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Notations

o H ! ¢ axpaitherratieal Freereting
tce of tnformarion abont mathematical functions.

Traditional name

Fractional part

Traditional notation

frac(2)

Mathematica StandardForm notation

Fracti onal Part [z]

Primary definition

04.05.02.0001.01
frac(x)==x—-n/;xeRAneZA0=sgn(x) x—-nN)<1Ax+0
04.05.02.0002.01

frac(z) == frac(Re(2)) + i frac(Im(2))

For real z, the function frac(z) isthe fractiona part of z.

Examples: frac(3.2)==0.2, frac(3)==0, frac(-0.2)==-0.2, frac(-2.3)=-0.3, frac(%) =

frac(—m) == 3 -, frac(-4 - gu) = —%, frac(g) = % int(%) = %

Specific values

Specialized values

04.05.03.0001.01
frac(x)==0/; xe Z

04.05.03.0002.01
fracix)==0/;xeZ

04.05.03.0003.01
frac(x+iy) == frac(x) + i frac(y) /; xe R AyeR
Values at fixed points

04.05.03.0004.01

frac(0) == 0
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04.05.03.0005.01

frac(1)==0

04.05.03.0006.01

frac(-1)==0

04.05.03.0007.01

frac(i) == 0

04.05.03.0008.01

frac(—i)==0

04.05.03.0009.01
frac(2) == 0

04.05.03.0010.01
frac(-=3)==0

04.05.03.0011.01
frac(-m)==3-n

04.05.03.0012.01
27 7
fra({— _) L
10 10
04.05.03.0013.01
frac(-3.4) = 0.4

04.05.03.0014.01
23 3
fra({——u'e):: ——i(e-2
10 10

Values at infinities

04.05.03.0015.01
frac(co) € (0, 1)

04.05.03.0016.01
frac(—o0) € (-1, 0)

04.05.03.0017.01
frac(i o0) € (0, ©)

04.05.03.0018.01
frac(—i 0o) € (=i, 0)

04.05.03.0019.01
frac() € (0, 1)

General characteristics

Domain and analyticity

frac(z) isanonanalytical function; it is a piecewise continuous function which is defined over the whole complex z-
plane.
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04.05.04.0001.01
z—frac(z).: C—C

Symmetries and periodicities
Parity
frac(z) is an odd function.

04.05.04.0002.01
frac(—2) = —frac(2)

Mirror symmetry

04.05.04.0003.01
frac(z) == frac(2)

Periodicity

No periodicity

Sets of discontinuity

The function frac(z) is a piecewise continuous function with unit jumps on the lines
Re2=kVIm@2=I1/klezZ k+0,1+0.

The function frac(2) is continuous from the right on the intervals (k — i oo, kK + i ), k € N*, and from the left on the inter-
vas(—k—ioco, —k+1i00), ke N,

The function frac(z) is continuous from above on the intervals (—oo + i k, 0o + i k), k € N*, and from below on the intervals
(—oo0 — ik, 0o —iKk), ke N,

04.05.04.0004.01
DS,(frac(z)) = {{{(k—i oo, k+ic0), =1} /; ke N*}, {{(-k =i 00, =K+ i ), 1} /; ke N*},
{{ik= oo, ik+00), =i} /; ke N*}, {{(mi k= o0, —i k+ o), i} /; ke N*}}

04.05.04.0005.01
lim frag(z+ €) == frac(2) /; Re(2) e N*
e->+0

04.05.04.0006.01
Iim0 frac(z—e€) == frac(z) /; -Re(2) e N*
€+

04.05.04.0007.01
lim frac(z+€) == frac(2) — 1 /; —Re(z) e N*
e->+0

04.05.04.0008.01
lim frac(z—€) == frac(z2) + 1/, Re(2) e N*
e—>+0

04.05.04.0009.01
Iimofrac(z+z76) ==frac(2) /; Im(2) e N*
€+

04.05.04.0010.01
lim frac(z—ie) = frac(2) /; —Im(2) e N*

e~+0
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04.05.04.0011.01
lim frac(z+ie) = frac(z) —i /; —-Im(2) e N*
e->+0

04.05.04.0012.01
lim frag(z—ie) =frac(z) +i /; Im(2) e N*

e—>+0

Series representations

Exponential Fourier series

04.05.06.0001.01
1> sn2rkx)
frag(x) = — — Z —_

1
+0X)——/; XxeRAX¢Z
Tia 2

Other series representations

04.05.06.0002.01

n n n

) sw () e (T imes Anee A Do o

2ni

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

04.05.16.0001.01
frac(—-2) == —frac(2

04.05.16.0002.01

frac(i 2) = i frac(2)

04.05.16.0003.01

frac(—i z) == —ifrac(2)

04.05.16.0004.01
fracn+2) =frac(2 +0n+2- 02 /;neZ Nz¢ Z
Argument involving related functions

04.05.16.0005.01
frac(frac(2)) == frac(2)
04.05.16.0006.01
frac(z—frac(2)) == 0
04.05.16.0007.01
frac(int(2)) == 0
04.05.16.0008.01
frac(|Z]) =0

04.05.16.0009.01
frac(lz]) =0
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04.05.16.0010.01

frac([Z]) == 0

04.05.16.0013.01
frac(quotient(m, n)) == 0

04.05.16.0014.01
frac(quotient(m, n)) == 0
Addition formulas
04.05.16.0011.01
fracn+2 =frac(2 +0n+2 -0 /;ne ZN\Nz¢ Z
Multiple arguments

04.05.16.0012.01

-1 k k+1
frac(n 2) == frac(2 n — nsgn(xz( 2 + 6(2)) + sAN(xz(N2) + 6(2) — Zke(zmod 1- E] [1 - 9[zmod 1- %J] +n-1/
k=0

neNAzeR

Complex characteristics

Real part

04.05.19.0001.01
Re(frac(x + i y)) == frac(x)

04.05.19.0006.01
Re(frac(2)) == frac(Re(2))

Imaginary part

04.05.19.0002.01
Im(frac(x + i y)) == frac(y)
04.05.19.0007.01

Im(frac(2)) == frac(Im(2))

Absolute value

04.05.19.0003.01

[frac(x + i y)| =  frac(x)® + frac(y)?

04.05.19.0008.01

ffrac() == V fracim(2)? + fraRe(2)?

Argument
04.05.19.0004.01
arg(frac(x + i ) == tan~*(frac(x), frac(y))

04.05.19.0009.01

arg(frac(2)) == tan™L(frac(Re(2)), frac(Im(2)))
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Conjugate value
04.05.19.0005.01
frac(x + i y) == frac(x) — i frac(y)
04.05.19.0010.01

frac(z) == frac(Re(2)) — i frac(Im(2))

Signum value

04.05.19.0011.01
frac(x) + i frac(y)

\/ frac(x)2 + frac;(y)2

04.05.19.0012.01
frac(z)

[frac(2)|

sgn(frac(x + i y)) =

son(frac(2)) ==

Differentiation

Low-order differentiation

04.05.20.0001.01
ofrac(x)
ox

Inadistributional sensefor xe R .

04.05.20.0002.01
ofrac(x)

=X- Oko 0(X—K)
X Z “0

k=—c0

Fractional integro-differentiation

04.05.20.0003.01
8 frac(z) azl®  frac
+

0" [2-0) TI'l-o

Integration

Indefinite integration

Involving only one direct function

04.05.21.0001.01

Z
ffrac(z)dlz:: zfrac(z) — E

Involving one direct function and elementary functions
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Involving power function

04.05.21.0002.01
7 frac(2) yaRss

fZ"l frac(z) dz==

% a(a@+1)

04.05.21.0003.01

frac(2)
f dz==2(1-1009(2) + frac(2) log(2)
z

Definite integration
For thedirect function itself
Inthefollowing formulasae R .
04.05.21.0004.01
n n
f fract)dt=—/;neN
0 2
04.05.21.0005.02

1
frac(t) d t = 5 (frac(@)” - sgn(a) frac(a) + [al)

David W. Cantrell (2006)

04.05.21.0006.01
a(Hl 1

a
f t* L frag(t) dt = —— — — ((a—frac@)) a® - {(-@) + {(—a, a— frac(@) + 1)) /; Re(a) > -1
0 a+l «

04.05.21.0007.01

1 1
f frac(—]dt::l—)y
0 t

04.05.21.0008.01
aa+1

o 1
f L frac(t) dt = - —(a*frac(@) — {(-a, a—frac(a) + 1)) /; Re(e) <0
a

a a(a+1)

04.05.21.0009.01
1 1-4(-a)

fmta—l frac(t) dt == — /, Re(a’) <0A«a * -1
1 a(@+1) o7

04.05.21.0010.01

o frac(t)
f dt=1-vy
1 t2

04.05.21.0011.01

® 1 {(-a)
f t** fract)dt = —— /; -1 < Re() < 0
0 a

04.05.21.0012.01

a
ffrao(t)af =0
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04.05.21.0013.01
ab t 1 t 1 abgcd(a, b)
[ )] - 2= 22D o s e
0 a/ 2 b/ 2 12Icm(a, b)
Integral transforms

Fourier exp transforms

04.05.22.0001.01
i i > 6R2kn—2-6Qnrk+2
Filfract)] (2) = -

V2rn z V2 k1 k

Fourier cos transforms

04.05.22.0002.01
1 z b
Fey[frac(t)] (2) == (zcot(—) - 2) +. = 62
Vor 2 2 2

Fourier sin transforms

04.05.22.0003.01
1 2062kn—-2-62nk+2

1
Fsilfrac(t)] (2) == -
21 2z 271 k=1 k

Laplace transforms

04.05.22.0004.01

1
Li[frac(t)] (2) == ; (1— )/; Re(2 >0

e“-1

Mellin transforms

04.05.22.0005.01

Mi[frac(t)] (2) == & /i-1<Re(2) <0
z

Representations through equivalent functions

With related functions

With Floor

For real arguments

04.05.27.0008.01
frac(X) == x—[X] /; Xx€eRAX>0VxeZ

04.05.27.0009.01
frac(X) = x—|[X]-1/; XxeRAX<O0AX¢Z
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04.05.27.0010.01
frac(x) == X — x| = 1+ sgn(xz(X) + 6(X) /; x € R

For complex arguments

04.05.27.0011.01
frac(z)==z- 2] /;Re(2) = 0OAIM(Z) = 0VzeZVize Z

04.05.27.0012.01
frac(z2) ==z-1z]-1/;zeRAz<O0Az¢eZ\/Re(2) <0AIMm(2) > 0

04.05.27.0013.01
frac(z2)==z—-|z]-i/;izeRANiz>0ANiz¢ Z\/R&(2) >0AIm(2) <0

04.05.27.0014.01
frac(z) ==z-1z]-1-i/;Re(2 <0AIM(2) <0

04.05.27.0001.01
frac(z) = z—|z] - 1 - i + sYn(xz(Re(?) + O(Re(2))) + i sYN(xz(IM(2)) + O(IM(2)))

With Round

For real arguments

04.05.27.0015.01
1 x+1
frac(x ::X—{X——“/;XE[R x=z0/\ — ¢Z
|ixeRAx=0 A\

04.05.27.0016.01

1 X+1
frac(x) == x — {x—i—l/;xeﬂ{/\x<0\/TeZ

04.05.27.0017.01

1 x+1
frac(x) == x—{x— i —1—)(1(

> ) +8gN(xz(X) + 6(X)) /; xeR

For complex arguments

04.05.27.0003.01

1+ Re(z) + 1 Im(2) +1
frac(z) =z - {z - } -1-i- )(z( ) - i)(z[ > ) +sgn(xz(Re(2)) + O(Re(2))) + i sgn(x z(IM(2)) + 6(1M(2)))

2

With Ceiling

For real arguments

04.05.27.0018.01
frac(X) = x—[X]+1/; XxeRAX>0AXxe¢Z

04.05.27.0019.01
frac(X) ==x—-[X]/; XxeRAX<0VXxeZ

04.05.27.0020.01
frac(X) = X—[X]—sgn(xz(—-X) + (—-x)) + 1 /; xeR
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For complex arguments

04.05.27.0021.01

frac(z) == - [7Z] + sgn(xz(Re(?) + 6(Re&(2)) — i (1 - sYn(xz(IM(2)) + B(1M(2))) - O(— xz(1M(2))) + O(xz(Re(2)) — 1))

04.05.27.0002.01
frac(z) == z+[-Z] - 1 - i + SYn(xz(Re&(2)) + 6(Re(2))) + i sYN(xz(IM(2) + 6(IM(2))

With I nteger Part

04.05.27.0004.01
frac(z) == z—int(2)

With Mod

For real arguments

04.05.27.0022.01
frac(x) ==xmod1/;xeRAXx>0VxeZ

04.05.27.0023.01
frac(x) ==xmod1-1/;xeRAX<0Ax¢Z

04.05.27.0024.01
frac(x) == xmod 1 — 1+ sgn(xz(X) + (X)) /; xe R

For complex arguments

04.05.27.0025.01
frac(z)==zmod1/;Re(2) = 0AImM(2 = 0VzeZVize Z

04.05.27.0026.01
frac(z)==zmod1-1/;zeRAz<0Az¢ Z\/ Re(z2) <0AIM(Z) >0

04.05.27.0027.01
frac(z)==zmod1-i/;izeRANiz>0Aiz¢ Z\/Re(2 >0AIm(2) <0

04.05.27.0028.01
frac(z ==zmod1-1-i/;Re(2) <0AIm(2) <0

04.05.27.0005.01
frac(z) ==zmod 1 - 1 —i + i sgn(xz(IM(2) + 6(IM(2)) + sgn( vz (Re(2)) + O(Re(2)))

With Quotient

For real arguments

04.05.27.0029.01
frac(x) == x — quotient(x, 1) /; Xxe RAx>0Vxe Z

04.05.27.0030.01
frac(x) == x— quotient(x, 1) - 1/; Xxe R AX<OAXx¢ Z

04.05.27.0031.01
frac(x) == x — quotient(x, 1) — 1+ sgn(xz(X) + (X)) /; xe R
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For complex arguments

04.05.27.0032.01
frac(z) == z— quotient(z, 1) /; Re(2 = 0AIM(2) = 0Vze ZVize Z

04.05.27.0033.01
frac(z) == z— quotient(z, 1) -1/;ze RAz<0Az¢ Z\V Re2 < 0OAIM(2 > 0

04.05.27.0034.01
frac(z) == z— quotient(z, 1) —i /;ize RAiz>0Aiz¢ Z\/ Re(z) >0ANIm(2) <0

04.05.27.0035.01
frac(z) == z— quotient(z, 1) - 1-i /; Re(z29 < 0AIm(2) < O

04.05.27.0006.01

frac(z) == z— quotient(z, 1) — 1 — i + i SgnN(yz(IM(2)) + (1M(2))) + sgn( v z(Re(2)) + O(Re(2)))

With elementary functions

04.05.27.0007.01

tan~! (cot (7 2)) 1
frag(z) == - —— + sgn(6(2)) — 5 lizeRA\z¢Z
T

Zeros

04.05.30.0001.01
frac(2==0/;Re(2 e ZVIm(2 € Z

Theorems
Distribution of some sequences

For irrational «, the sequences frac(ne), n=1, 2, ... and frac(% Sheo %) n=1,2,

distributed.

... are homogeneously
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