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Notations

Traditional name

Inverse of the Jacobi elliptic function ds

Traditional notation

ds Yz m)

Mathematica StandardForm notation

I nver seJacobi DS[z, m]

Primary definition

09.42.02.0001.01
z=ds(w|m)/; w== ds"l(zl m)
09.42.02.0002.01

00 1
ds(z|m) = dt/;ze[R/\22+m>1

* yJe+m \/t2+m—1

Specific values

Specialized values

For fixed z
09.42.03.0001.01
dsY(z] 0) = csci(2)
09.42.03.0002.01
E) =V2 F[sin‘l[ ! )
2 N

ds"l(z

—1]/;z>1

09.42.03.0003.01
ds(z| 1) = csch i(2)

For fixed m

09.42.03.0004.01

dsl(—1|m::%[K(%)+iF[sinl[ ! ]

m 1-m

m—ln
—|]/im>1

m
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09.42.03.0005.01

1 2i 1 m-1 1 m
ds‘l(—— m) == F[sin"l[ ] ]+ F(Sin_l(Z \/m) ‘ —) im>1
2 vm 2v1I-m/| m 1-m m-1
09.42.03.0006.01
o 1 (1
ds “(0|m)== —K(—]/; m>1
m

m
09.42.03.0007.01

ds‘l(i ‘ m) - 1 F(sin‘l(z m) ‘ %) /im>1

1-m

09.42.03.0008.01

1 1 1
ds 1| m=— [K[—) —i F[sin‘l[ )
vm {\m vi-m

Values at infinities

m

m—1D
—|/im>1

09.42.03.0009.01
ds(z] ) == 0
09.42.03.0010.01
ds_l(zl —00)==0
09.42.03.0011.01
ds(co | M) =0

09.42.03.0012.01

dsl __ 2 1 _
S (—o|M)=—K|[—|/m>1
m m

General characteristics

Domain and analyticity

dst(z| myisan analytical function of zand mwhich is defined over C2.
09.42.04.0001.01

(z+m—ds }z|m:: (C®C)—C

Symmetries and periodicities

Mirror symmetry
09.42.04.0002.01

ds_l(zl m) = ds"l(z | m)

Quasi-reflection symmetry
09.42.04.0003.01

i
ds_l(—z| m) == —E F[sin"l[ z ]

m 1-m

) + ds"l(z | m)
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Poles and essential singularities
With respect tom
The function ds™(z| m) does not have poles and essential singularities with respect to m.
09.42.04.0004.01
Sing_(ds™(z| m) = {}
With respect to z

The function ds’l(zl m) does not have poles and essential singularities with respect to z.

09.42.04.0005.01
Sing (ds™(z| m) = {}

Branch points
With respect tom

For fixed z, the function ds1(z| m) has three branch points m=-2%, m=1-2, m=¢&.

09.42.04.0006.01
BSDm(ds"l(zl m)={-7Z1-2, &}

09.42.04.0007.01
Rm(ds’l(z | m), —-Z) =log

09.42.04.0008.01
Rm(ds‘l(z |m), 1-7)=log

09.42.04.0009.01
Rm(ds"l(zl m), &) =
With respect to z

For fixed m, the function ds‘1(2| m) has six branch points; z==0, z=+* V-m,z=+V1-m, z =.

09.42.04.0010.01

BP(ds zIm)={0, V-m,-V-m,Vi-m, -V1-m, &)
09.42.04.0011.01

Rz(ds’l(zl m), 0) = log
09.42.04.0012.01

Rz(ds"l(z| m), V-m ) =2

09.42.04.0013.01

Rz(ds’l(zl m), =V —-m ) =2

09.42.04.0014.01

‘Rz(ds"l(z| m),v1-m ) =



http: //functions.wolfram.com

09.42.04.0015.01

Rz(ds"l(zl m), -vV1-m ) =2
09.42.04.0016.01
Rz(ds"l(z| m), &) = log
Branch cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansionsat z==0

09.42.06.0001.02
1 z 2m-12

1
dstzime [ — K(—]— + - [i2Z>0)
m Am’ Vm-1vVm 6(m-1%*m¥2

09.42.06.0002.01

9 [1 (1 1
ds“(z|m)y=_/ — K(—)—
m im m-1vVm &

09.42.06.0007.01

st 1 1
S “(z| M) E K E 1+ 0O(2)

Expansionsat m==0

:)
2 )k F(l 1
21 2

2k+1)k!

(1)K m—k(

NgE

[l
o

09.42.06.0003.02

. 1 Z+1 1 1 (92-1272-1172+6) 1
ds(z|m) < csc (@) + — |esc (@) + 1- — |m+ —|9csc i) - 1-— [mP+.../
4 2(1-7) z 64 2Z2-1) 2

(m-0)

09.42.06.0008.01

ik 1) 2j1
N e 1 CD (2)1—k(2)kr 11 3 1)
ds (Zlm)=ZZ - _ 2F11+—,k+—;1+—;—)mJ
ko @I+D(-ktk! 2 27 2R
09.42.06.0004.01
. Z-zj-zk-l(_l)j+k(%)j(g

2)k 1 1 31 _
ds(z| m ::ZZ 2Fl(j +— jrk+ = jrk+—; _] mi*k
kojco @j+2k+D)jtk! 2 2 2 2

09.42.06.0005.01

. ) o o1 (1 1
—1 j+k m]+k TZJ 2k-21 1(_) (_)
=D 2/k\2)j4l

0 00 00

ds(z|m) = ZZZ

k=0 j=0 1=0 (2j+2k+2|+1)j!2k!2
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09.42.06.0006.01

1\ 2 __ok
i 1o (3 7 k+ 2ik+3:3 m m
ds 1(Z|m):=_27|:1x1x1 7
z 3 VOO ki 2 2
k=0 (E)k 2 b

09.42.06.0009.01
ds(z] m) « csci(2) (1 + Om)

Integral representations

On the real axis

Of thedirect function

09.42.07.0001.01

00 1
ds_l(zlm)::f dt/;ze[R/\22+m>1
‘ \/t2+m \/t2+m—1

VZ+m-1 no(ds™z|m |m) 2 1

ds ™zl m) =ds (zo | M) - dt/;
VZ+m ZO\/t2+m\/t2+m—1
= 3r freRr 0<r<1) (Im((r @-2)+2)2+m=0/\ t@-2) +2)* +m<0 [\
Im((r(z—zo)+zo)2+m—1)=O/\(T(z—zo)+zo)2+m—1<0)

09.42.07.0002.01

09.42.07.0003.01

VZ+m-1 nc(ds ™z m)| m) foo 1
VZ+m ‘ \/t2+m\/t2+m—1

2 2

s (e () o <0 A [zt S ) +m<o
offeen( ) <m0 e 5)

Differential equations

ds"l(zl m) =

dt/,

2
+m—1<0]

Ordinary nonlinear differential equations

09.42.13.0001.01
W@ +(2Z2+2m-1)zw (2% =0/, W2 = ds " (z| m)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
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09.42.16.0001.01

2i
ds_l(—zl m) == —l F[sin"l[ i ]

m 1-m

m-1

) + ds"l(z | m)

Identities

Functional identities
09.42.17.0001.01
(Z- zg)2 dswW(z) +W(zp) | M)* - 2(Z2Z +(Z+(@m-2Z +(m-1m) 2 + (m- 1) m2B) dsw(z,) + W(zp) | m)* +
(m-ym-2Z z%)2 =0/ W@ =ds}z|m

Differentiation

Low-order differentiation

With respect to z

09.42.20.0001.02
adszim  ncds 'zl m)|m)

0z Z+m
09.42.20.0002.01
adst(z|m 1
P = /;ZE[R/\22+m>1
VA

\/ Z+m \/ Z+m-1
09.42.20.0003.02
#dsizlm  z(2Z+2m-1)nc(ds z| m) | m)

07 (Z+m-1)(2+m)’

09.42.20.0011.01
1

g1
ds iz m) VZ+m-1 nc(ds"l(z| m M 2z Zem

87 ,zz+m 9z

With respect tom

09.42.20.0004.02
mznc(ds™(zm)|m)

adsz|m) E(am(ds‘l(z| m | m) [ m)+(m-1) dstz|m - —

om 2(m=-1)m
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09.42.20.0005.01
6ds’l(z| m)

om

1

1 ! 1 z
5[(m—l)m\/zz+m—1 ‘/22+m +(m—l)\/ﬁ((m_l)K(a)_mE[a))JfWE(SH [ 1_m]

‘ E[isinhl( z ) ! ])]/;ze[R/\m>l
m-1 vm

1
+ ((m—l)E( )—mK[
m-1 vm=—1m 1-m 1-m
09.42.20.0006.01

z(Z+2m-1) 1

m

m-1
+

m

ds Yz m) 1

o Am-172nP

(4m-=2) E(am(ds'l(z | m) | m) | m)+(m-1) F(am(ds‘l(z |m) | m) | m)+

/ 2
3(22+m)ds’l(z| m)(mz+(22—2)m—22+1)2+mcs(ds’l(z| m) | m)[ .
+m

(mz+(22—2)m—22+1)—(—z4+22+5m3+mz(822—7)+m(3z4—722+2))dn(ds1(z|m)m)]]]

1

(2 +m)(2+m-1)°
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09.42.20.0012.01
#3ds Yz m) 1
am? 8(m-1°%m?

1

mzcn(ds"l(z| m | m)|[-m-)mz(Bm-1Z+MmE@Bm-7)+1)Z +Mm-1L)ymEm-2) -
3
z(Z+m-1) (Z+m)

(m-1)(Z+m-1) (-2+BmM-3)Z+(M@I8mM-19)+4) Z + (M- 1)m(12m-7))

Z+m

. o mz(Z +m-1)(m- 1)
sn(ds™(z| m) | m) +dn(ds™"(z| m) | m) +(BmBEM-4)+5272+

b2
Z+m

(M(M(73 M= 94) + 47) — 10) 2 + (M(M(M (139 m— 248) + 158) — 46) + 5) Z* + (M- 1) m

(M(M(119m- 152) + 66) — 11) 2 + (m— 1)> m? (M(38m— 29) + 9)) sn(ds (| m) | m){| -

z(Z+m- 1)3 (Z+m)(23(m-1m+8) E(am(ds’l(z| m | m) | m)+(m-1)(11m-7)

F(am(ds’l(z| m | m) | m))| - 15(m-1)° dst(zIm

Symbolic differentiation

With respect to z

09.42.20.0013.01

a“ds'l(z|m)
o
nc(ds ™z m)[m) =t L=y J i1y (1 _ i
Snds z|m) - ( ™ o 2, Z(—l)'(J )[—) (—) (Z+m-1) k(22+m)k "IineN
Z+m o(n-j-112 215 kJ\ 2\ 2/«

09.42.20.0014.01

ds Yz m) B
— == §,ds (z| m) —
0z
j 92 j-n+1 52 j-n+l -1
nc(ds_l(z| m) | m) n-1 (-1 221 20 (2 4 m) (E)j A=M2n-j-2 1 1 Z+m
, , ZFI[_-_j;__j; )/;neN
Z+m i (=j+n-j-1! 2 2 Z+m-1
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09.42.20.0015.01
1

an—l
ands ™z m) VZ+m-1 ne(ds ™ (z| m) | m) JZem | 2t

= ds'(z| m - -
9 VZ+m oz’
09.42.20.0007.01
ds Yz m) 21221 (n- 1! nc(ds_l(zl m | m)

5

/ineN*t

1 (2em-1)" 2w

a7 Z+m =0

. . 1 . . 3
j!(n—J—l)!I“(E—J)F(J—n+E)
. 1-j j 1 m 1]F j-n+2 j-n+1 3 m-1 1]/ .
— = ===+ , yl=n+—; +1|/;neN
2k > >’ % J 2k > > J >
With respect tom
09.42.20.0008.02
Mdstzlm  z2™t 0yl 1 1 1 1 31-m m
== ( )(——k) (k—n+—) Fin+ = -k+n+ -, k+ —;n+ -, ——, ——|/;
o 2n+1 VK 2k n-k 2 2 2 2 2 2
1Z>1AmM>1AneN
Fractional integro-differentiation
With respect to z
09.42.20.0009.01
87 ds Y(z| m) 7o 1 2Vr a4 3Lz 22
- K(—)—i 2040 5., w T /;zeRAm>1
oz’ Vvmrad-a "™ Vm-1 vVm - 1-Z51-m m

With respect tom
09.42.20.0010.01

o o ((8) G+t aykzeiect s

o ds"l(z | m)

1 13 1
Fil— +j+k j+——+j+k —[|/iz>1A-1<m<1
ant Lic @j+2k+ DI +k-a+DK! ]! 21[ SREITR 22]

Integration

Indefinite integration

Involving only one direct function

09.42.21.0001.01
fds’l(zl m)dz=1zds (z| m+ Iog(cs(ds’l(z| m | m) + ns(ds’l(z| m | m))

Involving only one direct function with respect tom



http: //functions.wolfram.com

09.42.21.0002.01

Z+m-1+72 Z+m-1 2
fds’l(z|m)alm==2 \/ om \/ m —zlog\/ om +\/ om +l]+
z 2z
e F= C e ”"]]J
m-1 i|E|lisinh —F|isinh —IIl/;z>0Am>0
z m-1 z m-1

Representations through more general functions

Through hypergeometric functions of two variables

09.42.26.0001.01
1

2
~ 12 (E)k z2 k+2k+2 % m m
ds?t — 1x1x1 2 2’2
S (z|m)--;Z s Fio-o o 31 1 —; —;
k=0 (E)k to bl

Through other functions

I nvolving some hyper geometric-type functions

09.42.26.0002.01
1 1 11131-m m
ds(zIm=—Fyf = =, = = —~ 'z L Z2+m>1
z

09.42.26.0003.01

9 1 (1 z 1113 2 2
ds (z|m==—K(—]— ; ;

—F|= = = = ——, ——[/izeRAm>1
m m vm=1 vm 2222 1-m m

Representations through equivalent functions

With inverse function

09.42.27.0001.01
ds(ds"l(zl m | m)=2z

With related functions

Involving cd™*

09.42.27.0002.01

1 m 4fVv1i-m
K(—)—cd

Vi-m ( \m-1 g

Involving cn=t

ds(z|m =

—|1/;z>0Am>0

m-1

09.42.27.0003.01

1
dst(z| m) == cnt

1-m

1]/;z>l/\m>1
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Involving cs™t

09.42.27.0004.01
i 1

1-m

1 i 4 1z
ds “(z| m)= cs

vi-m 1-m

]/;ZE[R/\m>l

Involving dc™?

09.42.27.0005.01

1 i m-1 4 iz |m-1

ds “(z| m) == K(—)—dc —l/im>1
Ymtm vm | om
Involving dn~?
09.42.27.0006.01

5 1 m 1 fYi-m |1

ds “(z| m)= K( )+ dn
1-m m-1 vm z m

Involving nc™!

09.42.27.0007.01

ds_l(z| m) ==

Involving nd™?
09.42.27.0008.01

1 1 m 4 vV1i-m
ds “(z| m)= K( )+und
1-m m-1 z

1

1-m

Involving ns™t

09.42.27.0009.01

1 z
dstz|m) = nst
1 m-1

]/;z>0/\m>0
1-m -m

Involving sc™t
09.42.27.0010.01

1-m 1

1-m

i i
ds(z| m) == scl[—
1-m z

]/;z>0/\m>0

Involving sd~*
09.42.27.0011.01

1
ds_l(z| m) == sd"l(— m) /iz>0Am>1
z

Involving sn~t

09.42.27.0012.01
1-m

1
ds(z| m) == snl[
1-m

]/;z>0/\m>0

z m-1

—]/;z>0/\m>1

1—m]/;z>0/\m<1

—]]/;z>0/\m>0
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Involving elliptic integrals

09.42.27.0013.01

1 [._1{ 1—m]
F|sin
Vvi-m z

09.42.27.0014.01

1 1 i 2
ds’l(z| m) == —— K(—) _ F[sinl[ ]
vm M Vm I-m

09.42.27.0016.01
Z+m-1 2+m
VA+m-1 nc(ds"l(z| m) | m) m-1 m

o [
VZ+m \/g\/zz+m—1\/zz+m F[S [ 1_m]
ey
m VArm-1YZem

= Ay frer 0<r<ly (Im((r (Z-20)+ 20> +m) = 0/\(T (z-20) +2)* +m< O/\
Im((r(z—zo)+zo)2+m—1):O/\(T(z—zo)+zo)2+m—l<0)

m
—|/iz>1Am>1

ds‘l(z| m) ==
m-1

m-1
—|/izeRAm>1

m

ds™'zIm =ds 'z | m) -

09.42.27.0017.01

S izzno(ds%zlm)'m)\/zzm\/sz_l [ _1[ m]
ds (Z|m)=— Flisinh
vm (Z+m) z z z

()
Im[(z+tan(9)z+m_1]=o/\(z”a”(%))

Involving other related functions

2 2

+m]:0/\(z+tan(g)) +m<0/\

2
+m—1<0]

09.42.27.0015.01

dstz|m)=- dog(z, 2;a b) /; {a, b, z} = {2m-1, m(m- 1), f}/\zf+az§+bzl—z§ = 0/\z> 0/\m> 1

%

History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-Thompson (1948)
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