
FractionalPart

Notations

Traditional name

Fractional part

Traditional notation

fracHzL
Mathematica StandardForm notation

FractionalPart@zD

Primary definition
04.05.02.0001.01

fracHxL � x - n �; x Î R ì n Î Z ì 0 £ sgnHxL Hx - nL < 1 ì x ¹ 0

04.05.02.0002.01

fracHzL � fracHReHzLL + ä fracHImHzLL
For real z, the function fracHzL is the fractional part of z.

Examples:   fracH3.2L � 0.2,  fracH3L � 0,  fracH-0.2L � -0.2,  fracH-2.3L � -0.3,  fracI 2
3

M � 2
3
,

fracH-ΠL � 3 - Π, fracI-4 - 5
3

 äM � - 2 ä
3

, fracI 5
2

M � 1
2
, intI 7

2
M � 1

2
.

Specific values

Specialized values

04.05.03.0001.01

fracHxL � 0 �; x Î Z

04.05.03.0002.01

fracHä xL � 0 �; x Î Z

04.05.03.0003.01

fracHx + ä yL � fracHxL + ä fracHyL �; x Î R ì y Î R

Values at fixed points

04.05.03.0004.01

fracH0L � 0



04.05.03.0005.01

fracH1L � 0

04.05.03.0006.01

fracH-1L � 0

04.05.03.0007.01

fracHäL � 0

04.05.03.0008.01

fracH-äL � 0

04.05.03.0009.01

fracH2L � 0

04.05.03.0010.01

fracH-3L � 0

04.05.03.0011.01

fracH-ΠL � 3 - Π

04.05.03.0012.01

frac -
27

10
� -

7

10

04.05.03.0013.01

fracH-3.4L � -0.4

04.05.03.0014.01

frac
23

10
- ä ã �

3

10
- ä Hã - 2L

Values at infinities

04.05.03.0015.01

fracH¥L Î H0, 1L
04.05.03.0016.01

fracH-¥L Î H-1, 0L
04.05.03.0017.01

fracHä ¥L Î H0, äL
04.05.03.0018.01

fracH-ä ¥L Î H-ä, 0L
04.05.03.0019.01

fracH¥� L Î H0, 1L
General characteristics

Domain and analyticity

fracHzL is a nonanalytical function; it is a piecewise continuous function which is defined over the whole complex z-

plane.
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04.05.04.0001.01

z�fracHzL � C�C

Symmetries and periodicities

Parity

fracHzL is an odd function.

04.05.04.0002.01

fracH-zL � -frac HzL
Mirror symmetry

04.05.04.0003.01

fracHz�L � fracHzL
Periodicity

No periodicity

Sets of discontinuity

The  function  fracHzL  is  a  piecewise  continuous  function  with  unit  jumps  on  the  lines

ReHzL = k ê ImHzL = l �; k, l Î Z, k ¹ 0, l ¹ 0.

The function fracHzL is continuous from the right on the intervals Hk - ä ¥, k + ä ¥L, k Î N+, and from the left on the inter-

vals H-k - ä ¥, -k + ä ¥L, k Î N+.

The function fracHzL is continuous from above on the intervals H-¥ + ä k, ¥ + ä kL, k Î N+, and from below on the intervalsH-¥ - ä k, ¥ - ä kL, k Î N+.

04.05.04.0004.01

DSzHfracHzLL � 998Hk - ä ¥, k + ä ¥L, -1< �; k Î N+=, 98H-k - ä ¥, -k + ä ¥L, 1< �; k Î N+=,98Hä k - ¥, ä k + ¥L, -ä< �; k Î N+=, 98H-ä k - ¥, -ä k + ¥L, ä< �; k Î N+==
04.05.04.0005.01

lim
Ε®+0

fracHz + ΕL � fracHzL �; ReHzL Î N+

04.05.04.0006.01

lim
Ε®+0

fracHz - ΕL � fracHzL �; -ReHzL Î N+

04.05.04.0007.01

lim
Ε®+0

fracHz + ΕL � fracHzL - 1 �; -ReHzL Î N+

04.05.04.0008.01

lim
Ε®+0

fracHz - ΕL � fracHzL + 1 �; ReHzL Î N+

04.05.04.0009.01

lim
Ε®+0

fracHz + ä ΕL � fracHzL �; ImHzL Î N+

04.05.04.0010.01

lim
Ε®+0

fracHz - ä ΕL � fracHzL �; -ImHzL Î N+
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04.05.04.0011.01

lim
Ε®+0

fracHz + ä ΕL � fracHzL - ä �; -ImHzL Î N+

04.05.04.0012.01

lim
Ε®+0

fracHz - ä ΕL � fracHzL + ä �; ImHzL Î N+

Series representations

Exponential Fourier series

04.05.06.0001.01

fracHxL � -
1

Π
 â
k=1

¥ sinH2 Π k xL
k

+ ΘHxL -
1

2
�; x Î R ì x Ï Z

Other series representations

04.05.06.0002.01

frac
m

n
�

1

2
sgn

m

n
-

1

2 n
 â
k=1

n-1

sin
2 Π k m

n
cot

Π k

n
�; m Î Z í n Î Z í m

n
Ï Z í n > 1

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

04.05.16.0001.01

fracH-zL � -frac HzL
04.05.16.0002.01

fracHä zL � ä fracHzL
04.05.16.0003.01

fracH-ä zL � -ä fracHzL
04.05.16.0004.01

fracHn + zL � fracHzL + ΘHn + zL - ΘHzL �; n Î Z ì z Ï Z

Argument involving related functions

04.05.16.0005.01

fracHfracHzLL � fracHzL
04.05.16.0006.01

fracHz - fracHzLL � 0

04.05.16.0007.01

fracHintHzLL � 0

04.05.16.0008.01

fracHdzpL � 0

04.05.16.0009.01

fracHdztL � 0
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04.05.16.0010.01

fracH`zpL � 0

04.05.16.0013.01

fracHquotientHm, nLL � 0

04.05.16.0014.01

fracHquotientHm, nLL � 0

Addition formulas

04.05.16.0011.01

fracHn + zL � fracHzL + ΘHn + zL - ΘHzL �; n Î Z ì z Ï Z

Multiple arguments

04.05.16.0012.01

fracHn zL � fracHzL n - n sgnH ΧZH zL + ΘHzLL + sgnH ΧZH n zL + ΘHzLL - â
k=0

n-1

k Θ z mod 1 -
k

n
1 - Θ z mod 1 -

k + 1

n
+ n - 1 �;

n Î N ß z Î R

Complex characteristics

Real part

04.05.19.0001.01

ReHfracHx + ä yLL � fracHxL
04.05.19.0006.01

ReHfracHzLL � fracHReHzLL
Imaginary part

04.05.19.0002.01

ImHfracHx + ä yLL � fracHyL
04.05.19.0007.01

ImHfracHzLL � fracHImHzLL
Absolute value

04.05.19.0003.01

 fracHx + ä yL¤ � fracHxL2 + fracHyL2

04.05.19.0008.01

 fracHzL¤ � fracHImHzLL2 + fracHReHzLL2

Argument

04.05.19.0004.01

argHfracHx + ä yLL � tan-1HfracHxL, fracHyLL
04.05.19.0009.01

argHfracHzLL � tan-1HfracHReHzLL, fracHImHzLLL
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Conjugate value

04.05.19.0005.01

fracHx + ä yL � fracHxL - ä fracHyL
04.05.19.0010.01

fracHzL � fracHReHzLL - ä fracHImHzLL
Signum value

04.05.19.0011.01

sgnHfracHx + ä yLL �
fracHxL + ä fracHyL
fracHxL2 + fracHyL2

04.05.19.0012.01

sgnHfracHzLL �
fracHzL

 fracHzL¤
Differentiation

Low-order differentiation

04.05.20.0001.01

¶fracHxL
¶ x

� 1

In a distributional sense for x Î R .

04.05.20.0002.01

¶fracHxL
¶ x

� x - â
k=-¥

¥

∆k,0 ∆Hx - kL

Fractional integro-differentiation

04.05.20.0003.01

¶Α fracHzL
¶zΑ

�
Α z1-Α

GH2 - ΑL +
fracHzL z-Α

GH1 - ΑL
Integration

Indefinite integration

Involving only one direct function

04.05.21.0001.01

à fracHzL â z � z fracHzL -
z2

2

Involving one direct function and elementary functions
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Involving power function

04.05.21.0002.01

à zΑ-1 fracHzL â z �
zΑ fracHzL

Α
-

zΑ+1

Α HΑ + 1L
04.05.21.0003.01

à fracHzL
z

 â z � z H1 - logHzLL + fracHzL logHzL
Definite integration

For the direct function itself

In the following formulas a Î R .

04.05.21.0004.01

à
0

n

fracHtL â t �
n

2
�; n Î N

04.05.21.0005.02

à
0

a

fracHtL â t �
1

2
IfracHaL2 - sgnHaL fracHaL +  a¤M

David W. Cantrell (2006)

04.05.21.0006.01

à
0

a

tΑ-1 fracHtL â t �
aΑ+1

Α + 1
-

1

Α
 HHa - fracHaLL aΑ - ΖH-ΑL + ΖH-Α, a - fracHaL + 1LL �; ReHΑL > -1

04.05.21.0007.01

à
0

1

frac
1

t
 â t � 1 - ý

04.05.21.0008.01

à
a

¥

tΑ-1 fracHtL â t �
aΑ+1

Α HΑ + 1L -
1

Α
 HaΑ fracHaL - ΖH-Α, a - fracHaL + 1LL �; ReHΑL < 0

04.05.21.0009.01

à
1

¥

tΑ-1 fracHtL â t �
1

Α HΑ + 1L -
1 - ΖH-ΑL

Α
�; ReHΑL < 0 ß Α ¹ -1

04.05.21.0010.01

à
1

¥ fracHtL
t2

 â t � 1 - ý

04.05.21.0011.01

à
0

¥

tΑ-1 fracHtL â t �
ΖH-ΑL

Α
�; -1 < ReHΑL < 0

04.05.21.0012.01

à
-a

a

fracHtL â t � 0
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04.05.21.0013.01

à
0

a b

frac
t

a
-

1

2
frac

t

b
-

1

2
 â t �

a b gcdHa, bL
12 lcmHa, bL �; a Î Z ì b Î Z

Integral transforms

Fourier exp transforms

04.05.22.0001.01

Ft@fracHtLD HzL �
ä

2 Π z
-

ä

2 Π
 â
k=1

¥ ∆H2 k Π - zL - ∆H2 Π k + zL
k

Fourier cos transforms

04.05.22.0002.01

Fct@fracHtLD HzL �
1

2 Π z2
 Kz cotK z

2
O - 2O +

Π

2
∆HzL

Fourier sin transforms

04.05.22.0003.01

Fst@fracHtLD HzL �
1

2 Π z
-

1

2 Π
 â
k=1

¥ ∆H2 k Π - zL - ∆H2 Π k + zL
k

Laplace transforms

04.05.22.0004.01

Lt@fracHtLD HzL �
1

z2
 1 -

z

ãz - 1
�; ReHzL > 0

Mellin transforms

04.05.22.0005.01

Mt@fracHtLD HzL �
ΖH-zL

z
�; -1 < ReHzL < 0

Representations through equivalent functions

With related functions

With Floor

For real arguments

04.05.27.0008.01

fracHxL � x - dxt �; x Î R ß x > 0 Þ x Î Z

04.05.27.0009.01

fracHxL � x - dxt - 1 �; x Î R ì x < 0 ì x Ï Z

http://functions.wolfram.com 8



04.05.27.0010.01

fracHxL � x - dxt - 1 + sgnH ΧZH xL + ΘHxLL �; x Î R

For complex arguments

04.05.27.0011.01

fracHzL � z - dzt �; ReHzL ³ 0 ß ImHzL ³ 0 Þ z Î Z Þ ä z Î Z

04.05.27.0012.01

fracHzL � z - dzt - 1 �; z Î R ì z < 0 ì z Ï Z ê ReHzL < 0 ß ImHzL > 0

04.05.27.0013.01

fracHzL � z - dzt - ä �; ä z Î R ì ä z > 0 ì ä z Ï Z ê ReHzL > 0 ß ImHzL < 0

04.05.27.0014.01

fracHzL � z - dzt - 1 - ä �; ReHzL < 0 ß ImHzL < 0

04.05.27.0001.01

fracHzL � z - dzt - 1 - ä + sgnH ΧZHReHzLL + ΘHReHzLLL + ä sgnH ΧZHImHzLL + ΘHImHzLLL
With Round

For real arguments

04.05.27.0015.01

fracHxL � x - x -
1

2
�; x Î R í x ³ 0 í x + 1

2
Ï Z

04.05.27.0016.01

fracHxL � x - x -
1

2
 -1 �; x Î R ß x < 0 ë x + 1

2
Î Z

04.05.27.0017.01

fracHxL � x - x -
1

2
- 1 - ΧZ

x + 1

2
+ sgnH ΧZHxL + ΘHxLL �; x Î R

For complex arguments

04.05.27.0003.01

fracHzL � z - z -
1 + ä

2
- 1 - ä - ΧZ

ReHzL + 1

2
- ä ΧZ

ImHzL + 1

2
+ sgnH ΧZHReHzLL + ΘHReHzLLL + ä sgnH ΧZHImHzLL + ΘHImHzLLL

With Ceiling

For real arguments

04.05.27.0018.01

fracHxL � x - `xp + 1 �; x Î R ì x > 0 ì x Ï Z

04.05.27.0019.01

fracHxL � x - `xp �; x Î R ß x £ 0 Þ x Î Z

04.05.27.0020.01

fracHxL � x - `xp - sgnH ΧZH -xL + ΘH-xLL + 1 �; x Î R
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For complex arguments

04.05.27.0021.01

fracHzL � z - `zp + sgnH ΧZHReHzLL + ΘHReHzLLL - ä H1 - sgnH ΧZHImHzLL + ΘHImHzLLL - ΘH- ΧZHImHzLLL + ΘH ΧZHReHzLL - 1LL
04.05.27.0002.01

fracHzL � z + `-zp - 1 - ä + sgnH ΧZHReHzLL + ΘHReHzLLL + ä sgnH ΧZHImHzLL + ΘHImHzLLL
With IntegerPart

04.05.27.0004.01

fracHzL � z - intHzL
With Mod

For real arguments

04.05.27.0022.01

fracHxL � x mod 1 �; x Î R ß x > 0 Þ x Î Z

04.05.27.0023.01

fracHxL � x mod 1 - 1 �; x Î R ì x < 0 ì x Ï Z

04.05.27.0024.01

fracHxL � x mod 1 - 1 + sgnH ΧZHxL + ΘHxLL �; x Î R

For complex arguments

04.05.27.0025.01

fracHzL � z mod 1 �; ReHzL ³ 0 ß ImHzL ³ 0 Þ z Î Z Þ ä z Î Z

04.05.27.0026.01

fracHzL � z mod 1 - 1 �; z Î R ì z < 0 ì z Ï Z ê ReHzL < 0 ß ImHzL > 0

04.05.27.0027.01

fracHzL � z mod 1 - ä �; ä z Î R ì ä z > 0 ì ä z Ï Z ê ReHzL > 0 ß ImHzL < 0

04.05.27.0028.01

fracHzL � z mod 1 - 1 - ä �; ReHzL < 0 ß ImHzL < 0

04.05.27.0005.01

fracHzL � z mod 1 - 1 - ä + ä sgnH ΧZHImHzLL + ΘHImHzLLL + sgnH ΧZHReHzLL + ΘHReHzLLL
With Quotient

For real arguments

04.05.27.0029.01

fracHxL � x - quotientHx, 1L �; x Î R ß x > 0 Þ x Î Z

04.05.27.0030.01

fracHxL � x - quotientHx, 1L - 1 �; x Î R ì x < 0 ì x Ï Z

04.05.27.0031.01

fracHxL � x - quotientHx, 1L - 1 + sgnH ΧZH xL + ΘHxLL �; x Î R
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For complex arguments

04.05.27.0032.01

fracHzL � z - quotientHz, 1L �; ReHzL ³ 0 ß ImHzL ³ 0 Þ z Î Z Þ ä z Î Z

04.05.27.0033.01

fracHzL � z - quotientHz, 1L - 1 �; z Î R ì z < 0 ì z Ï Z ê ReHzL < 0 ß ImHzL > 0

04.05.27.0034.01

fracHzL � z - quotientHz, 1L - ä �; ä z Î R ì ä z > 0 ì ä z Ï Z ê ReHzL > 0 ß ImHzL < 0

04.05.27.0035.01

fracHzL � z - quotientHz, 1L - 1 - ä �; ReHzL < 0 ß ImHzL < 0

04.05.27.0006.01

fracHzL � z - quotientHz, 1L - 1 - ä + ä sgnH ΧZHImHzLL + ΘHImHzLLL + sgnH ΧZHReHzLL + ΘHReHzLLL
With elementary functions

04.05.27.0007.01

fracHzL � -
tan-1 Hcot HΠ zLL

Π
+ sgnHΘHzLL -

1

2
�; z Î R ì z Ï Z

Zeros
04.05.30.0001.01

fracHzL � 0 �; ReHzL Î Z Þ ImHzL Î Z

Theorems

Distribution of some sequences

For  irrational  Α,  the  sequences  fracHn ΑL, n = 1, 2, ¼  and  fracK 1
2 Π

 Úk=2
n 1

k
O, n = 1, 2, ¼  are  homogeneously

distributed.
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