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Notations
Traditional name

Legendre function

Traditional notation

P2

Mathematica StandardForm notation

LegendreP[v, z]

Primary definition
07.07.02.0001.01

1-z
P,(2) = ZFl(—Vy v+11; T)

Specific values

Specialized values

For fixed v

07.07.03.0001.01

Vr

PO=—
Mz-3)rG+Y)
07.07.03.0002.01

P =1

07.07.03.0003.01
P,(—1) == —co sin(m v)

For fixed z

07.07.03.0004.01

2 (1-z
S
2 T 2
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07.07.03.0005.01

2V2 z-1
Pig=—— K(—) /s 2¢ (=0, =1)
2 avz+1 ‘z+1l

07.07.03.0006.01

-2 55

07.07.03.0007.01
Po(2 =1

07.07.03.0008.01
P1(2==2

07.07.03.0009.01
1
P2 =—(372-1)
2
07.07.03.0010.01
1
P32 =—-(52-32)
2
07.07.03.0011.01
|

Ps(2) = 5 357'-307 +3)

07.07.03.0012.01

1
Ps@ =2 (637" - 707 + 15)

07.07.03.0013.01

1
Po(@ = (23122 -3157 + 1057 - 5)

07.07.03.0014.01

1
P = 2(4292° - 6937 + 3157 - 35)

07.07.03.0015.01

1
Po(d = — (64357 - 120122° + 6930 7' — 1260 7 + 35)

07.07.03.0016.01

1
Py(2) == o (121552 - 257402 + 18018 7' - 4620 Z + 315)

07.07.03.0017.01

1
Pio(2) == P (46189 7'° - 109395 2 + 90090 2° — 30030 Z* + 3465 7 - 63)

07.07.03.0018.01

1 E ny(2n-2k
___§ _ 1)k -2k /.
Pr(@ == n k=0( v (k)( n )Zn /ineN
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07.07.03.0019.01

n-1
1l n-1\(2n-2k-2
. _ 1)k —-2k-1 . +
P*“(Z)“—zn-lé( 1)( . ][ Lol )z‘ /ineN

Values at infinities

07.07.03.0020.01
Pn(c0) == c0 /; N e N*

07.07.03.0021.01
Pn(=00) == (=1)" 0o /; n e N*

General characteristics

Domain and analyticity

P,(2) is an analytical function of v and zwhich is defined over C2. For integer v, P,(2) degenerates to a polynomial
inz

07.07.04.0001.01
vx2)—P,(2:: (CRC)—C
Symmetries and periodicities

Parity

07.07.04.0002.01
Pi(-2=(-D"Pn@/;neN

07.07.04.0003.01
P (2 == Pv—l(z)

Mirror symmetry

07.07.04.0004.01
P2 =P, /,2¢& (-, -1)

Periodicity

No periodicity

Poles and essential singularities
With respect to z
For fixed v /; v ¢ Z, the function P, (2) does not have poles and essential singularities.

07.07.04.0005.01
Sing (Py(2)=1{};ve¢ Z

For integer v, the function P,(2) is polynomial and has pole of order v at z = oo (for v e N*) or order —v -1 at z = & (for

—-veN*).
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07.07.04.0006.01
Sing (P,(2)) = {{&, v}} /; v eN"

07.07.04.0007.01
Sing (P,(2)) = {{&0, —v-1}} /; -v eN*

With respect to v
For fixed z, the function P,(2) has only one singular point at v = co. It isan essentia singular point. .
07.07.04.0008.01

Sing, (P,(2) = {{&, oo})

Branch points
With respect to z

For fixed noninteger v, the function P, (2) has two branch points: z = -1, z = co.

For fixed integer v, the function P, (2) does not have branch points.

07.07.04.0009.01
BP(Pv(2)={-1,}/iveZ

07.07.04.0010.01
BP,(P,(2)={}/iveZ

07.07.04.0011.01
RAPy(2, -1 ==log/;ve¢Z

07.07.04.0012.01
Ro(Py(2), &) ==log/,ve& Z

With respect tov
For fixed z, the function P,(2) does not have branch points.
07.07.04.0013.01
BP,(P,(2) = {}
Branch cuts

With respect to z

For fixed noninteger v, the function P,(2) is a single-valued function on the z-plane cut along the interval
(=00, —1) whereit is continuous from above.

For fixed integers v, the function P, (2) is a polynomial and does not have branch cuts.

07.07.04.0014.01
BCAPy(2) ={{(-00, -1), —i}} ;v & Z

07.07.04.0015.01
BCAP,(D)=={}/iveZ
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07.07.04.0016.01
lim P,(x+i€)==P,(X) /; x< -1

e—>+0

07.07.04.0017.01
lim P,(x—ie)=P,(X) —2isin(nv)P,(-X) /; x< -1

e—>+0

With respect tov
For fixed z, the function P,(z) does not have branch cuts.

07.07.04.0018.01
BC,(Py(2) == {}

Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself

07.07.06.0029.01

1
P,(2) 5 tan(r v)

27T(-v) _ 2 agz-z) ||agZg+ 1) +7 2 rv+ 1)
SFq|-v, —v; =2v; 2i (-zg-1+csc(nv) (zg+ ) |+ ————
rv+1) Z+1 2n 2n I'(-v)
|a9z-2) ||agZ+ 1)+ 7 o 1) =
2 (—zg-D7+esctnv) (Zg+ D)7V o v+ L v+ 1 2v+ 2; -
2n 2n Zp+1

1 [zv ra-v agz-2z) || a9+ +7 ~ X
[24 J { J(_ZO — D+ esclry) (0 + 1)V)2F1[1— v, —v; =2v; ]_
+1( Tov+1 on 2 Z+1

21Ty + 2) (2[arg(z—zo)J {arg(zo+1)+7r
[

(20— D7+ eselny) (2o + 1)“]
I'(-v) 2n 2n

2
zﬁl(v+ Lv+2,2v+2 —]](z—zo)+ ...)/; (Z- )
Zp+1

07.07.06.0030.01
tan(rv) & (-z9-1)7*

PuD = — > %

k=0

(Z‘V r'k-v) (2 . {arg(z—zo)J rrg(zo +1)+nm
14

- 2
-z-1"+c +1) [oF|k=v, —v; =2v; -
TorD - - (== 1)" +cse(nv) (9 )]2 1[ v, —v; =2y Zo+1]

21Tk +v+1) [Z_Frg(z—zo)J rrg(zo+1)+7r
z

_ _l—v—l 1—v—l
T ox ox (-7 +cesemy) (o + 1) )

_ 2
zFl[v+1,k+v+1;2v+2; ) (z-z9)
Zp+1
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07.07.06.0031.01
© (~1)¢ PX(z)
—_(Z

P2 = (z- 20"
k=0 (1- z%)k/2 k!
07.07.06.0032.01
kil
o 2(3), Ci@)
PV(Z) = Z T (Z— ZO)k

k=0

07.07.06.0033.01

© 2kT(y+k+1) 1-27
P, (2 = —zFl[k—v,k+v+1;k+l; —](z—zo)k
o (KD?T(v —k+1) 2

07.07.06.0034.01

1 [ZV r'(-v) . 2 agiz-zy) || agZp+1) +n
P,(2) o« —tan(nrv) 2F1[—v, -v; =2v; J [Zi { J { J (-2p— 1) +csc(nv) (zp + 1)V) +
2 T'v+1 Zp+1 2n 2n

2*1T(wv+ 1) 0 agz-2zo) || agZo+ 1)+ 7
Y (4 2r H 27

(2= D7+ ese(ny) (2o + 1)‘“)

. 2
2F1[v+ Lv+1,2v+2 —))+O(z—zo)
Zp+1

Expansions on branch cuts

For the function itself

07.07.06.0035.01
27 T(-v) arg(z—x)
2|
rv+1 2n

2
J(—x—l)y+(x+ 1Y csc(nv))zlfl(—v, -y, =2v; )—

1
P,(2) oc —tan(rv) [
2 X+1

l

21Ty + 1) (
I(-v)
1 [2“ ra-v arg(z— x)
Al
rv+1 2n

rrg(z— X)

2n

2
J (=x=D7 T+ (x+ 1)L esclr v)) zlil(v +1,v+12v+2 —) -
x+1

2
J(—x—l)v+(x+ l)"csc(nv))glil(l—v, —v; =2y, )—
X+1 X+1

21Ty +2) arg(z—-X)
(217 { J (=x=D7 1+ (x+ 1) esclr v))
I'(-v) 2n

_ 2
zFl(v+1,v+2;2v+2; —l)](z—x)+...]/; (z->-xAxeRAx<-1
X+

07.07.06.0036.01
tan(rv) & (-x—1) [2V I'k-v) (2 . {arg(z— X)
1A

Py ==
@ 2 g k! Irv+1 2n

2
J(—x—l)v+(x+ 1) csc(nv))zlfl(k—v, -y, =2v; )—
X+1

274 r(k+v+1) arg(z— X)
2|

J (-x=D)7 T+ x+ )" Lesc(n v))
I'(-v)

2n

N 2
zFl(v+1, K+v+12v+2; —1)](Z—X)k/;xe[R/\X<—1
X+
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07.07.06.0037.01
27 T(-v) arg(z—x)
(2|
rv+1 2n

2 ) 2741y + 1)

1
P,(2) oc —tan(rv) [
2 I'(-v)

J(—x— 1Y+ (x+1)Y csc(m))zﬁl(-v, —v; =2y,
X+1

v

( .rrg(z—x)J - - ) N( 2 )
2 (—X=D7" T+ X+ D7V ese(nv) | Rl v+ L, v+ 1 2v+ 2; —) +0(z-x)/; xeRAXx< -1

2n X+1

Expansionsat z==0

07.07.06.0001.01

r-3)r(5)snen (2B rE+1z e

P,(2)  — 1- - Z+..|514<1
oy 2

07.07.06.0002.01

© o (=Y (V + Diy (—2)]
P,(2) = ZZ .J “ : : k_ Li12d<1

j=0 k=0 (J + k)' ] 1k! 2J+k

07.07.06.0003.01

coxof V14wl oz

(3= fogxg( Ly 2 _5)/; <1

07.07.06.0004.01

Vv

Py (2) « T 1+02)/;(z-0

F(E - 5) r(%+1)

07.07.06.0005.01

1 H ny(2n-2k

. _ 1)K —-2K /.

Pn(2) == > Z?( 1) (k)( . )z" /ineN

07.07.06.0006.01

_lz) n N
Pu(@) o - )nz [ 12] ](n +m2lel 22l (14 02)) 2> 9 Anen

2

Expansionsat z==

07.07.06.0007.01

-v(d+v) ) AL-A+v)V(2+v) 1-z
P@oxcl- ——— -1+ (z-1%-.../|—|<1
2 16 2

07.07.06.0008.01

© (=) v+ (1-zyF [1-z
7( ) ; <1

P@=)

k=0 k12

2

07.07.06.0009.01
P,(2x1+0(z-1)/,(z> 1)

07.07.06.0010.01
N (=N (N+ 1), (1— Z)

Pi@ =

k=0 k12

k
/ineN

Expansionsat z== -1
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07.07.06.0011.01

sin(mrv) z+1 vir+1) A-v)viv+DH(v+2)
lo ( )(1— (z+1) - 5 (z

P,(2) «

+1)2%+ )—

sin(rv) v+1)

v(
(—¢(—V)—¢(V+1)—2)V— QA-y-yvA-v)-yY(v+2)(z+1) -
A=-vviv+DH(v+2)

16

z+1
2

<1/\V$Z

3
(2(5—jy)—¢(2—v)—¢(v+3))(2+1)2+--~)/;

07.07.06.0012.01

sin(rv) Z+ 1\ & (V) v+ 1)y (z+ 1)K
P/(2) = Iog(—)z ( ] -
T 2 k=0 k12 2

sin(rv) z+1

= (V) + Dy Rytk+ D) = gk+ v + 1) = gk = ) (z+1)k .
=)

2,

2
k=0 k!

<1/\v¢_Z

/4

07.07.06.0013.01
sin(rv) sin(zrv)

z+1 i
P,(2) « Iog(T) 1+0(z+121)+

(—meot(@mv) + 2Y(—v)+2y) 1+ O(z+1) /; (z-» -DAveZ

Vs T

07.07.06.0014.01

N (—n)(n+1) 1\K
Pn(Z)::(—l)nZ « k[z+ ) ‘neN

2
k=0 k!

07.07.06.0015.01
Pa(2 o« (-1D)"(1+O(z+1)/;neN

Expansionsat z== oo

07.07.06.0016.01

27 r(-v-3) ( v+l (L+v)(@2+7)? ]
P@o — (z-1)7t|1- + -+
V7 T(=v) z-1 3+2v)(z-17?
2'r(v+3) [ R I ] 1-2
Sy 7 | i [ [ ———— 7 — >l/\2ve§Z
Vr T(v+1) z-1 (1-2v)(z-1)7? 2
07.07.06.0017.01
21 F(—V - %) © (v + l)kz 2 K pid F(V + %) o (_V)kz 2 K
P@=—""(z- 1)*“2 [ ) + -1y ———— (—) :
\/;r(_v) i k!2v+2), \1-z \/71"(),_}_1) i kl(-2v) \1-z
1-z
“>1/\2vez
07.07.06.0018.01
21 F(—v - %) 2 2 F(v + %) 2
P@=—-—""(@z-1)* zFl(v +1Lv+12v+2 —) +—(z-1 2Fl(_y, —v; =2v; _) /;
Va T(=v) 1-27 Vare+y 1-z

z¢ (-1, DA\2ve¢Z
07.07.06.0019.01

2r(oy- 1)

: 1w 2 F(v+ %) 7 1
P,(2) « (1+o(—)) +7(1+o(—)) [(2d = ) \2veZ
V7 T(-v) z Vr Tv+1) z
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07.07.06.0020.01
k

27 sin(y) (z—- 1)t z-1\ &, (v+1)2 2
WS ()
\/;F(—V)F(V+ g) 2 I3 kK@v+2\l-z
27T(v+1) > (v+1)k2(¢(k+1)—¢(k+v+1)+w(k+2v+2)—t//(—k—v)) 2 K
ZIOD e $ (2.
7232 F(v+ g) py K!'(2v+2) 1-z
27V @zZ-1) 2 2v-K! (v 2 ¥ j1-z 1
(—) '—>1/\v+—eN
rv+1) & kIry-k+1) \1-z 2 2
07.07.06.0021.01
V2 z-1 1 1
P12« [Iog(—) - 2(1//(—) +y)) (1+ O[—)) /i (12 = o0)
T2 vz 2 2 z

07.07.06.0022.01

27 (2! 2 1 2 71
P,(2) « ———— [1+ O(—)) +
T(v+1)2 277 Nz T(~v) F(v + g)

1 1
(s v) W(—v) + (v + 1) — (v + 2) +7) + (10g(2) — log(z - 1)) sin(x ) [1+ o(—)) /: (17— o) /\ v->e N
z

07.07.06.0023.01

2"T(n+ %) n (_n)kZ 2 K
Pa@ = ————(@-1" ), (—) /inen
V7 on! o Kl (=2m) \1-2
07.07.06.0024.01
2n F(n + %) 1
Pr(2) o 72"[1+ O(—))/; (IZ » 0)AneN
Vr nt z

Other series representations

07.07.06.0025.01

no=D*k+n)!
Pi@=) —————— (A1-2*+ (D" @+ D¥)/ineN
ko (n— k) 1k 2L

07.07.06.0026.01
Z-1\" N 2 z+ 1\

Pu(@ = | — ~ 7| /ineN

@ ( 2 )Z(k)( 1) fine

k=0 Z-

07.07.06.0027.01

n 1 1
Pn(cos(@)) = (1) Z[ _ki ]( - 5k] cos(n—2K) 6) /;neN
n

k=0

07.07.06.0028.01

n (-D*coska) (n—k)!
Pn(xy—\/l—xz Vi-y cos(a)] = Pn(X) Pn(y)+22( y sk @7l PR PK(Y) /ineN
k=1

(k+n)!

Integral representations
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On the real axis

Of thedirect function

07.07.07.0001.01

1 n
P.(2) ==—f (z—\/zz—l cos(t)) dt/;neN
0

T

07.07.07.0002.01
1 = n

Pn(2) ::—f [z+u‘\/l—22 cos(t)) dt/;ineN
T Jo

07.07.07.0003.01
M o (it+2)"

7o (2 4 7)™

Pn(2) == dt/;neN

07.07.07.0004.01

1 e -v-1
P,(2) == —f (z+ VZ-1 cos(t)) dt/;Re(2) >0

T JOo

Integral representations of negative integer order

Rodrigues-type formula.

07.07.07.0005.01
" (1-2)

Pn(2) == /ineN
" 2"n! 0"
07.07.07.0006.01
~nmn(1-2)" gmn(1-2)"
Ph(2 = ineNAmeN

2"n! oz™n

Generating functions
07.07.11.0001.01

1
[t”]—]/;neN/\—l<z<l

t2-2zt+1

Pn(2 ==

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

07.07.13.0001.01
(1-Z)W@-2ZW @+ v+ D) yW@ =0/, WD) = ¢1 P, + ¢, Q,(2)

07.07.13.0002.02

1
W(P,(2), Q,(2) = ——
( )=
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07.07.13.0003.01
292 g (2?
1-9(2)?

07.07.13.0004.01

v+ g ©@?°
+d'@ W@+ ——————w@ =0/, W2 = ¢, P,(9(2) +¢c,Q,02)

gw @ - [
1-92°

g@
W,(P,(9(2)), Q,(9(2))) =
1-92?
07.07.13.0005.01
) 2 2009@° y
g@h@" W@ -|| ————+9"@|h@" +2d@ N @ h@) |W (2 +
1-92°
v+ h@2*g @ 2029 (2?
— —  12WN@’d@+h@ || ———— + '@ |- g @ @ ||wa2) =
1-9? 1-92?
0/, wW(2 = ¢, h(2 P,(9(2) + ¢, (2 Q,(9(2)
07.07.13.0006.01
h@°g@
W,(h(@ P,(9(2)), h(2) Q,(9(2)) =
1-9@?
07.07.13.0007.01
r(@z"+1) avy+Dr2(a?? -1)2" rs(@z"+1)
Z2W' (2 -z|2s+ -1|lW@+]|- +S+ w(2) = 0/;
1-a22" (1—a222')2 1-a22"

w2 =c, ZP,(aZ) +c,22Q,(az)

07.07.13.0008.01
ar Zr+2$1

1-a2Z"

W2 P,(aZ), £Q,(az))=

07.07.13.0009.01

) (a?r22+ 1) log(r) log(s)
+log“(s) + W(2) =
1_a2r22 1_a2r22 1_a2r22

0/;W@ =c;Py(ar’) +c, s Q,(ar?

a2 (log(r) — 21og(9)) r2% + log(r) + 2log(s) a2v (v + 1) log(r) r2z
w’(2) - W (2) +

07.07.13.0010.01

arzs??log(r)
W,(s*P,(ar?), $Q,ar?)) = ————
1—a?r?z

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

07.07.16.0001.01
P_,.12=P,(2

07.07.16.0002.01
Pr(-2=(-D"Py(@d /;neN
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Products, sums, and powers of the direct function

Products of the direct function

07.07.16.0003.01
N

Pa@Pu@ = bin,m kP /;
k=|m-n|
manb::@qhhwm%lek+lxk+m—n—lﬂuk—m+n—lﬂum+n—k—1MMk+m+an/

(k+m-m! k-m+mim+n-Kk+m+ns D) Anen/\meN

07.07.16.0004.01
snvm) &
Z(—l)k(
k=0

XeERA-1<x<1IAYyeRA-1<y=<1IAX+y>0Ave¢Z

1

Py(X) Py(y) == ) P Pu(y) /;

T v—-k k+v+1

Identities

Recurrence identities

Consecutive neighbors

07.07.17.0001.01

2v+3)z v+2
P2 =——"—Puu@-——P22
v+1 v+1
07.07.17.0002.01
2v-1z y-1
Pv(z) == f Pv—l(z) - PV—Z(Z)

Distant neighbors

07.07.17.0006.01

n+v+1
Py(2) = Cn(v, 2 P,sn(2) - Cn1vV, D Pyina(@ /;
n+v
2v+3)z z2n+2v+1) n+v
Cov. =1\ Civ, 2 = — A\ Catv. 2= iD= ———Caaln2 [\nen’
07.07.17.0007.01
P2 = Colv, 2 Pyn(@ + ———— Co s, D Py 0 1@ /;
v—-n+1
2v-1z z(2n-2v-1) n-v-1
Cov,9=1/\Ci, 2= "—""N\cCuv.2= — G- > Coa12 [\nent

Functional identities

Relations between contiguous functions

Recurrence relations
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07.07.17.0003.01
vP,_1@+(v+1DP,.12=2v+1)zP,(2

07.07.17.0004.01

PV(Z) ==

(vP, 1@+ v+ 1P, 41(2)
2v+1)z

Normalized recurrence relation

07.07.17.0005.01
V2 2 v
pv-1,2+pv+1,2/,plv,)=——Py2

4ve-1 F(v+—)

z p(V, Z) ==

Complex characteristics

Real part
07.07.19.0001.01
[EJ (-1l 221 2]

: 3
Re(Pn(x+1Y)) = —(—) n2p M/, XxeRAyeRANEN
" ,:Zo @p! 2/2

Imaginary part

07.07.19.0002.01

IM(Pr(x+2y)) == X /;xeRAyeRANeN

n-1
&) -1y it it ( }) J21+3)
2j+

S @i+ 2 2jn-1

Differentiation

Low-order differentiation

With respect to v

07.07.20.0001.01
0P,(2) = (=) (v + D) 1-z\¢ |1-z
= 7 Col(r ) Py (D) - 72(w(k—v)—¢(k+v+1))(7) A
k=0 k!

07.07.20.0002.01

0P, (2 201 ( ) ) ' e
_ Vi -1y ”( +—)(V+1)/ — <1
av kzo k2 ZS‘K Z : i
07.07.20.0003.01
6PV(Z) 2v+1 1 F2><1><3 1_V’V+2; 1’1 -V V+1 —1 z _1_2
P B 5 1-2 2x0x2 2,2.v+2,1-v; 2 ’ 2

<1/\V€;’Z
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07.07.20.0004.01
#P,(2
P
& (= (v + D) K
272( > ) (w(k v) —2(mcotmv) +yk+v+ D)) Yk—v) +y(k+v+ 1) +2ncot(rv)y(k+v+ 1)+
k=0 k!
1-z
YOK=v) +yPK+v+1)-7° P2 /; < 1
07.07.20.0005.01
PP & 1-z\¢ & 1-
2( : ::Z ( ) Zsy - 22( D' v+ 2 (r-Dr?+i2 v+ D +(@r-v-Di(v+1)S /; ‘— <1
v koo k12

With respect to z

07.07.20.0006.01

P, (2 v
= (zPy(2 - P,-1(2)
9z Z-1
07.07.20.0007.01
62 PV(Z) 4
= (2zP,.1@+((v-DZ - v-1)Py(2)
07 (Z-1)

Symbolic differentiation

With respect to v
07.07.20.0008.02

0MP,(2) i ( )
oy™m N K12

k=0

k

j=0 i=1

With respect to z

07.07.20.0009.02

0MP,(2) 1 et
= 2"‘(—) C-i(@/;meN
oz™ 2/m
07.07.20.0010.02
0mP,(2) . -
=(z—- 1)‘"“2F1(—v, v+1,1-m; —) /imeN
oz 2
07.07.20.0011.02
0MP,(20 2 "T'(m+v+1) 1-z
= zFl(m—v,m+v+1;m+1; —)/;meN
oz m!'T(y—m+1) 2

07.07.20.0013.01
mP,(2

= —1'“1—22‘g|3m ‘meN
Py D)"(1-2) 2 P2 /;me

07.07.20.0014.01
om Pv(z) F(v +m+1)

= 1-2) zpm ;meN
dz" rv- m+1)( ) PR /ime

Z[ )ZS(')I—]‘F]_)J |]Z( 1)r r)(J m+r+l)n,F](V+1)l rrH-r/’_

<1/\meN
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07.07.20.0015.01
gm Pn(z) n-m 2m+1

n-m
o =@m-niy .y 5ﬂlil,n_mn P,/ meNANEN
=

i1=0 iy =0

Fractional integro-differentiation

With respect to z

07.07.20.0012.01

0“P,(2) i 2X0Xl(—v,v+1;;1; 1 Z)
oz VUM Lil-ae 2 2
Integration

Indefinite integration

Involving only one direct function

07.07.21.0001.01

Pv+1(z) - Pv—l(z)
f P@dz= —————
2v+1

Involving onedirect function and elementary functions

Involving power function

07.07.21.0002.01

z v, 1+vae; 1z
-1 __ _ p2x0x1 ! e
fz" P,(2dz= - leOXl( Lo+l 3 2)

Involving algebraic functions

07.07.21.0003.01

1
. 1-2)2
f(l - 22)E 9 PV(Z) dZ == V+—1 PV+1(Z)
07.07.21.0004.01
’ 1-2)"?
f (1-2)7 P@dz=-——P, 1@
v

Involving logarithm

07.07.21.0005.01

1+z 2P, (2 1 1+z
f log(—) P.(9dz== + |09(—)(Pv+1(2) -P,_1(2)
1-z y2 +v 2v+1 1-z

Definite integration

Involving the direct function
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07.07.21.0006.01

f 2 _dt=nsechrn)P. 1@ /;teRAT<1
1 t+z =3

Orthogonality:
07.07.21.0007.01

1 20nm
f Pn®) Pht)dt==——/;meNANeN
-1 2n+1

07.07.21.0008.01

m n k

2
0 0 0) /imeNAneNAkeN

f " Pm(cos(t)) Pn(cos(t)) Py(cos(t)) sin(t) dt == 2(
0

Summation

Finite summation

07.07.23.0001.01

Zcos(k 05 1(2)) Pak(@ =NPy(2) /;neN
k=1

Infinite summation
07.07.23.0002.01
o 1
S P@W = i -1<z<1AW <1
n=0 VW -2zw+1

07.07.23.0003.01

00 l 1 1
Z— Pa(@W" == 0F1(§ L —(z- 1)W)OF1[; 1 —(z+ l)W) Li-l<z<1Aw <1
n=0 nt? 2 2

07.07.23.0004.01

)

1 1
Z—' Pa@ W' = eWZOFl(; 1 Z(z2—1)w2) fi-l<z<1Am <1

n=0""*

07.07.23.0005.01

= (V)h(1-v) 1 1
Z¥Pn(z)w“:=2F1(7,l—y; 1; 5(1-\/w2-2zw+1 —W))zFl(y,l—y; 1; 5(1-\/w2-2zw+1 +w))

2
n=0 n!

07.07.23.0006.01

() y y+1 (22—1)\/\/2
Z—Pn(z)v\/‘:(l—wz)‘VzFl -, 11 [i-l<z<1Aw <1
= n! 2 2 1-w2z?

07.07.23.0007.01

i(—l)k[
k=0

7 P,(X)
)Pk(X): - iXxeRA-1<x<1lAveZ

v—k_k+v+1 sin(v )
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07.07.23.0008.01

i(—l)k[ "
0

. v—k k+v+l

P, Pu(y) /;

]Pk(X) Pu(y) ==
sin(v )
XERA-1<x<1IAYyeRA-1<y<1IAX+y>0Ave¢Z

07.07.23.0009.01

D @+ D P Pyy) =20(x-y) s -1 <X<1A-1<y<1
n=0

Operations

Orthogonality, completeness, and Fourier expansions

2n+1

The set of functions Pn(x), =0, 1, ..., forms a complete, orthogonal (with weight =

(-1, 1.

07.07.25.0001.01

© 2n+1 2n+1
Z[ > Pn(x)][J > Pn(y)] =0x-y)/;-1l<x<1lA-1<y<1

n=0

07.07.25.0002.01

1[ 2m+1 ][ 2n+1 ]
Iy Pr®)|| | T Pu®|dt = 6me
-1 2 2

) system on the interval

Any sufficiently smooth function f(x) can be expanded in the system {Pa(®)}pogy,... 8 ageneralized Fourier series, with its

sum converging to f(x) almost everywhere.

07.07.25.0003.01

& 1 2n+1
f(x) ::chwn(X)/; Cn ::fwn(t)f(t)d’t/\wn(X) =,/ — Pn(X)/\—1<X<1
n=0 -1

Representations through more general functions

Through hypergeometric functions
Involving oF1
07.07.26.0036.01
N 1-z
P,(2) = zFl[—v, v+1;1; T)
07.07.26.0037.01

5 z-1
PV(Z) = 271/ (Z+ 1)V 2Fl(—V, -V, 1, —)
z+1
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07.07.26.0038.01

277 r(-v-3)r@v+2) ) 2
P,(2) == (z-1pt 2F1(v +1,v+12v+2 —) +
Vr T(-v) 1-z

2 F(v + %) r(-2v)
Vr Tov+1)

07.07.26.0039.01

P2 1 'E(v+1 v 1 22) z IE[l—v v+2 3 22)
W2 =m bk ) ;=
)t 2 2 ()2 22

2
(2—1)V2l51(—v, v, =2V, ]/;ze(—l, DA2vez

07.07.26.0040.01

2773 (1-cos(2
P(2)=~— (1 CosEmv)) Sectr) 21 (—y) (-2) "
Vr

() {4 5 )
;F(v+1)(—22)_5

v v V- 8% (v+1l v+2 31
CSC(—)+ %C(—)]zFl( , SV = —]]/;ZGE(—L )]
2 z 2 2 2 2 2

Involving »F;

07.07.26.0001.01

1-z
PV(Z) = ZF]_(—V, v+ 1, 1, T)

07.07.26.0041.01

z-1
P,(2=2"7z+1)" 2F1[—v, -v; 1; —) /i Z¢ (=00, =1)
z+1
07.07.26.0002.01
2-v-1 F(—V - %) 2 2 F(V + %) 2
P@=—"-—""(@z-1)? 2Fl(v +1v+1,2v+2; —) +— -1 2Fl(_y, —y; =2V _) /;
Vr T(-v) 1-27 Vxrov+1 1-z

z¢ (-1, DA\2ve¢Z
07.07.26.0042.01

1 v+l v 1 2z 1-v v+2 3
P@=Vr 2F1( === 22)— 2F1( , = )
) r( )

)2

07.07.26.0043.01

<—z2>-%m+1>r[g_v)[co{g)+ vz Sm(g)]za[“l, 2L

221 (L2)"2 () r(v+ 2)[@{2) i - sjn(ﬂ)]za(—

2 z

N -

1
-V, —] z¢(=1,0)
22]

Through hypergeometric functions of two variables
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07.07.26.0003.01

cowof —v 1+vi; 1z
PV(Z)::fogxg( L 5'_5)/;|Z|<1

Through Meijer G

Classical casesfor the direct function itself

07.07.26.0004.01

b sin(rv) 61,2(2—1 v+1, —v] ez
v(Z)-——T 22 7 0,0 v
07.07.26.0005.01
b 1 lims Gl’z( v+1, —v) ] 7
h(Z __—;Vmsn(nv) 22 T 0,0 /ine
07.07.26.0006.01
SN@Y) o | v+l -y
P,(2z+1) ==——Gz'2(z )/;vefZ
T ’ 0,0

Classical casesinvolving algebraic functions

07.07.26.0007.01

1-z 1 12 -V, =V
(Z+ l)—v—l Pv[_) = — GZ:Z(Z‘ 0.0 )/, Z$ (—OO, —l)
1+2) ry+217 ‘
07.07.26.0008.01
z-1 1 21 -V, =V
z+ 17t PV(—) = szz(z 0.0 )/; z¢(-1,0)
z+1) r@w+17 ,
07.07.26.0009.01
! 2 Lf | -4 2
z+1) 2 P, == Gyylz| 2" 2
Vz+1 rov+LH)vVn 00
07.07.26.0010.01
1-v 1-v
v+l zZ pid - 5
z+1) 2 PV[ — ]:: —————Ghlz| * ° ]/; z¢(-1,0)
z+1 Trov+HVr 5
07.07.26.0011.01
v+l zZ+2 1 1 _
(z+1) 2 P, ] = G;ﬁ[z 2! V]
2vVz+1 rov+HvVn 00

07.07.26.0012.01

vil 2z+1

(z+1) =2 P, ]::
2vVz Vz+1 Tov+DVr

G%:%[z

Classical casesinvolving unit step 6

07.07.26.0013.01
v+1, -v

01— 12)P, (22— 1) = Gij‘z’(z 00

)/;zeﬁ(—L 0

Ly
2

2

2
v o

1-v

2

]/; z¢(-1,0
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07.07.26.0014.01
v+1, —v)

002 - 1)P,(2z-1) = Gg;g(z 0.0

07.07.26.0015.01

2 1,1
61— 2)) PV(— - 1) = eg;g(z ’ )
z

v+1, —-v

07.07.26.0016.01

2
__ 02 ) i o
wa-vr(o-1)=ce| " )iz o -
07.07.26.0017.01
1-v v
z+1 S5+l
61— 12) P, =Gz 2. |hze-10
NE3 ' vl _ v
2Vz > 73
07.07.26.0018.01
1-v
z+1 141, =
oA- VP ——|=6¥z| *
2\/; - 73
07.07.26.0019.01
1 n n
N 2(2[3]) = -zl 0, 1) o 11
012 - )(—) [+ — |= F(n—{—J+ _) 22| Z| |n
z z |_ng 21 2 [5J+1,—n+[
Classical casesfor productsof Legendre P
07.07.26.0020.01
snom [ | 55+ 5
PV(VZ+1—\/?)PV(\/?+VZ+1)== ™
32 ! 1
2 0,00 3
07.07.26.0021.01
Vz+1 -1) (Vz+1 +1) snom 1311
Py PV == — s G4:4 z v olev v+l v /y Z$ (_11 O)
vz vz 2r 230 3057 1
Generalized casesinvolving algebraic functions
07.07.26.0022.01
1-v 1-v
_mt z 2 1 5 =5
Z+1) 2P, - Galz =| * 72 ]/; Re(2) >0
“1 2| o1l
Jzi1) To+hVn ' 5
07.07.26.0023.01
1-v 1-v
_mt 272 +1 1 1| 5 =5
21, G?%[Z’ 2| :1]” e
22y2+1) To+dVr 2l %

Generalized casesinvolving unit step 6

07.07.26.0024.01

2,0 1
61120 P2 = Gyl 2 -
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07.07.26.0025.01

1-v
1 4 + 1, -
012 - )P, =G|z — | ° 12]
0, >
07.07.26.0026.01
1y L 1] 13
e ()cfed] 1,
.
07.07.26.0027.01
1 o 1] 31
na-e()=caz) Tl
2’ 2

07.07.26.0028.01

2+1 2o 1 % z+1
0(1-1z) P, Y =G, ZvE wi v
2 2
07.07.26.0029.01
22 1 \4 +l, l—_V
02, T 2 2
(2 -1) Pv[—] =Gy3(z o vy
2 2

Generalized casesfor products of Legendre P

07.07.26.0030.01

snv ) B IR T A wid
PV(\/22+1—z)Pv(z+\/22+1)::_ Gz = 22 12 2
2732 2 0,00 3
07.07.26.0031.01
VZ+1 -1| [V2+1+1 snovm 12,11
’ PV = G4:4 ) v 1-v v+l v /; Re(z)>0
z z 27('3/2 2 _E' T, T, §+1

Through other functions

I nvolving some hyper geometric-type functions
07.07.26.0032.01

P2 =P)@
07.07.26.0033.01

P.(2 =P/
07.07.26.0034.01

P,(2) = PP2(2)

07.07.26.0035.01
1

P, (2 =Ci(2)
Involving spheroidal functions

07.07.26.0044.01
P,(2) = PS,0(0, 2)



http: //functions.wolfram.com

22

Representations through equivalent functions

With related functions

07.07.27.0001.01
V4 Z
Q@ Q. L

S S L LT

Zeros

07.07.30.0001.01

Pn(2 1 n-1
> 12k+1)P(@) Pe(zo) /s n €N A\ Po(zo) = 0

_ P
2T (1-F) (B 1) 0

Theorems

Expansions in generalized Fourier series

& 1 2n+1
f(x ==ZCk!,0k(X) /i Ck ==flf(t)¢k(t)dt, Yi(X) = 4| > Pc(x), keN.
k=0 -

Mehler-Fock Transformation

f(y) ==ff(X) P_ipriy(¥Wdx e (X =:ff(Y)ytanh(7Ty) P_10+iy(X) dy.
1 0

Gauss' numerical integration methods

b b-a 22n+l 4
0 dx=—— > W f(h) + —————— 7@ /;
a 2 o @2n+1)@2n)!
b-a b+a 2 2
k= —— X+ —— APn(%) =0AW=—— (P, (%)) AneZ*,a,beR Na<é<h.
2 2 1-x¢
History

—D. Bernoulli (1748)

—A. M. Legendre (1782, 1785)

—E. Heine (1842)

—P. L. Chebyshev (1855)

—L. Schi&fli (1881)

—I. Todhunter (1875) introduced the notation P, (2)
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