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Notations
Traditional name

Fibonacci number

Traditional notation

F

Mathematica StandardForm notation

Fi bonacci [v]

Primary definition

04.11.02.0001.01

" —cos(vm) ¢
V5

FV ==

Specific values

Specialized values

04.11.03.0001.01

1 [[1+\/§]n [1—\/3}”)
Fpo- —— - lnez
V5 2 2

04.11.03.0002.01

(-1 [[1+w/§]n [1—«/?]”]
F—r‘l:: - /vnez
vs (I 2

04.11.03.0015.01

1
Fa=o ("] +[¢™]) inezZAn>2

04.11.03.0016.01

¢"—(1-¢)"
n=—"—/nez

V5

04.11.03.0017.01

Fn+1=} 1+\/E Fo+1||/ineZAn>1
HENOEE |

A Ll R R P I S [ LI
tce of tnformation abont mathematical fus
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04.11.03.0018.01
¢"—(1-9)"
Fn=——/neZ
¢-(1-9¢)
Values at fixed points

04.11.03.0003.01

FO == 0

04.11.03.0004.01
Fl =

04.11.03.0005.01
Fo=1

04.11.03.0006.01
F3 == 2

04.11.03.0007.01
F4 == 3

04.11.03.0008.01
F5 == 5

04.11.03.0009.01
FG == 8

04.11.03.0010.01
F7 e 13

04.11.03.0011.01
Fg==21

04.11.03.0012.01
Fg == 34

04.11.03.0013.01
FlO == 55

Values at infinities

04.11.03.0014.01

Fo ==

General characteristics

Domain and analyticity

F, isan entire analytical function of v which is defined over the whole complex v-plane.

04.11.04.0001.01
v—F,::C—C

Symmetries and periodicities

Parity
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04.11.04.0002.01
Fn=C-)"'F,/ineZ

Mirror symmetry

04.11.04.0003.01
Fr=F,

Periodicity

No periodicity

Poles and essential singularities

Thefunction F, has only one singular pointat v = . Itisan essentia singular point.
04.11.04.0004.01
Sing (F,) = {0, oo}}
Branch points

The function F, does not have branch points.

04.11.04.0005.01
BPV(FV) ={}

Branch cuts

The function F, does not have branch cuts.

04.11.04.0006.01
BC,(F)={}

Series representations

Generalized power series

Expansionsat generic point v == vg

For the function itself

04.11.06.0015.01

Fy o Fyy + % (2(2+ Vs )) (csch1(2) 1+ )Zm +4% (csoh™(2) costr vo) + 7 SinGr Vo))] (v =vo) +

1

1 %0
m [\/E 7 (7 cos(z vg) — 2 csch™(2) sin(r vp)) (5 (—1 + \/E )) +5csch i) FVO) O =vo)2+ ... [ (v > vp)
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04.11.06.0016.01

F o Fy + % (2(1+ \/E))( h—l(z)( \/— )ZVO 4% (csc h‘l(z)cos(nvo)+nsn(nv0))](v Vo) +

5
1

o [\/g 7 (m cos(r vg) — 2 csch” Y2 sin(x o)) ( -1+ \/7 ) +5 csx:h’l(z)2 Fvo] v =v)? + O((v = vp)®)

04.11.06.0017.01

> 1 K 1
. -1
F, = Z o [FV0 csch™(2) + —

V5

(2V0‘1 (1 + \/; )_VO eI (csch’l(Z)k —(-Df@ir+ csch’l(Z))k + €2 (csch’1(2)k —(in- csch1(2))k)))] =)

04.11.06.0018.01
Fy o Fy (14O = vp))
Expansionsat v==0
04.11.06.0001.01
2log@@)y 722 1 (logd¢) n2
L o + +— ——log@) [V*+.../;(v>0)
Vs 2vs Vsl 3 2
04.11.06.0019.01
2log@@)y 722 1 (logi¢) n2
Fy o + +— - —log(¢) | v® + O(+*)
V5 2vVs V5| 3 2

04.11.06.0002.01

k k k
1 = (2csch‘1(2) ~(~im—csch™(2) ~(in-csch™(2)) )vk

FV ==
2V5 ia k!
04.11.06.0003.01
2log(¢)
L o< v O(vz) /; v-0)

V5

Asymptotic series expansions

04.11.06.0004.01

¢" —cosvm) ¢~

Fyo ——— /i (V| » )
V5
04.11.06.0020.01
¢ Im(v) < 0 A Re(v) — 7 Im(v)| > 0
Vs
l,ivn—vcschfl(Z)
——— Im(y)<O0AxIMm(v)+Re(v) <0
25
F, o iy /3 (vl = o)
- Im(»)>0ARey)—-nIm(y)<0
25
¢"—cos(vr) ¢~

True

J5
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04.11.06.0021.01

F,oc — /; (v > o)
V5

Other series representations

04.11.06.0005.01
n-1

S e

k=0

04.11.06.0006.01
n-1

F”:Z(n—t—l)/;nEN

k=0
04.11.06.0007.01
Z) el
Fp == Z( K )/;neN

k=0
04.11.06.0008.01
L k+n
Fone1 :ZZ( 2k )/: neN
k=0

04.11.06.0009.01
n-1

k+n
Fz”:zz(2k+1)/;”€N

k=0

04.11.06.0010.01

otny/; 1 (n-k-1!(1- g)k (4K
Fn= /ineN
M3 i@ k(" -k

04.11.06.0011.01

ok 2n-k
= ::k;s 2 ik’l( kn—l )exp(i (n-ktan(-2)/;neN

04.11.06.0012.01
n-1
1 [TJ

Fp=— ( )Sk/;neN
2n—1 o 2k+1
04.11.06.0013.01
0 k+n
__(_~n\n-1 sk .
Fn==(-0) Z(2k+1)(n 2¢/ineN
k=0
04.11.06.0014.01
n Y01 [ k+n n
F2 - ) -5 k(n-2[3]) ‘neN
n (2k+ 1 =3 Zfine

5n—2l%J+l o k+1

Integral representations
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On the real axis

Of thedirect function

04.11.07.0001.01

=53]
2n“2 2

Limit representations

n-1

7T V5 )
f 1+T cost)| sintydt/inez
0

n-1

04.11.09.0001.01
[ { Iog(log(dnfl(m))}
log(log()) wim

Fn == lim max

Moo

] f;neN" A d(m) == d_1(oo(M) A do(m) == 7o(M)

Generating functions

04.11.11.0001.01

t
n::[[t”] ]/;neN
1-t—t?

Differential equations

Ordinary linear differential equations and wronskians

04.11.13.0001.01
W) +log (@) W’ (v) + (72 ~ log’(#)) W (v) - 10g(¢) (10g($) + 72) W(¥) = 0 /; W(v) = &1 F, +C, L, + Ca ™" Sin(v)

Transformations

Addition formulas

04.11.16.0001.01
Fm+n == Fn+lFm+ Fm_an/, meZAneZ

04.11.16.0002.01

1
Fm+n:E(Fan+Fan)/;neZ/\mEZ

04.11.16.0003.01

0

n
Frmn::Z(k)Fm—k/;mEN/\nEN
k=0

04.11.16.0004.01
Frn=(-D"(FmFn1 —FaFmn1) s meZAnez

04.11.16.0005.01

1
Fm_nz5(—1)”(Fan—Fan)/;neZ/\meZ
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04.11.16.0006.01

0

n
FrmZn::Z(k)me/; meNAneN
k=0

04.11.16.0007.01

)

n
FrrH-Zn::Zzn_k(k)Fm_k/; meNAneN
k=0

04.11.16.0008.01

= n
Frmean ::sz(k)Fk+m/; meNAneN
k=0

04.11.16.0009.01

1
Froi=-F+L)

2

04.11.16.0010.01

2 2 /.

Foni=Fr1+Fy/ineN

04.11.16.0027.01

FooiFoi—F2=(-1)"/;neNAN=0

Cassini's formula

Multiple arguments

04.11.16.0028.01
sin’(rv) 2"

V5

04.11.16.0029.01

Fo, =L F +

¢ n2(7r V)

V5

Fo,=F_ R +F . F+

04.11.16.0030.01

¢ 2L dn ()

V5

F2v+1 == Fv—l Fv+1 + Fv+2 F, -

04.11.16.0011.01
Fan= Fn—p Fn+p—1 + Fn—p+1 Fn+p ineNA peN

04.11.16.0012.01
Fon=LaFn/ineZ

04.11.16.0013.01
n

F2n==Z(E)Fk/;neN

k=0

04.11.16.0031.01
F2, =3F24-1 — F20-2

04.11.16.0014.01
Fmy = LmFmp-1 = (D" Fp—2 /i me Z
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04.11.16.0015.01
m

m
an::Z(k)F,'ﬁFﬁflka/;m—leN*/\neN"/\nzm
k=0

04.11.16.0016.01

m-1
1 &) m 2kel | —2k K
E - F +lL— +m—15 ‘m N+ nezZ
mn om-1 §(2k+1) n n fime Ane

04.11.16.0017.01
e PR
Frmn == Fn Z ( ) )(-1)‘“"-1) Lm2kl  meN*AneZ
k=0

04.11.16.0018.01
m-1

Fyo =L, Z(Zm—kk— 1)(_1)kn F52k+2m—l 5kem-1 meN*AneZ
k=0

04.11.16.0019.01

T 2m-1 (Zm—k—l

F == _—
@mn ZZm—k—l k

)(_l)kn Fﬁm_ZK_l 5m—k—1 /, me N+ /\ nez
k=0

Products, sums, and powers of the direct function

Products of the direct function

04.11.16.0020.01
Fy.1Fy_1 == F2 + cos(v 1)

04.11.16.0021.01

1
FnFm=g(l—rmn—(—l)nl-npn)/;mEZ/\ﬂez

Power s of the direct function

04.11.16.0022.01
2
Fy=F, ;1 F,_1—cos(vm)

04.11.16.0023.01

1
Fa= E(LZn—2<—1)”)/;nez

04.11.16.0032.01

1
FS= E(3(—1)”+l Fan+F3n)/inez

04.11.16.0033.01

1
Fr= p (A(-D"Fzn—F4n=8(-1)"Fppy1 +2F4n1+6) sneZ

04.11.16.0024.01
4 .
Fo=FnoFr1FnFr2tl/ine”Z
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04.11.16.0025.01

1 m; M
Fma=_ 53] Z( m) DAY (L + (D™ Fooknemner = (D™ Fmoin) in€Z Ame N
2 k=0 k
Related transformations

04.11.16.0026.01

1
Fv == (Lv—l + Lv+1)
5

Identities

Recurrence identities

Consecutive neighbors
04.11.17.0001.01
Fo=-F.a+F.
04.11.17.0002.01
F,=F_1+F_
04.11.17.0017.01
Fv+1 - ¢V
1-¢
04.11.17.0018.01
F,=(Q-¢)F,1+¢""

Distant neighbors

04.11.17.0003.01

3 3
F, = ﬂ'm'Ll UE(—E) Frey + im UTfl(_E) Frmv+l /ime N*

2 2

04.11.17.0004.01

3 3
F, = ﬂ'lfm UE(_ 5) Frm-— (—i)m U;—l(_ 5) Fv—m—l /ime N*

2

Functional identities

Functional equations
04.11.17.0019.01
W2 =wWz-2)+Wz-1D/;w2=cF;, +c L,
Relations of special kind
04.11.17.0007.01
Fyi1 Fy_1 — F2 = cos(v )

04.11.17.0008.01
Fk+n Fl+n_ Fk+|+n Fn= (_1)n Fk F| /; kEN/\' EN/\HEN

04.11.17.0009.01
Fien-1 Fnok + Fognis Fien == Fan i keNAneN



http: //functions.wolfram.com

04.11.17.0010.01
Fﬁ —Fon Foem = (=™ Frzn /ineZAmeZ

04.11.17.0011.01

4Fon1 Fona Fonea Fonea — 2Fanio Fones + 1)2 +1==0/;neN

04.11.17.0012.01
1 (_1)b+n (_1)c+n (_ 1)a+n

+ + y
Fa+n Fb+n Fc+n Fc—b Fa—b Fb+n Fa—c Fb—c Fc+n Fb—a Fc—b Fa+n

neNAaeN"AbeN"AceN " AaxrbAa+cAb+c

04.11.17.0013.01
1
Fn+l:= \‘¢Fn+ EJ /, n-1eN*

04.11.17.0014.01
Focdmn == 9cd(Fm, Fn) s me ZAneZ

04.11.17.0015.01
0, (-1 (-1f

m
Fm =F /imeNAneN
; Fk Fk+m ; Fk Fk+n

04.11.17.0016.01

1 1 1
tan‘l[ ] + tan‘l( ] = tan‘l[—] fineNt

FZ n+1

Complex characteristics

Real part

04.11.19.0001.01
—X

¢ . . .
Re(Fyiiy) = N (¢** cos(ylog(¢)) — cos(r x) cosh(rr y) costy log(@)) + sin(x X) sin(y log(¢)) sinh(z y))
5

04.11.19.0006.01
Re(Fxﬂ y) =

1. _ PR o V5 -1
F (sin(r x) sin(y csch™(2)) sinh(rr y) — cos(r X) cos(y csch™(2)) cosh(r ) 5 +
5

V5
2

+1 * »
cosy csch™(2))

Imaginary part

04.11.19.0002.01
—X

IM(Fypiy) = F (¢** sin(ylog(¢)) + cos(r x) cosh(rr y) sin(y log(¢)) + cos(y 0g(¢)) sin(x x) sinh(r y))
5

04.11.19.0007.01

Im(FXH'y) =
1 _ . o _ V5 -1) (V5 +1) .
F (cos(r ) cosh(rr y) sin(y csch™(2)) + cos(y esch™(2)) sin(rr X) sinh(r y)) 5 + . sin(y csch™(2))
5
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Absolute value

04.11.19.0003.01

1
[Fasiy| = —— V(672" (COShZ(ﬂ' y) — 4 ¢** cos(r X) cos(2 y log(¢h)) cosh(rr y) +
V10

2% + sinh?( y) + cos(2 7 X) + 4 ¢2* sin(x X) sin(2 y log(¢)) sinh(r y))

04.11.19.0008.01
-2X

[Fariy| = % \/[(2(3+ \/E)ZX+4X (cos(27rx)+cosh(27ry))] (1+ \/E) -

4 cos(r X) cos(2y csch‘l(Z)) cosh(ry) + 4sin(r x)sin(2y csch'1(2)) sinh(rx y)]

Argument
04.11.19.0004.01
arg(Fy.:y) == tan™*(¢ ™ (¢** cos(y log(¢)) — cos(x X) cosh(r y) cos(y log(¢)) + sin(rr x) sin(y log(¢)) sinh(x y),
¢~ (¢** sin(ylog(¢)) + cos(x X) cosh(r y) sin(y l0g(¢)) + cos(y log(¢)) sin(x X) sinh(x y)))
04.11.19.0009.01
a g(FxH'y) =
V5
2

V5 -1 1)
tan~*| (sin(r x) sin(y csch’l(Z)) sinh(rr y) — cos(r X) cos(y csch’l(Z)) cosh(r y)) [ 5 + i cosy csch’l(Z)),

\/€+1
2

. 1 1 . . \/E -1 " " . 1
(cos(z x) cosh(rr y) sin(y csch™(2)) + cog(y csch™(2)) sin(zr X) sinh(r ) . + sin(ycsch™(2))
Conjugate value

04.11.19.0005.01
-X

Fariy = — (¢** (costylog(¢)) — i sin(y log(¢))) +
V5
sin(zr x) sinh(rr y) (sin(y log()) — i cosy log(¢))) — cos( X) cosh(r y) (cos(y log(#)) + i sin(y log(¢))))
04.11.19.0010.01
1 V5 —1)
Freiy = F —cos(r x) cosh(r y) (cos(y csch'1(2)) +isin(y csch‘l(Z))) [ ] +
5

\/€+1
2

V5 -1 i
sin(r X) (siny csch"l(Z)) —icogy csch"l(Z))) sinh(r y)[ 5 + (codly csch"l(Z)) —isin(y csch"l(Z)))

Signum value
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04.11.19.0011.01
SON(Fyrey) = (V2 97 (cosiz x) cosh(r y) (i sin(y log(¢)) — cos(y l0g(#))) +
¢?* (cos(ylog(¢)) + i sin(y l0g(¢))) + sin(r x) (i cos(y log(¢)) + sin(y log(#))) sinh(z y))) /
(V(¢72% (cosh(w y) — 4¢** cos(z ) cos(2 y log(¢)) cosh(r y) + 2¢** + sinh’(x y) +
cos(27 X) + 4 ¢** sin(r X) sin(2y log()) sinh(r y))))

04.11.19.0012.01

\/§+1]X

V5 1)
son(Fysiy) = [\/7 [si n(x x) (i cos(y csch™(2)) + sin(y csch™(2))) sinh(r y) [ 5 H—

\/— X
(cosly csch'1(2)) +isin(y csch‘l(Z))) - { — cos( X) cosh(r ) (cosy csch'l(Z)) —isin(y csch‘l(Z))) /

-2X

[\/ [[2 (3 + \/E)ZX + 4% (cos(2 7 X) + cosh(2 7w y))) (1 + \/E) — 4.cos( X) cos(2 y&sch_l(Z)) cosh(ry) +

4sin(r x) sin(2y csch™(2)) sinh(r y)]]

Differentiation

Low-order differentiation

04.11.20.0001.01
aF, ¢~ (¢*" log(¢) + cos(mv) log(g) + 7 Sin(r v))

ov V5

04.11.20.0002.01
”F, 1 s 2 2 .
P F(W (cost) (n* ~log"(¢)) + l0g(¢) (6> l0g(¢) — 27 Sin( ))))
4 5

Symbolic differentiation

04.11.20.0003.02

o"F, 1 1 . )
=— (¢v log"(¢) — = (=D ¢ (e (log() + i m)" + '™ (I0g(¢p) - m)”)) /ineN
6Vn 4/ 5 2

04.11.20.0004.02

o v n ¢7V n (N 4 n-k
=F,log (¢) + cos(mv) log (¢) —(—1)”2( )nk cog — (k—2v))|og @ ]/ineN
V5 k 2

n
v k=0

Fractional integro-differentiation

04.11.20.0005.01

*F, v o
= (v (i - csch™(2)" exp((i 7w - csch™(2)) v) (e, (i~ csch ™)) v) - 1) + exp(~(i 7+ csch™(2) )

ov* 2 \/g
(v(~im—csch™ (@) (Q-a, —(i 7+ csch ™)) v) - 1) =2 v* csch ()" exp(v csch™(2)) (Q(-a, v esch™(2)) - 1))
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Integration

Indefinite integration

Involving only one direct function

04.11.21.0001.01
1 [¢'av (log(¢) cos(rav) —wsinrav))  ¢¥ J
fFav dv =

+
V5 a log?(¢) + 72 log(¢)

04.11.21.0002.01
1 [ ¢~ (log) cos(rv) —wsin(xv)) ¢ ]
fdev = — +
V5 log?(¢) + 72 log(¢)

Involving one direct function and elementary functions

Involving power function

04.11.21.0003.01

fv“_l Fa,dv ==
1

(v" (—2 (-an ™ T, —avescth (@) esch ™) +(av(~in+cch™(2)) " T(e, av(—ix+cch™(2) +

2V5
(av(in+csch™(2)) " T(a, av (i + csch (2)))

04.11.21.0004.01
P

2V5

-

(v(~im+csch™ @) T(a, v(~iz+csch ™ (2)) + (v (im+ csch ™)) Ta, v(ix+ csch *(2))

Integral transforms

Laplace transforms

04.11.22.0001.01

1 Z+ csch‘l(Z)
LilF] () = T > /s Re(2) > log(¢)
Vs (z-cch™(2) 5 ((z+ csch’l(Z)) + ﬂz)

Summation

Finite summation

04.11.23.0010.01

n
D Fi=Fniz-1
k=0
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04.11.23.0012.01
n

Z(E)Fk:FZn/;neN

=0

F3

04.11.23.0013.01
n

n K
( )sz =F3n/;n€N

k=0 K
04.11.23.0014.01
. Z(Zn (z Fn + Fn+1) - 1)
Z F = /ineN
k=0 Z+z-1

04.11.23.0001.01

n Fq - F(n+1) p+q Zn+l + (_1)p Fn p+q Zn+2 - (_1)p Fq—p z
Z Fk p+q Zk ==
k=0

04.11.23.0002.01

(-DPZ-Lpz+1

n 1
D FkFna= (L —Fp) /;neN
k=0 S

04.11.23.0011.01

n
Z FE =FnFna
k=0

Infinite summation

04.11.23.0003.02
[oe]
z
St =-
k=1

04.11.23.0004.01

St ]

Z+z-1

o Foker 4

04.11.23.0005.01

04.11.23.0006.01

i . nm Fk—l nm Fk+2
Zsm CO! =0/;ne”Z
o 2R Ry 2Fy1 Ry

04.11.23.0007.01

> 2z
Z Fi Fiea Fioa 2=
k=0

(-2+z+1)(-2-4z+1)

asaformal power series

LipeZNqeZ AneN
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04.11.23.0015.01

D IFd—Fal =9
k=1

Multiple sums

04.11.23.0008.01
Lo © - o k—j+n—1y(n-]
== . +
PIDITDICETN I EDy LA | lag L BTV

m=0m,=0 m=0 j=1 j=0

04.11.23.0009.01

n d . 2(n-1 1( n
ZZ Zdn_szzlkjlj:][-ij == Fnyp/;neN/\peN /\Fn’p:E(E-i_l]':n_l‘p_l_'—E(E_l)Fn’p_l/\F”’l == Fn

Operations

Limit operation

04.11.25.0001.01

04.11.25.0003.01

. Ezl_oll:wk
lim ——— =¢/; meN*

v=eo Fm+v_ v

Representations through more general functions

Through hypergeometric functions

Involving »F;

04.11.26.0001.01

v v v v 3 1 TV 1-v v+1 1 1
F, = ~co (_)ZFl(l__: —-+1 —;——) +8n (—)zFl( ) 2—;——)

2 2 2 2 2 4 2

2 2 2 4

04.11.26.0002.01
1-
Fy = (1-6(-v) é6(sin(v m))) zFl(Tv, 1- g; 1-v; —4) —(1-6(v) 5(sin(v m))) cos(v 1) zFl(

v+l v
,§+1;v+1;—4)

04.11.26.0003.01

1-v v
F, = 2F1(

v+1l v
,1-— E, 1-v; —4)—COS7(V)2F1(

,5+1;v+1;—4)/;ve,t_l
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04.11.26.0004.01

1 inv 1 vV v 3 5) s€in(nv) v+l 1-v 1 5
Fy::—ez V(—l‘.sn(ﬂ'V)—COdﬂ'V))zFl 1-— —+1 — -+ 2Fl P
2 2 2 2 2 4

NG 2 224
04.11.26.0005.01
2+10 inv 3 2-i 1 1 12—
Fy==——e2 [(Z—i)v(Zicos(ﬂv)+Sin(7rv))2F1(l—v, 1+v, —; )—i\/Z—i sin(nv)ZFl(——v, —+v; —; ))
10 2 4 2 2 2 4
04.11.26.0006.01
1 inv 1 11 2+

iy 3 2+
F,==—e 2 (\/2+i (1+2u’)sin(nv)2F1(——v,v+—; —; )+5v(sin(nv)—2icos(nv))2F1(l—v,v+1; —; ))
10 2 22 4 2

4
04.11.26.0007.01
n ( 1-n n 3

Fn::EZFl 2 ,1-5,5,5)/,“62

04.11.26.0008.01

1-n
Fn == 2F1(

n
,1—5;1—n; —4)/;n—1er\1+

04.11.26.0009.01

n-1 n-1 —1 n 3 5
Fp = R R el = _{n_J i T
( ) n2 1 2 ’ [2J+ ’ 21 4 /!nEZ

04.11.26.0010.01

5\ 2|t n-1) [n-1; 1  (-1" 1
B HLI L TR

4 5

2 2 2 2 2
04.11.26.0011.01

51 n n-2| 2|1 n n -"
f(2) A2 5] nas T inez

5 2 2

04.11.26.0012.01

n-1 n-1 n-1 1 4
I B i P PR
2 2 2 5

04.11.26.0013.01

Fo e (E)H—Z%J—l zFlHn%lJ’ H P11s (—;)”; ) %) vz

2 2

04.11.26.0014.01

2 2| n-1; 1 n; 1 ()" 1
Fn::—(_) 2F1[—{—J——,{—J+—;1+ ;——]/;neZ
V5 \2 2 ] 2'l2l 2 2 ' 4
04.11.26.0016.01
'zl ey ls) n2 2 (1e3cyr 5] s+3¢-n" 3] s
e ) e B, )
2 5 2 8 2 8 2 2’9

04.11.26.0017.01

n

-3+2l3l aya il
SEE

3 5

2

nyn-2| -1 [7+(—1>“ 15 s+ 5] on 5]
( ) 2F1 + — +— 1+ y=|/inez
8 2 8 2 2
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04.11.26.0018.01
3 2-i
Fn=(-i)"n 2F1(1 -n,n+1 —; 2

)/;neZ

N

Involving ,Fq
04.11.26.0019.01
3 5
F21=2n+1?3F,[-2n,1,2n+2; > 2; 2 inez
04.11.26.0020.01

2 4 2 3 !
F5, = gn 3F2[1—2n, L2n+1 Y 2, _Z)/; nez

Through Meijer G

Classical casesfor thedirect function itself
04.11.26.0021.01

sin(rv) 1
_ c2?| =
4

2Vn

04.11.26.0022.01

1 wiov\ costva) ., v v
F, = Gy2lal 2 2|- Gylal 2 2|svez
2Vr 0, v 27Vr 0, -v

Generalized casesfor thedirect function itself
04.11.26.0023.01

sin(rv) ol 1
y=——— G353

il 1y
2 2’

N =

= = LveZz

2V

Through other functions

I nvolving some hyper geometric-type functions

04.11.26.0024.01

Fv == Fv(l)
04.11.26.0025.01
i
Fn= i Un—l(_ E] ineN

Representations through equivalent functions

With elementary functions

04.11.27.0001.01
2 oV 100W) _ pmi-logw)y _ ,—(mi+logw)v 1+ \/E
F, = /i W ==

2V5 2
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04.11.27.0002.01
24" — @ im0 _ v in-log)

— cos(m v))

V5 V5
[sin(nv)cos[vsinl[T —(2cos(mrv) —isin(rv)) sin vsn?t 7

2—-1i

]] —isin(rv) cos[z vs n_l[

]] +(sin(rv) - 2i cos(n v)) sin[zvsin‘l[

FV =
2V5
04.11.27.0003.01
24" — @' Cin-10g9) _ pv (in-logd))
FV =
2V5
04.11.27.0004.01
1
F,=—exp(-v csch’l(Z)) (exp(2v csch’l(Z))
V5
04.11.27.0005.01
i inv
FV = 2
V5
04.11.27.0006.01
1
F, == —— ((1 — cos(r v)) cosh(v log(¢)) + (cos(xr v) + 1) sinh(v log(¢)))
V5
04.11.27.0007.01
1 (7YY 2 , ] 1
F,= — ZSH(—)SH"I vese | — ||+ (1+ ¢™) sinh(v csch™(2))
vs 2 V5
04.11.27.0008.01
e .
F, = (2icos(mrv) +sin(rv))sinf2vsin.
V5
04.11.27.0009.01
1 inv ) 1 V2+i
F,==——e€ 2 |isn(rv)cog2vsin
Vs ?
04.11.27.0010.01
i"lsinnz) V5 +1) «
Fn==——/;z==ilog +—/\neZ
sin(2) 2 2

With Lucas numbers

04.11.27.0011.01

F, == (Lv—l + Lv+1)
5
04.11.27.0012.01

=D™2Lnme1 = Lo-m) + 2Lmns1 — Linen

n=
S5Lm

04.11.27.0013.01
2Lp,1 - Loy 972V sin’(av)

SLy V5L,

v

imeZAne”Z
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Other identities

Identities involving determinants

04.11.32.0001.01

1 ifk=I
n=|qi iflk=1]==
0 ese 1<k=n

1<l=n

Theorems

Zeckendorf theorem

Every positive integer can be decomposed in a unique way as a sum of Fibonacci humbers, such that no two of
these numbers are consecutive in the Fibonacci sequence.

Fibonacci substitution

After acting on A n times with the Fibonacci substitution {A - AB, B — A} the resulting sequence contains Fp,1 As

and F,, Bs.

A transcendental number

> Fr? isatranscendental number.

The numbers of primary and secondary spirals in the positions of leaves

The numbers of primary and secondary spirals in the positions of leaves or scales along a plant stem are nearly
always two consecutive Fibonacci numbers.

Hirmer's conjecture

The number of the largest set of nonintersecting circles arranged along the circumference of a given circle and
angle 2 7 (1 — GoldenRatio) between consecutive midpointsis given by the Fibonacci numbers F,.

History

—J. Kepler (1608)

—A. Girard (1634); R. Simpson (1753)
—E. Léger (1837)

—E. Lucas (1870, 1876-1880)

—G.H. Hardy and E.M. Wright (1938)
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