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Notations
Traditional name

Racah 6 - j symbol
Traditional notation
j1 J2 s
{J4 is je}
Mathematica StandardForm notation

Si xJSynbol Hjlr Py js}‘ {j4: is: js”

Primary definition
07.40.02.0001.01

(e By bt nesmtn )

(\/(jl_j2+j3)! \/(_j1+j2+j3)! \/(j3+j4—js)! \/(js—j4+j5)! \/(jz—j4+je)! \/(—jz+j4+js)!
Vii-is+io! Y+ is+io! ) /(Y i+ 2= 09! Y@+ i+ ia+ 9! y (-is+ja+s)!
V@+ia+iatio 2+ ia—ie)! V(1+is—i0)! V@+ia+is+io! V@A+i+is+ie! )

4'33(—1'1—1'2*']'3, ja=Ja=liss—Jo—Ja+ije —ji—s+ie—ji—Jo—Ja—is—L —ji+iz—Ja+is+1,
—ja+jz—is+je+ 1. 1)/, PhysicalQ{]j1, 2, 3} iar Iss J6b)

07.40.02.0002.01

{182 =0~ PruysicatQis, Iz, ish s T JoD

Ja J5 e

{ }1 }2 }3 } isthe Racah 6 j symbol. The Racah 6 j symbol appears in the quantum mechanical treatment of angular
4 J5 J6

momentum. The values of the Racah 6 j symbol which are physically realizable (in a Minkowski space-time) are obtained
under the additional restrictions:

07.40.02.0003.01
Physical Q{ 1, j2, Jah tiar s J6)) = TriangularQ(jy, j2, ja) A
TriangularQ(jy, js, je) N\ TriangutarQ(jz, ja, je) \ TriangutarQ(js, ja. js)

where
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TriangufarQ[] 1, j 2, j3] =2jrelntegers A\j1>0A2j,elntegers/A\j,=0A
2jzelntegers \jz=0Aj1+ja+jzelntegers NAbDS[j1-j2] <ja<ji+]2

07.40.02.0004.01

TriangularQ(jy, j2, j3) =2j1 eNA2j, eNA2jzeNA 1+ o+ jseNAlj1— ol <js=<ji1+]2

Specific values

Values at fixed points

07.40.03.0001.01
j1-3j2-1
J6

2

jl } —2i,=2]
. . i . = (=1 J1=21a
{J4 —j1+3j2-1a e

V@i + D! JGo-ia+ie! V2i1-3i2+ia+ 0!

\/(211—212)! \/(1+3jz—j4+je)! \/(1+jz+j4+js)3

One argument equal to zero
07.40.03.0002.01
{0 j2 js} (D2 5, 5, 6
ja s e VI, T \/m
07.40.03.0003.01

{jl 0 ja} (~1)lsletls o
ja is e

07.40.03.0004.01

13 Oiaie

VILFIVZIAd

(

2jo-]1 iz j1-3j2-1
—jatio—Jatie 2j2—Ja—Js j1—3j2+2]a

[+ PhysicalQ({0, j2, j3} {ja is jeb)

/; PhySica(Q({jlv Ox j3}1 {j4l j51 16})

T R N 3
{_ - }:: /s Physicat Q{j1, j2, O} {ia, s Je))
Jla s le ) 2T AT V2], +1
07.40.03.0005.01
1 02 s (DR b g O s , Lo oo
{0 o } /; PhysicatQU s, 2, jah 10, js, je)

\/2j2+1 \I2j3+1

07.40.03.0006.01

id day CDRETR
SRR P U PYNEY

07.40.03.0007.01

{ i } (_1)]1*]2”3 5
ja )

One argument equal to sum of two others

ivde 6]3vi4

iv s vis Ol

js 0

V2ji+1V2j+1

/v PhySiaﬂéz({jlv ij j3}v {j41 0, 16})

/1 PhySica(Q({jlv j21 j3}1 {j41 j51 o})

)
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07.40.03.0008.01

{j1 J2 Ja+ 12 } ((—1>J'1“'2*"4”5\/(211>! V@it (i +io+iatis+D!

ja Js s

\/(11+12—j4+15)! \/(j1+j2+j4_j5)! \/(—jl+js+je)3 \/(—jz+j4+je)! )/

(\/(211+212+1)! \/(_jl_j2+j4+j5)! \/(j1+j5—je)! \/(jl_j5+j6)! \/(jl+j5+j6+1)!

\/(jz+ ja—e)! \/(jz— ja+e)! \/(12+ jatis+ D! )/? Physical Q{j1, J2, j1+ Iz} lias Is, J6D)

07.40.03.0009.01

{ it 2 it } (=212 2 ) (jo + Js) !

o [+ Physical Q({j1, J2, Ja + J2} U1 Jsi 1+ j2])
Ji )5 Jit)2

i 2j1+2)2+ D! (=j2+]s)!

07.40.03.0010.01

{ i e Qitie }__ (~12*letls 2 — D1 (jp+ js— D! 2V 1 Vi2 \/jz+js \/211+12—15 \/2jl+j2+j5+1
i Js Jitle-1 @j1+2j)! (=2 +Js)! rEr e Sy
PhysicalQ{j1, j2, J1 + iz} {i, Iss J1 + 12— 1D

07.40.03.0011.01

= [ TriangularQ(j1, J2, je)
Ja+ja—je)!(it+ia+je+ D!

{jl i2 jl+jz}_ (12122 29! (2])!
i s 7
07.40.03.0012.01
{jl j2 Jitia\ (D" 2))1 2 ]!
V@ii-io! V@it+is+ D! y @ia—ie)! y @ia+is+D!
PhysicalQ({j1, 2, j1+ J2h i2s J1, J6b)

/i

2 v s

07.40.03.0013.01

{ i iz Ji+ e )= (DR 2! 2]p)!

A /i2j1eNA2j,eN
Ji J2 itz 2j1+2j,+ D! h 2

07.40.03.0014.01

. L (=1)%11+2i2 2 )1 (2 j)!
{Jl 2 h+l2 }: l1 2 /i2j1eN"A2j, eN*

j1 J2 ji+ia-1 2j1+2j!
07.40.03.0015.01

O O O e OO
Ui o i = gy st QUi s+ Bl s o~ D)
1

07.40.03.0016.01
i ; ; _1)211+202
1 J2 Jitie } (-1 J2 ) o
A =— [ Physical Q{ j1, j2, j1+ J2} {i1, Jo, 1= 2+ 1)
{ in i ji—a+1 2ih+D it D) Y. Jur J2s Jat )2t U J2s J1— )2

07.40.03.0017.01
i B2 i+] (=1)?Ja+2Izr2ls o
{ivbrie b b )™ J; PhysicatQ(ljy, fz, J1+ Joh Ui + Iz + Js. s, J1 + Js)
! 2 5 5 ! 5 2j1+2j2+1 \’2j1+2j5+1

One argument less than sum of two others by unity
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07.40.03.0018.01
{jl iz j1+j2_1}:=
ja s I3

(—1)11”2”4”52(jljz(jl+jz)+(jl+jz>Je(je+1)—11j4<j4+1)—1215(15+1))(\/<2jl—1>! V@2i-1!

Vit i+ et it Yt o= la+is =Dyt lo+la=ls =Dy Clitis+ ity Clo+ia+ ot ) /

(\/<2J1+212>! VEi-ia+ia+is+ D! yfG1+is—ie)! v (1—is+ie! v/ (i1 +is+is+D)!

\/(jz+ ja—e)! \/(Jz —Ja+ie)! \/(jz +jat+jet+ D! )/; PhysicalQ(j1, J2, j1+ J2 — 11 i, Js: 6D
07.40.03.0019.01

i 2 Jiti2-1 U S o o
{ji jz ji_'_jz_l}:(—l)“ 2 atls 2 (ja (jr+ J2+ Js =D (ja+ 2+ Js) — j1jala+ D = 2]z js)

\/(212—1)! \/(215—1)! \/(11+12+j4—15—1)! \/(11—12+j4+15—1)!

/i

\/(2j1+2j2)! \/(2j1+215)! \/(_jl_j2+j4+j5+l)! \/(—j1+j2+j4—j5+1)!
PhysicatQ{j1, j2, j1+ 2= 1k {ia, s, J1+js— 1)
07.40.03.0020.01
{11 2 it+i2-1
1 Js 1t+i2-1

PhysicalQ{j1, j2, j1+ j2— 1 lin Js 1+ J2— 1D

@j1-D!G2+is-D!
Qi1 +2j)! (~ja+js+ D!

} (~D*iz4s 2(j, 21+ o= D 1+ j2) — J2 Js (Js + D = 23)

07.40.03.0021.01

T o o
{ji :z h J-J: }==(_1)2]1+2J22(]1]2(]1"‘]2)+(]l+]2)J6(]6+1)_Ji(]l"’l)_Jg(JZ"’l))

@2h-D!'2-1!

— [y PhysicalQ({j1, j2, i1+ j2 = 1} {j1, J2, Je))
(Jutiz—ie! e+ i+ je+ D!
07.40.03.0022.01
{ j1 2 i+i2-1 (D222 2((j1+ ) jo (s + D= 2j1J2) 2j1 - D! ]2 - D!

V2ii-io! V@it +is+ D!y @ia-ie)! 2o+ s+ D!
PhysicalQ{j1, J2, J1 +J2 = 1 {2, J1, JeD)

2 1 I

07.40.03.0023.01
{ i1 2 i+i2-1y\ (-2 T, V Is /
jitiz+is—1j J+J—l}__ — — . i - _ ’
T ST Vittie \/Jitls V2ja+2jo-1 /2]1+2]5-1

Physical Q{j1, j2, jr+jo - lia+j2+is—1 js J1+ s - 1)

General characteristics

Domain and analyticity
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{ j1 J2 s
ja s e
integers (interpreted as quantum-mechanical spin quantum numbers) that fulfill certain inequalities. Without the

} is a six-argument function. The condition PhysicalQ restricts the arguments to integers or half-

condition Physical/Q { }1 }2 j3 }would be an analytic function in all six arguments.
4 J5 )6
07.40.04.0001.01
i1 02 s

({jl*iz*js}*{j4*j5*je})—>{ ia s s }II({Q®Q®Q}®{Q®Q®Q})—>C

Symmetries and periodicities

Permutation symmetry

07.40.04.0002.01
{11 iz ja}zz{jz I 13}
ja Js e is Ja e
07.40.04.0003.01
{jl iz ja}:z{j5 ia 13}
ja s e 2 1 e
07.40.04.0004.01
{jl iz 13}::{14 is js}
ja 5 e 1 2 s
07.40.04.0005.01
{jl iz ja}zz{jzt iz je}
ja Js e 1 Js s
07.40.04.0006.01
{jl iz js}:z{jz ia je}
ja s e js 1 s
07.40.04.0007.01
{jl iz 13}::{15 j1 je}
ja 5 e j2 Ja s
07.40.04.0008.01
{jl iz j3}:={jl is je}
ja Js e ja J2 3
07.40.04.0009.01
{jl iz j3}:={jl i3 jz}
ja s e ja Js s
07.40.04.0010.01
{jl iz 13}::{12 i3 j1}
ja 5 e 5 Je a
07.40.04.0011.01
{jl J2 js}zz{js J1 jz}
ja Js e Je Ja s
07.40.04.0012.01

{jl j2 ja}:z{js iz jl}
ja s e je Is la
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07.40.04.0013.01
{jl iz j3}:={jl I3 js}
ja s e ja i3 2
07.40.04.0014.01
{jl iz 13}::{15 ie j1}
ja 5 e j2 I3 a
07.40.04.0015.01
{jl iz js}zz{je I 15}
ja Js e j3 Ja 2
07.40.04.0016.01
{jl iz ja}:z{je is jl}
ja s e iz J2 a
07.40.04.0017.01
{jl iz 13}::{14 i3 js}
ja 5 e 1 Je 2
07.40.04.0018.01
{jl J2 js}zz{js i3 14}
ja Js e j2 Je 1
07.40.04.0019.01
{jl j2 ja}:z{js ia 15}
ja s e je 1 2
07.40.04.0020.01
{jl iz 13}::{13 is j4}
ia Is s e I2 i1
07.40.04.0021.01
{jl iz js}::{j4 I3 jz}
ja s e j1 I3 s
07.40.04.0022.01
{jl j2 ja}:z{jz ie 14}
ja s e js I3 1
07.40.04.0023.01
{jl iz j3}:{j6 ja jz}
ja Is s jz i1 s
07.40.04.0024.01
{jl j2 js}::{je I 14}
ja Js e j3 Js 1
Series representations

Generalized power series
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07.40.06.0001.01
{22 b=k rosstn iy fa-+ o+ o)y G+ Jo— Io)!
\/(—13+i4+15)! \/(iz+i4—ia)! \/(j1+j5_j6)! \/(jl_j2+j3)! \/(_jl+j2+j3)!
Vis+ia—is! Gs—ia+i9! Va—iatio! V(=ia+iatie! v (i1is+ie!
Vis+is+io! [(Vr+iz+is+ D! s+ ia+is+ D!y Ga+ia+ie+ D! y/ G+ s+ s+ D!

Zl/((—k+jl+jz—13)!(—k—13+j4+15)3(—k+jz+j4—je)!(—k+jl+js—je)!k!(k—11—12—14—j5—2)3
k=0

kK=jitis—Jat o) (k=j2+Js—Js+ o)) /; PhysicalQj1, j2, j3}, {ias is, J6)
07.40.06.0002.01
{ 1 J2 s }:
ja s s
(Vs +ia=i! Yi-le+ia! yirtiz+iat da+ia—io! yUa=ia+ 9! V (a+iatis)!
\/(jl+j5_j6)! \/(jl_j5+j6)! \/(_jl+j5+j6)! \/(jz+ ja—e)! \/(jz—j4+je)! \/(—jz+j4+js)! )/

(Var+iz+is+ D! yGs+ia+is+ D! y(1+is+is+D! y G2+ ia+is+D!)
min(jg+jo+ig+is.i1+is+iatieia+tiz+is+ie)

(“D*k+D1)/

k=max(j1+ip+i3.ia+ia+is1+is+ie.la+iatle)

(K=jr=J2—J)!K=ja—ja=js)!(K=ji—js—je) ! K=o —ja—Je)! (J1+ 2+ ja+ js = K)!
(Jit+iz+iatie—K!U2+]z+ s+ js =K /s PhysicalQ{j1, 2, j3} Jas Iss J6b)
07.40.06.0003.01

Ja )5 Je

(Var+iz=ia! Y i-lo+ it yirtiz+ia! VUs+ia—io! v Ua—la+ 9! V (ia+ia+is)!
Vii+is—io! Vi-is+i0! y Cir+tis+ie!  Gz+ia=ie)! v (z—la+ 0! y(ia+is+io!)/
(\/(jl+j2+j3+1)! \/(13+i4+15+1)! \/(jl+j5+j6+1)! \/(iz+i4+is+1)!)

min(j;+ja—jz—Ja+ia+isi1+is—ie2+ia—le)

(D 1+ 2+ ia+is+1-K1)/

k=max(j~ig+]s—lg:i2~ia+is~I6)
K!'(Go+ia—Jz—R!(=jz+ja+ijs =K1+ 5= je—K!(j2+js—js = K!
(ji+iz—Jatije+ R (=j2+jz— s+ js + K /s Physical Q{j1, 2, J3} {ias i5 J6b)
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07.40.06.0004.01

{J:l Iz s } (- )lrlatlatls
Ja 5 Je

(Var+is—ie! yi-is+io! y(ir+is+io! y(2+is=ie)! v 2= ia+ie)! V(-2 +ia+ie!
Vit +is+ D!y Gs+ia+is+ D! ) /(Y (i +is+ie+ D! v G2+ ia+ s+ D!y 1+ 12— 9!
Vii-iz+ia! Y i+ i+ it Va+ia—is)!  Ga—la+io)! y (-ia+ia+io!)

minlis—ls+la*io i Js+oiz+iatie) DX+ i+ ia+ K0! (= ja+is+K)! (1= ja+ ja+ s —K)!

kemex(O.j1-jy+ja—Jar-ia-in-is+io-1) K 1 7 Is +Je =R (=la+a+ Jo — 0! (=i +ja—Ja+ s + K (J2 + 3+ s~ Jo + 1+ K)!

[s PhysicalQ({j1, j2, jah ia» Iss J6))

07.40.06.0005.01

{ bl s b= (st
Ja J5 Je

(Var+iz—ia! Yi-lo+ia! yirtiz+ia! ylatia+is+ D! v 2+ is—ie)! (2= Ja+ o)
Viz+iatiot Vii+is+is+ D) /(Y i+ i+ is+ D! (s +ia—io! v (s=ia+is)!
VEiatiatin! Vi+is—ie)! yz+ia+is+ D! y (1-Js+ie)!  Ciitis+ieo!)

min(j;—jo+ja+is—ia+is+is+e)

CDX(r—jo+iatis—KI(—i2+iz+is+ie—K!(j1+ s+ ]sa+je+1-K!

& K= iz + Ja =10 iz + Ja+is =K1 (1 + s+ Jo + 1=K (ja+ Ja+ s+ 1—K)1

PhysicalQj1, J2, ial tias is J6)

07.40.06.0006.01

{1:1 Iz s } (- Dhtiztlatls
Ja J5 Je

(VEirtiz+ia! Ua—ia+io! G+ is—io! V(r+is—ie!  iz+ia+ie! y (1 is+ie!
Vs +is+ D!y o+ ia+is+ D! ) /(Y i+ i2= 1!  Gi-i2+ ! v (Cis+ia+is)!
Via+ia=i9! VEir+is+io! Vz—is+io! i+t ia+ D! y/(atia+is+ D! )

mirlistis Jelz+iale) (DK (< 4+ s+ o+ K (o= fat o+ 0!G+ s+ ja— i~ K!

Kl(i+is—je—K!'(2+ja—Je—K! (j1+iz—Ja+js +K!2je + 1+ K)!

k=max(0,j;~is+is—ie)

PhysicalQ{j1, 2, j3} {ar Js J6b)
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07.40.06.0007.01
{jl j2 s }:
ja s e

(D stls (\f (1 = o+ ) N i+ o+ i) N A+ in+ i+ 09! Y (Cis+ia+ 9!y 1+ s o)

Viz-ia+io! Viz+ia+iol VA+iz+ia+io!)/(V i+ iz-ia! Y s+ ia=i9! v (s=is+s)!
V@+is+is+is! G2+ ia—ie)! y(1-is+io! v (ir+is+i0! A+ir+is+ie! )

’“i"(‘jl”ﬁi*jf“”ﬁ) CD*Q2j2- R G2+ 3= s+ s~ K (2 + s+ s+ jo+ 1-K)!
pay Kl(ja+ e+ is—R!(G2—Ja+ e =K1+ 2+ i3+ 1-K!(2+ ja+ je +1-K)!

SDhySiC‘l[Q({jlf j21 j3}l {j4! j5! 16})

Generating functions

07.40.11.0001.01

{jl Iz s }::(\/(jl+j2+j3+1)! \/(is+i4+is+1)! \/(iz+i4+ie+1)! \/(jl+j5+j6+1)!)/

ja Js e

(Var+iz—ia! Yi-io+ia! irtiz+ia! Vla+ia—io! Ua—ia+i9! (a+ia+is)!
Viz+ia=io! Y r+is—io! V(2= ia+ie)! v (ciz+ia+ie)! v (1-is+ie! y(ir+is+ie)! )

) ) ) . ) ) 1
[[uzh,VZJZ,\I\IZJ3,X2J4,y215,2216] ]/7

(VWX+UVYX+UWZX+YZX+UWY+UVZ+VWyZ+ 1)?

PhysicalQ{j1, 2, iz} tias is J6D

Identities

Recurrence identities

Consecutive neighbors

07.40.17.0001.01

{12 P (@it 9 as i+ 2@r iD= A+ 9@+ (A4 1) @+ o) o L+ 1o s L+ o) +
i1 b2 13+1}
. . +

21 A+ D ja@Q+j)+j2 A+ j2) js I+ j5) = A+ j3) 2+ j3) je (1 + je))){ i is s

A+ jo)y -1+ ji+i2=Js 2+ i1-J2+]a 2= ja+ia+js 3+ ir+ia+is 2+ s+ ]a—1s
— — ————— (1 J2 J3t+2
2+ ja- 1o 3 { 12 13 })/
V2+is=latis \ =1-latats {3+iariatls { | 0 )
((13+2)\/11+jz—13 \/1+j1_j2+j3 \/1—j1+j2+j3 \/2+jl+j2+j3 \/1+j3+14—js

\/1+is—i4+is \/—j3+j4+j5 \/2+13+j4+15)
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10

07.40.17.0002.01
{t :.f, :Z }==((2j3—1)((]1(1+j1)+j2(1+jz)—(—1+j3)13)((—1+j3)13—j4(1+j4)—j5(1+j5))+

o
2(]1(1+11)j4(1+j4)+jz(1+jz)15(1+js)—(—1+js)jsj6(1+j6))){Jl 2 s }+

ja Js s
jay2+ii+iz—is -1+ ii-la+is -1-ji+iz+is yir+iz+is -1+ ja+ia—s

— — ———— (1 ]2 3-2
1+ j3—ja+ 2—j3+ s+ + 4+ { . . })/
\/ Ja—Jat]s \/ Jatlat]s \/Ja Jat]s is s s
(—(js—l)\/1+j1+j2—j3 \/j1—j2+j3 \/_jl+j2+j3 \/1+j1+j2+j3 \/13+i4—15

\/13—j4+15 \/1—j3+j4+15 \/1+js+j4+js)

Functional identities

Arguments changing by 1/2

07.40.17.0003.01

ja Js s _% is

{jl j2 jg}:_ 2j3\/j2+j4+j6+1\/j2+j4_j6 j1 jz—% j3—5
Ja '

_ \/j1+j2+j3+1 \/_j1+j2+j3 \/js+j4+js+1 \/js+j4—js

\/j1+j2—j3+1\/j1—j2+j3\/—j3+j4+j5+l\/j3—j4+j5 i1 2 ja-1
—— —— —— Ua s ]

\/11+12+J3+1\/—11+12+J3\/13+J4+15+1\/13+J4—15 v
07.40.17.0004.01

{jl iy ,-3} \/jl—jzﬂs\/js—jujs\/j1+j5—j6\/11+15+1'6+1{jl-g o -t

)

je Is ] T
4 (i—j2—Ja+iir+iz+ia+1 \ia+iatis+1 o s—3 s

\/_j1+j2+j3 \/13+j4—js \/jz+j4—js \/jz+14+je+1 { i1 jz—% ]3—% }
J

. 1 . .
(i-Jo—Ja+ioyir+iz+tia+tl Via+ia+is+1 4=z I
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07.40.17.0005.01

{ b do s }==—(\/11+j5+16+1 \/jl_j5+j6 \/jz+j4+je+1 \/—jz+j4+je \/13+j4+js+1 \/13+j4—j5)/

ja Js e

. 1. . 1
_ , S I T
(Qis+D@ie+ Dy ir+iz+is+1 Vit-la+is )y . 2 7 7 -
Ja=3 )5 Je—3

(V-ir+is+ie+1 yit+is—s yiz—ia+is+1 yia+ia—is yis+ia+is+1 yis+ia—is )/

. 1. . 1
) ) —— — Ji—35 J2 13— 3
((214+1)(2J6+1)\/11+12+13+1\/Jl—J2+J3) ] i _ i -

la—35 15 Jet3

(\/j1+j5+j6+1 \/jl—js+je \/jz+j4—je+1 \/jz—j4+je \/—j3+j4+j5+1 \/13—j4+15)/

. 1 . . 1
. . — —— Ji—35 J2 13—3
((214+1)(2J6+1)\/11+12+13+1\/Jl—J2+J3) ) i _ i +

lat3 Is Je—3

(\/_j1+j5+j6+1 \/j1+j5_j6 \/jz+j4+je+2 \/—12+j4+je+1 \/—j3+j4+js+l \/]3‘]4‘*]5)/

i 1. . 1
, , S S— TR PP
(Qia+D@ie+ Dy ir+iz+is+1 yir-iz+is )y 2 2
Jat3 Js Jet 3

Arguments changing by 1
07.40.17.0006.01
{ 1 J2 s }:
ja Js e
(<o iz izt is+2 Y =irv iz o+ \ir—lz+ o+ \Ir+ia-ls st ia+is+2 s s+ s+ 1

——— (01 Q2 3+l .
Vis+ia-is+1 \/—13+J4+15{ji P }—(13+1)\/11+Jz+13+1 Voiitiztis -z +is

— ————— ————— ———— ———————— (1 J2 j3-1

\/11+12—13+1 \/13+J4+15+1 \/13—J4+15 \/13+J4—15 \/—J3+J4+15+1{jj1 jz 3j6 })/
(Qjz+DR>G1G1+D jala+D+j2(j2+ D js(Js+ D —ja(ja+ D je (je + D) +

Jr(1+D+ 22+ D= j3(s+ D) (s s+ D - ja(ja+ D - js(js + 1))

Regge symmetries
07.40.17.0007.01
12 s i1 %(—iz+is+is+ia) %(jz—j3+j5+je)
{”15%}"{u L2+ Ja— s+ o) §m+n+u—w}
07.40.17.0008.01
iode day | 3Chtistietio J2 3Ui-is+iatie)
{MJSE}"{guﬁb—uﬂa nguﬁu+uﬂa}
07.40.17.0009.01
{jlh h}“{geh+h+u+m 312+ st s) u}

Ja 15 ls %(1'1+J'2—J'4+J'5) %(1'1+J'2+l'4—l'5) s
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07.40.17.0010.01
Qe dsy | zUitia=iatie) FGitiztia=is) 3(z+ia+is—ie)
Ui i 16}"{§<—11+13+J4+16) Li-datiatis §<12—13+15+16>}
07.40.17.0011.01
j1d2 ds %(jl+j2_j4+j5) %(Jz+]3—js+je) %(jl+j3+j4_j6)
Ui i 16}"{5(—1'1+J2+J4+J5) > it s+ s+ o) §<jl—13+j4+je>}
All 144 symmetry relations

By combining the Regge symmetries with the permutation symmetries, we obtain all 144 symmetry relations for
the 6 j symbols (including the identity).

07.40.17.0012.01
{jl iz jB}:z{jl iz js}
ja Js e ja s e
07.40.17.0013.01
{jl iz ja}:z{jz J1 js}
ja s e is Ja e
07.40.17.0014.01
{jl iz 13}::{15 ia js}
ja 5 e 2 J1 e
07.40.17.0015.01
{jl iz j3}=={j4 is 13}
ja Js e 1 J2 e
07.40.17.0016.01
{jl j2 ja}:z{j4 iz je}
ja s e j1 Js s
07.40.17.0017.01
{jl iz 13}::{12 ja je}
ia Is s s I1 s
07.40.17.0018.01
{jl iz js}::{js J1 je}
ja s e j2 Ja 3
07.40.17.0019.01
{jl j2 j3}:={j1 is je}
ja s e ja J2 I3
07.40.17.0020.01
{jl iz 13}::{11 i3 jz}
ja Is s ja s s
07.40.17.0021.01
{jl j2 js}::{jz i3 jl}
ja Js e is Je la
07.40.17.0022.01

{jl iz 13}:={13 J1 jz}
ja s e je Ja s
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07.40.17.0023.01
{jl iz ja}:z{js iz jl}
ja s e je s la
07.40.17.0024.01
{jl iz 13}::{11 ie js}
ja 5 e ja iz )2
07.40.17.0025.01
{jl iz js}zz{js is 11}
ja Js e j2 I3 a
07.40.17.0026.01
{jl iz ja}:z{je J1 js}
ja s e iz Ja 2
07.40.17.0027.01
{jl iz 13}::{16 is j1}
ia Is s i3 2 la
07.40.17.0028.01
{jl J2 j3}=={j4 i3 15}
ja Js e i1 Je 2
07.40.17.0029.01
{jl j2 ja}:z{js i3 14}
ja s e 2 Js 1
07.40.17.0030.01
{jl iz 13}::{13 ja js}
ia Is s e I1 2
07.40.17.0031.01
{jl iz js}::{js is 14}
ja s e je J2 1
07.40.17.0032.01
{jl j2 ja}:z{j4 ie jz}
ja s e j1 I3 s
07.40.17.0033.01
{jl iz 13}::{12 ie j4}
ja Is s s iz i1
07.40.17.0034.01
{jl j2 js}::{je ia jz}
ja Js e j3 1 s
07.40.17.0035.01
{jl iz 13}:={je i2 14}
ja s e iz Js 1
07.40.17.0036.01
{jl i 13} 1 3 Cla+iatis+ie) §<12—j3+15+16>}

Ja Is o ja 3Ga+is—is+ie) 3(U2+is+is—Ie
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07.40.17.0037.01
1 2 s\ %(_j2+j3+j5+j6) i1
{j4 Is js}“{ %(jz+js—js+je) ja
07.40.17.0038.01
1 J2 s\ %(j2+js—js+je) ja
Ui i "6}__{5(—J2+J3+J5+J6) i
07.40.17.0039.01
BB dsy [ da zlUz+is=is+ie
Uie i "6}"{11 Lo+ ia+is+ie)
07.40.17.0040.01
1 2 s\ s %(_j2+j3+j5+j6)
Ve i "6}"{11 L+ - s + o)
07.40.17.0041.01
1 d2 s %(_12+j3+js+je) ja
Ve i "6}"{ Llir+is—is+ie i
07.40.17.0042.01
BB dsy | zlUetia-is+ie
Ve i "6}__{2(—j2+j3+j5+j6) ia
07.40.17.0043.01
Qe dsy [ zlztia-lstie 3
{ ja is Js }“{ ia %(—jz+j3+j5+j5)
07.40.17.0044.01
Q2 dsy |1 3Uz=lstis+ie)
Vi i "6}"{14 L+ i+ is — Jo)
07.40.17.0045.01
{ j1 2 s }__{ %(_j2+j3+j5+je)
Ja 15 e
07.40.17.0046.01
i Qe ds | zUe—datis+ie i
{j4 Js o }__{ %(jz+js+js—je) ja

07.40.17.0047.01

ja Js e

—(Jz—J3+J5+J6)

(JZ+JS+JS_JG)

5 (2= Ja+ s+ o)

-(J2+J3+J5—J6)

-(Jz—J3+J5+J6)

—(J2+J3+J5—Je)

—(J2+J3+J5—Je)

—(12—13+15+Je)
—(Jz+13+Js—Je)
—(Jz—J3+J5+J6)
—(Jz ja+js+]e)

SUz2+is+is—e)

—(12—13+15+Je)

—( j2+]3+ 5+ J6)

—(12+13—15+Je)

SU2—la+is+ie) 1

%(j2+j3_j5+j6) —(12+13+15—16) a

—( ja+iz+is+]e)

(12 +j3=Js+Je)

|
|
|
|
}
|
|
|
|
.

{jl in j3} {%(jz—js+js+je) S(la+is+is+ie) I

%(jz+j3+js—je) —(J2+J3—J5+J6)
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07.40.17.0048.01
i js}__ i1 %(j2+j3+j5_j6) 52+ is—Js+e)
is s "{j4 %(jz—j3+j5+j6) —( 12+13+J5+16)}
07.40.17.0049.01
B2 sy %(jz+js—js+je) 5Uz2+Jz+]s—Je) Jl}
Is jﬁ}“{ %(—j2+j3+js+je) -(12—13+15+Je) Ja
07.40.17.0050.01
i jg}__{ %(]2+j3+js—je) j1 -(12+13—15+16) }
s Jo %(12—13+J'5+J'6) ia —( j2+is+is+]e)
07.40.17.0051.01
2l | 3Uetiatis=ie 5Uztia=is+ie)
Is jG}__{ %(jz—js+js+je) —( 2+ Js+is+e) 14}
07.40.17.0052.01
i) ,-3}__{14 L2-iatis+ie) 3(z+is—is+le }
s ds )| g, %(j2+js+js—je) —( ja+is+is+]e)
07.40.17.0053.01
i j3}__{ %(jz+]3—js+je) —(12— ja+1is+1e) J4}
s Js J %(—J'2+J'3+J'5+J'e) —(12+13+15—16) I
07.40.17.0054.01
2 ds | Sz—is+is+ie) Ja 3 (2+is—Js+]e)
Is I }__{ %(jz+js+js—je) 1 —( 12+13+15+J6)}
07.40.17.0055.01
i ja}__{%uz—jmme) (2 + Ja= s+ Io) }
s Js J %(jz+j3+js—je) —( j2+js+is+ie) i1
07.40.17.0056.01
i js}_ {14 SUz+is+is—le) 3(-l2+ia+is+ie
s Jo S|y (- ja+is+ o) _(]2+]3_]5+]6)}
07.40.17.0057.01
i s }__{ %(—J'2+J'3+J'5+J'e) S(2+]ja3+ s~ Je) 14}
s Js /- %(jz+js—js+je) 5(]2 Ja+js+ie) I
07.40.17.0058.01
ir s }__{ %(jz+]3+js—je) ja ( 12+13+15+J6)}
Is Je

%(jz—j3+js+je) i1 (12+13—15+Je)
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07.40.17.0059.01

ja Js e

{jl is j3} {%(j2+j3+j5_j6) —( Jja+is+is+ie) a

07.40.17.0060.01
1 J2 s\ %(_j1+j3+j4+j6) J2
Lo i "6}"{ Llir+is—Ja+io s
07.40.17.0061.01
BB sy [ d2 3Clatiatiatie
Ui i "6}"{15 L1+ o= ia+ o)
07.40.17.0062.01
1 2 s\ s %(jl+ia—i4+ie)
{ ja Js5 e }“{ i %(—jl+j3+j4+j5)
07.40.17.0063.01
id2 dsy | 2Uitia-latie s
Ve i "6}"{3(—1'1+J3+J4+J6) io
07.40.17.0064.01
b dsy | zUitialatie 2
Ui i "6}"{2(—jl+j3+j4+je) is
07.40.17.0065.01
1 2 s\ 2 %(jl+ia—i4+je)
{ ja Js5 e }“{ is %(—jl+j3+j4+j5)
07.40.17.0066.01
j1 J2 ds s 2( jitis+iatie)
{j4 Js I }“{ 2 5(]1+J3—14+Je)
07.40.17.0067.01
BB sy | zChitiatiatie s
Uie i "6}“{ Lir+is—iatio i
07.40.17.0068.01
1 J2 s\ %(_j1+j3+j4+j6)
{j4 Js je}“{ %(jl+j3_j4+j6)
07.40.17.0069.01
{h i2 13}__{j2 Si-ds+ia+ie) 3

JaJs e js 3 (1+is+ia= o

%(jz—js+js+je) SUz2+is—js+e)

SG1—Ja+ia+ie)

-(J1+J3+J4—J6)

-(J1—J3+J4+J6)

—(J1+J3+J4—JG)

—(J1—J3+J4+JG)

—(Jl+13+J4—Je)
—(11—13+J4+Je)
—(J1+J3+J4—J6)
1

2(1—Ja+]a+]e)

SUr+is+ia—le)

—(11—13+J4+Je)

—(Jl+13+J4—Je)

—(J1—J3+J4+Je)

—(J1+J3+J4—Je)

—(11—13+J4+Je)

SUi—s+iatie J2

SUr+is+ja—le) s

S(=j1+is+ja+je)

—(11+13—J4+Je)

y
|
|
|
}
|
|
|
|
|
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07.40.17.0070.01

i js | zUr=datiatie) 3Ciitiatiatie 2

Js ]5}“{ %(j1+j3+j4_j6) 5(]1+13 ja+e) }
07.40.17.0071.01

j2 s . %(jl_j3+j4+j6) J2 ( jitis+iatie)

Js js}“{ %(jl+j3+j4_j6) is -(11+13—J4+Je) }
07.40.17.0072.01

o jsy | zChitiatiatieo 5Ga+iatia=ie s

Js js}“{ %(jl+j3_j4+j6) —(11—13+l4+16) Jz}
07.40.17.0073.01

j2 s\ is %(j1+j3+j4_j6) S(iitis+iatie)

Js je}“{jz %(jl_j3+j4+j6) _(Jl+]3_]4+]6) }
07.40.17.0074.01

2 I3\ _ %(j1+j3+j4—je) —( jitis+ia+ie) Is

Js ja}“{%(h—j3+]4+]e) —(J1+J3—J4+Je) }
07.40.17.0075.01

2 s\ _ 5Ui+is+ja—le) s 5( j1+is+ia+ie)

Is je}“{ sGi=is+is+io) j2 3(1+is—ia+ie }
07.40.17.0076.01

i jsy | zUatia—iatie) zGi-latia+ie s

Js j6}n{%(‘]1‘*]3‘*]4+]e) —(11+13+J4—16) Jz}
07.40.17.0077.01

j2 s . s %(jl_j3+j4+j6) (11+13— Jate)

Js I }“{ 2 %(j1+j3+j4—je) —( 11+13+J4+Je)}
07.40.17.0078.01

2 s\ _ %(jl_j3+j4+je) —(J1+J3—J4+Je)

Js je}__{%(j1+j3+j4—je) —( ji+is+ia+ie) Jz}
07.40.17.0079.01

j2 is\ _ %(jl_j3+j4+j6) is —(11+13— la+Js)

Js o }“{ %(jl+j3+j4_j6) iz ( 11+13+J4+Je)}
07.40.17.0080.01

jo s }__{ SGUi+is—ia+ie) 3(i+is+is—Ie Jz}

Is Je

%(‘j1+j3+j4+j6) —(11—J3+14+Je) Is
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07.40.17.0081.01

ja Js e

{11 2 ia} {jz %(J'1+J'3+J'4—J'e)

is %(]1‘]3+]4+je)

07.40.17.0082.01

{jl j2 I3 }: %(j1+j3+j4—je)

la Js e Li-Ja+iatie)
07.40.17.0083.01

(il 2 U+ a+la= o)

la Is Jo Li-jatiatie
07.40.17.0084.01

{jl j2 s }__ %(_j1+j2+j4+j5)

Ja J5 s %(j1+j2_j4+j5)
07.40.17.0085.01

(hhby 3 (1= i2+la+ o)

la Js e Lii+iatia—is)
07.40.17.0086.01

{jl i2 s }: %(jl+j2+j4_j5)

la Is Jo Lii-atiatio 3
07.40.17.0087.01

{jl iz 13}__ sGi+ia—la+is 3

Jals le %(_jl+j2+j4+j5)
07.40.17.0088.01

{jl i2 ja}__ 31+ o= Ja+io)

Ja s e it tiats)
07.40.17.0089.01

(i 3 (1=l2+ ja+ )

la Is Jo L tiztia-ie
07.40.17.0090.01

{jl i2 s }__ %(J'1+J'2+J'4—J'5)

JaJs e %(jl_j2+j4+j5)
07.40.17.0091.01

{h j2 13}__{§<—11+12+14+15)

JaJs T s+ i2 Ja+ Is)

—(11+12+J4—15)

—( jitj2e+ia+is)

—(J1+J2—J4+15)

—(J1+J2— ja+js)

S(=ji+j2+ia+is)

SUi+ia+Ja—1s)

—(11—12+J4+15)

—(11—12+J4+15)

—(11+12+14—15)

—(J1+J2—J4+15)

—( jitiz+iatis)

S(=jitj2+ia+is)

SUr+i2—ja+s)

SUr+i2+]Ja—Js)

—(11—12+14+15)

SUi+is—Ja+e)

‘( jitis+iatie)

‘( jitizs+ia+ie) s

‘(11+13—J4+Je)

is —( ji+tiz+iatje)

SUi—j2+jatis) Js

|
ol
|
|
|
|
|
|
|
|
|
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07.40.17.0092.01

j2 s\ _ %(—J'1+J'2+J'4+J'5) 3 zU1=J2+]ja+s)

Js I }“{ %(jl+j2_j4+j5) is —(11+Jz+J4—15)}
07.40.17.0093.01

2 I3\ _ %(jl j2+iatis) s 2( jitia+ja+is)

Js js}__{ sUitiotia=is) o z(1+ia—ia+is) }
07.40.17.0094.01

2 s\ )13 2( jitie+ia+tis) 5Ui—l2+]ja+]s)

Js jﬁ}_ {16 5(]1‘*‘]2—144‘]5) —(J1+J2+J4—Js)}
07.40.17.0095.01

j2 s\ is 2(Jl—J2+J4+Js) —( jitiz+jatis)

Js s }“{ s 5(11+12+J4—15) —(11+12—J4+15) }
07.40.17.0096.01

2 ja ) zChatletiatis) o 5Ur+la+ia—ls)

Js I }__{ 5(11+12—J4+15) is —(J1—J2+J4+J5)}
07.40.17.0097.01

2 s\ _ sUi+2+]ja—Js) s 5( j1+ia+ia+is)

Js o }“{ 5(J1—J2+J4+J5) ia —(11+12—l4+15) }
07.40.17.0098.01

2 Ja I %(_jl+j2+j4+j5) (i+l2+Ja—1s)

Is jG}__{j3 %(j1+jz—j4+js) —(11—12+J4+15)}
07.40.17.0099.01

2 day\ | 1e 5(]1+12+J4—15) —( jitia+]at]s)

Is Jo } {Js sUi-lotiatls) zUi+ia—ja+is) }
07.40.17.0100.01

2 s\ _ %(j1+jz—j4+15) js SUr+i2+]ja—1s)

Is je}__{%(—j1+j2+j4+j5) is —(Jl—J2+J4+Js)}
07.40.17.0101.01

2 Ja\ l(Jll“‘le“‘J'zt—Jls) ia —(11+12— Jla+]s)

Js Jo }{ sUi-lot+iatis) o 3(- 11+12+J4+15)}
07.40.17.0102.01

2 j3}_ {13 1(J'1+J'2—J'4+J'5) (11+Jz+J4—Js)}

Is Je

le 5( ji+i2+ia+]s) —(J1—J2+J4+J5)
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07.40.17.0103.01

ja Js e

{jl is j3} {js %(J'1+J'2+J'4—J'5) SUi+i2—Ja+s)

07.40.17.0104.01
{jl iz 13} %(jl+j2_j4+15) I %(J
ja s ie J
07.40.17.0105.01
ia is s

07.40.17.0106.01

ja Js e

I %(]1‘]2+]4+15) —( jitia+ja+is)

o+ ja+]s)

%(‘j1+j2+j4+j5) s -(J1+J2+J4—J5)

%(J'1+J'2+J'4—J'5) ia —( jiti2+jat]s)

{jl i2 j3} {je %(jl+j2_j4+j5) —(J1—J2+J4+Js)

07.40.17.0107.01

ja Js s

{jl i» jg}:{ %(jl_j2+j4+j5) I -(11+12—J4+15) }

s %(—1'1+J'2+J'4+J'5) —(11+Jz+J4—Js)

{jl v j3} {j6 %(11—12+14+15) SUr+i2—Ja+s)

07.40.17.0108.01

ja Js e

{jl i ,-3} { SGUi+is—ia+ie) 3(i+iz+is—Is)

07.40.17.0109.01

ja Js e

{jl i 13} {§<Jl+12+1'4—15> S(1+is-

SGi-l2+ia+is) 5(-ir+is+ia+e)

07.40.17.0110.01

ja Js e

{jl i ,-3} {gul—jmms) S+ s+ s+ o)

07.40.17.0111.01

ja Js e

{jl i ,-3} {g(—J1+J3+J4+J6) S(1—2+ia+s)

07.40.17.0112.01

ja Js e

{jl i ,-3} {§<—j1+j3+j4+je) ZGa+iz+ia—is)

07.40.17.0113.01

ja Js e

{jl i ,-3} {§<jl+jz+14—15) S+ s+ s+ o)

SCiitiatiatie) 5U1—2+ia+is)

Sli+iz+ia—is) 3 (i+is—is+]e)

SUi+is—la+tie) 3(Gi+iz+ia—1is)

SGUi+is—ia+ie) 3(1—Jz+is+]s)

SUi-i2+ia+is) 3 (i+is—is+ e

s %(j1+j2+j4_j5) —( ji+iz2+]jatis)

S (2+is+is— o)

S (2—ls+is+je)

S (2+is+is—jo)

(2 ls+is+ o)

G2+ is+is— o)

S (2—ls+is+ o)

S (2+is+is— o)

(2—ls+is+je)

S (2—ls+is+je)

S (2+is+is— o)

(2 ls+is+ o)

|
|
|
|
|
|

%(iz+13+15—je)
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07.40.17.0114.01
BB dsy | zUimdztiatis) FGi+ia-ia+ie) 3(z=la+is+ie)
{j4 Js I }“{ %(j1+j2+j4_j5) %(_j1+j3+j4+j6) (12+13+15—Js)}
07.40.17.0115.01
j1d2 ds %(jl+j3_j4+j6) %(il—jz+j4+js) (o= is+is+le)
{j4 Js s }“{ %(—11+13+j4+je) %(jl+j2+j4_j5) -(12+13+15—Je)}
07.40.17.0116.01
12 ds %(jl+j3_j4+j6) %(iz+ia+js—je) sUr+j2+]ja—Js)
Ve i 16}"{3(—jl+j3+j4+je) Lz ja+ s+ o) —(11—12+14+15>}
07.40.17.0117.01
BB dsy | zUitiatia=ie) zUz+is+is—ie) 3(Ui+is=la+ie
{j4 Js I }“{ %(jl_j2+j4+j5) %(iz—j3+js+js) —( J1+J3+J4+J6)}
07.40.17.0118.01
12 sy %(jz+js+js—je) %(j1+j3_j4+j6) —(11+12+J4—15)}
{j"' Js js}“{ %(jz—j3+js+je) %(—11+13+j4+je) S(1=i2+ia+s)
07.40.17.0119.01
12 ds %(jz+j3+js—je) %(jl+j2+j4_j5) —(J1+J3— ja+e)
Ui i ie}"{ Llo—a+is+ie) (a-io+is+is) (- Jl+13+14+16>}
07.40.17.0120.01
Qe dsy | zUitiaiatie) Flz=latis+ie) 3(i=lz+is+is)
{j4 Js o }“{ %(—11+13+j4+je) %(iz+]3+js—js) —(11+12+J4—15)}
07.40.17.0121.01
j1d2 ds %(jl_j2+j4+j5) %(iz—js+js+js) —(Jl+13— Ja+e)
{j"' Js s }“{ %(11+12+14—js) %(iz+j3+js—je) —( J1+J3+J4+Je)}
07.40.17.0122.01
12 Js %(jz—j3+js+je) %(j1+j3_j4+j6) —(11—12+J4+15)
U e ie}"{ Llo+is+is—ie) S(-ir+is+iatio - ul+12+14—15>}
07.40.17.0123.01
BB dsy | zUz—datis+ie) zUi-lz+ietis) 3(Ui+is=la+ie
{j4 Js o }“{ %(jz+js+js—je) %(jl+j2+j4_j5) (= J1+J3+J4+J6)}
07.40.17.0124.01
{jl in j3}__{%(—1'1+1'3+j4+je) %(iz+]3+js—js) %(J 12+J4+15)}
la 15 Js

%(jl+j3_j4+j6) %(iz—j3+js+je) —(11+12+J4—15)
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07.40.17.0125.01
} { ZGi-Jz+ia+is)

%(j1+j2+j4—j5)

j2 s

is s
07.40.17.0126.01

} {%(j2+j3+j5_j6)

i2— s+ s+ o)

j2 s

is s
07.40.17.0127.01

} {§<12+13+15—16>

(2—s+is+je)

j2 s
is s
07.40.17.0128.01
o 1
J2 I3 }: 2
is s
07.40.17.0129.01
} {%(j1+j2+j4_j5)

>(1—l2+ia+s)

j2 s

is s
07.40.17.0130.01

} {§<12—j3+15+16>

2+ is+is— o)

2 I3

Is Je
07.40.17.0131.01

5> U2

-1

2+ s+ s~ o)

i2 s —ja+is+]e)
is s

07.40.17.0132.01

-

07.40.17.0133.01

-

07.40.17.0134.01

-1

%(jz+13—

2 s
Is e

2 s
Is e

j2 Is
is e

07.40.17.0135.01
.. 1
I2 I3 }: 2
Is s

(=ji+js+ja+]e)

%(j1+j3_j4+j6)

SG1+i2=Ja+]s)

S+ o+ s+ Js)

> (2+is— s+ o)

(-2 + s+ s+ Jo)

(=j2+]J3+]is+]e)

js+Je)

(=j1+j2+ja+]s)

S(1+i2—ia+s)

%(j2+j3+j5_j6) —( ji+iz+ja+]e)

SUa-is+is+ie) 3(1+is—is+]e

%(_jl+j3+j4+j6) %(jl Jj2+ja+]s)
%(j1+j3_j4+j6) -(11+12+J4—15)
%(jl_j2+j4+j5) -( ji+iz+]jatle)
%(jl+j2+j4_j5) —(J1+J3—J4+Je)
1. . . .
5(]2—13+15+16)
%(iz+j3+js—js) —(11—12+J4+15)
%(iz—j3+js+js) —( ji+js+ia+]e)
%(iz+j3+js—je) —(J1+J3—J4+J6)
%(_j1+j3+j4+j6) —(11+12+J4—15)
%(j1+j3_j4+j6) SUi=l2+]Ja+s)
is)

SG1=j2+ja+]s)

( jitis+iatie)

SGa+iz+ia-
—(Jl+13—J4+Je)

|
|
}
|
|
|

Sla+is—is+ie) 3 (1+is+is—le

S(1—ls+ia+e)

SGa+is+ia—je)
S(1—s+ia+je)

(-2 + s+ s+ o)

S(1+i2—ia+s)

2+ iz+ia+tis)

Siitiatiatis) FGi+is+ia—le

SGi+iz—ia+is) 3 (1-Js+is+]e

%(—jz+13+js+je) %(jl+j3+j4_j6)

SUa+ia=is+ie) 3(Gi—la+ia+ie)
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07.40.17.0136.01
Q2 day [ 3Citleviatle Uatis—istie 3Gi-istiate
{j4 Js Jo }“{ %(jl+j2_j4+j5) %(_j2+13+15+je) (11+13+J4—Js)}
07.40.17.0137.01
ji g2 s %(j2+j3_15+j6) %(—11+12+J4+Js) %(j is+ia+ie)
{14 s js}__{%(—jz+j3+j5+j6) %(j1+j2—j4+j5) ‘(Jl+13+l4—le)}
07.40.17.0138.01
i 2 ds\ %(‘jz+j3+js+je) %(J'1+j2—j4+j5) S(1-ls+ia+e)
{j4 Js o }“{ %(j2+j3_j5+j6) %(—j1+j2+j4+j5) ‘(ll+l3+l4—le)}
07.40.17.0139.01
102 s SGi+iz—ia+is) 3(-ia+is+is+ie) 3(1—is+ia+ie
{j4 Js j6}__{%(_j1+j2+j4+js) %(12+13—15+je) _(Jl+]3+j4—]6)}
07.40.17.0140.01
1 d2 s SUi+iz—ia+is) 3Gi+is+is—Je) 3(U2+ia—is+le }
{14 Is e }__{ %(—j1+j2+j4+j5) %(jl_j3+j4+je) —( i2+is+is+ie
07.40.17.0141.01
1 d2 Ja SUa+ia—is+ie) 3Gi+ia+tia—ie) 3(U1+ia—ia+]s)
{14 is je}__{%(—j2+j3+j5+j6) %(jl—j3+j4+j6) 1= J1+J2+J4+J5)}
07.40.17.0142.01
jud2 3\ SGi+is+ia—ie) 3Gi+iz—ja+is) 3 (2+is—is+]e
{14 s ie}__{%(j1—13+j4+j6) %(—j1+j2+j4+j5) _( J2+J3+JS+J6)}
07.40.17.0143.01
ji d2 iz %(j1+j3+j4_j6) %(Jz+13—js+je) _(J]_+]2— ja+is)
{j4 Js js}“{%(h—j3+]4+]e) %(—j2+j3+j5+j6) _( J1+J2+J4+J5)}
07.40.17.0144.01
iode day | zlUitiz—iatis FUi-fatietie) (-iatis+is+io
{14 is s }__{ %(—J'1+J'2+j4+j5) %(jl+j3+j4—j6) ‘(12+13—15+Je) }
07.40.17.0145.01
Q2 day [ 3Ciatististie Ui-is+iatie) 3U1+iz-iat o)
{j4 Js o }__{ %(jz+js—15+je) %(jl+j3+j4_j6) —( J1+J2+J4+J5)}
07.40.17.0146.01
{jl 2 13}__{%(j1_j3+j4+j6) %(j1+12—j4+15) S (= J2+J3+J5+J6)}
la Is s

%(jl+j3+j4_j6) %(_j1+j2+j4+j5) SUz2+Js—js+e)
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Sum

Infin

)

j10=-

{

07.40.17.0147.01
iz ,-3}__ pUi=latiatie) 5(iz+iatis+io
s s __{%(j1+j3+j4_j6) %(]2+]3—js+je)
07.40.17.0148.01

i da ) %(—11+12+J4+15) %(1'1+J'3+J'4—J'6)
Is js}“{ %(11+jz—j4+15) %(jl_j3+j4+j6)
07.40.17.0149.01

iz jg}“{%(—jz+j3+15+je) 3+ s+ ia=o)
s Jo )| L+ is—is+ie) L(a-is+iatie
07.40.17.0150.01

2 s\ [ Urtiatia=ie) 3iitiztistis)
Is s }__{ %(jl—j3+j4+je) %(11+12—j4+15)
07.40.17.0151.01

B2 ds %(j1+j3+j4—j6) %(—Jz+13+js+je)
Is s }“{ %(jl—j3+j4+je) %(j2+j3_j5+j6)
07.40.17.0152.01

i j3}__{§(_j1+j2+j4+j5) SG1-ia+ia+ e
s Jo S| L+ ia-iatis E(atis+ia-ie
07.40.17.0153.01

i joy | zUetis=is+ie) 5Ui=is+ia+ie
is s }__{ %(—j2+j3+j5+je) %(]1+]3+]4—js)
07.40.17.0154.01

2 o\ [ 3Uamlatiatie (irtia+iatis)
is ie}"{§<jl+13+j4—je> TGi+iz—lats)
07.40.17.0155.01

iv s }__{ %(jl_j3+j4+j6) %(j2+j3_j5+j6)
s Jo S| L+ jatis—io) E(-ia+is+is+ie

mation

ite summation

07.40.23.0001.01

I S|

jz s 7

)

i7 s 19}{17 ie 19}
5 J1 la je J2 s

|
|
|
|
|
|
|
|

3G+ i2—Ja+ o)

it iatiatis)

%(_j2+j3+j5+j6)

%(j2+j3_j5+j6)

%(_jl+j2+j4+j5)

31+ i2—Ja+]s)
1. .
s(la+ s+ s+ Je)
%(Jz+js—js+je)
sUi+l2—la+]s)

%(jz+js—j5+je)

3 (Cia+is+is+ie)

3 it ia+ia+is)

%(11+Jz—j4+js)

%(Jz+13—js+je)

%(—jz+j3+js+je)

%(_jl+j2+j4+j5)

31+ i2—Ja+ o)

}{js I3 le}::
j2 i1 e
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Finite summation

Involving one 6 j symbol

07.40.23.0002.01
i1tz v jo K )
>, @k+1{ B b= (<125 TriangutarQs, Iz, 1o
1 J2 I3

07.40.23.0003.01

iitiz .
> (—1)k+h+iz(2k+1){ :i ﬁ j'; }::5,—3,0\/2j1+1 V2ia+1 i2i1eNA2j N
k=|j1=Jal

Involving two 6 j symbols

07.40.23.0004.01
min(jy+iz.ia+is) i Qs K ii i K
(2k+1)(2j6+1){j4 2 }{ i }::a,»s,jé/;Triangufaraul, i, i6) A\ TriangutarQ(z, ja, o)
k=max(|j1—j2|,\j4—j5|)
07.40.23.0005.01
minlis s iz+ie) . 1 02 s 1 2 I3 oL S
Z (2]3+1)(2k+ l){ j4 j5 K }{ . . }22(513’% /, Triangu/ar@(]l, ]2, J3)/\‘7'r1'angu(’arQ(13, Ja, j5)
k=max(|j1— js|li2—ial)

07.40.23.0006.01
min(j;+jz.Ja+]a)

fode K\ fQn de ko s . o

Z (2k+l){. . }{ . }:: - /; TriangularQ(j1, Ja, j5) /\ TriangutarQ(js, i3, js)
e I3 Ja Js Is Ja Is 2j5+1

k=max(|j1—il.|iz—ia|)

07.40.23.0007.01

min(jy+ip.ja+is) L . S
S o (B R K Ky s ey
o 3 la Js Ja 13 e J2 Ja Is

k=mex(|j1~il.|iz=ia|)

Involving three 6 | symbols
07.40.23.0008.01
min(iy+jz.j3+ 4o+ i7) o o o i1 d7 e
k k k L
3 (—1)2k(21<+1){}l 2 }{jg }“ ; }{jﬁ }7 ; }::{14 is Je}
k=max(|j1~ il |is=ial|is=i7]) M 6 r 8 tew IFERE
07.40.23.0009.01
min(jy+iz.a+ia et o o o
(j1+i2.d3+iade+i7) (_1)k(2k+1){ J_l J.2 k }{ j3 Ja k }{ je j7 kK }::
emax(i1—ialfis-lalio-i) J3 Ja Is le 17 Is J2 11 o
(_1)—1'1—12—13—14—15—16—17—18—19{ Js Js o }{ s Js o }
Je J1 Ja 7 12 I3

Involving four 6 j symbols
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07.40.23.0010.01

min(jg+j7.ia+ia) min(jo+j4.is+i7)

ek+p@i+p{ P2 }{ :3 }7 e }{ }2 }7 s }
kemex([ g7}~ 1a]) =max(1 1ol - 7] 4 I7 6 la 5 Ja

(—1)21'3*215{ hz s }{ s 16}
17 18 Jo Ja 8 o
07.40.23.0011.01
min(jg+ig.je+i7) min(jo+jg.js+i7) L. L L L
3tiaieti 2+ias+i7 (_l)k+|(2k+1)(2|+1){1.1 J2 13}{1.1 Is ]6}{1-3 J.6 18}{1.2 1'5 19}::
ja k1 iz k| 7 Ja K 7 Ja |

k:max(|j3—j4|,\je—j7|) I:max(|jz—j4\,|j5—j7\)

(- 1)—J1+iz+i3—i4+is+ie—i7‘j8

Oigds  ( j1 J2 |
L{ i l2 s }/; TriangularQ(js, j7, Jg)

2jg+1 s s s
07.40.23.0012.01
iatiz min(js+j7.js+ke) min(jy +kp.jo+ky 6+ i7)
Z (= DlrtiztistiatististizHarkets QK 4+ 1) 2k, + 1)

ka=lia=i7l ko=max(|js—i7|.[iz—Ka]) ks=max(ljy Kl lio =Kyl |ig—17])
1 J2 s i1 Js e j2 e la iz Ja s . j1 J2 s
2k; +1 . . { . }:: 2j7+1 { A }
@ ){kl Ko ks }{ 7 ks kz}{ 7 ki ks} 7 ke Kk @7+ D Ja )5 Je
Involving one 6 j symbol and one 9 j symbol

07.40.23.0013.01
min(j1+j2,j5+j3) jl j2 k . . . . . . . .
e k .
> @k+Diis Qs s {J.l 2 }==(—1)219{‘.l e ’.9}{1.7 2 1_9}
5 J8 Jo J7 13 e 5 12 Ja
k=max(lj~ izl is~g]) le 17 s
07.40.23.0014.01

iz K, jo da do \ fJs o ]
(—D)tirtiztiatiatististintie 2k + 1) ja s s { i J2 }: (_1)219{ o Ja lo }{ s Ja lo }
is i s Is Js o Is 11 I3 I2 18 Iz

min(j1+j2,j5+j3)

k=max(|j; - jzl|is—]g|)

07.40.23.0015.01

jatis  dstie  min(ia+igdatie) j1 J2 s i s s

> > Qi1+ DR+ D@jz+D{ s s s { 2 }==1/:frﬂangumra(j4, is. o)
e — L le la Is

j1=lia=is| i2=lis—Je| iz=max(ljs—jzl|is—is|) Js Je la

Involving one 6 j symbol and two 9 j symbols

07.40.23.0016.01

min(jy+ip.js+ig)  min(iy+ig.ds+in) j1 J2 k l:l _j2 _k i |
Z Z @k+D@21+1){ jz 4 is 74 Je Jwo Is {.l 0 }==

Jin Js )12
k=max(|j;—jl.|is—ig|) 1=max(|i1~jo|-lig~i11]) le 17 s

{jl jg w2 }{17 jz w2 }{ s 2 112}
7 Iz e js J2 a iz Jo 1o

I s
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07.40.23.0017.01
i1tz 2tz minjg+ g,z +ke.1+he) S
(~DfrtkelsTs 2k + 1) 2k + 1) (2kg + 1)

ky=li1—Jal Kp=lia—j7l kg=max(|jz—ja|li7—Ki | i1 —Kal)

iode k) (i7 2 k), s
A L k I js Je | S
j3 Ja k3 t{is Ja ks { J-l l2 4 }: _6 ’ { o e }/; TriangularQ(j2, ja, Je)
S L i7 ks ko 2jg+1 Vs Iz I

Is Je J7 Js Jo 1

07.40.23.0018.01
iatis i2tis min(ja+i7,i3+ke Jo+ko) o
> D (- itristh 2k + 1) 2k + 1) (2ks + 1)

ki=|iais| ko=|i2~is| ks=max(lig=i7l|is—ke|\[is—Kz])
jl j2 j3 j2 js kz . S . . .
o 0 ki k izl L
ja 05 ki p2is j7 ks {13 s }==${ l.l J.z 1.3 }/;Triangul’urQ(Js‘ Iss J7)
: L la 17 Is 2j3+1 s e 4
jo ko ks ) Ujs o s

Involving one 6 j symbol and three 9 j symbols

07.40.23.0019.01
j1tio min(jg+ig.j7+k) min(jy1+is2,10+Ke 15+K2) j1 2 ke
@2k +1D) 2k +1) (2ks+ 1§ jz ja ko

ky=lj1 =2l ky=max(|jz—ja|:|i7—Kyl) ks=max(|j11—j12l:| i10—Ka| [ i15—K2]) s s 7

j1 J2 ke ji3 Ju s S j13 Jia s
g Jo Jwpd s s ke R je o o
K Ky ks s

{113 je s }{j14 o s }
i i ks i i ks is s s Ji J3 In J2 )4 12

Involving two 6 j symbolsand one 9 j symbol

07.40.23.0020.01

min(istisdati)  Min(jx+ig.is+iy) ju d2 d3) . o
(_1)k+l+211—15—ig(2k+1)(2|+1) jia o K {J4 1.9 _k }{ 1-2 J.9 .I }::
k=max(|jz~js||ia~lo|) I=max(|iz~jq|[is=i7[) iz 1 s S JrJs s
ji J2 s
{14 is jB}
iz I8 o
07.40.23.0021.01
min(js+is.jati)  Min(jp+ie.is+iz) j1 J2 s L L
@k+ D@1+ s Jo K {J.“ o .k}{J.z lo | }
k=max(|j5~]s|.|ia=Jol) I=max(|io~jo| |is~i) iz 1 s Jo J3 e Jo J7 s

(170 i1 02 s
2je+1 'G‘JB{ Jo a7 }/ angutarQ(]s, Je. lo)

07.40.23.0022.01
j1tiz min(j3+j4,k+j7) jl j2 k ) . . . 2] ] ) )
S k I (=1
Z (2k+1)(2|+1){]3 is | ]{Jll I2 }{13 la }:— 5 {15 lo 7 }/;

. . . . . = . _ je’jg . . .
kel izl =max([is—jaliv-K) is s i I7 Is I2 ls o 2jg+1 ls J1 I3

TriangularQ(j2, ja, je)
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07.40.23.0023.01

iatls  datls  min(istinigtheiotke) 2 s sk ke ) (e ko K
Cki+1) Rk +1) (ks + DI ja Js ke {JF‘ jl j3}{j6 J.Z jg}::
Kyl is| Ko =izs| ka=maxis~ 17 1sa gk Jo ke k) 0 T AT
(~1)217 (2j5+1){ i)z 1.3}
17 Ja Je
Involving two 6 j symbolsand two 9 j symbols
07.40.23.0024.01
j1tia min(jo+jg,j7+ky) min(jy+ig.j1o+ke i1 +ko)
(-1 2k + 1)
ki=lj1=ial k2=m5><(|J2—J5|v\J7—k1|) k3:max(|j1—j8‘,|j12—k1|,|j11—k2|)
j1 J2 Js) (s Is o o .
o A, k ki k
(2k2+1)(2k3+1){14 Js JG}{Jl J2 110]{1.11 :(4 jl}{jl j2 :(7}::
k ko jr) Lk ko i 12 K3 Jg 11 Jiz Kg
R
(—1)12+213—l4+l7+J9 —_3 L {J'12 J.g .16 }{ 1.12 1.9 J.6 }/, Triangu(arQ(jl, j2, ]3)
2j3+1 4V )3 J7 Ju Is Ja s
07.40.23.0025.01
min(j3+iz.7+]s) min(jz+is.ig+i10) min(js+jg.ky +ka) jl j2 kl j7 j8 kl
(-2 2k +1) ko + 1) (ks + D)3 Ja Ja k2 §4 jo 10 ko
ky=max(|j1—jol|i7—ig|) ky=max(|iz—ja|:|io—i10]) kKz=max(|is—jg|:Ik1—kl) is e ks je s ks

{jl 2 ki }{ s Ja ko }:: (1) Iz+isiatia Ol ise { i s s }{ 2 Ja s }
j7 s du ) e 10 i1 2juu+1 Ui s Ju ) Ve j7 jn
07.40.23.0026.01

min(jy+iz.j7+i11) min(js+ky,j7+jo) min(jp+j4.je+ko)
(- 1)’]‘1’]‘2’]‘4*jS’jG’jQ’jlerkZ

Ky =max(lj— ol 711D ky=max(| 5y iz~ o) ke=max(lio—ial|is ko)

j1 d2 k) (2 7 s . ik
@k + D@+ D) @ks+ D Jo Ja s pdda Jo do ({11208 }{ i }

js kK3 ko) L ks ko Jg 17 Ju e is ki ju
(—1)2110 i s o i s o
AR S u Iz u Js  TrangutarQiy, i, |
2 +1 llez{ [T }{ is s s }/ riangutar@Q(jz, j7, j12)

Involving three 6 j symbolsand one 9 j symbol

07.40.23.0027.01

min(iy+izjo=iz0)  min(ig+iaje+inktiz) j1 J2 Kk Kol
-1 Ck+ D@1 +D 1 js ja | { o }
= N ) L J8 Jo J10
k=max(|j - jl|jo=i10]) 1=max(|ia—ia| /g~ i10] Ik~17) Js J6 7

L L ji J2 e o
{ ]_l _JZ _k }{ J_3 _14 _l }:: (=D)limletiazistiz=ls*in { ji, ju g { -Jl .J3 .]5 }
Jo Jio In J8 o J12 is s ir Ji2 ] J1o
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07.40.23.0028.01

min(jz+js.ia+i7) min(jg+ig.ky+ky)

min(jy+jg.je+i7)

2ky +1)

ky=max(|j1~iah|is—i7]) ko=max(|io~Js|,|iz—i7|) ke=max(|iz—ig|Iky Ka)
ki ko ks o o
S ki k k k k.
2k + 1) 2ka+ D 1 o s {_1 2 3}{ @ la ‘.1}{ 2 s 1_2}:
S I3 Je 7 Js 17 e Jo I3 7
Ja Js Je
(—1)201+21s Siio Ois s o o o
. , [; TriangutarQ(js, j2, ja) \ TriangularQ(ja, js, je) \ TriangularQ(js, js, j7)
j1+1D)2js+1)

07.40.23.0029.01
j1tia min(jz+jz,j7+Kq) min(jy+iaJg+kyig+ko)
(17 2k +1)

ky=li1=jal ky=max(|iz—]a|:|i7—KeI) ka=max(lj; ~al.|iz—Ka| [io—K2])
1 2 ki S Co SR
Al i1 2 kl}{Js la kz}{lg Js 17}
2ky + 1) (2ks + 1 k . . L ==
(cle+hle ){J.S 1.4 2]{ js K3 a ks o i1 ki ko ks
Is Je 17
Ojs.io Oig.is i L , L , L
———— /s TriangularQ(ja, Jz, j5) \ TriangularQ(jz, ja, jo) \ TriangutarQ(js, je. i7)
2js+1D2js+1D

Operations

Limit operation

07.40.25.0001.01

lim (=1)2M-1-io) /2n+2j6+1{ 11_ Jz_ Js_ }:(_ 11_ _ 12_ _ 13_ )
N—co N+Js N+Js N+ g Je—1Is Ja—Je ls— a4
Representations through more general functions

Through hypergeometric functions

Involving ,Fq

07.40.26.0001.01
(-D**rescem®(f-a f-b, f-c f-d g-ag-bg-cg-d .
= 4sFs@ b, c de f,g )/

i1 2 ja}_
{J4 is s ®(l-a,1l-b1-c1-d a-e+1l,b-e+lc-e+1l,d-e+1l)
8
a+b+crd-e-f-g=-1/\ 0@, 2 2 2 % % 2.2 = | [{/[ @ /\
k=1
a=-ji-ja+ia \b=ls-la-Js \c=-i2—ja+is [\ d=-j1-Js+is /\

e==—j1-j2—la—js-1 N\ f=-istis—ia+ie+1/\g=—ir+is—js+js+1

Involving ,Fq
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07.40.26.0002.01

{jl j2 s }:
ja s e

(-1 rcscem)®(f—a f-b, f-c, f-d g-ag-bg-cg-d
rer®Hr@ael-al1-b,1-c,1-d,a-e+l,b-e+l,c-e+l,d-e+1l)

8
a+b+c+d-e-f- ==—1/\<I>(21, 2, 23, 2, 75, 25, 711 28)==l_[\/r(zk) /\
k=1
a=—ji-j2+js \b=ls—la=s /\c=-2—ja+is \d= -1~ s +is /\

e=—i1-fa—ja=is=1/\f=—l1+tis—ia+ie+1/\g=-ir+js—Js+is+1

4sF3@ b, c de f,g 1)/

07.40.26.0004.01

{ 2 s }== (~D)latiztiatls (\/(]1‘]2+j3)3 \/(—11+12+13)! \/(j3+j4—js)! \/(js—j4+j5)!

ja Js e

Viz-ia+io! Y Q2+ ia+io! 1-is+i0!  Clrtis+ie)! A+ir+ia+is+is?)/

(Var+iz-i! Y A+is+iz+io! { Cla+ia+ie)! Y A+ja+ia+is)! v 2+ ia—ie)!

Vii+is=ie! A+ iz+ia+ie! Y @+ia+is+ie)! (it+is—ia+ie)! Cia+is— s+ o))
aFs(=j1i—Jo+is ja—ja—s —ji—Is+ie —jo—Ja+ie —j1—J2—ja—Js—1 —ja+js—Ja+tje+ 1,
—j2+iz=is+je+ 1 D/, PhysicalQ{j1, 2, i3}, {ia s j6})
07.40.26.0005.01
{jl j2 s }:
ja 5 e
CDltstietls (- i+ o+ o)t A+ a+ iz + 0!y Ga—la+i9)! YA +ia+ s+ o) y 2+ ia— o)
Var+is—io! (2= ia+ie)! (i1-is+ia+ 0!y ir+is+io! )/
(Vlr+iz—ia! Vi-le+ia! y(a+is=is)! Cir+io—ia+ ey (—ia+ia+io)!
(1+jz+ja+js—je)!\/(—jz+j4+j6)! \/(1+jz+j4+je)! \/(jl—j5+je)! \/(1+jl+j5+j6)!)

sFs(=ja+ia+js+1 ja—jatis+ 1l —ji+js—Je Jo—ja— e —J1+iz—Ja—Jes
—jiti2—da+is+ Ll jo+is+is—ie+2 1 /; PhysicatQ{j1, j2, iz} s s J6))

07.40.26.0006.01

{ bl s b= (st
Ja J5 Je

(\/(jl+12—ja)! \/(—j1+12+13)! (jl_j2+j4+j5)!\/(j2+j4_j6)! \/(iz—j4+ie)! A+ji+is+iatie)!
(—jz+js+js+je)!)/(\/(jl—jz+13)! \/(1+11+12+13)! \/(js+j4—j5)! \/(13—j4+15)!
\/(—13+j4+js)! \/(1+13+j4+15)! \/(j1+j5_j6)! \/(_j2+j4+j6)!

\/(1+iz+i4+ie)! \/(jl_j5+j6)! \/(_j1+j5+j6)! \/(1+j1+j5+j6)!)

sFa(=ji+ia—la jo—ja—Je—J1i—Is—Je—L —ja—Ja—is—L —ji+J2—Jja— s
jo=is—is—le —j1—iz—Ja—Je =1 D [, PhysicatQ{j1, j2. j3}, {ia J5: J6})
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07.40.26.0007.01
{jl j2 s }:
ia s s
(Dltzlels (- i+ + o)t N (3= Ja+ i) V(2= a+ie)! y (Cla+a+ie)! A+ i+ s+ o)
Vii-is+ie! Y it+is+ie! VA+is+is+ie! Gu+is+ia—ie)!)/
(Var+iz—ia! Y i-lo+ia! Y @+is+iz+ia! V(a+is—i! { Cia+is+is)!
V@+is+ia+ it G2+ ia=ie)! Y (1+is— 0! (—ir+is—ia+ie)! Rjs+1)!)

sFs=ji—js+je —jo—Jat+ie —a+is+ie+L jo—Jat+tje+ L —ji—jz—Jatie —Jat+tis—Ja+tje+1, 2js+2, 1)/
?hysicafa({jlv j21 j3}l {j41 j51 ]6})

07.40.26.0008.01
{jl j2 s }:
ja 5 e
(02010 (\ (1= o+ )y (Cla+ia+ o) Y (1+is—i0)! VY (<i2+ Ja+ 0! Ri)! 2+ - s+ o)
(1+jz+13+js+je)!)/(\/(j1+j2—j3)! \/(_jl+j2+j3)! \/(1+jl+j2+j3)!
Vis+ia—is! Us—ia+ie! Y A+is+ia+in! v Ga+ia—ie)! v (a—iatie!
V@+ia+ia+io!  i-is+ie)! y (-ir+is+ie! Y@ +ir+is+ie! )

sFs(ji—Jo—Ja —lo+ja—le —j1—J2—Jz3=1 —jo—Ja—J6 =L —2jo —jo—ja+is—Je —J2o—Jz—Is—Je =L D /;
PhijCﬂ(Q({jl, j21 j3}l {j4l j51 16})

Through Meijer G

Classical casesfor thedirect function itself

07.40.26.0003.01

{j1 J2 s }::<—1)-h-"2-"4-"5(\/(11—iz+is>r VEirtia it Yis+ia—is! ys—ia+is! y(iz—ia+ie)!

ja Js e

Veitiariot Y ii-is+io! Y (irtis+io! Civ+is=ia+ie! (1+ia+js+is+D1)/
(Var+ia=ia! Y +ia+ia+ D!y Cls+ia+ie)! y s+ ia+is+ D!y 2+ ia—ie)! Y (1 + s Jo)!
\/(jz+j4+je+1)! \/(jl+j5+j6+1)! (—11—12+J3—1)!(13—14—15—1)!2(—11—j5+ie—1)!)

G1,4(_1‘ jitia—lz+L —js+jat+js+1 ja+ja—je+1 jatis—Je+1
a4 O ji+ia+ia+tis+2 ji—ja+ia—le Jo—Ja+is—s

)/; PhysicatQ iy, J2, ish lia» s, Jo))

Representations through equivalent functions

With related functions
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07.40.27.0001.01
{jl j2 s }:
ja s e

Z Z Z Z Z Z Z Z Z Z Z Z( b

My ==J1 iy =—j; Mp==l2 py=—j, Mg=l3 fg=—j3 Ms=—]4 fi;=—j, Ms=—I5 fg=—js Me=—lI5 Mg=—J

(11 J2 13)(11 J5 J6)(J4 J2 ]6)
m m mg Uy m g JU iy f, mg

ja s s
(ﬁh s g )5m1,—m15mz,—mz5nb,—ﬁb5m4,—m45ns,—ﬁg5nb—ﬁk

Zeros

07.40.30.0001.01
1 2 13} 1 1, 1 1
o 0 =0/, j1=—(abc+def+adg) - — = —(abc+beh+ghi)- -
{14 N SR 9 2/\12 ( ghi) 2/\
1 1 1
j3::E(def+adg+beh+ghi)—1/\j4::E(adg+hig)/\j5::E(def+beh)/\
1 1
j6==E(abc+adg+beh)—5/\abc—fic+def+adg+beh+ghi==O/\

aeN*/\beN*ACeN*/\deN*/\eeN*/\feN*/\geN*/\heN*/\ieN*

Theorems

Representation as a magic square

For a physically realizable 6 j symbol { jl }2 13 }the following 4X4 matrix is a magic square, al rows and
4 Js e

columnssummingupto 2(j1 + jo + ja + ja+ js + jg):

—j3+ ja+ s j1 = js + Je ja=Ja+ s j1 ++1]s
j1 =2+ Js o+ a—Je jr+J2+ i3+ 2(a+ js + je)
—j1+ 2+ 3 j2 + ja+ je+ 2(j1 + j3 + j5) j1+2-1Js

ja+ja+js+ 201+ j2 + je) —j1+ s+ Je ja+ja—is

History
E.P. Wigner (1931); G. Racah (1942).
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