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Notations

Traditional name

Associated Welerstrass sigma function

Traditional notation

on(Z, 92, 93)

Mathematica StandardForm notation

Wi erstrassSigma(n, z {0, Gs}]

Primary definition

09.16.02.0001.01
e MZg(Z+ wn; 92, 03)
on(z, 92, 93) = /i
U'(CUny ng 93)

ne{l, 2, 3} A\lwi, w, wz} = {w1(d2, G3), —w1(d2, G3) — W3(Q2, G3), W3(d2, Ga)} A7in == {(wn; G2, G3) AN (L, 2, 3}

Specia notations for thisfile:
09.16.02.0002.01
{wy, w3} == {w1(Gp, Y3), W3(T2, Ga)}

09.16.02.0003.01
{w1, Wy, w3} == {wW1(Q2, G3), —~w1(F2, U3) — W3(D2, Ua), W3(G2, G3)}

09.16.02.0004.01
e = P(wn; G2, I3) Ane{l, 2, 3}

09.16.02.0005.01
1 ={(wn; 92, B3) Anefl, 2,3}

09.16.02.0006.01

ﬂ'ﬂ.u)3
el

w1

Specific values

Specialized values

For fixed z
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Degenerate case:

09.16.03.0001.01
on(z0,0)=1/,nefl,23}

For fixed {g,, gs}

Values at half-periods

09.16.03.0002.01
ci (0,92, 83)=1/;j€{1,23}

09.16.03.0003.01
Ti2mwi+2nws; G, G = /;ImMmneZAjell, 2 3

09.16.03.0004.01
on(wj; 02, 03) =0/ j€{1,2,3)

09.16.03.0005.01
O'i((2m+l)wi +2nw]- +2rwk; Jo, g3)::0/; {m, n, r}eZ/\{i, jy k} € {11 2, 3}/\' * J #K

09.16.03.0006.01
o(wg; G2, 03) o
oi(wj; G2, Gs) = € M ————— [i{i, j, Kl e {1, 2,3 \i = j £k
o (wi; 92, Ga)
09.16.03.0007.01
Ti(wi; G2, 93) Ok(wi; Oz, G3) = /1 {i, |, Kl € {1, 2, I AT # £k

09.16.03.0008.01
oi(wk; G2, 93)

=l [ i, ],k ell, 2,3)\i+]j+k
Ui(‘“J; 92, 93) ok(wi; 92, 93)

09.16.03.0009.01
(Wi G2, G3)

=l i, j,ke{l, 2,3 Ai#]j#k
()i G2, G3) 7(@i; G2, Ga)

09.16.03.0010.01

o j(w;; G, G3)° - P
—2:=Q - LAl J ety 2, A * ]
o(wi; 92, 93)

General characteristics

Domain and analyticity
on(z, 02, Ga), N € {1, 2, 3} are an entire analytical functions of z, g,, and gs, which are defined in C3.

09.16.04.0001.01
(N=Zx{Gr Qs —0n(Z 92, G3) 11 ({1, 2, 3}RCR{CRCH —C

Symmetries and periodicities

Parity
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on(Z, 02, @3), N € {1, 2, 3} are an even functions with respect to z.

09.16.04.0002.01
on(=Z G2, O3) = 0n(Z U2, G3) /s ne {1, 2, 3}

Mirror symmetry

09.16.04.0003.01
on(Z,02, 03) = 0n(Z G2, 93) s ne (1, 2, 3}

Periodicity
on(z, g2, 93), N € {1, 2, 3} are aquasi-periodic functions with respect to z.

09.16.04.0004.01
On(Z+ 2wn; Gp, G3) == —€2 ) gz gp, gg) /N € {1, 2, 3)

09.16.04.0005.01
Tn(z+20j; G5, G3) = €21 F) on(Z 0, ) /i (N, [ € (1, 2, 3)AN#

09.16.04.0006.01
O’i(Z+ 2Mw; +2Nw| + 21 Wy G, g3) == (= Q)T+ mEmn+m 2 (munn+r ) (ZHmay+nwj+r wy) i(Z 9, Ga) /;

{i,j,kke{l,2,34A\Nizj+kAimnriez

Transformation of half-periods

09.16.04.0007.01
01(Z gp(awy + bws, Cw; + dwy), gz(Aaw; + bws, Cwy +dwy))
05(Z Oo(awy + bws, Cwy +dwy), gz(@wq + bws, Cwg + dws))
03(Z Q2(Aw; + bws, Cwy +dws), gs(@w; + bws, Cwy +dwsy)) = 01(Z; Ga(w1, w3), Y3(w1, W3))
02(Z G2(w1, w3), Ga(w1, W3)) 073(Z Go(wy, wa), G3(w1, w3)) /s {a, b, ¢, dj e ZAad-bc==1

Homogeneity

09.16.04.0008.01
on(A Z, Go(A w1, A w3), G3(A w1, A w3)) = Tn(Z, Ya(w1, wW3), P3(w1, w3)) /;ne (L, 2, 3}

09.16.04.0009.01
Oo(w1, w3)  Ga(w, w3)
0n(AZ 0(A wy, A w3z), G3(A wy, Aw3)) = 0| 1 Z p f . ,inefl, 2 3}
A A

Poles and essential singularities
With respect to z

For fixed @, 03, the functions oj(z g, G3), j € {1, 2,3} have simple poles at the points

Z==2Mw1(Ge, 93) + 2N w3(gz, G3), {M, n} € Z.
09.16.04.0010.01
Sing (07j(Z Gz, Go)) = ({(2Mw; +2nws, 1 /;{im nf e Z)} /; j € (1, 2, 3)
Branch points

With respect to z
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For fixed gy, g3, the function oj(z, 92, 93), j € {1, 2, 3} does not have branch points.
09.16.04.0011.01
BPA0i(Z G2, 93)) =} /; [ €11, 2, 3)
Branch cuts
With respect to z
For fixed gy, g, the function oj(z g2, 93), j € {1, 2, 3} does not have branch cuts.

09.16.04.0012.01
BCHo (92, 9)) ={} /; j {1, 2,3}

Series representations

g-series

g-seriesfor logarithms
09.16.06.0001.01

log(01(z 92, O3)) == ﬁ + Iog(cos(ﬂ—z)) + 451(—1)" i gnZ[E)

2w, 2w, ) k(1-¢?4 2w,
09.16.06.0002.01

mz = o ~(knz
l0g(02(z 92, G3)) == —— +4Z:(—1)k _ smz[—)
2w, =y k(l— q2k) 2w,

09.16.06.0003.01

mz — o (knz
log(oa(z, @2, 93)) = —— + 42 _ smz[—)

201 T k(1-0?Y 2wy

Other series representations
09.16.06.0004.01
12
Ti(Z Gz, G3) = Z€XP| =) — ——|[-e+ =+ ) 2]+ D)7 :
1:22 2] m, N=—co (2mw1+2nw3)ZJ Z ]:Z]_ m,ng—oo (2mwl+2nw3)2'+2
{m,n}#{0,0} {m,n}#{0,0}

ie{l, 23}

Product representations

Infinite products involving trigonometric functions
09.16.08.0001.01

7Ii22 TZ\ =
0i(Z 92, G3) == eXp[z—] COS[—]H 1

i 20 ) _cosz(nﬂwj)

wj

ar(22)
— /i, Y e{l, 2,3 A\i # |
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09.16.08.0002.01

2( nz
mZ) el S0 (i) o o
0iZ G ) =expl — |[ [|[1- ——= |/l hell 2, 3 AP #]
20j ) g 0032(7')
J
09.16.08.0003.01
;2 nz
iz s (a) o o
0i(z G2 G =exp) —— [ [|1- —————— |/l KL 23Ai+]#k
20j ) na cosz( = w—k)

i

Infinite products involving exponentials

09.16.08.0004.01

ez) = z z v
Ti(Z 92, O3) = €Xp| ——— 1_[ (1— )eXp + /;
2 ) e 2Mw; + 2Nw; — w 2Mwi+2Nwy —wi  2(2mw;y +2Nwy — w;)?

{m,n}(0,0}

iefl 2 3}

Infinite products involving q, trigonometrics and exponentials

09.16.08.0005.01
2n _inz 2n inz
o 77122 w 1+4+Q exp( “)1) o 1+Q exp(wl)
01(Z, G, 93) == CO! P ex

w1

zwl n=1 1+q2” n=1 1+q2n

09.16.08.0006.01

. P 1+2q2“cos((’ff)+q4”
01(Z, G2, 93) == CO{—)GX
2(/.)1

Zwl n=1 (1+q2n)2

09.16.08.0007.01

,7122] o 1+q2“‘1eXp(_“T_Z) - 1+q2n—1exp(£7rz)

02(Z 9z, O3) == exp(z_ r[ “1 1—[ wy

w1 el 1+ q2 n-1 el 1+ qZ n-1

09.16.08.0008.01

2n-1 nz An-2
nlzz]oo 1+2q cos(w1)+q

02(Z 92, 93) == exp[—
2 w1

el (1+q? n—1)2

09.16.08.0009.01
_ +2n-1 _inz _ 2n-1 inz

n 2 © 1-q exp( w1) © 1-q exp(wl)

o5(z 62 99 =exp| _— || |

w1 el 1-— q2 n-1 el 1- q2 n-1

09.16.08.0010.01

_om2n-1 nz 4n-2
M) 1-2¢°" cos(wl)+q n
03(Z 92, O3) == €Xp Zon

w1

el (1-¢? n—l)z

g-products for half-period values
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09.16.08.0011.01
o1(w1; G2, 03) =0

09.16.08.0012.01
E\/l_ N2 Wo [0(7 1—q2n_lJ2
eof 5]
2Jq 2

09.16.08.0013.01

1 n3ws) [ 1+ q2 n-1)2
o1(w3; G2, G3) == exp( ) 1_[ >
2 \4/ q 2 =1 149 "

01(w2; O, 93) == — .
n=1 1+q n

09.16.08.0014.01

2
Mmoo [ 1- g2t
02(w1; O, G3) == exp( ) I_l
2 NEl1g gt

09.16.08.0015.01
(w25 2, 93) == 0

09.16.08.0016.01

2
13 W3 © 1+ an
oo(w3; Oz, O3) == 2% exp( > )[n 2n-1

n=1 1+q

09.16.08.0017.01

o 1401 2
n=11_an1]

N wy
03(w1; G, 93) == EXD( 2 )[

09.16.08.0018.01

2
A MW © 140"
o3(wz; G2 93)==2‘/?\/EEXP( 22 2)[1_[ ]

el 1-— q2 n-1

09.16.08.0019.01
o3(ws; U2, 93) == 0

Transformations

Addition formulas

Trandation by half-periods

09.16.16.0001.01
Tj(wi; G2, 03) Ok(Wis B, B3) 0(Z G20 G3) o
0i(Z+ wi; O, Gg) = Fe*M? il kel 2,3 A\Ni+j+k
o(wi; 92, 93)

09.16.16.0002.01
T2+ wi; Op, G3) = €2 j(wi; G2, Ga) OW(Z G2, Ga) /; i, KHE{L, 2, B AP # j %k

09.16.16.0003.01
T(2Z1+ Z; G, O3) (21 — 23 G2, Gs) = 0(Z1; U, B)° (223 G2, Ba) — (€ — €)) (& — &) (21} B, )% 0(223 O, Ba)? /;
i,j,ke{l,23)Ai+j#k
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09.16.16.0004.01
0(21 + 2} G, O3) 021 — 23 G2, Ua) == 0°(24; G2, Ga)” (22 G, G3)° — 07 (22 G, G3)° (213 O, o) /3 €{1, 2, 3}
09.16.16.0005.01
0i(z1 + 22 G2, O3) (21 — Zo; O, Gs) == 0(Z1; G2, 93)° 07(22; G2, 93)° — (& — &) (223 G, B) k(21 B, ) /1
{i,,khe{l,234A\i+]j+k

09.16.16.0006.01
0i(Z1 + 2} 92, 93) 0(Z4 — Zp; G2, O3) == 0°(Z1; O2, O3) 0(Z1; G2, 93) 0(2Z2; G2, U3) 0k(Z2; G2, O3) —
0(2; Gy G3) Ti(Z2; G2y G3) (215 G2y G3) 0(Z1; B2, 93) /3 41, s Kh e (L, 2, 3} Ai £ j £k

09.16.16.0007.01
oWz + 2, U2, 93) 0§(Z1 — Zp; G2, 93) == 0k(Z1; G2, 93) 0§(Z1; G2, 93) 0k(Z2; G2y 93) Tj(Z2; Oy O3) +
(6 — &) 0(21; G2, Ga) 0213 G20 Ua) 0°(22; G20 U3) (22 G2, Ga) /i i, o KE €41, 2, BV A i # j 2k

Related transformations

Halving half-period

09.16.16.0008.01

w1 w1 ez ) o(Z U2, 93)°
0'1(2; 92(?, (J.)g), 93(?, ws)) = exp| ES 01(Z O, 93)° — Nt ———

o(w1; G, Ga)?

09.16.16.0009.01

w1y w1 ez ) o(Z U2, 03)°
0'2(2; gz(?, wz)v 93(?, ws)) = exp| S 01(Z O, O3)" + €Mt ———

o(w1; G, G)?

09.16.16.0010.01

w1 w1 ez
0'3(2; 92(?, (L)g), 93(?, ws)) = exp| > 02(Z 92, 93) 0°3(Z Go, O3)

Third of half-period

09.16.16.0011.01

w1 w1
Ui(Z; 92(;: ws], 93(;: w3)] (22 @( ; 92, 93) 22771)
2wy 4w, 2w, 4wy .
(O'i(Z; 02, 93)0'i(2+ 3 ; O2, 93]0'|(Z+ ;O 93]]/( [ 3 5 02 gS)U'i(?; 02, 93)] hie{l, 2,3}

General fractions of half-periods

09.16.16.0012.01

w1 w1
0'1(2? 92(—: wa)x 93(—1 ws)) =
n n
@k-n+1) w;

n-1z 2k 2k-n+1)n z\\=L 0|2+ — 102,03
ex[( )2 Z[ [ nwl;gz,gs]—( i )]H ( ; )/;neN+

n 2k-n+1) wq
0 oy T gy, g
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09.16.16.0013.01

wq w1
0'2(2? 92(—, wz). 93(—, ws)) =
n n
2k-n+D wq |

[(n—l)znl ”‘1[22 2Kw; k-n+1nz n—le(Z+T,gz,gg)
o T S ()

E %) P 92, O3 Ck-n+Dw;

: k=0 Uz(T: G2, 93)

Py n

09.16.16.0014.01

2kw
wy w1 2 (2kw, 2kn z)) =2 0'3(2"' o 5 O, 93) N
0'3(2; 92(7, w3)v 93(7, w3)) == exp Z E @[ N ; Q2 93] - o e /ineN
k=l k=0 0'3( 1 G2, 93)

Identities

Functional identities
09.16.17.0001.01
0i(Z G2 Ga)° — T(Z G2, 02)* = (6 — &) 0(Z G2, 0)° /i {1, J} € {1, 2, BY \T #

09.16.17.0002.01
(8- €) 0i(Z G2, 92)° + (& — 8 0{(Z o, G3)° + (€ — &) Tw(Z G2, G2)* = O /; {i, [} € {1, 2, B} \i #

Differentiation

Low-order differentiation

With respect to z
09.16.20.0001.01

60—“(21 02, gB)

s == 0n(Z, G2, 93) ({(Z+ wn; G2, G3) — 11n)

09.16.20.0002.01
on(z, G2, 93)

pw = 0n(2, G2, G3) ((1n — £(Z+ wn; G, G3))° — P(Z+ wn; Gp, Ba))

Symbolic differentiation

With respect to z

09.16.20.0003.01
1

Nom(Z 02, 03) Qo)A zemz( e 1 a1 1- i 2-] @+om?lw g, 9))/n 4o,
= Zze v 4 ) ; ( )
62" O'm(Z, 921 g3)

2 2 2w, 1)\ n(z+ wm)

2k
k=11-4 i—0

> : 1
DD 2k+ )™ sin[z— (= wy+@2k+1) (z+ wm)))) ~ImOm(Z G2, G3) s neN?
k=0 w1

Representations through equivalent functions
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With related functions

Involving other Weierstrass functions
09.16.27.0001.01
0i(Z 92, %) =0(Z G, I3)\ 9(Z B, B3) - & /11 €(l, 2 3}

09.16.27.0002.01

0i(Z G2, Ga)° _
5= 9(Z 9, 03)—6/;ie(l, 2 3}
0(z 92, 93)

Involving theta functions

09.16.27.0003.01

11 12[ 1 [r]lzz) Tz
01(Z 92, O3) = - — | XP| — (92(—1 CI)
23q o (1= (@ran)) (2e1) R200
09.16.27.0004.01
kad 1 7]122 nZ
02(Z 92, 9) == 1_[ S1&P 5 — (93(—, Q)
nel (1_q2n) (1+™Y) 2wy 2w,
09.16.27.0005.01
0 1 mz nz
03(Z 92, O3) = l_[ o e (94[—, q)
n1 (1- ") (1 - g2™Y) 2w, 2w,

09.16.27.0006.01

1 22 0i+1(%1 q)
oi(U; 92, Gg) = &Xp| — | —————
(9i+1(01 q)

/i€l 2 3
20)1

Zeros

09.16.30.0001.01
oi(@m+ D +2nwj +2rw; G2, G3) =0/ (M n, 1y e ZAdi, j, Kb e{L, 2,3} \Ni#j £k
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
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