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Notations
Traditional name

Inverse of the Jacobi elliptic function nd

Traditional notation
nd’l(z| m)

Mathematica StandardForm notation

I nverseJacobi ND[z, m]

Primary definition
09.44.02.0001.01
Z=ndw|m) /; w== nd"l(zl m)
09.44.02.0002.01

nd‘l(zlmzzflz\/ \/1 atf;zeR \Z>1\a-mZ<1/\m>0
t2-1 V1-(1-mt?

Specific values

Specialized values

For fixed z

09.44.03.0001.01
nd1(z|0)=&

09.44.03.0002.01
1 T z
_):NE F(Z ‘ 2)—\/?iF[sin"l[—]

nd"l(z
2 vz

2]/;—1<z<1

09.44.03.0003.01
nd(z| 1) == cosh *(2)
For fixed m

09.44.03.0004.01
nd ™ (-1|m)=2iK@1-m)
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09.44.03.0005.01

nd"l[—E

)=t - o)

09.44.03.0006.01
nd0 | m) =i K(1-m)

09.44.03.0007.01

(1 b
nd (— ‘ m) ==i(K(l— m) — F(— ‘ 1- m))
2 6
09.44.03.0008.01
nd(1|m=0
09.44.03.0009.01
nd ™G | m=iK@-m-iF(isnh (1) |1-m)

09.44.03.0010.01
nd ™ (~i | m) =i F(isinh™(1) | 1-m) + iK1 -m)

Values at infinities

09.44.03.0011.01
nd(z| ) ==0

09.44.03.0012.01
nd (| —c0) == 0

09.44.03.0013.01

4 1 1
nd “(co | M) =— K(—)
m-1

09.44.03.0014.01

nd* _ . '
(-co|m)== K +2iK(1-m)
m-1 ‘1-m

General characteristics

Domain and analyticity

ndl(z| m)isan analytical function of zand mwhich is defined over C2.
09.44.04.0001.01
(z+xm—nd }z|m:: (C®C)—C
Symmetries and periodicities

Mirror symmetry
09.44.04.0002.01

nd"l(z | m) == nd_l(zl m)

Quasi-reflection symmetry
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09.44.04.0003.01
nd Y-z m) = 2i F(s nt2 |1-m)+ nd(z| m)
Poles and essential singularities
With respect tom

The function nd=%(z| m) does not have poles and essential singularities with respect to m.

09.44.04.0004.01
Sing_(nd™*(z| m) == {}

With respect to z

The function nd™(z | m) does not have poles and essential singularities with respect to z.

09.44.04.0005.01
Sing (nd(z| m)) == ()
Branch points

With respect tom
For fixed z, the function nd™1(z | m) has two branch points; m== % m = &.
09.44.04.0006.01
Z-1
BP(nd Yz m)={—, &
oz m) == )
09.44.04.0007.01

Rm nd‘l(zl m), E] == log
72

09.44.04.0008.01
Re(nd (2| M), &) =2

With respect to z

For fixed m, the function nd™1(z| m) has five branch points. z=+1,z==+ , Z=0.

09.44.04.0009.01

8P, (nd (2| m) =1, -1, - &)
09.44.04.0010.01
Rnd Y(z| m), 1) =2

09.44.04.0011.01
Ro(nd*(z| m), —1) =
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09.44.04.0012.01

1
‘Rz[nd"l(zl m), ] =2
1-m

09.44.04.0013.01

1
‘Rz[ndl(z| m), — ] =2
1-m

09.44.04.0014.01
Rz(nd'l(z | m), &) =log

Branch cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansionsat z==0

09.44.06.0001.02

nd Yz m o« i K(L—m)+

Vi-2 [ 2-m 8-8m+3n?
zZ+ 2+
6 40

+...]/; (z- 0
VZ2-1

09.44.06.0002.01

nd ™z m)==i KL -m)+

k(L

\/ﬁiﬂ m) (z)kz 1[5 ) E—k-i)zzm
JZ_1 ko @krDk ,

09.44.06.0007.01

2" T2 1-m
nd1z| m) « i K(L-m)(1+02)

Expansionsat m==0

09.44.06.0003.02

» i m  9n? i 3i
nd@z|mo|-—[1+ —+ —+...[log(m) + i log(4) + — (log(4) - 1) m+ — (6log(4) — 7) mP + ... | +
2 4 64 4 128

Vi-2 L 1z . 3((572-3)z B
tanh (Z)+4_1[ + tanh (z)]m+— —2+3tanh @|mP+.../;(m>0)
V2-1 z- (Z-1)

09.44.06.0004.01

1 k+1
Vi-2 & (-14(3), 2 1 3
ndz|m=iK@d-m+ X 2F1(k+£,k+1;k+5;22)m“/; Im <1

\/Z ~ (2k+1)k!
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09.44.06.0008.01

Vi-2 & (%)kz 9 1 & (j—1)![ z

i
nd Xz m) =iK@d-m+ Z tanh (Z)+_Z —) mk/; im < 1
1

V-1 ko0 (k1y? 2z5 (%)J Z-
V12 o o CDFmEZIZ(3) 1k
2.2,

\A2_1 i=0k=0 (2j+2k+1)j!k!2

09.44.06.0005.01

nd’l(z| m)=iK(@1-m)+

09.44.06.0006.01

nd*(z|m=iK@-m+——F2 "9

09.44.06.0009.01

nd"l(z| m) o

tanh1(2) (1 + O(m)) — L IOQ(E) 1+ O(m)
1 2 \16

Integral representations

On the real axis

Of thedirect function
09.44.07.0001.01

nd"l(zlmzzflz\/ \/1 atf;zeR \Z>1\a-mZ<1/\m>0
t2-1 V1-(1-mt?

09.44.07.0002.01

Vim-1DZA+1 sc(nd‘l(z|m)|m) fz 1
VZ-1 tVeo1yi-a-me

= Tr frer 0cr<l) (lm(((z— Dr+1?*-1)=0/\(@z-Dr+1*-1<0/\
Im1-@-m(z-D7+1?)=0/\1-A-m(@-D7+12<0)

nd"l(z| m) =

dt/;

09.44.07.0003.01

V-2 +1 sc(nd’l(z| m|m) 1

nd ™z m) =nd Yz | M) + dt/;
VZ2-1 “Je_1yVi-a-me
= A jrer0eret) (IM((T 2= 2) + 202 = 1) =0 /\ (r(2-20) + 2)* =1 <0 ]\
IM(1-(L-m) (r 2~ 2) +20)?) =0 /\ 1~ (L~ m) (r (2~ ) + 2)? <o)

Differential equations

Ordinary nonlinear differential equations
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09.44.13.0001.01
W@ -(2Q-mZ+m-2)zw (@ =0/, W@ =nd ‘(| m

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.44.16.0001.01
nd™(-z|m) = 2iF(sn™@|1-m)+nd "z m)

Identities

Functional identities

09.44.17.0001.01
(M- (Z-1)Z-(m-12-1)ndwz) +W2) | M +2mz; 2 NdW(z) +W(2) | M) - 2 - 2 (M-1Z+1)+1==0/;

W(2) = nd"l(zl m)

Differentiation

Low-order differentiation

With respect to z

09.44.20.0001.02
ondzlm  s(ndlzlm|m)

0z 2-1
09.44.20.0002.01
6nd’1(z| m) 1
- rzeR\Z>1/\a-mZ<1/Am>o0
0z

\/22—1 \/1—(1—m)22
09.44.20.0003.02
#ndtzim  z(-22+m(22-1)+2)se(nd " z| m) | m)

o2 (Z2-17(m-12+1)

09.44.20.0011.01
1

(9—
#Zndlizim V1-A-mZ sndtzim|m)  Jz1 Viamz

0z

97 2 1

With respect tom

09.44.20.0004.01

and Yz|m 1 scnd’l(z| m|m
elm = ( [m — E(am(nd*(z| m) |m)[m)+@-m nd Yz m)
om 2(m-1)m z
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09.44.20.0005.01

and(z| m) 1 [m-pVy2-1z iEQ-m) = iE(sn™@]1-m)
=3 N + +iF(sin"@|1-m)-iK@-m- ———|/;
om -1 my m-12+1 m m

zeRAz>1Am<0
09.44.20.0006.02

82nd(z| m) 1 o 1
= 3znd " (z| m) (m-1)? + zF(am(nd " (z| m) | m) | m) (m-1) +

Filia 4m-17>2nmlz

/ 1
2(2m—1)zE(alﬂ(nd‘1(2|m)|m)|m)+[— S zem

09.44.20.0012.01
#nd Yz m) 1

NG 8(m-1)°3md

m-1)Z2+1

1 1 1
e 4—6]+3]50(nd_ @l m)Im)]

1
[(—ZS(m— 1)m-98) E(am(nd’l(z| m | m) | m—(m-1)(11m-7) F(am(nd’l(z| m | m) | m) +

1 1 1 1
m{45-11 | — z|Z+mP|40 | — #A-1352-21 | — z+75 7 | — z-15
2 2 2 2
1 1 1 1
R | —Z2-752-17 | — z+40 -54 | — 2+1502+56 | — 22—
Z 2 Z 2
1
1607 - 10 f; z+ 33]]sc(nd‘l(z|m)|m)—15(m—1)3z((m—1)22+1)2 nd"l(z|m)]]

Symbolic differentiation

zZ(m-1Z2+ 1)2

Z- (Z-1)+

m(Z 1) e

With respect to z
09.44.20.0013.01
a"nd Yz m)

=nd*z| m) 6, +
92" "

>

sc(nd ™z m) | m)

Z-1

-1 (1-Myp-j-2 i

N IR —

n-j-1! 22" k

I
o

j
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09.44.20.0014.01

a"nd Yz m) . se(nd(z| m) | m)
—_—=ndZ| M+ —mm8m8m
87" 2-1
2i- i 2j- -1
g 22 11— myl 2l n+1(1_(1—m)22) (E)j A-Myn-j-2 11 mZ2-2+1
) oF| = - =-ji——————| /ineN
i (n-j-1! 2 2 1-m(2-1)
09.44.20.0015.01
1 an—l 1
ondtzim V1-A-m2Z2 scnd"zIm|m V21 Viamz
— =nd " (z| M) 6n + - fineN*
9 21 o
09.44.20.0007.01
ondlzim 2 la2t(n-Dsond iz m | m) st -yt (2 - 1) (m-1 2+ 1)
0z Z-1 i j!(n—j—l)!F(%—j)l"(j—n+g)
1-j j 1 1 j—-n+2 j-n+1 3 1
2F1 —,——;——j;l——)zFl , ;j—n+—;1+—)/;neN+
2 22 2 2 2 2" m-1n2

With respect tom

09.44.20.0008.02

ndYzlm ni (11
_ = —(m—l)‘“zFl(—, —1-n 1—m)+
2 2' 2

ivr 2m

11 1 3
Fl(n+—; — N+—n+—; 2, (l—m)zz) /ineN
2 2 2

u @n+nr(3-n) 2
Fractional integro-differentiation
With respect to z
09.44.20.0009.01
#ndtzlm iKQ-mz® ER e
- i VT B 2T 2 a-m2|szeRAm>1
0z F(l—a) 3’_",1_2'”
2 2
With respect tom
09.44.20.0010.01
o nd X(z| m) iz ~1X1X2[ %; % %,1, 2 mzz]
== 1x0x1f 3 e +
ant’ oJ1- 2 Sil-a; 72-1 Z2-1
2 2
o (3) (o -yl 3)me e o (3), FCinm
. Kk 2 rm 2 )k og ]
iy T - D - i-1<z<1A-1<m<1
k=0 'T(k-a+1) k=0 k!

Integration

Indefinite integration

Involving only one direct function
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09.44.21.0001.01
cd(nd’l(z| m) | m)

-1 o1 1
nd“(zlmdz=nd “(z|mz- log
m-1 m-1

+ sd(nd"l(z| m) | m)]
Involving only one direct function with respect tom

09.44.21.0002.01
fnd’l(z| m)dm==

E[_a’\/l—zz \/(m—1)22+1 —sz(isinh'l(m)‘

1

z
z>1Am>1

|+ V=T zefisini(Vin-1 7

)

1-m

Representations through more general functions

Through hypergeometric functions of two variables

09.44.26.0001.01

1-2 z 1, 2 25
ndlz|m=iK@l-m+ —Hm7"7— Ff:ijg[ 32 2 _mZ 22]
2_1 > 1;
Through other functions

I nvolving some hyper geometric-type functions

09.44.26.0002.01

-2
nd “(z|m)=¢[KQA-m)-zF; E

N w

| 2, (1—m)22))/; -1<z<1lA-1<m<1

N -
N -

09.44.26.0003.01

z 1113 2 mZz
Fq /i-1l<z<1lA-1<m<1

ndY(z|m) =i [K(l -m-

09.44.26.0004.01

09.44.26.0005.01

j Z 1113 2 mZz
nd @z m=iK@1d-m- ' 1[- D=

Fql—: =, —; =) —— —]/;—1<z<1/\—1<m<1
V1-2

2222 22_1, 2 1

Representations through equivalent functions

With inverse function

09.44.27.0001.01
nd(nd"l(z| m | m) =z

With related functions
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Involving cd™*

09.44.27.0002.01
nd’l(z| m)==4i od’l(z| 1-m)
Involving cn™t

09.44.27.0003.01

nd’l(z|m)::—zz'(cn’1[\j 1-7 ‘1—m)—K(1—m))/;0<z< 1Am>0

Involving cs™t

09.44.27.0004.01

i
nd(z| m) ==u‘K(1—m)+cs‘1[—’m)/; -1<z<1Am>0
z

Involving dc™?

09.44.27.0005.01

14
nd‘l(z| m) ==

dc'l(z )/;—1<z<1/\0<m<1

1-m 1-m

Involving dn~?

09.44.27.0006.01

1
nd_l(z|m ==dn_l(— m)/; z<-1Am<0Vz>1Am>1
z

Involving ds™*

09.44.27.0007.01
m-1

e B [ 1 1[ 1
z|m=i|K@L-m) - ds
m

m vm z

]]/;0<z<1/\me[R

Involving nc™t

09.44.27.0008.01

1 1
ndX(z| m) = —nc’l(z —)/; “1<z<1lAm>1
m

m

Involving ns™t

09.44.27.0009.01
j 1

nd"l(zlm) = ))/;—1<z<1

1-m

Involving sc™t
09.44.27.0010.01
ndlz|m=iKl-m+sci—iz|m/-1<z<1lAmeR

Involving sd~!
09.44.27.0011.01

1 1
ndz|m=iKl-m- — sd’l[zzzx/ﬁ ‘ —]
m m
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Involving sn™t

09.44.27.0012.01
ndY(z| m) = —i(snMz|1-m-K@1d-m)/;z>1Am>1

Involving elliptic integrals

09.44.27.0013.01
ndz|m =i (F(sin"l(z) |1-m-K@d-m)/z>1Am>1

09.44.27.0015.01
ndzlm=iK@el-m-i F(sin’l(z) [1-m)/1d<1

09.44.27.0016.01

MSc(nd_l(n m|m|y1-2
VZ-1 VZ-1

- 3 jrer 0eret) (lm(((z— Dr+1?-1)=0/\(@-Dr+1*-1<0/\
Im(1-@-m(@-D7+1?) =0/ \1-A-m(@-D7+12<0)

nd’l(z| m =

F(Sn @] 1-m)+iK@- m)] /;

09.44.27.0017.01

nd’l(z|m):
Vm-1DZ2+1 sc(ndzlm|m)[y1-2 Vi1-
nd 2z | M) + = [m F(sin’l(z)|1—m)— % F(sinl(zo)|1—m)] /;
VZ-1 VZ-1 VZ-1

= A jreroeret) (IM((T 2= 2) + 202 = 1) =0 /\ (r(2-20) + 2)* =1 <0 ]\
Im(l—(l—m)(r(z—z(,)+zo)2):0/\1—(1—m)(r(z—zo)+zo)2 <O)

Involving other related functions
09.44.27.0014.01

i
nd"l(zl m) == —

(K(1-m +€eog(z, 2; & b))/,
2

{a b, zl}zz{m—z,l—m, ;}/\zi+az§+bzl—z§==0/\z>l/\m>l

History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-Thompson (1948)
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Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.
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