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Notations
Traditional name

Greatest common divisor

Traditional notation

ged(ng, ny, ..., Ny)

Mathematica StandardForm notation

GCD[Nny, Ny, .., Np]

Primary definition

04.08.02.0001.01
n n

gcd(ng, Ny, ..., Nm) =P /; peZ/\—keZ/\lsksm/\[—-EIq(qu/\q> p)/\—keZ/\lsksm]
p q

04.08.02.0002.01

n, n
ged(ng, Ny, ..., Nm) = p/; Re(p)eZ/\Im(p)eZ/\Re(—k]ez/\|m[_k]ez/\
P p
n n,
lsksm/\[—&q(lql>|p|/\Re(q)eZ/\Im(q)eZ)/\Re{—k]eZ/\lm[—k)eZ/\lsksm)
q q

ged(ng, ny, ..., Ny) is the greatest common divisor of the integers (or rational) ng. It is a greatest integer factor
commontoal ng, 1<k=<m

For complex values ngwith rational Re(ny)and Im(ny) the function ged(ny, ny, ..., Ny) is aso defined as shown
above.

Examples: The greatest common divisor gcd(21, 48) is 3; similar, other examples are gcd(27, 48, 36) == 3,
god(27 + 34, 48— 64) = 3+ 34, ged(2, 3) = .

Specific values

Specialized values

04.08.03.0001.01
ged(n) == |n|
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04.08.03.0002.01
gcd(0, n)==n

04.08.03.0003.01
ged(n, n) == |n|

04.08.03.0004.01
ged(n, —n) = |n|

04.08.03.0005.01
ged(ng, Ny, ..., Ny == |nq|

04.08.03.0006.01
ged(py, Po) =1/, pr £ P2 AprePAp P

04.08.03.0007.01
ged(@™ -1, 2" - 1) = 294MM _ 1 ;s meN* AneN*

04.08.03.0008.01
ged(2" +1, 2% +1) =1/, meN  AneN" Am#n

04.08.03.0009.01

m-1 n-1 ged(mn)-1
gcd[z 10K, Zlok] = > 10/;meN"AneN’
k=0 k=0 k=0

04.08.03.0010.01
ged(n, lem(m, n)) ==n/; meN* AneN*

04.08.03.0011.01
ged(n, lem(p, @) == lem(ged(n, p), ged(n, @)) /; neN* ApeN* AgeN*

04.08.03.0033.01
ged(lem(n, p), lem(n, @) == lcm(n, gcd(p, @) /; ne Nt ApeN" AqeN*

04.08.03.0012.01
ged(lemck, m), lem(k, n), lem(m, n)) == lem(ged(k, m), gedck, n), gcd(m, n)) /; ke N* AmeN* AneN*

04.08.03.0013.01
gcd(Fm, Fn) = Fgegmn /i MEZAneZ

04.08.03.0014.01
ged(nmod m, m) == ged(n, m) /; m> 0

Values at fixed points

04.08.03.0034.01
gcd(0, 0)==0

04.08.03.0015.01
ged(l, 1)==1

04.08.03.0016.01
ged(l, 2)==1

04.08.03.0017.01
ged(2, 2) = 2

04.08.03.0018.01
ged@3,2)==1
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04.08.03.0019.01
ged(4, 2) =2

04.08.03.0020.01
ged(d, 3) =1

04.08.03.0021.01
ged(2,3) =1

04.08.03.0022.01
ged3,3) =3

04.08.03.0023.01
ged(4,3) =1

04.08.03.0024.01
ged5,3) =1

04.08.03.0025.01
ged(6, 3) =3

04.08.03.0026.01
gcd(4, 6) =2

04.08.03.0027.01
gcd(36, 45) == 9

04.08.03.0028.01
gcd(—36, 45) =9

04.08.03.0029.01
gcd(36, —45) =9

04.08.03.0030.01
ged(—36, —45) =9

04.08.03.0031.01
ged(—45, -36) == 9

04.08.03.0032.01
gcd(30, 15, 5) =5

General characteristics

Domain and analyticity
ged(ng, Ny, ..., Ny) isnonanalytical function defined on Z™with valuesin Z.

04.08.04.0001.01
(N =Ny #...xNyp)—ged(ng, Ny, ..., Ny 11 Z"—Z

Symmetries and periodicities
Parity

gcd(ng, ny, ..., Ny) isan even function.
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04.08.04.0002.01
ged(—ng, —Ny, ..., —Nm) == gcd(ny, Ny, ..., Ny)

04.08.04.0003.01
ged(—nq, Ny, ..., Ny) == ged(ng, Ny, ..., Ny)

Permutation symmetry

04.08.04.0004.01
ged(m, n) == ged(n, m)

04.08.04.0005.01
ged(ng, My, <oy Ny ooy Ny, ey M) == g0d(Ng, Mo, ey NGy ey M oy M) /NN AK

Periodicity

No periodicity

Series representations

Generalized power series

04.08.06.0001.01

m-1 kn
ged(m, n) = —nm+ m+n+22{—J

peg Ll
04.08.06.0002.01
|z 5
min 2i1kn 2.1 km
dm, n)=1-2(—||—=|=8m m{On [n|+2 —1(+2 —
oo =1-2| 2] 0a zpon yv23 | 423 T

Product representations
04.08.08.0001.01
Jk .
godny, np) == [}

=1

n e N* /\nz eN* /\fa(:torgnk) == {{pk,lv ak,l}! . {pkrjk' ak,jk}}/\ Pkj € [P/\akJ eN* /\ l<k=<2

Generating functions

04.08.11.0001.01

o xd
ged(k, n) X< = Y ¢(d) ——
; dz‘,:‘ 1-xd

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations
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04.08.16.0001.01
ged(—ng, —Ny, ..., —Nm) == gcd(ny, Ny, ..., Ny)

04.08.16.0002.01
ged(—ny, Ny, ..., NEp) == gcd(ng, Ny, ..., Ny)
Multiple arguments

04.08.16.0003.02
ged(pnyg, pny, ..., pPNm) == pgcd(ng, Ny, ..., N /; peN

04.08.16.0004.01

n u

m v
ged(u m, v n) == ged(m, n) ged(w, v) ged , ) gcd[

ged(m, n) - ged(u, v)
meN"AneN*AueNTAveN'

Identities

Functional identities

04.08.17.0001.01
ged(ged(m, n), p) == ged(m, ged(n, p))

04.08.17.0002.01
ged(ng, ged(ng, ng, ..., Nm)) == ged(ng, Ny, Ng, ..., Nm)

04.08.17.0003.01
ged(m, n, p) == ged(m, ged(n, p))

04.08.17.0004.01
ged(ng, N, N, ..., Ny) == ged(ny, ged(ng, Ns, ..., Nm))

Summation

Finite summation

04.08.23.0001.01

0 n
ZZ ZF(gcd(kl,kz,.. E Zf(d)m =Y 1@
k=1

k=1 kp=1

Infinite summation

04.08.23.0002.01
© NG Jged(k,n)

ZZ kn(k+n) - 4

n=1k=1

04.08.23.0003.01
N 01gedkn 3

ik P (k+n) 4

din

gedm, )" ged(y, v)
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04.08.23.0004.01
o N 61,gcd(k,n]) 3

n=1k=1 kn(kK+ n)2 8

04.08.23.0005.01
7

© NG ,gcd(k,n)
Sy, e T

n=1k=1 (kn(k+ n))

04.08.23.0006.01
® @ 01 gedbd) 1

boiao1 (bd(b+d)? 3

Operations

Limit operation

04.08.25.0001.01

{(f

-K
lim —ZZ chd(kl Ko, ...y k)< == {(r))

k=1k,=1

04.08.25.0002.01

rI1I—>To 2251 gedkl) ==

k=1 I=1

Representations through more general functions

Through other functions

04.08.26.0001.01
eged(m, n) == {gcd(m, n), {r, s}}

Representations through equivalent functions

With related functions
04.08.27.0001.01

ged(m, n) = /imeNt AneN*

lem(m, n)
04.08.27.0002.01
M in )
min(aq i,a, i
ged(ng, np) ==npi,j HEE,

=1

n e N* /\n2 eN* /\factoran) = {{pk,l7 akyl}, ceey {pkvjk’ a'kyjk}}/\ Pkj € [P/\akJ eN* /\ 1<k=<2
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04.08.27.0003.01
ged(ng, Ny, ..., Ny) =

m
ki=l  ky=Lky=ky+1kg=kp+1

Inequalities

04.08.29.0001.01

m m

ky=1ky=k;+1 ky=1ky=K; +1Kg=Ko+1ks=Kg+1

l_lnk1 ﬁ ﬁ ﬁ lem(ny,, Ny, nkg)J/[ﬁ ﬁ lem(ny,, nkz)ﬁ ﬁ 1_[ 1—[ lem(n,, Ny, , Nig.» N, -

k
ged(ng, ny, ..., nYlem(ng, ny, ..., nk)k"l < l_[nj =< ged(ng, ny, ..., nk)k"llcm(nl, Ny, ..., N /;
i=1

nneNFAmeN AL AN eNt AkeNt

04.08.29.0002.01

[ﬁ ﬁ ﬁ gcd(njl,njz,...,njm)][ﬁ ﬁ ﬁ lem(n;,, nj,, ..

j1=1i=i1+1  jm=ima+l j1=1ljp=j1+1  jm=im1+1

[ﬁ ﬁ ﬁ gcd(njl,an,...,njm)Wl][ﬁ ﬁ ﬁ lem(n;,

j1=Lip=j1+1  jm=imat+l j1=1ip=j1+1  jm=imatl

neNFALeN AL ANLeN  AkeN  AmeNT  Al<sm=<k

The products are over all subsets of m numbers from the k integers n;.

Theorems

(k-1)!

k (k—m)! (m-1)!
m-1
. njm) = nj =
=1

» Ny -~-vnjm)]/3

Distribution of digits in the decimal expansion of the rational number

The decimal expansion of the rational number g /; ged(p, g) =1 and b =25 R/; gcd(10, R) == 1 has exactly

max(a, ) nonrepeating and v /; 10" mod R == 1 repeating digits.

The human hearing system

The human auditory perception of the pitch of two frequenciesisthe ged of their frequencies.

History

Euclid
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