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Notations

Traditional name

Lerch transcendent

Traditional notation

®(z s a)

Mathematica StandardForm notation

LerchPhi [z s, a]

Primary definition

10.06.02.0001.01

o x
d(z s, a) ==Z:—S/2 /:(Z <1V (Z=1ARe(s) > 1)) A-a¢N
k=0 (@@ +k?)

10.06.02.0002.01

n-1 Zk ) Zk
®(z, s, —n) ==27+ Z 73/2/; (12 <1V(2d=1ARes>1)AneN

k=0 ((k— n)z)s/z k=n+1 ((k _ n)z)

10.06.02.0003.01

. > X
d(z s, a) ::Z _ /114 <1V (2 =1ARes) > 1)
a+k

10.06.02.0004.01

3 X
d(z s, a) ==Z—S /i(Zd<1V|Z=1ARe(s)>DHA-a¢N
o @+Kk

10.06.02.0005.01

n-1 Zk 5] Zk
&)(z,s,,—n)::z + /(2 <1V|Zd=1AReS) >1)AneN
o k=n° Sy (k=ny®

10.06.02.0006.01
) |-Re@)
Oz 5 a)=0(zs a) -
k=0

x P

s /i —a&N'
(a+k) ((a+ k)Z)

s/2
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10.06.02.0007.01
v

(k- n) ((k _ n)Z)S/z

d(z,s, -n)=d(z, s, —n) — Z /ineN*t

In Mathematica for definition of function ®(z, s, a) the relations >}> g ——— - )gz /(2 <1V(Zd=1ARe(s>1)A-a¢N

and

Oz, s, -N) = 3o + 21 — = /(4 <1V (d=1ARes) > 1) AneN

((k=n >z)g2 (k= )
were used. So the following identification holds:

10.06.02.0008.01
Oz, s, a) =Dz s a)/; Re(@ >0

Specific values

Specialized values

For fixed z, s
For ®(z, s, a)
10.06.03.0041.01
|n|-6(n-1) 2(2 4(n-1)-1)k
®(z s, n)=2z"|Lis2 - (26(n-1) - 1) Z - |/nez
k=1 ks

10.06.03.0001.01
n fk
z L'S(Z)J“ZF]/; neN
k=1

10.06.03.0002.01
®(z,s, -5 =2Lid+2+252+352+452+5°°

®(z, s, —n) =

10.06.03.0003.01
Dz, s, -4 =2 LD+ +252+352+47S

10.06.03.0004.01
d(z,s,-3) =2 Li(d+2+252+3

10.06.03.0005.01
®(z,s,-2)=ZLis(2d +z+2°°

10.06.03.0006.01
®(z,5,-1)==2zLis(2) +1

10.06.03.0007.01
®(z, s, 0) = Lis(2)

10.06.03.0008.01
n-1 Zk

®(z,5,n)=2z" [Lis(z) -
kS

]/;neN*

k=1
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10.06.03.0009.01

1
®(z,5, 1) =—Lig(2
z

10.06.03.0010.01

1
(I)(Z' S, 2) -= — (LIS(Z) - Z)
zZ

10.06.03.0011.01

1
®(z, s, 3) = > (Lis —z-2°2)

10.06.03.0012.01

1
Dz, s, 4) = . (Lise —-z-2°2-3°2)

10.06.03.0013.01

1
Pz, s, 5) = . (Lis@-2z-2°72-3°2-477)

For(i)(z, S, a)

10.06.03.0042.01
In[-6(n-1) ZA26(n-1)-1) k

d(z s, n)=2z"|Lis2 - (26(n-1) - 1) Z ——|/inez
o (260n-1)-1)k)

10.06.03.0043.01

n Tk
d(z, s, —n):z"[LiS(z)+Z S]; neN
e (=K

10.06.03.0044.01
D(z,s5, -5 =Lis@2 + (-1 52+ (=232 +(-3) 52+ (-4 Sz+(-5°

10.06.03.0045.01
Dz, s, -4 =Lis@Z + (-1 S8+ (-2 52+ (=3 52+ (-4

10.06.03.0046.01
d(z,s5,-3)=Lis@Z+(-1) 2+ (-2)Sz+(-3)°°

10.06.03.0047.01
d(z,s,-2) = Lis@Z +(-1)Sz+ (=28

10.06.03.0048.01
¥z, s, -1) = zLis@ + (-1)°

10.06.03.0049.01
¥(z, s, 0) = Lis(2)
10.06.03.0050.01

n-1

d(z,s,n)=2" [Lis(z) - Z

k=1

1N

]/;neN*
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10.06.03.0051.01

- Lis(2
d(z,5 1) =

10.06.03.0052.01

. Lis(2 -z
D(z, 5 2) =

10.06.03.0053.01
-252 -7+ Lis2

P

10.06.03.0054.01
-3 -252_7+Liy2

rad

bz, s 3) =

Oz, s 4) =

10.06.03.0055.01
—4SA_3SA_252_7+Liy2

rad

d(z, s, 5) =

For fixed z, a

For @(z, s, a)

10.06.03.0014.02
Pz, -n, @)= 1-(-D"

i=0

n
0(—Re(a)) 27 Re@) 4 [a” + Z( T ) Lij@a™ |(1-1-(-D)"6(-Re@)) /;neN

j=0

10.06.03.0056.01

®(z, -5, @) = f(—Re(a)) 2z 1 [((a— Re@1)?)” ? (—[Re(@1 + [Re(@)] + 1) g(Im(@) —

= (2(e°@-1° - [Re@T* (z- 1° - 5a’ (z- D* + 5@z~ ) - D[Re(@]" z- 1 -
(z-1

10(a? (z- 1?*-2a(z- 1) +z+ 1) [Re@1® (z- 13 + 10a° (z+ 1) (z- 1)* +
10(a®(z-1°%-3a%(z-1?-Z-4z+3a(Z-1)-1)[Re@1* (z- 1)* - 10a* (Z + 42+ 1) (z- 1)* -
5(@*(z-1*-4a%(z-1°+6a°(z+ 1) (z-1)*+ 2+ 117 +11z-4a(B +37 -32z-1)+1)

[Re(@)](z-1) -7 -262-667-26z+5a(Z +1022-10z-1)- 1))| -

1) (20-Re@) - 1) (-a° (z- 1° +5a* z(z—- 1)* - 1082 z(z+ 1) (z- 1® + 102 z(Z + 42+ 1) (z- 1)* -
(z-

5az(Z+102-10z-1)+z(Z + 262 + 66 Z + 26 2+ 1))
10.06.03.0057.01

d(z, -4, = -

(z-19

n n _
(l-Re(@)] + [Re(@)] + 1) 8(Im(a)) ((@+ |-Re(a@) J)Z)”’ 2 z[(a+ |-Re@] +1)" + Z( j ) Li_j@ @+ |-Re@]+ 1™

]]

(@ (z-1*-4a’z(z-13+6a°z(z+ 1) (z- 1)*-4az(2+372-3z-1)+z(2+117 + 11z+1))
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10.06.03.0015.02

oz, -3, ) = 2| (a- [Re@1?)”” (~[Re(@)] + |Re(@)] + 1) (Im(a) -

— (z(a®z-D*-[Re@T* (z- 1*-3a%(z- D*+3(a(z- 1) - D[Re@7? (z— 1)* -
(z-1

3(a®(z-1*-2a(z- D +z+1)[Re@](z- 1) -7 - 4z+3a(Z - 1)-1))

(26(-Re@) - 1) (a3 (z-1)°-3a2z(z- 1% +3az(Z-1)-z(Z+4z+1
o Reta) 27 4 ( (Z-1)-2( )

z-1*
10.06.03.0016.01
—a%(z-1?+2a(z-1)z-z(1+2)

d(z, -2, Q) =
z-1?°

10.06.03.0017.02
. z@@z-1)-TRe@1(z-1-1 =
®(z, -1, @) =2V (@a- [Re@)])* (-[Re(@]+ Re@] + 1) o(Im(@)) — ” 6(—Re(@)) Z Re@T +
(z-1)

(20(-Re(a)) - 1) (za—a-2

(z-1)?
10.06.03.0018.01

1
d(z,0,a) == —
1-2z

10.06.03.0058.01
d(z,n, a) =

A-A-(C-DMo-Re@)) a™" puiFn(l, a1, @, ..., 8 a1+ L @y +1, ..., an+ 1, 2 + 6(-Re(@) (1 - (-1 lee@J[

_ (l-Re(@)] + |Re(@)] + 1) e(lm(a))]
z(@+|-Re@]|+1) ™" p1Fn(@, by, by, o by by +1, b+ 1, ..., b+ 12 + /:

(@+ -Re@?)"*

bh=|-Re(@)|+an+1A Ay =a=...=a,=aAneN*

10.06.03.0059.01
Oz, 1,8) =

z (-IRe(@1+ [Re(@)] + 1) 8(Im(a))
2| ———sF(1,a-[Re@]+ 1, a-[Re(@] +2; 2 +
a-[Re(@]+1 5
YV (@-Re@))

1-26(-Re(@))

6(-Re(a)) z TR 4

Pl aa+1 2

10.06.03.0060.01

1
d(z,2,a) = - aF(1,a, aa+1,a+1;2
a
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10.06.03.0061.01

dz 3, a0)=2| —m——
(a-[Re@1+1)*
(z4F3(1,a—[Re(@]+1,a-[Re(@]+ 1, a-[Re(a)]+1;a—[Re(a)] + 2, a— [Re(a)] + 2, a— [Re(@)] + 2; 2)) +

(-TRe(@)] + L[Re(@)] + 1) (Im(a)) R 1-26(-Re(a)
6(—Re(a)) Z TRe@1 4 — JF3(l, a8 aa+1,a+1,a+1;2)

(@-Re@D?)™ a

10.06.03.0062.01

1
D(z, 4,8) = —45F4(1, a,aaaa+la+l,a+rl,a+l;2
a

10.06.03.0063.01
®(z,5 a) =

1
2| — (zgFs(L, a-[Re@]+ 1, a-[Re(@]+ 1, a-[Re@]+ 1, a-[Re(a@)]+1,a-[Re@]+ 1, a—
(a-[Re(@1+1)°
[Re(a)]+2,a—[Re(@)]+ 2, a-—[Re(@)]+ 2, a— [Re(@)] + 2, a— [Re(@)] + 2; 2) +

(-TRe(@1+ [Re(a)] + 1) 6(Im(a)) 1-26(-Re(@)

9(—Re(a)) z TRe@1 4
5/2

ad

(@a-TRe(@1y?)
sFs(1,a,a 8 a aa+l,a+l,a+l,a+1 a+1;2

For ®(z, s, a)
10.06.03.0064.01
2n )
Dz, -n, @) =a" +Z( . )Li_,—(z) avl/ineN
R
10.06.03.0065.01

d(z, -5, a) =

(-a®@z-1°+5a*z(z- 1" -10a%z(z+ D) (z- D* +
(z-1°

10a?z(Z +4z+1)(z-1)?*-5az(Z'+102 - 10z- 1)+ (£ + 26 2 + 66 7 + 26 2+ 1))
10.06.03.0066.01

d(z, -4, ) = -

- (@' @z-1*-4a’zz- 1%+ 6a°2(z+ 1) (2- 1 - 4az(Z +37-82- 1)+ 2(Z + 117 + 112+ 1))
(z-1
10.06.03.0067.01

~ -a3(z-1%+3a%z(z-1)?*-3az(Z-1)+z(2+4z+1)
d(z, -3, a) =

z-1*

10.06.03.0068.01
a2(z-1%-2az(z-1)+z(z+1)

Oz, -2,a) = —
z-13

10.06.03.0069.01

5 -za+a+z

bz, -1l,a)= ——
(z-1)?
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10.06.03.0070.01

~ 1
d(z,0,a) = —
1

10.06.03.0019.02
<i>(z, na=a",1Fnd,a;,a, ...,aq+1la+l .., aW+12/;ay=a=...==ap==aAneN"

10.06.03.0020.02

. 1
Oz, 1,a)= —7F (L, aa+1;2
a

10.06.03.0021.02

. 1
d(z, 2,a) == > aF(1,a, aa+1,a+1;2
a

10.06.03.0022.02

5 1
d(z, 3, ) = > 4F3(l,a,a 8a+l,a+l,a+1;2
a

10.06.03.0023.02

5 1
d(z, 4, a) = —45F4(1, a,aaaa+l,a+l,a+l,a+1l;2
a

10.06.03.0071.01

- 1
d(z, 5, a) = —56F5(1, a,aaaaa+la+la+l,a+1,a+1;2
a

For fixed s, a

For @(z, s, a)

10.06.03.0072.01

®(-1,5 a) = 2‘5(4(5: g)‘§($ a%l))

10.06.03.0024.01
-2
®(0, s, @) = (a%)

10.06.03.0025.01
o1, s a={(sa

For(f)(z, S, a)

10.06.03.0073.01
cremrfe 22
2 2
10.06.03.0026.01
&0, s, a)=a"s
10.06.03.0027.01
d(1, s, a) == (s, a)
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For ®(z, s, a)

10.06.03.0074.01

d(-1,s a) = 2‘5(5(5: g)—f(s a%l))

10.06.03.0028.01
- _s2
®(0, s, @) = (a%)

10.06.03.0029.01

d(1, s a)=7(s a)

For fixed z

For ®(z, s, a)

10.06.03.0030.01

log(1-2
Oz, 1,1)=—

z

10.06.03.0031.01

1 2
o222 )= (1) -Lie(-2)
10.06.03.0032.01

d)(z, 2, E) _ 2 (Liz(\/?) - Liz(-«/?) - 2\/?)

2] pr

For fixed s

For @(z, s, a)

10.06.03.0033.01
(1,5 1)==((9/;Re(5)> 1

10.06.03.0034.01

1
d)(l, S, E) =(2*-1(/;Re(s) > 1

10.06.03.0035.01
O(-1,5 1) =(1-2"%) (9

For fixed a

For @(z, s, a)

10.06.03.0036.01
1

@0, 1, a) =
aZ

10.06.03.0037.01
o1, 1,8 =&
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Values at fixed points
For ®(z s, a)
10.06.03.0038.01
1
@(—1, 2, —) =4C
2
10.06.03.0039.01

2
®(1,2,1)=—
6

10.06.03.0040.01

5i 2

1-1 i 5 b4
<I)( , 2, 1) =(1-i)|--10g"(2) — —log(2) + +C
2 8 8

General characteristics

Domain and analyticity

Domain and analyticity
For ®(z, s, a)

d(z, s, a) isan analytical function of z, s, awhich is defined in C3. For fixed a, z, it isan entire function of s.

10.06.04.0001.01
(zxsxa)—P(z,5,a):: (CRCRC)—C

Symmetries and periodicities

Mirror symmetry

For ®(z, s, a)

10.06.04.0002.01
Pz 5@)=0zs a)/z¢ (1, o)

Periodicity

No periodicity

Poles and essential singularities

With respect to a
For ®(z, s, a)

For fixed z, s, the function ®(z, s, a) does not have poles and essential singularities.
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10.06.04.0003.01
Sing,(®(z, s, &) = {)

For(i)(z, S, a)

For fixed z, s/; s¢ N*, the function &)(z, s, a) does not have poles and essential singularities.
10.06.04.0004.01

Sing (®(z, s, @) ={} /; s¢ N*

For fixed z and positive integer s, the function d(z, s, ahas an infinite set of singular points:
a) a==-n/;s==1 A neN, arethe simple poles with residues z";

b)a=-=-n/; s> 1A neN, arethe poles of order swith residues0;

) a== o isthe point of convergence of poles, which isan essential singular point.

10.06.04.0005.01
Sing,(B(z, s, @) = {{{-n, s}/, neN}, (%, co}} /; SEN*

10.06.04.0006.01
res,(@(z s, @) (-n) =2"d51 ;neN

With respect to s

For @(z, s, a)

For fixed z, a, the function ®(z, s, a) has only one singular point at s = co. It isan essential singular point.

10.06.04.0007.01
Sing(¥(z, s, @)) == {0, co}}
For <i>(z, S, a)

For fixed z, a, the function &(z, s, a) has only one singular pointat s = co. Itisan essential singular point.

10.06.04.0008.01
Sing (D(z, s, @) = {0, co}}

With respect to z
For @(z, s, a)

For fixed s, a, the function ®(z, s, a) does not have poles and essential singularities.

10.06.04.0009.01
Sing (P(z, s, @) == {}
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For(i)(z, S, a)

For fixed s, a, the function <i>(z, s, &) does not have poles and essentia singularities.

10.06.04.0010.01
Sing (d(z, s, @) = {}

Branch points

With respect to a
For ®(z, s, a)

For fixed z, s, the function ®(z, s, a) does not have branch points.

10.06.04.0011.01
BPa(V(z s, @) =={}

For(i)(z, s, a)

For fixed z and noninteger s, the function d(z s, a) has infinitely many branch points: a==-n/; ne N and a == c. All these
are power-type branch points.
For fixed z and integer s, the function <i>(z, s, @) does not have branch points.

10.06.04.0012.01
BP:(D(z s, @) = {{-n/;neN}, &}

10.06.04.0013.01
Ra(®(z s, @), -n)=log/;neNAs¢ Z \s¢Q
10.06.04.0014.01
Ra(P(z s, @), -n)=q/; neN/\s:: 2/\ peZ/\q—leN*/\gcd(p, Q=1
10.06.04.0015.01
Ra(B(z, 5, @), ©)==log/;s¢ Z AS¢ Q
10.06.04.0016.01

N p
Ra(P(z S, @), ®)=q/; 5= a/\ peZ/\q—leN"/\gcd(p, Q=1
With respect to s
For ®(z, s, a)

For fixed z, a, the function ®(z, s, a) does not have branch points.

10.06.04.0017.01
BP(P(zZ, s, @) = {}
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For(i)(z, S, a)

For fixed z, a, the function <i>(z, s, @) does not have branch points.

10.06.04.0018.01
BP(d(z, s, @) = {}

With respect to z
For ®(z, s, a)

For fixed s, a, the function ®(z, s, a) has two branch points: z==1, z= .

10.06.04.0019.01
BPA0(z s, @) = {1, <}

10.06.04.0020.01
RAP(z, s, @),1)=log/;s¢ Z \s¢Q

10.06.04.0021.01

p
R(D(Z s, ), 1) =q/; s= a/\pel/\q—leN*/\gcd(p, Q=1

10.06.04.0022.01
R(D(z, s, @), ) ==log

For(f)(z, S, a)

For fixed s, a, the function ®(z, s, a) has two branch points; z==1, z== .

10.06.04.0023.01
BP(¥(z s, @) = {1, &}

10.06.04.0024.01
R,(B(z, s, @), 1)=log/; s¢ Z \s¢&Q
10.06.04.0025.01

A p
RAP(z s, @), 1)=q/; 5= a/\pez/\q—leN"/\gcd(p, =1

10.06.04.0026.01
R,(®(z, s, @), )= log
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Branch cuts

With respect to a
For @(z, s, a)

For fixed z and fixed s/; ; ¢ Z, the function ®(z, s, a) has infinitely many branch cuts parallel to the imaginary axis at
Re(a) = —n/; n e N. In these cases the function ®(z, s, a) is continuous from the left on theinterval (~ico—n, —n)/;ne N
and from theright on theinterval (—n, —n+ioo) /; neN.

10.06.04.0027.01
BCa(¥(z, s, @) = {{{(=ico—n, —), L} /ineN}, {{(-n, -n+ic0), -1} /;neN}}

10.06.04.0028.01

lim ®&(z,s, -N—iXx—€)=®(z 5, —nN—-iX)/;neNAXx>0
e—>+0

10.06.04.0029.01

ins ms _s
lim &z, s, —=N—iX+¢€) =Dz s, —n—ix)+2e7u‘sin(?)z"(—x2) 2/neNAX>0

e—>+0

10.06.04.0030.01
lim ®&(z,s, -N+ixX+€)=®(z, s, —nN+iX)/;neNAXx>0
e—>+0

10.06.04.0031.01

ins ms _s
lim &z, s, -N+ix—¢€) =z, s, —n+ix)+2e7u‘sin(?)z"(—x2) 2/neNAX>0

e>+0

For(i)(z, S, a)

For fixed z, s, the function <i>(z, s, @) is a single-valued function on the a-plane cut along the interval (—co, 0),

where d(z, s, @) is continuous from above. This interval includes an infinite set of branch cut lines of power type
aong (-o0, —N)/;neN.

For integer s, the function <i>(z, s, a) does not have branch cuts.

10.06.04.0032.01
BCo(B(z 5, @) = {{(~e0, 0), —i}}

10.06.04.0033.01
limdz s x+ie)=d(z s X /;x<0

e—>+0

10.06.04.0034.01

R ) _ RIS
limdz s x-ie) = bz s x + (275~ 1) Z
e—>+0 oo (k + X)S

/ix<0
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For(i)(z, S, a)

For fixed z, s, the function &(z, s, a) isa single-valued function on the a-plane cut along the interval (—co, 0),
where d(z, s, @) is continuous from above. This interval includes an infinite set of branch cut lines of power type
aong (-c0, —N) /;neN.
For integer s, the function d(z, s, @) does not have branch cuts.
10.06.04.0035.01
BCao(D(z, s, @) = {{(—c0, 0), —i}

10.06.04.0036.01
lim®z s x+i€) =Pz s X) /;x<0

e>+0

10.06.04.0037.01

- ) N
lim®d(z, s, x—i€)=D(z, S, X) +(€2Ms_ 1)

/i x<0
e->+0 pary (k+ X)S

With respect to s

For ®(z, s, a)

For fixed z, a, the function ®(z, s, a) does not have branch cuts.

10.06.04.0038.01
BC«(P(z s, @) == {}

For(i)(z, S, a)

For fixed z, a, the function <i>(z, s, a) does not have branch cuts.

10.06.04.0039.01
BC(d(z, 5, @) = {}
For ®(z, s, a)

For fixed z, a, the function ®(z, s, a) does not have branch cuts.

10.06.04.0040.01
BC(®(z s, @) = {)

With respect to z
For ®(z, s, a)

For fixed s, a, the function ®(z, s, a) is a single-valued function on the z-plane cut along the interval {1, co}, where it is
continuous from below.
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10.06.04.0041.01
BCZ((I)(Zv S! a)) == {{{11 00}1 E}}

10.06.04.0042.01
lim &(x—ie s a)=0(X, S, a)/; x>1

e—>+0

10.06.04.0043.01
2inx?
log™ () /; x> 1

lim ®&(X+ie€, s a)=d(X, S, a) +

e—>+0

For&)(z, S, a)

For fixed s, a, the function <i>(z, s, @) is a single-valued function on the z-plane cut along the interval {1, oo}, where it is
continuous from below.

10.06.04.0044.01
BCA¥(z, s, @) = {{{1, oo}, i}}

10.06.04.0045.01
lim &(x—ie, s, a)==d(x, s a) /x> 1

e~+0

10.06.04.0046.01
2inx?
log™t(%) /; x> 1

lim &(x+i¢ s a)=d(x, s, a) +

e—>+0

For &(z, s, a)

For fixed s, a, the function &(z, s, a) is a single-valued function on the z-plane cut along the interval {1, oo}, where it is
continuous from below.
10.06.04.0047.01
BCAD(z, s, @) = {{{1, oo}, i}}

10.06.04.0048.01
lim &(x—ie, s, @) =d(x, s, a)/; x>1

e—>+0

10.06.04.0049.01
X @

lim &(x+ie s a) =d(x, s a)+ log®(x) /; x> 1

e—>+0
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Series representations

Generalized power series

Expansionsat z== z

For ®(z, s, a)

10.06.06.0017.01
D(z, s, @) o« B(zo, S, Q) +
l-Re@l-1  (k+1)Z
X RE@I0 (29, 5 1, @+ max(|-Re@)], 0) + 1) — ad(Z, S, a+ max(|-Re(@)], 0) + 1)) + —
k=0 ((@a+k+ 1)2)5/

(z— z0)+ 2 RE@IO (g7, 52, a+ max(0, [-Re(@)]) + 1) — (2a+ 1) ®(zy, S— 1, a+ max(0, [-Re(@)]) + 1) +

I-Ret@)-2 (k + 1) (K + 2) 2

(@a+1)ad(zy, s a+max©O, [-Re@))) + 1)) + (Z-2)%+...[,(Z> 2)

k=0 (@+k+ 2)2)3/

10.06.06.0018.01

o0 (I)(k,O,O)(zO’ s, a)
Pz s a)=) — @ )

k=0

10.06.06.0019.01
d(z, 5, a) =

- Z(l) k+max(|-Re(@),0) . [-Re@]-k  (j + 1)kz(j)
ZZ g ( )‘I’(ZO, s-p, a+ max(|-Re(@)], 0) + 1) (-a)' P + — |-

k=0 j=1p=0 =0 (@+j+ k)z)s/2

10.06.06.0020.01
Bz, S, @) o« B2y, S, @) (L+OZ- %))

For(i)(z, S, a)

10.06.06.0021.01

. R &z, 5-1,8)-ad(z, s, a)
d(z s, @) o D(zg, S, @) + (z-2) +
%

— (P20, 5-2, @) - (2a+ 1) d(Z, s— 1, @) + a@+ 1) &z, S, @) (2 20)% + ... /3 (2 Z)

10.06.06.0022.01
A(kO )

o .S, Q)
d(z s a) =Z (z-Z)¥
k=0 !
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10.06.06.0023.01

[eS)

. % (]
d)(z,s,a):kZ(;FZZS(kl(p)

" j=1p=0

10.06.06.0024.01
d(z, s, @) o« D(z9, S, @) (1+ O~ 20))

Expansionsat z==0

For @(z, s, a)

10.06.06.0001.01

®(z, S, @) (az)—§ +(@+ 1)2)'2 z+((@+ 2)2)_§ Z+..[,(z-o0AN-agN
10.06.06.0025.01

d(z, S, @) (az)-§ +(@+ 1)2)_2 z+((@+ 2)2)_2 Z+0(Z)/;-a¢N

10.06.06.0002.01

oo v
B(z s, a) ==275/2/; (2 <1V|Zd=1ARe9>DA-ae¢N
k=0 ((a+ k)2)

10.06.06.0003.02

D(z, s, @) « (a%) 2 (1+0(2)

For &(z, s, a)

10.06.06.0004.01

bz s axcas+@+D)z+@+2)S2+.../;(@z-0)
10.06.06.0026.01

Bz s @ xas+@+)Sz+@+2) 52 +02)

10.06.06.0005.01
d(z s, a) ==Z—s /1124 <1V|zZ=1AResS > 1
o @+K
10.06.06.0006.02
d(z, s, a) cas(1+0(2)

Expansionsat z==

For(f)(z, S, a)

10.06.06.0027.01
d(z, s a)«i(sa)+zZ-D6s-1a+l)-als a+1)+.../;(z>1)ARes>1

10.06.06.0007.01

Bz s a) o i(s )+ (-1 (s-1,a+D-als a+1)+0(z-1?%)/; (z»> DARes> 1

D(z, S— P, a+ max(|-Re@)], 0) + 1) Zy>* - Re@IO+L

[-Re(@)]

2.

i=0

(@a+i)sP

(~a)P(z-z)*
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10.06.06.0008.01

<i)(z, s;a)xc(1-5(1-2°11+0z-1)/;(z» ) ARes< 1
10.06.06.0009.02

d(z, 1, a) « —log(1-2) (1L + Oz- 1))

Expansionsat s== 5

For ®(z, s, a)

10.06.06.0028.01

1
O(z, s, a) < D(z, S, ) + PO0(z, 5, @) (S— ) + £<I>(°’2'°)(z, S0, AS—5)2+... (5> )

10.06.06.0029.01

o0 (I)(O,k,O)(Z’ S, a)
Oz s a)=) ————— (5-%)"

!
=0 k!

10.06.06.0030.01
®(z, s, 8) o« D(Z, S, &) (1 + O(s— %))

Forti)(z, S, a)

10.06.06.0031.01

. . ~(010) 1 020 )
Dz, s, &) c D(Z, S, &) + P (Z o, a)(S_SO)+E<D (Z s a5 +... /1 (5~ %)

10.06.06.0032.01

~(0k0)
[ (z, s, @)

k!

k

NgE

d(z s a) = (5- %)

ki

I
o

10.06.06.0033.01
d(z, s, @) o D(z, 5, @) (L+O(S- %))

Expansionsat a == g

For ®(z, s, a)

10.06.06.0034.01

D(z,8, @) x D(z, S, ag) +S(L(S+ 1, ag) — 2{(s+ 1, max(l—Re(ag)] + 1, 0) + ay)) (a— ag) +

|-Rel(a)]

Zm2(-Re@)}+19) @(z, s + 2, max(|-Re(ag)] + 1, 0) + &) +

0 (k+ag? (k+ap?)”

10.06.06.0035.01
=, 009z, s, ap)
Oz s a)=) ———— (@-a)
£ k!

... [i(@-ay)
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10.06.06.0036.01

0o (1 — k — S)k [_Re(aO)J Z]
bz s @)=y ——— 7R oz, k+ 5, max(|-Re(ag)| + 1, 0) +80) + Y (@-ag)k
i 20 (j+ a0 ((j +20))™

10.06.06.0037.01
O(z, s, @) c O(z, s, 3) (1+O(a—ay))

For ®(z, s, a)
10.06.06.0038.01

R R . 1 R
D(z,s,@) c O(z, S, 85) —SP(z, s+ 1, ag) (a—ag) + 5 S(s+1)d(z, s+ 2, ag) (a—ao)2+ ... [i(@a-a)

10.06.06.0039.01
(IA)(O,O,k)( )
. > z's a
bz sa)=) —————(@-a
k!
k=0

10.06.06.0040.01

d(z, s, @) « D(z, S, ) (1+O(a- ap))

Expansionsat a==-n

For(f)(z, S, a)

10.06.06.0010.01

. A n-1 X 1-j-9;Lijs2 )
d(z, s, a) == + Z +Z"Lig(2) +Z”Z—st(a+n)'/;neN
@+n® (& k-n+@+n)’ P j!

10.06.06.0011.01
n-1

<i)(z, S, a) « +Z2'Lis@|(1+O0O@+n) /;(a—»-nNAneN

+
(@a+ny° [k_o k-n+@+n)°
Expansions on branch cuts

For ®(z, s, a)

10.06.06.0041.01

o(z, s, a)=u“s(—ri(n+ao))-se_m{_%(arg("ﬁ;)ﬁg (o)) i( n—%) k(S)k (a—ap)+

k=0

- = (k+a9)” (9

- o T (@a-ag) +®(z s, a+n+1) 72" /;(a— a)) ARe(@y) = -nAneN
k=0 (=80 —K)" 5o :
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10.06.06.0042.01

—ins + + & (=n- )k(s)
®(z, s 8) =i (~i (n+ap) e o g o] i) P—— 2 K e ek
k=0 !
n-1 i
S +®(z s a+n+1)Z" /(@ ag) ARe@) =-nAneN
0 (-a-k

10.06.06.0043.01

Oz, 5 @) i (—i(N+ap) eims{ g {arg[”*ao)mg( . )))J Z'(1+O(a—ag) +

n-1
O(z,s, n+ag+ 17"+ |2+ O@~-ay) /; Re(ag) = -nAneN
ico (—k—ag)
For <i>(z, S, a)
10.06.06.0044.01
=, (n+a0) (9
d(z s a)=2"1dzs a+n+1) +2'(N+ag)” ZT(a—ao)M
k=0 .
1 el (agkeag)s (k+ag)" () _
szez S{ [ag( * g[k”ﬂm(k+ao)’szij(a—ao)J/;(am':lo)/\—n<<':\o<1—n/\neN*
k=0 j=0 I

10.06.06.0045.01
B(z, s a) o (Z'(N+89) ° + 271 d(zZ, S, 8+ N+ 1)) (1+O@-ag)) +
atk

nizk e_zml_z[arg(_k_%)wg[“aﬂ]” (k+ap) °(L+0@-2p) /; -N<a <l-nAneN*

k=0

Residue representations

Residue representations

For ®(z, s, a)
10.06.06.0012.01

. & r@a-t y )
Dz, s @) = Zre‘i([r(l—t)(il)) (—Z)_l] F(t)](—J) (4 <1V(Zd=1ARe(s) > 1)) A-a¢N

20 ra-t+
10.06.06.0016.01

bz s a)= ) res(r@- (-2 csor b)) (=) /; (17 < 1V (17 = LARe(®) > D) A—a &N
j=0

Allan Cortzen
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Other series representations

Other seriesrepresentations

For @(z, s, a)
10.06.06.0013.01

Bz s a)=23T(1-9) Z @rik-log2)*te? ™ ia,Res<0OAO<a=<1

k=—o00
10.06.06.0014.01

g k-t 2(k-tHrip 1-s
d)(ez”“, s, E):: 2qm*ira-s Zg[l—s —]eXp[ LU m’]+
q k=1 q q 2

q

}541—5

k=1

k+t-1 1-s 2k+t-Drxip
Jor{ 2% 2T e e
q q

For(i)(z, S, a)

10.06.06.0015.01

. 27ip 9. ( a+k-1 2k-Drip
<I>(exp( a ) S, a] = QSZK[S, a ]exp( q )/; peNAgeN"Ap=gq
k=1

Integral representations

On the real axis

Of thedirect function

For @(z, s, a)
10.06.07.0001.01
1 00 ts—l e—at
d(z, s a) = —f dt/;Re(@a) >0ARes) >0A |2 <1Az+1VRe(§)>1Az==1
I'(s)Jo 1-ze™t

10.06.07.0002.01

O(z, s, @) == fm(a+t)‘sz‘alt—2f
0 0

10.06.07.0006.01

1 ,i(-logt)® et
®(z,5,a) = — f _
I'(s) Jo 1-2zt

. sintlog2) - stan (£

1
92 dt+E/,Re(a)>O
(@ + 2 (27— 1)

dt/;Re(a)>0ARe(s) >0A|Zl<1Az+1VRe9) >1Az==1
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Contour integral representations

Contour integral representations

For(i)(z, S, a)

10.06.07.0003.01
N 1 rOra-tora-ts-2
d)(z,s,a::—f dt/;seN*
2riJz rad+a-ts

10.06.07.0004.02

~ 1 i o+ I'a-t) \°
d(z s a) = —f yl"(t)l"(l—t)((i)] (-27'dt/;0<y<1ARe@ >y Az+0A @g-2) <7V Re®) > 1)
27 Jy—ico Fa-t+1)

10.06.07.0005.01

4 —i co

R zn [ 0o+
d(z,s,a—n) = z—f y(a—t)‘s(—z)“csc(nt)dt/; neZAn<y<n+1lARe@>yAz+0A(@g(-2 <7V Res) > 1)
Y

Allan Cortzen

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
For ®(z, s, a)
10.06.16.0001.01

1
d(z,s,a+1)=—
z

1
®(z s a) -
(a2)°°

10.06.16.0002.01

1
d(z,5,a-1)=20(z S, a) +

((a- 2"

10.06.16.0003.01
n-1 Zk
Oz, s,a+nN)=7z"|D(z s, a) —Z -

" /ineN
k=0 ((a+ k)z)s/

10.06.16.0004.01

n-1 Zk
Bz s a-n=2"0zs, a)+27/; neN

k=0 ((@+k~ n)z)S/2
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For @(z, s, a)
10.06.16.0005.01

. 1¢. 1
d(z,5,a+1)=— [d)(z, S a) — —)
z a’

10.06.16.0006.01

R . 1
d(z,5,a-1)=2zd(z s, a) +
(a-1°
10.06.16.0007.01
) ) n-1 Zk
bz s a+rn=z" cD(z,aa)—Z /ineN
= @+k?®

10.06.16.0008.01

R R n-1 zk
dzsa-n=20dzs, a)+275/; neN
o @+k-n)

Multiple arguments

Argument involving numeric multiples of variable

For ®(z, s, a)
10.06.16.0009.01
o n R 1
d(z,s5,2a)=2"° (d)(zz, s a)+ z@(zz, s, a+ 5))
10.06.16.0010.01

1 2
d(z s, 3a) = 3’5(&)(23, s a) + zé(ze’, s a+ 5) + 22&)(23, s, a+ 5))

Argument involving symbolic multiples of variable

For @(z, s, a)
10.06.16.0011.01

m-1 k
d(z, s, ma) = m‘szcb[zm, s, a+ —]zk/; meZAm>1
k=0 m
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Identities
Recurrence identities

Consecutive neighbors

For ®(z, s, a)
10.06.17.0001.01

d(z,5,a)==2P(z,5,a+ 1)+

(%)%
10.06.17.0002.01
1 1
d(z,5,a)=—|P(z,s,a-1)— —
4 ((a_ 1)2)5/
For ®(z, s, a)
10.06.17.0003.01
1

bz s ) =2bz s a+1)+ —
a

10.06.17.0004.01

n 1/, 1
d(z,s,a) = — ((I)(z, s,a-1)- )
z (@a-1°

Distant neighbors

For @(z, s, a)

10.06.17.0005.01
n-1 Zk
®(z, 5, a)=2"0(z s, a+n)+272/; neN
k=0 ((a+ k)z)s/

10.06.17.0006.01

n- b
®(z,5,a)=7"|d(zs,a-nN)— ) ——|/;ineN

1
k=0 ((@+k- n)z)s/2

10.06.17.0012.01
Re(b-a)-1 Zk
®(z, s, @) = z *P-MNORb-3) g7 5 h— min(0, Re(b — a))) + Z ——/iReb-a)eZAImb-a)=0
k0 (@+ k)z)‘c/2
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For(i)(z, S, a)

10.06.17.0007.01

n-1
d(z s a) = z”(i)(z,sa+n)+z /ineN
= @+k?®
10.06.17.0008.01
n-1
d(z,s5,8)==2"|d(z, s, a—n) —27 /ineN

= @+k-n?®
10.06.17.0013.01
~ : . Re(b-a)-1 X
d(z, s, @) = z2+P-minOReb-3) Gz 5 h— min(0, Re(b — a))) + Z — /iReb—a)eZ A\Imb-a)=0
k0 (@a+k?)
Functional identities

Major general cases

For ®(z, s, a)

10.06.17.0009.01
B, 15, a) = 21)°T(9) (eiﬂ(z—Zax) Be 277 5 ) +em(2a(1—x)—§) q)(ezsan’ s 1- x)) 0<x<1

For <i>(z, s, a)
10.06.17.0010.01
A R a R a+1l
Oz, 5 a) =25 (m(zz, s, —)+zq>(22, s, —)]
2 2
10.06.17.0011.01

) a. . a+k-1
d(z s a) = qSZq)[zq, S ] ]Zkl /;qeN*

k=1
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Differentiation

Low-order differentiation

With respect to z

For ®(z, s, a)

10.06.20.0015.01
00(z, s, @)

0z

-Re@I-1 (k4 1) &
Z"X(-Re@I0(p(z, s— 1, a+ max(|—Re(@)], 0) + 1) —ad(z, s, a+ max(|—Re@)], 0) + 1)) + Z —
k0 (@+k+1)?)
10.06.20.0016.01

dd(z, s, a) LRe@F1 (k4+1)Z max(|-Re@1,0-1 (k4 1)

0z pr )5/2

—_—+
S
((a+ K+ 1)2 pary (@a+k+1)

F@+1)°s1Fs@, ap, ..., 80 2, +1, ap+1,...,a+ 1,2 /jag==ay=...=as==a+1AseN*

10.06.20.0017.01
82d(z, s, a)
T a2z ZrexOL-Re@)-1(qh(7, 5 2, a+max(0, |-Re(@)]) + 1) -
0

[-Re@I-2 (k 4 1) (k + 2) 2
(2a+1)d(z,s-1, a+ max(0, |-Re@)) + 1)+ (a+ 1) ad(z s, a+ max(0, |-Re(a)]) + 1)) + Z DE—
k=0 ((@a+k+ 2)2)3/
For &(z, s, &)

10.06.20.0001.01
adz s, a) Bz s-1,a-adzs a)

0z z

10.06.20.0002.01
Pdz 5,8 1 . . .
722 = ; (B(z s-2, 8- (2a+1)d(z,s-1,a+a@+1)d(z s a)
i)

With respect to s

For ®(z, s, a)
10.06.20.0018.01
Ad(z, s, a) 1 & log(@a+k?) Z
_— = — /i—aeNA|Z2<1ARes >1
Js 2 /2

k0 (@+k)?)
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10.06.20.0019.01
R0z s a) 1 log(@+k?)
———— =7, /—agNAIZ<1AReg9>1
08’ 40 (@+ k)2)s/

10.06.20.0020.01

a0z s, a+1) 19dzsa log@?)
= — +
s z 0s 2 Z(az)s/z

10.06.20.0021.01
2
0D(z, s, a+m) a0z, s, a) ™ ™llog((@a+ k)
_ =z +—nZ:¥/;meN+
ds ds VA (a+ k)z)s/z
10.06.20.0022.01

a®(z, s, m)  ILis@) Z--m m-2 Jog((k + 1)) &

= zM+ -

- > /imeN
Js Js 2" 3 (Ck+ 1)2)
10.06.20.0023.01
0%(z, s, ) , d®(z, s, b—min(0, Reb—a))) 1 Reb-a-1log((@+k)%) %
— Z—a+b—m|n(0,Re(b—a)) _ ( )2 /i Re(b —a) ez /\ |m(b —a)= 0
ds ds 2 = (a+ k)z)s/
10.06.20.0024.01
2
- Iog( k+ 2 (1-2a) sgn(Re(a)) + = )z—sgn<Re(a)>k
_ ILRe@)I-1
00(z, s, @) _  Reta) 00(z, s, a-|Re(a)]) . sgn(Re(a)) - URea) Z ( 2 2) _
ds ds 2 pa 1 1\2\52
- ((k + 1 (1-2a) syn(Re(@)) + 5) )
-(aeZAha>0)
For <i>(z, S, a)
10.06.20.0003.01
ad(z, s, a) * |og(a+ k) Z
= - /i1 <1ARe(s) >1
as = @+k°®
10.06.20.0004.01
Rdzs,a) & log’a+ k)X
= S /i1 <1ARe(s) > 1
0 o (@+k
10.06.20.0025.01
9d(z, s, @) ' dd(z, s, b—min(0, Re(b—a))) 1 Reb-a-1|og((a+ k)?) 2
———— =z * Okt - e+ i) S/)z ;Reb-a)eZ \Im(b-a)=0
Js Js 2 3 ((a+ k)2)
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With respect toa

For ®(z, s, a)
10.06.20.0026.01
©  (a+k) X
200z 5 a) = —SZ ——— /i-a¢N

k0 ((@a+ k)2)5+l

10.06.20.0027.01

|-Re(a)] P
d00D(z, 5 @) = —s| ZMX(RE@ILO ¢z, 5+ 1, a+ max(|-Re(@)] + 1, 0)) + Z ——|/i-a¢N

0 @+k(@+rk?)
10.06.20.0028.01
x
0002 (z s a) = s(s+ l)Z S / —ae¢N
((a+ k) )

10.06.20.0029.01

[-Re@] P
0002(z, 5 @) = s(s+ 1) | Z"™*(RE@IFL0 @7, 5+ 2, a+ max(|-Re(@)] + 1, 0)) + Z —— |/, -a¢N

k=0 (a+k)? (@+ k)z)s/2

For &(z, s, a)

10.06.20.0005.01

bz s @) R
—— =-sd(z,s+1,a)
da
10.06.20.0006.01
Pd(z s, a) .
——— =5(s+1)d(z, s+ 2, Q)
da?

Symbolic differentiation

With respect to z

For ®(z, s, a)

10.06.20.0030.01

bz s a) & (k+1),Z
_Z ~/ild<1AneN

o7 k=0 ((@+k+n) )
10.06.20.0031.01
n k R 1,0+1) & L-Re@ln
"d(z, s, a) _ o= Re(a)J+10)Z (k+max(—n+|-Re(@] + 1, 0) + 1), . (k+ 1), & < 1AneN
0z" o (@+k+n+max(-n+|-Re@] + 1, 0))° o 2

(@+k+ n)2)
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10.06.20.0032.01
NPz, 5,2 LRe@IN (k+ 1), P max(-n+[-Re(@+1,0-1 (K 4 1), &

87" -

2
pary ((a+ K+ n)z) o (@+k+n
n'T@+ng Fs@, ap, ...,aaN+La+1, a+1,...,a+ 1,2 /,ay==ay=...=as==a+nAneNAseN*

10.06.20.0033.01

o"d(z s, a)
e
Z-mmax(-Re@10) ZZ&” ( )<I>(z, s—p, a+max(-Re@], 0)+ 1) ()P + L_Rfj_n _ter i 2 /ineN
2

j=1 p=0 k=0 ((a+ k+ n)2)

10.06.20.0034.01
o"d(z, s, N) n

— ZZ( 1)““$”( )(1 a—nyP

j=0 p=0
max(L-Re(@+n)J,0) zk
[<I>(z, S—j+p a+n+max(|-Re@+n)j, 0) + 1) Zn(-Re@mI0+1 Z _— |+
k=0 (@a+k+n)*1*P
[-Re@l-n (k+ 1), & max(|-Re@J-n-1) (k + 1), 2
—— —— /ineN
e ((a+k+n)2) Py (@a+k+n)

For &(z, s, a)

10.06.20.0007.02
Nz s a) & k+1D,Z

== /i1d<1AneN
az" = (@+k+n?®
10.06.20.0008.02
bz s a) _
6—2” =n!T@+n°s1Fs@s, &, ..., a8, N+ a1 +1, a+1,...,a5+1;,2 /;
y=ay=..=as==a+nAneNAseN*

10.06.20.0009.02

Mz s a n J [-Re@)
—( - =z" ZZ §1')( )[z‘“‘j‘m‘Re("‘”'(”+1 ®(z, s— p, a+max(|-Re@], 0) + 1) + Z

S-p
j=1 p=0 o @+k

](—a)i“’/; neN

10.06.20.0035.01
"d(z s, n) n

— Z l (- 1)1*“§4)( )(1 a—nP

j=0p=0

max(|-Re(a+n)],0) Zk
O(z, s— |+ p, a+ n+ max(|—Re(@+ n)J, 0) + 1) ZMU-Re@EML0+1 — |/ineN
k=0 (a+k+n>'*P
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With respect to s

For ®(z, s, a)
10.06.20.0036.01
MNd(z s @) (- ilog”((aJr k?) 2
P

i-a¢NA|Z<1ARe9>1AneN
k=0 ((a+ k)z)s/

10.06.20.0037.01
Nz s atl) 1dezsa (D" log'(@)
=- +
os" z os" on Z(aZ)S/Z

/ineN

10.06.20.0038.01

Dz, s a+m) 6"<I>(z s, a) L prizmm log”((a+k)?) 2
+

os" os" 2"

. /imeN"AneN
0 (@+k?)”
10.06.20.0039.01
n ny _1)n-1 A-m m-2 [og"((k + 1)) Z
Ndb(z, s, m  "Lis) ()17 og"((k+ 1)7)
= zZm+ Z

Py R p /imeNAneN*

k=0 ((k + 1)2)y2

10.06.20.0040.01
Nz, s, ) _ st minaRes-s) a"d(z, s, b-min(0, Reb—a)) (-1 Re-a-1log"((a+k)?) 2 /

6§“ 6§ 2n k=0 ((a + k)Z)S/Z

Reb-ayeZAImb-a)=0AneN"*

For(i)(z, s, a)

10.06.20.0010.02

bz s a) = log"(a+ k)
— " Z /12 <1ARe9)>1AneN
k=0

10.06.20.0041.01
bz s a+1l) 1dzsa (-)"log'@)
=— +

= ineN
os" z os" za’
10.06.20.0042.01
Md(z s, a+m) Md(z s, a) ™1 og"(@+ k) &
=zm +ED ™y S meNTAneN
s" RS = (@a+k°®

10.06.20.0043.01
n n & —mi _ Re(b-a)-1 n
d(z s, a) _ asbminRet-a) 8"d(z, s, b— min(0, Re(b — a))) ey log"(a+ k) & .

o as" par @+k?

Reb-aycZAImb-a)=0AneN"*



http: //functions.wolfram.com

31

With respect toa

For ®(z, s, a)
10.06.20.0044.01
"d(z, s, a) o v
— =(1—n—s)nZ—2/; lZ7<1A-a¢NANneN

k=0 @+ k" (@+k?)
10.06.20.0045.01

o"d(z, s, a) |-Re(@)] X
—w (1-n-9),|Z" R0 gz n+ 5 a+ max(|-Re@] + 1, 0)) + Z
a

-a¢NAneN

For ®(z, s, a)
10.06.20.0011.02
d(z s a)

— =(1-n-9,dzn+sa/;neN
a

Fractional integro-differentiation

With respect to z

For(f)(z, S, a)

10.06.20.0012.01
d(zs8) & k! Z-e
/(12 <1V (2 = 1ARes) > 1))
oz o Tk-a+D@+k?®

With respect to s

For(i)(z, S, a)

10.06.20.0013.01

9°d(z s, a) « (-slog(a+ k)* Q(-a, 0, —slog(a + k)) Z
- =g Z /(12 <1V (|2 = 1ARe(s) > 1))
os" = (a+k?®

With respect toa

Fortf)(z, S, a)

10.06.20.0014.01

°d(z,s,a) Tl-gas? (& B a
= + Zz“ k’stl(l, s 1-q; ——) a®/l2<1ARebs) >1
oa® rl-s-a) ) k

s/2

k=0 (a+k"(@+k?)

/i
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Integration

Indefinite integration

Involving only one direct function

For(f)(z, S, a)

10.06.21.0001.01
R oS zk+l
fd)(z, s, a)dz= Z — /124 <1ViZd=1ARes >1
= k+D@+k?®

10.06.21.0002.01

0 +a

210z s a)dz=Y ——— /17<1\/|2=1ARe9 > 1
f ,gj(k+a)(a+k)s/ \/

Involving only one direct function with respect to s

For(f)(z, S, a)

10.06.21.0003.01
. © (a+k) S XK
fd)(z, s a)ds= -Z— /14 <1V|Zd=1ARes > 1
oo log@+k
10.06.21.0004.01

R * T'(a, slog@a+k)) 2
fs”‘ld)(z,sa)ds:—s” ————— /}|4<1V|zd=1ARes > 1
o (sloga+k))

Involving only one direct function with respect to a

For(i)(z, S, a)

10.06.21.0005.01

A ®d(z,s-1,9)
f@(z, s, ada== ———
1-s

10.06.21.0006.01
k

R a® ) zk
a*td(z s a)da= SFils—a, ss—a+1——
a+k)™S
“‘Skzo(a+k)s( ) a

a
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Summation

Finite summation

Finite summation

For(f)(z, S, a)

10.06.23.0001.01

a . a+k-1
Z(D[zq, S,
k=1 q

]z“l =q°dz s a)/;qeN*

Operations

Limit operation

Limit operation

For(f)(z, S, a)

10.06.25.0001.01
lim@1-2¥3dz s a)==T(1-9 / Res<1
z-1

10.06.25.0002.01
bz 1,9
lim =
1 |og(l-2)

Representations through more general functions

Through hypergeometric functions

Involving ,Fq

For(i)(z, S, a)

10.06.26.0001.01
d(z s, a)==a T(@+ DSeaFs(l,a, 8y, ..,as a1+ 1, a+1,...,a5+1,2) ;ay=ay==...==as=a/\-a¢N AseN"

Involving ,Fq

For(f)(z, S, a)

10.06.26.0002.01
bz, s a)==a s Fs(l, 8y, 8y, .., a5 8 +1, 8 +1, ..., 8+L2/;a=ay=..=as==a\-a¢NAseN"



http: //functions.wolfram.com

Through Meijer G

Classical casesfor the direct function itself

For @(z, s, a)

10.06.26.0003.01

®(1-21,a)= 1 Gz,z(z‘ 0,1—3_)
L 1, __F(a) 2.2 0.0

10.06.26.0004.01

<1>(1 ! 1a)—— ! GZ'Z(Z 1’1)/'26/5( 0
277 r@ UlLa)” ’

For<i>(z, S, a)

10.06.26.0005.01
0l-a,..,1-a

A __lstl |
bz, s a)=G (Z‘ 0, -ay, ..., —as

st+1,s+1

)/; g ==ay=..=a=a/\seN*
Classical casesinvolving unit step 6

For ®(z, s, a)

10.06.26.0006.01

a 20 1,a
01-12)(1-2°d(1-2z 1, a=TI(a) GZIZ(Z 0 0] liz& (-1,0)

1 a
0.0

10.06.26.0007.01

02 -1 (21701 -2 1, =T (@ G332

10.06.26.0008.01

1 sof | @+l a+1l
01l-12)(1-2°2®(1-—,1,a|=T(a) GZ'Z(Z )
z " 1,a
10.06.26.0009.01
1 oof | @+l a+1l
002 -1 (z-1)2d|1- -, 1,a|l=T(a) szz(z‘ 1 a )/; Z2¢ (-0, —1)
z .

Representations through equivalent functions

Interrelations

10.06.27.0001.01
Pz s 8=

(L-Re@] + [Re(a)] + 1) 6(Im(a))

PUM@DTIS Gz, 5, @) + (1 — e@HM@-D7is) zl‘Re(a“[zé(z, s a+|-Re@)]+1)+
(@+-Re@))?)*
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10.06.27.0002.01

~ T V.
bz s a)=dzs a) /- 5 < ag@@) = >

10.06.27.0003.01

®(z,2n,a)=d(z 2n,a)/;neZ
10.06.27.0004.01

&z, s, 8) = e H-RE@D RUIME@-Dris gy s g) 4

(1- e @UM@)-D1is) | 70z, 5, a+ |-Re(@)] + 1) +

History

—C. J. Mamstén (1849)
—R. Lipschitz (1857, 1887)
—M. Lerch (1887)

—B.C. Berndt (1972)

(l-Re@] + [Re(@)] + 1) 6(Im(a))

(@+-Re@)))?

)

0(l-Re(a)]) 2!
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