =272 [_) (—+1)
m!! n 2 on
2
06.02.16.0019.01
AN nm 243 COSMD-cosnm) y _ (0
=27 [_) 1 .
m!! 71’ 2 N
06.02.16.0020.01
m!!'n!! 1,71 %(cos(mn)+cos(nn)—cos(7r(m+n))—1) m n
_mn 3 (D1 0ea)
m+n+2)!11  2\2 2 2
ldentities

Recurrence identities

Consecutive neighbors
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06.02.17.0001.01

n+2N
n! ==
n+2
06.02.17.0002.01
n'=nmnh-2)!

Distant neighbors

06.02.17.0003.01

27"2m+n!!
nl==——/ime”Z

n
(3+1)
06.02.17.0004.02
n
n!! == (—1)’“2’“(—5) (n-2m!!'/;meZ

m

Functional identities

Relations of special kind

06.02.17.0005.01
f(M=nfn-2)/ fm=ngmAgn=gn-2A Q)=

Differentiation

Low-order differentiation

06.02.20.0001.01
on!! 1

n”[lo (2)+¢p(n +1)+ ! lo (Z)Sin(n ))
— = —nl!! - -7 - n
an 2 9 2 2 9 b

06.02.20.0002.01
2

2

an? T

Summation

Finite summation

06.02.23.0001.01

(_ )n \/ n+l (n-H!! o’
Zn: (-Dk@k+1N nt! ) N
== neN*
o (=K k! (k+1)! Vnl(n+ 1!

Representations through more general functions

Through other functions

Involving some hypergeometric-type functions

#nlt 1 " (I ) n ! ﬂl (2) ) ) | [2) (" !
__Zn.. og( )+(//(—+ )+E og| —[sin(nx)| +nx°cos(nm) og; +y (5+ )

|
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06.02.26.0001.02

> %(l—cos(n ) n
i (_) o2 r(E ‘1, o) /: Re(n) > ~2
T

Representations through equivalent functions

With related functions

06.02.27.0001.01
1
= (cos(r n)—1)
V4 n
i = 2"/2(—]4 —1
2 2
06.02.27.0002.01

1
Losan-1 . p
ni = 2"/2(5]4 r(—+1)
2 2

06.02.27.0003.02

ﬂ)% (cosrm)-1)

nit == 2“/2(— (Dn
2 3
06.02.27.0004.01
21 = 2%(—21—(:05(:12)—3) ﬂ_% cos?(”z—z) z+3 1Cos
2 =z
Inequalities
06.02.29.0001.01
1 @n!? 1
—<—— —n<—/;neN*
4 zEn-nn? 2
Zeros
06.02.30.0001.01
n'+0/;¥n
History

—J. Keiper and O.1. Marichev (1994) extended n!! to arbitrary complex n
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http://functions.wolfram.com/Notations/.
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