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Notations

Traditional name

Norlund polynomial

Traditional notation

B”(2)

Mathematica StandardForm notation

Nor I undB[n, o, z]
Primary definition

) @Zt)/;neN

05.17.02.0001.01

t
By (2) = n! [[t” ]( t

e -1

Specific values

Specialized values

For fixed n, a

05.17.03.0001.01
B((0) = B\

05.17.03.0002.01

a-n-1 !
Bﬁ{’)(l) = B(n"’)
a-1

For fixed n, z

05.17.03.0003.01
BY(2 =2"

05.17.03.0004.01
B)(2) = Bn(2)

05.17.03.0005.01
(z+ 1)n+1 Zn+1

B Y@ =
n+1 n+1
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For fixed «, 2z

05.17.03.0006.01
By (2 =1

05.17.03.0007.01
B2 =z~ g
2
05.17.03.0008.01
B@=2-az+ i01(301— 1
12
05.17.03.0009.01
BS (2 = % 8Z2-12aZ+2aBa-Dz-(a-1)a?)
05.17.03.0010.01

1 1 1
Bﬁ,”)(z)==24—2023+50[(3(1—1)22—E(af—l)azz+%0(1503—3002+5cx+2)

05.17.03.0011.01
Bgl)(z) ==

1
£(9625—240&Z4+80a/(3a/—1)23—120(a—1)(1/222+2a/(15a3—30(1/2+5a+2)2—02(3a3—10a/2+5a+2))
05.17.03.0012.01
5 5 1
B%")(Z)::ZG—30125+ Za/(3a/—1)z4— E(af—l)a223+ Ea/(15a3—30a/2+5a/+2)22—

@(63a®-3150* +3150° + 91 — 42 - 16)
4032

1
—a? (303 -100®+5a+ 2)Z+
16
05.17.03.0013.01
1
By (2) = I (11527" - 40320 2 + 20162 (3a - 1) 2 -
115

5040 (o — 1) a” 7' + 168 (150° - 300” + 5a + 2) 22 - 2520% (30® - 100° + 50+ 2) Z +
20(63a°-3150" +3150° + 91a® - 42 - 16) 2+ @ (-9a° + 632 — 1050° - 7a? + 42 + 16))

05.17.03.0014.01

7 7 7
Bg“)(z)::zs—4az7+ga(3a—1)zﬁ—7(a—1)a225+za(l5a3—3ogz+5a+2)z4—Ea2(3a3—10a2+5a+2)z3+

1 1
ma(63a5—315a/4+315&3+91a/2—42a—16)22— maz (9 - 630" +1050° + 7a? - 420 - 16) 2+

(13507 — 1260a® + 3150 @° — 840 a* — 2345 0> — 5402 + 404 @ + 144)

34560
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05.17.03.0015.01

1
By (2) = 50 (768027 - 345600 7 + 230402 (3a - 1) 7' -

80640 (@ — 1) a? 2% + 4032 (150° - 300 + 50 + 2) 22 - 100800? (3a® - 100? + 5a + 2) ' +

160a (630° - 3150 + 3150° + 91a” - 42 — 16) 2 — 2400* (90° - 632 + 1050° + 7a? - 420 - 16) Z +
2a(135a” - 12600° + 3150 0° — 840a* — 23450° — 540 0” + 404 a + 144) 2—

o? (150" - 180a® + 630 — 448" - 665 ° + 1000” + 404 o + 144))

05.17.03.0016.01

15
BY@2=2°-502+ Zoz(?,a—l)zg—ls(oz—1)azz7+
7 21
5&(1503—30a2+5a+2)26— Ea/z(3a/3—10a2+5cx+2)25+
5 5
%0(63(1/5—315a4+315a3+91(1/2—4201—16)24— gaz (9a°-63a* +1050° +7a? —42a - 16)Z +

1
— (1350’ - 1260° + 3150 @° — 840" — 2345 > — 540a” + 404 o + 144) Z —

768
1
- a? (150" - 180a° + 630 a° — 4480* — 6650° + 1000” + 404 + 144) z+
1
o1 " (990° - 148502 + 6930 " — 8778 ° — 8085 a° + 8195a* + 11792 + 2068 a” — 2288 a — 768)

General characteristics

Domain and analyticity

The function B (2) is defined over N® C ® C. For fixed n, the function B (2) is a polynomial in a and z of degree
n.

05.17.04.0001.01
(N+2%2)—BY2):: N®C®C)—C

Symmetries and periodicities
Parity
No parity

Mirror symmetry

05.17.04.0002.01
B2 == B (2

Periodicity

No periodicity

Poles and essential singularities
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With respect to «
The function B?)(2) is polynomial and has pole of order nat o = &.

05.17.04.0003.01
Sing (B (2)) = {{c, n})

With respect to z
The function B?)(z) is polynomial and has pole of order nat z = .
05.17.04.0004.01
Sing,(BY(2)) = {{, n}}
Branch points
With respect to «
The function B\)(z) does not have branch points.

05.17.04.0005.01
BP,(BY (2) = {}

With respect to z
The function B?)(2) does not have branch points,
05.17.04.0006.01
BP(B () = {}
Branch cuts
With respect to «
The function B\*)(2) does not have branch cuts.

05.17.04.0007.01
BC.(BY (@) = {}

With respect to z
The function B”)(2) does not have branch cuts.

05.17.04.0008.01
BC(BY(2) == {}

Series representations

Generalized power series

Expansionsat generic point z == z,
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05.17.06.0001.01

(@) (@) (@) nn-
Br(2) o« By (20) + NB[1(%0) (- 29) + ———

05.17.06.0002.01

@ nn-
B (@) o ByY(z0) + N By (20) (2— Z0) + ——

05.17.06.0003.01
n |

B",(20) (- 29)? +

n!
Bgr)(z) = Z m (a) k() (z— Zo)k

k=0
05.17.06.0004.01
B(2) o B (20) (1 + Oz~ 29))
Expansionsat z==0

05.17.06.0005.01

B (2) o« BY +nB™, z+

05.17.06.0006.01

B?(2) « BY +nB™, z+

05.17.06.0007.01
n

n
Bi(2) = Z( k) Bik 2

k=0

05.17.06.0008.01

noocpyZ
(")(2)—n'z i
LK (n-K)!

(- 1)l
(a)k+1z ( )pjk/\pjo_l/\pjk_ Z(Jm"’m k)amp]km/\ak—

05.17.06.0009.01
B{”(2) « By (1+ 0(2)

Expansionsat z== oo

05.17.06.0010.01

an @Ba-1)(h-Dan

BW(2 = 2" [1 -—+

2z 247

05.17.06.0011.01

an @Ba-1D(n-1Dan

BY(g =2" (1 -—+

2z 247

05.17.06.0012.01

Tn
B2 =2" Z( ‘ ) B z*
k=0

nin-1)

nin-1)

B, Z+.../,(z>0)

BY, 2+ 0(2)

+...)/; (IZ » 0)An>0

ro3))nso

D (@) 232 233
Bi,(20) (2 20)* + O((z— 20)°)

(k+1)!

/\k
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05.17.06.0013.01

1
BW(2 =2" (1 + o(—)) /;in>0
z
Expansionsat generic point « == ag
05.17.06.0014.01

2 pl@)
0 Bn—k

n 4B 1.0
o (o) n n-k n
Bg)(Z)OCBn (Z)+§(k)zk[a—al|a__a0](ck—ao)+£z(k)i([—

|a::ao (Q - a'O)z +... /x (a' - QO)
k=0 o

05.17.06.0015.01

" on nk 1 ol Bﬁ]’{)k .
B2 = Z( k) 2y~ [— lo==aq | (@ = o)’
k=0 01+ 0!

05.17.06.0016.01

B (2) o B2 (1+ O(a - ap))

Expansionsat @ == 0

05.17.06.0017.01
n-1n-i-1 i i+k+1

n i Gl (T+Hk+1 ;
(@) () — _ _ 1)k —i—k-1 r+1) _ ir—i-1 - 1.
Bn (Z)—an(n) ; ;0( 1) (i+k+l)znl §S+k+2 ]:Zl( 1)1 Jr I ( ] )p],l+k+la'l+ /,
pjo=1/\pjk=Ezk:(jm+m—k)ampjk—m/\ak= ! /\kEN
' toke ' (k+ 1!
05.17.06.0018.01

n n-i . n . i ) i+k i +k
(@) (5 — _ _ i r 4y r-i-l S

1k 1
pj,Ozl/\pj,kz_Z(Jm"’m_k)ampj,k—m/\ak: /\kEN

ko (k+1)!

05.17.06.0019.01

n

ny L& e — |
Bl =20 - ) (1K 1) 2 PN (5 )bt

k=0 r=1 j=
/\ keN

1
(k+1)!

1 k
pj,o=1/\ Pjk = —Z(jm+m—k)ampj,k—m/\3k=
km::l.

05.17.06.0020.01

n n n—k n-k (_1)] B
B (2) o 6(n) 2" + —H(n—l)z”‘l+2(n)zk[n—k—2l— +1](n—k)!Z—( _) (“,k)pj‘nfk_
2 o K 2 = ]
Tn n-k k)l n k(1
Z(k)zk(n—k—Z{TJ)(n—k)'Z J ( ] )(T—Hn_k]pjvn_ka 1+ O)) /;
k=0 j=1
pJO:l/\pik=Ezk:(jm“Lm—k)ampjk-m/\ak: ! /\k
' I et ' (k+1)!
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05.17.06.0021.01
B(2) « 2" (1 + O(a))
Expansionsat a == oo

05.17.06.0022.01
Bﬁ’)(z) o

( l)]+k

/\keN/\n>0

(k+1)!

1 k
(lal > o) A pro=1/\ pjsc= D m+m =K am Pim /\ a =
m=1
05.17.06.0023.01

k k=i k
B(a @@= an(n) ZnZ( ) kdkzzs< Z(_l)H—j ji—k+r—1(|j() pj,ka_i /;
i=0 r=1 j=1
/\keN

1
(k+1)!

1 k
Po=1/\pik=- > (im+m-Kanpjum/\ &=
km:l

05.17.06.0024.01

n 1
BY (2 « 2" Z( E) (=227 K (1 + O(—))
k=0 a

Generating functions

05.17.11.0001.01

t (43
BY(2) ::n![[t”]( - 1) eZt)/;neN
ol —

Identities

Functional identities

Relations between contiguous functions

Recurrence relations

05.17.17.0001.01
n

1
BY(z) = — E ( ) ((@+1k-n) Bk[ )Bﬁ{”k(z)/ neN*
n

k=1

05.17.17.0002.01
B™(2 =nB"Yz-1)+BMz-1)/;neNAmeN

Differentiation

Low-order differentiation

(- l)]+k ir—k+1

6(n)z”+z"Zn:(E)(—22)‘ [1+2‘<Z§K ZT( )plk_zkzgK Za—

($)oseJs
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With respect to «

05.17.20.0001.01
aB““(z) noChkZ

=n Zkv( —k)'

—1)

Ky (
= (a)k+1z -

=0 (J +a

)2

1 k
Dj,o=1/\ Pjx = ;Z(jmm"‘)am pj,k—m/\ak:
m=1

With respect to z

05.17.20.0002.01
9B @

0z

=nBY,2

05.17.20.0003.01
#BY @)

=n(n-1BY%@®
b

Symbolic differentiation

With respect to «

05.17.20.0004.01
oMB f”(z) N CrkmZ

= Zkv(n K)! f

k . .
(j |-G+ @v@+ (4 aukeras -1 piw \

1
(k+ 1!

/\keN

k m k
i k m . i i+ . i
Cem= ), (=1) [ j )Z( ; )(m— D1a (+ ) ™Y (-1 gD -1+ 2) ol iy /\
j=0 i=0

r=0

1 k
pj,o=1/\ Pjx = —Z(jm+m—k)am Pj,k-m/\ak=
km:l

With respect to z

05.17.20.0005.01
mp(e)
RGN B® 2/;neNAmeNAm=n
n-m ) =

92"  (n—m)!
05.17.20.0006.01
"By (2 S Gk z
az" =n‘k20 kKl(n-m-k! "

(-1
(0/)k+1z )( )kaAp,o 1/\ pix=- Z(Jm+m K) am Pium /\ & =

Fractional integro-differentiation

With respect to «

k+1)!

1

J\k

/\keN

(k+1)!
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05.17.20.0007.01
#BD@D  PaBen)

- _Zn:(_l)( ) Zr(u ,8+1)Z§‘ Z( DIHJ“l(i)p(j’k)aiiﬁ/;

(9&’5 r(l_ﬁ) k=0
/\ keN

1
k+1)!

1 k
pj,o=1/\ Pjx = _Z(jm+m_k)arnpj,k—m/\ak=
km:l

With respect to z

05.17.20.0008.01
I
=n!
o7 -k Tk-B+1)

Integration

Indefinite integration

For thedirect function with respect to «

05.17.21.0001.01
( 1)I+J Jr i-1

fB&“’(z)dwz”fw(n)—i(—l)k( )z Y, Z—l (%) P00 prsat
k=0 i=0 r=1
/\keN

1
(k+1)!

1 k
pj,0:1/\ Pjx = _Z(jm+m_k)arnpj,k—m/\ak:
I(m=1

For thedirect function with respect to z

05.17.21.0002.01
n

1 /n
B®(2) dz— E‘_( )B(") Hol
f n (Z) z K+ 1 Kk n-k

k=0 K+

Summation

Infinite summation

05.17.23.0001.01

“”(z)wk ( w

S (s

) eV /iwl <2n
pary ! e’ -1

Theorems

Asymptotical expansions of ratios of the gamma functions

Norlund polynomials are used in the asymptotical expansions of ratios of the gamma functions:
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r © (-)*(b-a
(a+2 ocza_bZ( )" (b—a)
T'(b+2) Lk

BE "M@ 2% /; larga+ 2| <7 A (12 - o)
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