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Notations

Traditional name

T

Traditional notation

T

Mathematica StandardForm notation

Pi

Primary definition

02.03.02.0001.01
® (= 1)k

Specific values

02.03.03.0001.01
7 == 3.14159265358979323846264338327950288419716939937510582097494459230781640628620899862803482534 ...

Above approximate numerical value of 7 shows 90 decimal digits.

General characteristics

The pi risaconstant. It isirrational and transcendental over Q positive real number.

Series representations

Generalized power series

Expansionsfor «

02.03.06.0001.01
o 1( 2r+1 2r+1 8r+4 r 8r 4r 8r+2

7'(::2 - - + + - - -
8k+5 8k+6 8k+1 8k+7 8k+2 8k+3 8k+4

_ ]/; reN*t
oo 16~
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02.03.06.0002.01
k+1J

© 1
=2log(2) + 4 ——1t_
n 02 + gkﬂ( )2

02.03.06.0003.01
o0 (_ 1)|<

02.03.06.0004.01
4 1 k
_plz)

= —
V2 ico2k+1
02.03.06.0005.01
& CDF & (-Df
n=16" -43"
o Qk+1)52K1 4= 2k + 1) 2392k+1

02.03.06.0006.01

0 _1k
=33 ZL—IOQ(Z)\/S
o 3k+1

02.03.06.0007.01

0 _1k
n==4\/72!—2Iog(1+\/?)
0 4k+1

02.03.06.0008.01

@ (=D 2 1 2
A TREAPTES

o 4 \4k+2 4k+3 4k+1

02.03.06.0009.01
& l( 285 667 5103 35625 238

ﬂ'::Z — - + —
2(2k+1) 32(4k+1 16(4k+3) 32(4k+5 k+1

a1 K
02.03.06.0010.01
1 & (=1 1 1 4
r=—3 ( ; N )
6k+3 6k+5 6k+1

V2 o &

02.03.06.0011.01

8 W( 1 1 )
T == —_—
1+vV2 ico'8k+1 8k+7

02.03.06.0012.01
© 1 2 1 1 4
S . S
8k+4 8k+5 8k+6 8k+1

koo 16"
02.03.06.0013.01
o k-1
= 22 B —
2k+1) 2K

k=0
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02.03.06.0014.01
5 2k 1
m=-+45 ( )—F 167%
4 é k)ok+1 2

02.03.06.0015.01
K
o (—D*22KBE,

T=NS )2 k+1

<0 2k+1)(VE +3
02.03.06.0016.01

0 (-D*F3is
1=20) ’

k=0 (2k+1)(V10 +3

)2 k+1

02.03.06.0017.01
2k+1

r=1245 ) Fain
16(2-V3)+1 +V5

02.03.06.0018.01

== 4itan"l( ! ]
k=1

F2 k+1

02.03.06.0019.01
i (3“-1)¢k+1)

T == —_—

k=1 4
02.03.06.0044.01

9 © Kk

1=-3V3 +-V3 Z—

2 kzl(Zk)

K
02.03.06.0045.01

183 27 © K2

7= +—V3y —
5 10 — ( 2 k)
K
02.03.06.0046.01
135V3 81 w K3
== — + [— —_—
37 74 ~ ( 2 k]
k
02.03.06.0047.01
432+/3 81 KA
= - +—V3 _

19 238 & ( Zk)
k
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02.03.06.0048.01
2433 81 © K5

o V3
67 938 kZ;(Zk)
k

02.03.06.0049.01

238143 243 @K
=- + V3 Y —
6565 13130 & ( Zk)

k

02.03.06.0050.01
4279543 81 - i Y
- + —
11797 23594 = (Zk)

K

1

02.03.06.0051.01
23551563 729 K8

+ 3y —
649231 1298462 & ( 2k)
k

02.03.06.0052.01

483144753 2187 © KO
S + V3 Z
13318583 26637166 ( 2k )
k

02.03.06.0053.01
3653062743 2187 o
V3 Z

+
100701965 201403930 kzl(Zk)
k

klO

02.03.06.0054.01

99760005V 3 6561 < o Kl
— + —_—
27500287 5005052234 ~ (2 k)
K
02.03.06.0055.01
245273327208V 3 19683 - w kL2
== — + [
67613135957 135226271914 ~ ( 2 k)
K
02.03.06.0056.01
S k!
n=4-2

o T,2i+3
Candido Otero Ramos (2007)

Expansionsfor 1/x

02.03.06.0020.01
1 2vV2 & (4K)!(26390k + 1103)

m 9801 5 k1* 3964k
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02.03.06.0021.01
1 & 42k+5 (2k)3

_:Z o12k+4 \ K

T ko0

02.03.06.0022.01
1 ® (—1)*(6k)! (545140134 k + 13591 409)
— = 122

4 k=0 3 3k+1
k!®(3k)!(640320°) 2

The above Chudnovsky's formulais used for the numerical computation of 7 in Mathematica.

Expansionsfor z?

02.03.06.0023.01
© 1
2=6) —
2
k=1 K
02.03.06.0024.01
& 1

71'2 ==

k=0 (2K + 1)2

02.03.06.0025.01
) (_1)k—1

a K

% =12

02.03.06.0026.01
© k12
% ==18

k1 K (2Kk)!
02.03.06.0027.01

o0 kN
n=36)
=0 (2k+ D1 22k+2 (k4 1)

02.03.06.0028.01
& 1{ 45 384 1215 12

7T2==Z— + - -
g kel2@2k+1) k+2 2(2k+3) k+1

02.03.06.0029.01

& 3 1 3 1 1
- + + 647«

=18 - -
2(6k+27° 26k+3)% 8(6k+4> 16(6k+57° (Bk+1)>°

k=0

Expansionsfor z°

02.03.06.0030.01
0 k+1
s (=D*
=32 —
a1 2k-1)°
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02.03.06.0057.01

1 & (-1)K 8 1 32
= — + + +
16151024\ (4ak+2° (4k+3° @k+1)°
5 & (=1)K [ 192 88 8 84
25 64 | (12k+2° (12k+3° (12k+5° (12k+6)°
4 1 12 1 32

+ - + +
12k+7® (12k+9° 12k+10° (12k+11)° (2k+1°

G.Huvent (2006)

Expansionsfor z*

02.03.06.0031.01
(e8]
1
= 902 -
i1 K

02.03.06.0032.01

at=96) ——
k=0 (2k + 1)4

02.03.06.0058.01
4

n =
27 = 1 38912 81920 2048 512 23552 256 27648 10240
164152125\ 24k+2* (24k+3* (24k+4* (24k+5*% (24k+6) (24k+7)* (24k+8* (24k+9)’*
2432 64 3584 32 608

(24k+10)*  (24k+11)* (24k+12* (24k+13)* (24k+14*

1280 1728 8 368 4
— + — p— —
(24k+15)* (24k+16)* (24k+17)* (24k+18)* (24k+19*
8 160 38 1 2048
+ + +

(24k+20)*  (24k+2D)* (24k+22% (24k+23)* (24k+1)*

G.Huvent (2006)

02.03.06.0059.01
3240 & 1

17 & k4(2kk)

4

Expansionsfor z°

02.03.06.0033.01

n%==945) —
el

02.03.06.0034.01

7% == 960
k=0 2K+ 1)6
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Expansionsfor 72"

02.03.06.0035.01
=D™ten! & 1

LS — /ineN"
22 n-1 BZn oy k2n
02.03.06.0060.01
(_ l)n 21—2n (2 n) | © (_ 1)k—l
720 == : . /ineN*
an(g) P
02.03.06.0036.01
D™t2@n! & 1
7N = /ineNT'

@ =DBan i3 (2k+ 12"

Expansionsfor 72"1

02.03.06.0061.01
(=DM 122n2n-—2)1 @ (=1
ﬂ_2n—1 — /’ ne N+
Eon-z o 2k+1)2"t

Exponential Fourier series

02.03.06.0042.01

< sin(k x)

T==X+2
k=1

/ixeRAX>0

02.03.06.0043.01
® (—1)*cos(2k + 1) X)

n=4 /,XE[R
ch; 2k+1

02.03.06.0062.01

& k!
T=4-2Y ———
0 T,2i+3

Candido Otero Ramos (2007)

02.03.06.0063.01
f(n-121)

1+ 1+ f(n-1)7>

L n+2 . _ _
7= lim 22 f() /; £(0) = 1\ =

/\neN+

Candido Otero Ramos (2007)

Other series representations

02.03.06.0040.01

"= (2n+1)! i iﬁ

G (kS

1

/ineN*t

Integral representations
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On the real axis

Of thedirect function

02.03.07.0001.01

o 1
7r==2f dt
0 t2+1

02.03.07.0002.01
1

n::4f Vi1-t dt
0

02.03.07.0003.01

02.03.07.0004.01

o §in(t)
T==2 [
0

02.03.07.0005.01

© sin’(t)
= 2f dt
0 2

02.03.07.0006.01

8 reosin’(t)
7T==—f dt
3Jo 3

02.03.07.0007.01

© sin*(t)
== 3f dt
0 t4

02.03.07.0008.01
384 roosind(t)
Tusde

02.03.07.0009.01
40 peosini(t)
“11Jo té

02.03.07.0010.01

n-1

o Sn'(t) 1= (-Dk(n-2k"*t
- 2”f dt " |/new
8 [ o ]/nz k! (n—K! fine

k=0

Involving the direct function

02.03.07.0011.01

00

\/7 == e’tz dt

0

Gaussian probability density integral
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02.03.07.0012.01

ﬁ::zﬁfmsin(tz)dt

Fresnel integral

02.03.07.0013.01

ﬁ:zZﬁfmcos(tz)dt

Fresnel integral
02.03.07.0014.01
1 1 1
Vi = flog{;)dt
0

02.03.07.0015.01

V= [—
b

Involving related functions

02.03.07.0016.01

o cos(t)
7r::2@f dt
0 t2+1

Product representations
02.03.08.0001.01

oo 4k2

1 k=1 (2k+1)

=2

02.03.08.0002.01

e
T V7 2kt

02.03.08.0003.01

02.03.08.0004.01

b s
== 31_[%0( ]
o V122K

02.03.08.0008.01

oo 2\DF K
T == 2@1_[[1+ E)

k=1

02.03.08.0009.01
6e
T ==

["[;‘;2 (1 . E)(_1)'< k
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02.03.08.0005.01

6 00

T k=

=1

1 .
—2==1_[ 1——2 /el

Pk

02.03.08.0006.01

2 V2 242 2+,/2+\/7 2+ 2+\/2+\/7

— —X X X

2 2 2

02.03.08.0007.01

n 2
2 .

—=lim
T N—o0

n1
ENest[«/2+1:t1 &, 0,k
=1

Limit representations

02.03.09.0001.01

m==1lim

N—oo

/0]

02.03.09.0002.01

m==1lim

N—oco

ii,[nZ_kZ

2
N® k=0

02.03.09.0003.01

vr] n—Kk?

r=4lim

N—-oo n

k=1

02.03.09.0004.01

m==1lim

N—co

24n+l n!4

@2n+1)@2n)?

02.03.09.0006.01

m==1lim

N—o0

222

@2n+1)@2n-nN?

02.03.09.0012.01

m==1lim

N—oo

i‘: 4n
(-1 222" (—1>k( )H2k+1 /inen
= 2k+1

02.03.09.0013.01

2
nt? (n+ 12"

m=lim
N> 5 p2n?+3n+l
Pete Koupriyanov

02.03.09.0007.01

n=161i

n k2
m(n+1)

noe kel (2K + 1)
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02.03.09.0014.01

. Iog( Hrk]:l Fk)
7=1lim |6 ineN
e log(lem(F4, Fy, ..., Fn)

02.03.09.0008.01

N-co N

1 n
n=-121lim — Zlcot(ka)| log(lcoska)) /; @« € R
k=1

02.03.09.0009.01

n
n=lim [“ n / [Z 6sgn(cos(ka)),—sgn(oos((k+l)a))J] O=as=nm

k=0

02.03.09.0010.01
28
m=lim —/;
N—o0 S(

ay = %(ak—l"'bk—l)/\bk::\/ak—lbk—l Ns=sc-2a N\a=a -0 \ag=1/\bo= %/\50%

02.03.09.0011.01

m=Ilim —/;
N—o0 al"l

1-+1-p3

1++/1-p8

Nao=6-4v2 \ po=v2 -1

@ny1 == (ﬁml + 1)4 n — 22ms3 Bt (ﬂﬁﬂ + B+ 1) /\ Bni1 =

02.03.09.0015.01

2™ Iy, (7
m==lim — . |2+bpq1,|2+bp2,|2+...+ by [2+SN— /;
e 2y | 2 4

bh=1Aby1=-1A(=1A2<k=n-2AkeN)Ab e RA-2=<b; <2

L. D. Servi: Nested Square Roots of 2 American Mathematical Monthly 110, 326-329 (2003)
02.03.09.0016.01
2A(n-1)B(n-1)

1
A\Bm=,/-Bn-1+1 Anen
Bn-1)+1 2

1
= lim An) /; AO) =4 /\ BO = — A\ A =
N—oo (2

Candido Otero Ramos (2007)

Continued fraction representations
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02.03.10.0001.01

7r==3+1/

02.03.10.0002.01
1

9
25
49
81

121
6+
6+...

=3+
6+

6+
6+
6+

02.03.10.0003.01
7 =3+ K((2k- 17, 6);

292 +

1+

1+

1+

2+

1+

3+

1+

14 +

2+

1+

1+

2+ ...
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02.03.10.0004.01

n 1
—=1-
2 6
3 —
2
1 —
20
3 —
12
1-
42
3-
30
1— —
3-
02.03.10.0005.01
1
2 3+ Ki(—(k= (=D (k= (-DF + 1), 2+ (-D¥);
02.03.10.0006.01
4 1
—=1+
T 4
3+
9
5+
16
7+
25
9+
36
11+
13+...
02.03.10.0007.01
4 [ee]
— =1+ KK, 2k +1),
T
02.03.10.0008.01
4 1
—=1+
e 9
2+
25
2+
49
2+
81
2+ ————
121
2+
2+...
02.03.10.0009.01
4 o
- =1+K(2k-1" 2),
T
02.03.10.0010.01
12 1
—2 == 1 =+ 16
d 3+
81
5+
256
7+
625
9t —M —
1296
11+

13+...
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02.03.10.0011.01
12 o
— =1+Ky(K*, 2k+1)
2 1
T
02.03.10.0012.01

6 1
=1+

-6 2

1+
4
1+

6
9
12
1+...

4]
1

Complex characteristics

1+
1+
1+

02.03.10.0013.01
k+1

6

= 1+K|{ >

{k+2

-6

Real part
02.03.19.0001.01
Re(n) =n
Imaginary part
02.03.19.0002.01
Im(m) =0
Absolute value
02.03.19.0003.01
|7l =7
Argument
02.03.19.0004.01
arg(r) =0
Conjugate value
02.03.19.0005.01
T=n
Signum value

02.03.19.0006.01
sgn(n) == 1

Differentiation
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Low-order differentiation

02.03.20.0001.01

Fractional integro-differentiation

02.03.20.0002.01

n Z%n
02 T(l-a)
Integration

Indefinite integration

02.03.21.0001.01

fn'dZ::nZ

02.03.21.0002.01
1 “r
fz“’ ndz=—

a

Integral transforms

Fourier exp transforms

02.03.22.0001.01

Filrl (@ = V2 12682

Inverse Fourier exp transforms

02.03.22.0002.01
Flnl (@ =V2 1262

Fourier cos transforms

02.03.22.0003.01
732

Feilnl (2 = — 062
V2

Fourier sin transforms

02.03.22.0004.01

Van
Fsiln] (2) ==

Laplace transforms
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02.03.22.0005.01

T
Lfr] (@ = -
4

Inverse Laplace transforms

02.03.22.0006.01
L@ =762

Representations through more general functions

Through Meijer G

02.03.26.0014.01

1
x =G| 0)+x Gi;;(z . 0)

Through other functions

02.03.26.0001.01
1 1
r=aaten (2] - )
5 239
02.03.26.0008.01
1 1
n= 4tan‘1[—) + 4tan‘l(—)
2 3
02.03.26.0009.01
1 1
= 8tan‘1[—) + 4tan‘l(—)
3 7
02.03.26.0010.01
1 1 1
= 4tan’1[—) + 4tan’l(—) + 4tan’1(—]
2 5 8
02.03.26.0013.01

1 1 1
S LA )
8 57 239

Jeff Reid

02.03.26.0015.01
1 1 1 1

7= 4(tan’1[—) + tan’l(—) + tan’l(—) + tan’l(—))
3 4 5 47

Adam Bui (2007)

02.03.26.0016.01
1 1 1 1

n= 4(tan’1(—) + tan’l(—) + tan’l(—) + tan’l(—))
3 4 7 13

Adam Bui (2007)
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02.03.26.0017.01

4| cotY(@) + Ztm‘l[L)J
[ a+\/? v a?+1 +1

- [+
2‘/3_2—211. 2o 2 2 g
a a+i a a a—i

Adam Bui &O.I. Marichev (2007)

1

mT=

02.03.26.0002.01

1 1 1 1
7==88 tan‘l(—) + 8tan‘1(—) -20 tan‘l[—) —40 tan‘l(—)
28 443 1393 11018

02.03.26.0011.01

1 1 1 1
n==48 tan’l(—) +12 tan’l(—) +20 tan’l[—) +32 tan’l[—]
18 70 99 307

02.03.26.0012.01
m= 640tan’1(—) - 4tan’1(—) - 16tan’1(—) - 32tan’1(—] -
200 239 515 4030

-1(—) - 64tan‘l(—) - 128 tan‘l[ ) -320 tan‘l(i)
50105 62575 500150 4000300

02.03.26.0003.01

= 4[tan‘1[g) + tan‘l(%)) ipeN" AgeNt

02.03.26.0004.01
7 ==2K(0)

02.03.26.0005.01
n==2E(0)

02.03.26.0006.01

==+ 6Lix1)

02.03.26.0007.01
1 2
-
2

Representations through equivalent functions

02.03.27.0001.01

n==180°
02.03.27.0002.01
m=-ilog(-1)
02.03.27.0003.01
0il (1—&')
n=2ilog| —
1+1i

02.03.27.0004.01

et =-1
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identity dueto L. Euler
02.03.27.0005.01
eZmﬁ =1
02.03.27.0006.01
*= (1)) kez
02.03.27.0007.01
i .
e_E == il
02.03.27.0008.01

Zik .
e =i/kez

Inequalities

02.03.29.0001.01

10 1
3+ —<n<3+—
71 7

B.C. Archimedes
02.03.29.0002.01

>

. + +
e e PeNTAQEN

02.03.29.0003.01

Theorems

Volume of an n-dimensional sphere
Volume V, of an n-dimensional sphere of radiusr:

k k 92k+1
Vo == ﬂ-_ r2k. Vaorep == me27 k! r2k+1.
kKt 2k+1)!

For instance, the area of acircle with radiusr is 7 r2 and the volume of a sphere with radiusr is %” re.

Above general formulas can be joined into one V,, == 7,

(%)

Surface area of an n-dimensional sphere
Surface area S, of n-dimensional sphere of radiusr:

27'(k ﬂk 22k+1 k!
== r2k—l; P r2k.
Sk *= D! Sks1 20!

For instance, the circumference of circle with radiusr is 2 r, and the surface area of a sphere with radiusr is4 7 r2.
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Above general formulas can be joined into one S, == Zr’(’:/)z r-1
2
Volume of an n-dimensional cylinder ??
Volume V, of an n-dimensiona cylinder of radius r and height
h .
ﬂ.k 7z-k22k+lk!
Vo == — |"2k h, V. —_ r-2k-+—l h.
Tk 2T 2k 1!
For instance, the volume of a cylinder with radius r and height
. 4 3
h isgmrah.
E
Above general formulas can be joined into one V,, == ”(;1) r-1h.
nl'(—
2
Surface area of an n-dimensional cylinder ??
Surface aea S, of n-dimensiona cone of radius r and height
h
27l'k 22k+1ﬂ.kk!
SZ ::_rzk_lhk+r; SZ ::7I’2k(h(2k+1)+2l' .
K= ( ) k1 2k D! )
For instance, the volume of a cylinder with radius r and height
.1 2
h isgnr h.
For instance, the surface area of a cylinder with radius r and height
h iSﬂ'I’(I’+\/h2+I’2).
E
Above general formulas can be joined into one S, == ”(nil) (r +yh+r2 ) rn-2,
I[—
2
Volume of an n-dimensional cone
Volume V, of an n-dimensional cone of radius r and height
h
22 k-1 7Tk_1(k _ l) ! ﬂ'k
Vzk::—er_lh; V2k+1 -= — 2k
(2K)! 2k+ k!
For instance, the volume of a cone with radius r and height
h isZ7r2h.
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n-1

Above general formulas can be joined into one V,, == oz r-1h.

n+l
nr(%)
Surface area of an n-dimensional cone

Surface aea S, of n-dimensonad cone of radius r and height
h

4k k=1 ﬂk(r+\/ h2+r2)
Sk = —'(r+\/ h? +r2 )r2k‘2; Soks1 = r2k-1.

(2Kk)! k!

For instance, the volume of a cone with radius r and height

h is s 7r2h.

For instance, the surface area of a cone with radius r and height

h i57rr(r+\/h2+r2).
(r +y h2+r2 )r”‘z.

n-1
T2
+

(%)

Above general formulas can be joined into one S, ==

—

Probability of two random integers being relatively prime

The probability that two integers picked at random are relatively primeis 7% .

History

—The design of Egyptian pyramids (c. 3000 BC) incorporated r as3+ 1/7 ( ~ 3.142857...);
—Egyptians (Rhind Papyrus, ¢. 2000 BC) gave r as (16/ 9)2 ~ 3.16045. ..

—China(c. 1200 BC) gaver as 3

—TheBiblical verse | Kings 7:23 (c. 950 BC) gave 7 as30/10==3.0

—Archimedes (Greece, c. 240 BC) knew that 3+ 10/71 <71 < 3+ 1/7 and gave r as 3.1418...
—W. Jones (1706) introduced the symbol n

—C. Goldbach (1742) also used the symbol 7

—J. H. Lambert (1761) established that 7 is an irrational number

—F. Lindemann (1882) proved that r is transcendental

The constant 7 is the most frequently encountered classical constant in mathematics and the natural sciences.
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