
GCD

Notations

Traditional name

Greatest common divisor

Traditional notation

gcdHn1, n2, ¼, nmL
Mathematica StandardForm notation

GCD@n1, n2, ¼, nmD

Primary definition
04.08.02.0001.01

gcdHn1, n2, ¼, nmL � p �; p Î Z í nk

p
Î Z í 1 £ k £ m í Ø $q Hq Î Z ì q > pL í nk

q
Î Z í 1 £ k £ m

04.08.02.0002.01

gcdHn1, n2, ¼, nmL � p �; ReHpL Î Z í ImHpL Î Z í Re
nk

p
Î Z í Im

nk

p
Î Z í

1 £ k £ m í Ø $q H q¤ >  p¤ ì ReHqL Î Z ì ImHqL Î ZL í Re
nk

q
Î Z í Im

nk

q
Î Z í 1 £ k £ m

gcdHn1, n2, ¼, nmL  is the greatest common divisor of the integers (or rational) nk.  It is a greatest integer factor

common to all nk, 1 £ k £ m. 

For complex values nkwith rational ReHnkLand ImHnkL  the function gcdHn1, n2, ¼, nmL  is also defined as shown

above.

Examples:  The  greatest  common  divisor  gcdH21, 48L  is  3;  similar,  other  examples  are  gcdH27, 48, 36L � 3,

gcdH27 + 3 ä, 48 - 6 äL � 3 + 3 ä, gcdI 2
3
, 3

4
M � 1

12
.

Specific values

Specialized values

04.08.03.0001.01

gcdHnL �  n¤



04.08.03.0002.01

gcdH0, nL � n

04.08.03.0003.01

gcdHn, nL �  n¤
04.08.03.0004.01

gcdHn, -nL �  n¤
04.08.03.0005.01

gcdHn1, n1, ¼, n1L �  n1¤
04.08.03.0006.01

gcdHp1, p2L � 1 �; p1 ¹ p2 ì p1 Î P ì p2 Î P

04.08.03.0007.01

gcdH2m - 1, 2n - 1L � 2gcdHm,nL - 1 �; m Î N+ ì n Î N+

04.08.03.0008.01

gcdI22m
+ 1, 22n

+ 1M � 1 �; m Î N+ ì n Î N+ ì m ¹ n

04.08.03.0009.01

gcd â
k=0

m-1

10k, â
k=0

n-1

10k � â
k=0

gcdHm,nL-1

10k �; m Î N+ ì n Î N+

04.08.03.0010.01

gcdHn, lcmHm, nLL � n �; m Î N+ ì n Î N+

04.08.03.0011.01

gcdHn, lcmHp, qLL � lcmHgcdHn, pL, gcdHn, qLL �; n Î N+ ì p Î N+ ì q Î N+

04.08.03.0033.01

gcdHlcmHn, pL, lcmHn, qLL � lcmHn, gcdHp, qLL �; n Î N+ ì p Î N+ ì q Î N+

04.08.03.0012.01

gcdHlcmHk, mL, lcmHk, nL, lcmHm, nLL � lcmHgcdHk, mL, gcdHk, nL, gcdHm, nLL �; k Î N+ ì m Î N+ ì n Î N+

04.08.03.0013.01

gcdHFm, FnL � FgcdHm,nL �; m Î Z ß n Î Z

04.08.03.0014.01

gcdHn mod m, mL � gcdHn, mL �; m > 0

Values at fixed points

04.08.03.0034.01

gcdH0, 0L � 0

04.08.03.0015.01

gcdH1, 1L � 1

04.08.03.0016.01

gcdH1, 2L � 1

04.08.03.0017.01

gcdH2, 2L � 2

04.08.03.0018.01

gcdH3, 2L � 1
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04.08.03.0019.01

gcdH4, 2L � 2

04.08.03.0020.01

gcdH1, 3L � 1

04.08.03.0021.01

gcdH2, 3L � 1

04.08.03.0022.01

gcdH3, 3L � 3

04.08.03.0023.01

gcdH4, 3L � 1

04.08.03.0024.01

gcdH5, 3L � 1

04.08.03.0025.01

gcdH6, 3L � 3

04.08.03.0026.01

gcdH4, 6L � 2

04.08.03.0027.01

gcdH36, 45L � 9

04.08.03.0028.01

gcdH-36, 45L � 9

04.08.03.0029.01

gcdH36, -45L � 9

04.08.03.0030.01

gcdH-36, -45L � 9

04.08.03.0031.01

gcdH-45, -36L � 9

04.08.03.0032.01

gcdH30, 15, 5L � 5

General characteristics

Domain and analyticity

gcdHn1, n2, ¼, nmL is nonanalytical function defined on Zmwith values in Z.

04.08.04.0001.01Hn1 * n2 * ¼ * nmL �gcdHn1, n2, ¼, nmL � Zm �Z

Symmetries and periodicities

Parity

gcdHn1, n2, ¼, nmL is an even function.
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04.08.04.0002.01

gcdH-n1, -n2, ¼, -nmL � gcdHn1, n2, ¼, nmL
04.08.04.0003.01

gcdH-n1, n2, ¼, nmL � gcdHn1, n2, ¼, nmL
Permutation symmetry

04.08.04.0004.01

gcdHm, nL � gcdHn, mL
04.08.04.0005.01

gcdIn1, n2, ¼, nk, ¼, n j, ¼, nmM � gcdIn1, n2, ¼, n j, ¼, nk, ¼, nmM �; nk ¹ n j ì k ¹ j

Periodicity

No periodicity

Series representations

Generalized power series

04.08.06.0001.01

gcdHm, nL � -n m + m + n + 2 â
k=1

m-1 k n

m

04.08.06.0002.01

gcdHm, nL � 1 - 2 g m

2
w g n

2
w - ∆ m

2
-f m

2
v ∆ n

2
-f n

2
v + 2 â

k=1

f m

2
v

k n

m
+ 2 â

k=1

f n

2
v

k m

n

Product representations
04.08.08.0001.01

gcdHn1, n2L � ä
j=1

jk

pi, j
minIΑ1, j ,Α2, jM �;

n1 Î N+ í n2 Î N+ í factorsHnkL � 98pk,1, Αk,1<, ¼, 9pk, jk , Αk, jk == í pk, j Î P í Αk, j Î N+ í 1 £ k £ 2

Generating functions
04.08.11.0001.01

â
k=1

¥

gcdHk, nL xk � â
dÈn

ΦHdL 
xd

1 - xd

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
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04.08.16.0001.01

gcdH-n1, -n2, ¼, -nmL � gcdHn1, n2, ¼, nmL
04.08.16.0002.01

gcdH-n1, n2, ¼, nmL � gcdHn1, n2, ¼, nmL
Multiple arguments

04.08.16.0003.02

gcdHp n1, p n2, ¼, p nmL � p gcdHn1, n2, ¼, nmL �; p Î N

04.08.16.0004.01

gcdHΜ m, Ν nL � gcdHm, nL gcdHΜ, ΝL gcd
m

gcdHm, nL ,
Ν

gcdHΜ, ΝL  gcd
n

gcdHm, nL ,
Μ

gcdHΜ, ΝL �;
m Î N+ ì n Î N+ ì Μ Î N+ ì Ν Î N+

Identities

Functional identities

04.08.17.0001.01

gcdHgcdHm, nL, pL � gcdHm, gcdHn, pLL
04.08.17.0002.01

gcdHn1, gcdHn2, n3, ¼, nmLL � gcdHn1, n2, n3, ¼, nmL
04.08.17.0003.01

gcdHm, n, pL � gcdHm, gcdHn, pLL
04.08.17.0004.01

gcdHn1, n2, n3, ¼, nmL � gcdHn1, gcdHn2, n3, ¼, nmLL
Summation

Finite summation

04.08.23.0001.01

ã
k1=1

n

ã
k2=1

n

¼ ã
km=1

n

FHgcdHk1, k2, ¼, kmLL � â
k=1

n

f HdL n

d

m �; FHnL � â
dÈn

f HdL

Infinite summation

04.08.23.0002.01

â
n=1

¥ â
k=1

n ∆1,gcdHk,nL
k n Hk + nL �

5

4

04.08.23.0003.01

â
n=1

¥ â
k=1

n ∆1,gcdHk,nL
n2 Hk + nL �

3

4
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04.08.23.0004.01

â
n=1

¥ â
k=1

n ∆1,gcdHk,nDL
k n Hk + nL2

�
3

8

04.08.23.0005.01

â
n=1

¥ â
k=1

n ∆1,gcdHk,nL
Hk n Hk + nLL2

�
7

24

04.08.23.0006.01

â
b=1

¥ â
d=1

¥ ∆1,gcdHb,dL
Hb d Hb + dLL2

�
1

3

Operations

Limit operation

04.08.25.0001.01

lim
n®¥

1

nr
 â
k1=1

n â
k2=1

n

¼ â
kr=1

n

gcdHk1, k2, ¼, krLk �
ΖHr - kL

ΖHrL
04.08.25.0002.01

lim
n®¥

1

n2
 â
k=1

n â
l=1

n

∆1,gcdHk,lL �
6

Π2

Representations through more general functions

Through other functions

04.08.26.0001.01

egcdHm, nL � 8gcdHm, nL, 8r, s<<
Representations through equivalent functions

With related functions

04.08.27.0001.01

gcdHm, nL �
m n

lcmHm, nL �; m Î N+ ì n Î N+

04.08.27.0002.01

gcdHn1, n2L � ä
j=1

jk

pi, j
minIΑ1, j ,Α2, jM �;

n1 Î N+ í n2 Î N+ í factorsHnkL � 98pk,1, Αk,1<, ¼, 9pk, jk , Αk, jk == í pk, j Î P í Αk, j Î N+ í 1 £ k £ 2
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04.08.27.0003.01

gcdHn1, n2, ¼, nmL �

ä
k1=1

m

nk1
ä
k1=1

m ä
k2=k1+1

m ä
k3=k2+1

m

lcmInk1
, nk2

, nk3
M ¼ � ä

k1=1

m ä
k2=k1+1

m

lcmInk1
, nk2

M ä
k1=1

m ä
k2=k1+1

m ä
k3=k2+1

m ä
k4=k3+1

m

lcmInk1
, nk2

, nk3
, nk4

M ¼

Inequalities
04.08.29.0001.01

gcdHn1, n2, ¼, nkL lcmHn1, n2, ¼, nkLk-1 £ ä
j=1

k

n j £ gcdHn1, n2, ¼, nkLk-1 lcmHn1, n2, ¼, nkL �;
n1 Î N+ ì n2 Î N+ ì ¼ ì nk Î N+ ì k Î N+

04.08.29.0002.01

ä
j1=1

k ä
j2= j1+1

k

¼ ä
jm= jm-1+1

k

gcdIn j1 , n j2 , ¼, n jm M ä
j1=1

k ä
j2= j1+1

k

¼ ä
jm= jm-1+1

k

lcmIn j1 , n j2 , ¼, n jm Mm-1
³ ä

j=1

k

n j

Hk-1L!Hk-mL! Hm-1L!

³

ä
j1=1

k ä
j2= j1+1

k

¼ ä
jm= jm-1+1

k

gcdIn j1 , n j2 , ¼, n jm Mm-1 ä
j1=1

k ä
j2= j1+1

k

¼ ä
jm= jm-1+1

k

lcmIn j1 , n j2 , ¼, n jm M �;
n1 Î N+ ì n2 Î N+ ì ¼ ì nk Î N+ ì k Î N+ ì m Î N+ ì 1 £ m £ k

The products are over all subsets of m numbers from the k integers n j.

Theorems

Distribution of digits in the decimal expansion of the rational number 

The decimal  expansion of the rational number 
p

q
�; gcdHp, qL � 1 and b � 2Α 5Β R �; gcdH10, RL � 1 has exactly

maxHΑ, ΒL nonrepeating and Ν �; 10Ν mod R � 1 repeating digits.

The human hearing system

The human auditory perception of the pitch of two frequencies is the gcd of their frequencies.

History

Euclid
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