WOLFRAM _f'unclin wolfram.com .

RE 5‘ EARCH [iF .'-'.':."l'_!'.': le mrost cow .-'Iu‘i'.l'L'.':-‘:'.l'u'.\'J:I'l:' anda un .-:.l'.u'-:'r.'I FONITC

PolyLog3

Wiow the onling version at Download the
® functions. wolfram.com ® PDF File
Notations

Traditional name

Nielsen polylogarithm

Traditional notation

Sp(@

Mathematica StandardForm notation

Pol yLog[v, p, Z]

Primary definition

10.09.02.0001.01
o (_1)k+p s(p) Zk

Sp(2 :ZT/; 7 <1ApeN*
k=1 :

S)(2) isthe Nielsen generalized polylogarithm function or hyperlogarithm.

Specific values

Specialized values

For fixed v, p
10.09.03.0001.01

S,p0)==0

For fixed v, 2
10.09.03.0002.01

Sv,l(z) == Liv+1(z)

For fixed p, z

10.09.03.0003.01
(~log(1 - 2))P

2= o
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10.09.03.0004.01

(-DPlog(z) logP(1-2) Pl _nklog P r1-2)
S1p(2) = +(-DP Y] Lio(1-2)+£(p+1) /; peN*
p! pry (p-k-1!
For fixed v

10.09.03.0005.01
S1(DH=4{+1)

For fixed z

10.09.03.0007.01
$1(2) = -log(1-2

Values at fixed points

10.09.03.0006.01

1
571,2(5) =log(2)

General characteristics

Domain and analyticity
S, p(2) isan analytical function of v, p, zwhich isdefined in 3.
10.09.04.0001.01
(v Pp*2—S,p(2 1 (CRCR®C)—C
Symmetries and periodicities

Mirror symmetry

10.09.04.0002.02

Sp(2 =82/ z2¢ (1, )
Permutation symmetry

Permutation symmetry for z== 1:

10.09.04.0003.01
Sp(D) =511 /;veN" ApeN’

Periodicity
No periodicity
Poles and essential singularities

With respect to z

For fixed v, p, the function S, ,(2) does not have poles and essential singularities.
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10.09.04.0004.01

Sing (S.,p(2) = 1)
With respect tov
For fixed p, z thefunction S, ;(2) has only one singular pointat v = c. Itisan essential singular point.
10.09.04.0005.01
Sing,(S,,p(2)) == {0, co}}
Branch points
With respect to z
For fixed v, p thefunction S, 5(2) has two branch points: z==1, z= .

10.09.04.0006.01
BPS () = {1, &)

With respect tov
For fixed p, z the function S, ;(2) does not have branch points.
10.09.04.0007.01
BP,(S,p@) =1}
Branch cuts
With respect to z

For fixed v, p, the function S, ,(2) is a single-valued function on the z-plane cut along the interval {1, o}, where it is

continuous from below.

10.09.04.0008.01
BCAS,p(2) = {{{1, oo}, i}} ;v EN" ApeN*

10.09.04.0009.01
lim §o(x—i€)=S,(X) /;neN* Ax>1
e—>+0
10.09.04.0010.01
272 log"(x) "1 0g5(x) £(1 - K+ n)

lim Sya(X+i€) = S0 - ————— +2i7|Lip (0 — Y ————————— | /ineN Ax>1
e—>+0 n! 0 k!

With respect to v

For fixed p, z, the function SP(2) does not have branch cuts.

10.09.04.0011.01
BC,(Sp@) = 1)

Series representations
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Generalized power series

Expansionsat z==0

For the function itself

10.09.06.0001.02

v ZP 1 v ( + 2)—v—1
S,p(2) (l+ —p*tp+DVz+ L p+)2 Z+ J /;Z- 0 ApeN*
p! 2 +1
10.09.06.0005.01
v 2P 1 Y (p+2)7 L
Sp(@ [1 +-p O+ z+ L Ffz 2+ 0(23))
2 +1
10.09.06.0002.01
o, (-T2
Sp@ =) ld=1ApeN

o k+p!k+p)”

10.09.06.0003.02
S
1+0(2)

S/,p(z) o

p!

Other series representations

10.09.06.0004.01

S1@«T (=) ) 2rik-log@) > /;Rev < -1

k=—o0

Integral representations

On the real axis

Of thedirect function

10.09.07.0001.01
1 fl (~log(®))"~* (~log(1 - zt)°
rmrp+1) Jo t

dt/;Re(v)>0A|zZ<1ApeN*

10.09.07.0002.01
(~p™P1 ~11og™(t) logP(1 - zt)
S, p( ) == f t
0

dt/;neN* ApeN*

Differential equations

Ordinary nonlinear differential equations
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10.09.13.0001.01
((—22 P+5p+9z-9YW’' (2% + z(p+62-6)WP@ + pz- D z2WP@)W' (D + Z (-zp+ p+2z-1) \/\/(3)(2)2) 2+
W@ (2@zp+p+3z-3W' (@ +2(4zp-3p+2z-2wWP@ + pz- 1) z2w?(2)) z+
(P+2-DHW (@’ =0/, WD) = (2
10.09.13.0002.01
(e6@-1+pa7-112) w32 +
z2(12z-D+pB-22)WP@ + pz- D 2w @)W @) + Z (-zp+ p+2-1) vv<4>(z)2) 2+
W (2 ((84(z-1)+p62+19)W(2) +2((162p- 13 p+14z-1H WD) + 3 p(z— 1) 2w (2)) 2+
49(z-1) + p(25—4z))v\/’(z)2)22+v\/(z) (2zp+3p+7z-W' @) +
z2((12@z-D+7pRz-)WP@ +2((8zp-7p+2z- WY@ + p(z- 1) 2w (9))))
Z+(p+2-DW @’ =0/, WD) = $p(2)
10.09.13.0003.01

((-5(7zp-9p-202+20) w2 +

z((20(z- D)+ p(6-52)W (@2 + p(z- D zZWP @)W (D) + Z (-zp+ p+2z-1) \/\/(5)(2)2) 2+

W32 (22((20zp-17p+25z- 25)W(2) + 3 p(z— 1) zW®(2)) - 5(p(4z- 21) - 100 (z—- 1) W(2) z+

(625(z— 1) + p(235—-852) \/\/(3)(2)2) Z+W'(2)((750(z— 1) + p(66 2+ 199) W (2) +
z((300(z- 1) + p(186z— 101)) W (2) + z((75zp- 68 p+302- 30) WD) + 7 p(z— 1) 2w (2)))) z+
(225(z-1)+ p(113-82) V\/'(Z)Z) Z2+W(® (2(15 Z-D+p@z+7HHW' 2+
z((50(z-1) + p(46z- 15) WI(2) + 2((20(z— 1) + p(46 - 35) W (D) +
z(13zp-12p+2z-2W9@ + p(z- 1) zW¥(2)))) z+ (p+2- HW(@* = 0/; W2) = $;5(2)

Identities

Functional identities

10.09.17.0001.01

(-DPlog’(L-2)log" @ "L log () P -Dllog1-2)
Sup@ = > S - —————§1-2|neN ApeN
n! p! o k! iz j!

10.09.17.0002.01

log*P(-2) tlogl(-z)cn-j, p '09( 2 (n-j+k-1) o (1
= (—1)P " 1 ( ' ) *"[_) ;
Sip@ = ( )[(mp)! +j 0 ] + (= )Z( )Z ! k-] SﬁJk'z/

H

Il
o

p-1, .
+n-1 .
cn, p) = (1—(—1)“>(—1)p§(—1>—(—1>"2(J j )(_1)971 Sl \nen Apen A\ze© D

j=1
10.09.17.0003.01

21
S.p(@ == f -5 ,(bdt
ot

Differentiation
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Low-order differentiation

With respect to v

10.09.20.0001.01
9S00 &, (-1 tlogk+ p)§Y, 2P
1d<1ApeN
Py k+p!k+p”

v

10.09.20.0002.01
2 )
(-DFlog(k+ p) §7, 2P

=> —— /;ld<1ApeN
< k+p!lk+p

p(Z)

With respect to z

10.09.20.0003.01

0Sp@  S_1p(@

62_ z

10.09.20.0010.01
#Sp(@d  S-2p@-S-1p(2
07z 2
10.09.20.0004.01
(-1F g7, P2

=> - /12 <1ApeN’
ko (K+p=2)!(k+p)

p(Z)

Symbolic differentiation

With respect to v

10.09.20.0005.02
IS & (DMlog"k+ p) §7 2P

== . i1d<1lApeN" AmeN
av™ o k+p!k+p)

10.09.20.0006.02

a"S, (2
- *st" @) men
oym

With respect to z

10.09.20.0011.01

M"Sp@ ;g
_zrnydls
ozZ" z = SV J,D(Z)

10.09.20.0007.02

IS = (DS (k—me+ p+ 1), 2P
= /i1d<1ApeN* AmeN
oz" o k+p!k+p)”

Fractional integro-differentiation
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With respect to v
10.09.20.0008.01
FSp@ & CDEviogk+ p) Q- 0, -vlogk+ p) S, 2P
v o k+p!k+p”

i1d<1ApeN*

With respect to z

10.09.20.0009.01

0"S,p(2) (- 1)k qg)p AL

::Z 1Z2<1ApeNt
4z o Tk+p-a+1)k+p’

Integration

Indefinite integration

Involving only one direct function

10.09.21.0001.01
p)
o (_1)k i Zk+p+1

fSV’p(Z)dZ:Z—V/; l2<1ApeN’
oo kK+p+D!k+p

Involving onedirect function and elementary functions

Involving power function

10.09.21.0002.01
P
- (—l)k $<+p2k+p+”

fza-la,p(z)dz:Z - /ld<1ApeN’
o k+p+a)k+p!k+p

10.09.21.0003.01

Sp(2
f 7 dz= Sv+1,p(2)

Involving only one direct function with respect to v

10.09.21.0004.01
k-1 P
o (-DfrglZer

fS,,p(Z)dv::Z

o0 (k+ p)!logk+ p) (k+ p)”

Involving one direct function and elementary functionswith respect to v

Involving power function

10.09.21.0005.01
o (-1F§Y, T(e, viog(k + p) 2P

fv”‘l Sp@dy=-» Z ’

o (k+p)! (vlogk + p)*
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History

—N. Nielsen (1909)
—K. S. Kdlbig

—-J. A. Mignaco
—E. Remiddi (1970)

Applications include electrical network problems, number theory, group theory, K-theory, geometry, quantum

el ectrodynamics, group cohomology, mixed Hodge structures, mixed motives, evaluation of volumes of hyperbolic
polytopes, celestial mechanics.
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.
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