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Notations

Traditional name

Zernike polynomials

Traditional notation

RY(2

Mathematica StandardForm notation

Zerni keR[n, m z]

Primary definition
05.18.02.0001.01

Rz = cos( n

m
n)zrnp@_vrg)(l_zf)/;neN/\meN/\nzm

2

Specific values

Specialized values

For fixed n, m
05.18.03.0001.01

RIO ={(-1" ez /\m=0/neNAmeNAn=m

05.18.03.0002.01
n

R ={1 %" eZ/neNAmeNAn=m

For fixed n, z

05.18.03.0003.01
N oo
R@ = cos(—) PYY(1-22)/;neN
2 2
05.18.03.0004.01

n .

5 DIt o

Rﬂ(2)={ o————52"2 ZeZneN
i1((5-1))
05.18.03.0005.01

Ria=2"/;neN
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05.18.03.0006.01
n—ZH
R ">(9=1/;neN
05.18.03.0007.01
R =0/neN*
05.18.03.0008.01
R2@2=nZ"-n-1)Z"2/;neZAn=2
05.18.03.0009.01
R32=0/neZAn=3
05.18.03.0010.01

nin-1 n-2)(n-3
R42) = ( )f—ar4qm—2n¢2+E——%;——zf4ﬂnezAnz4

05.18.03.0011.01
RS2 =0/neZAn=5

05.18.03.0012.01

1 1 1 1
Rr%a::E(n—zxn—nnzﬁ-E(n—sxn—zxn—nzF2+5(n-4xn—3xn—32F4—g(n—sxn—4xn—azF6ﬂ
neZAn=6

For fixed z

05.18.03.0013.01
R k1 @=0/meNAkeN

05.18.03.0014.01

Kl (DI 2k+m= j)!
2) = Z72k2] rmeNAkeN
i j;j!(mm—n!(k—j)! fimenAke

05.18.03.0015.01
R@=1

05.18.03.0016.01

R@=0
05.18.03.0017.01
Rz =z
05.18.03.0018.01
R@=27-1
05.18.03.0019.01
Ri2=0

05.18.03.0020.01

R =7
05.18.03.0021.01

R@=0

05.18.03.0022.01

Rl =372-2z
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05.18.03.0023.01

Ri2=0

05.18.03.0024.01
R@=2

05.18.03.0025.01

R@=67-62+1

05.18.03.0026.01

Ri2 =0
05.18.03.0027.01
Ri9=47-37
05.18.03.0028.01
Ri2=0

05.18.03.0029.01

Ri(2) =7

05.18.03.0030.01
Rg(z) =0

05.18.03.0031.01
Ri(2 =102 -1272+ 3z

05.18.03.0032.01

R@ =0
05.18.03.0033.01
R =52-47
05.18.03.0034.01
R =0
05.18.03.0035.01
R@=2

General characteristics

Domain and analyticity
The function R{'(2)is defined over N@ N® C. For fixed n, m/; == e N, the function Ri'(2) is a polynomial in z of
degreen.
05.18.04.0001.01

(N+mx2—R2::NINQC)—C

Symmetries and periodicities

Mirror symmetry

05.18.04.0002.01

R =R(2
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Periodicity

No periodicity

Poles and essential singularities
With respect to z
For fixedn, m/; % e N, the function R}'(2) is polynomial and has pole of order nat z = &.
05.18.04.0003.01
Sing (RY(@) = {{%, n})
Branch points
With respect to z
For fixedn, m/; % e N, the function Ry'(2) does not have branch points.

05.18.04.0004.01

BP(RY(2) = {}

Branch cuts
With respect to z
For fixed n, m/; 5% € N, the function Ri'(2) does not have branch cuts.

05.18.04.0005.01

BCRY@) = {}

Series representations

Generalized power series

Expansionsat generic point z == z,

05.18.06.0001.01

RT(2) o« RY(20) + 71 (~((N+2)Z +m) RYzo) + M+ n+2) 2 R (20)) (2— 20) +
2 (2 -
%((mz+((2n+7)28—1)m+z(2)(n22(2)+5nz(2,+62§+n+2))Rﬂ‘(zo)—(m+n+2)zo
2%(%-1)

(@n+DZ+2m+ )Rz - (M+n+ D 2 R1H%)) 2~ 20 +... [; 2> ) AneNAmeNAnz=m



http: //functions.wolfram.com

05.18.06.0002.01
RV(2 =

MHN+2

hem (D7 r(™2) « 1 i (1—i+21')2<i—1'>(%+2)1(?)1 _
ex{ =) ngZ( e ) (i-)tm+ 1, R

F( 2—r:+n) i=0 j=0

. m+n+2 m-n
(J+ 5 i+ 5 ;j+m+1;z%)(z—zo)k/;neN/\meN/\nzm

05.18.06.0003.01
R'2) o« R(z0) 1+ 0(z-2%))/;neNAmeNAn=m

Expansionsat z==0

05.18.06.0004.01

COS(? )%' M=nNM+n+2)Z M-nM-n+2)(M+n+2)(M+n+4)2
RM(2) o« "1+ + +...|/
m! =M 4(m+1) 32(m+1)(m+2)
Zz->0AneNAMeNAN=mM
05.18.06.0005.01
Z (-Di(j+mn |
RI(2) = cof ) >- i+ ZiineNAmeNAnzm
D tGHm (S - )

05.18.06.0006.01

R(2) = (4_)? ?ﬂzﬁﬂj mcoz NA NAN>
= j=0 T > €Z/;neNAmeNAn=m
]!(]+m)!(7—1)!

05.18.06.0007.01
n-m m+n
— !

COS( 2 7T) > "

RN o — "(1+0(Z))ineNAmeNAN=mM
[Jphmily]

Expansionsat z ==

05.18.06.0008.01

RI(2) —
=2 '

(—1)fcoq%n)n! [ (M=nNm+n M-n(M-n+2)(M+n-2)(M+n)
"1+ + +
5! 4nZ 32(n-1n?
(2 > o) AneNAmeNAN=mM

05.18.06.0009.01
snnem & (D) |
R = (1) cos( n) 21 fneNAmeNAnsm
2 (M (EM )y
i NS =) (- i)

3

05.18.06.0010.01

= iy -
RN(2) = { 2 %z‘”l "MeZneNAmeNAn=m
(G (i)

2 2

05.18.06.0011.01
(-1 z cof " x)n! 1
RM(2) o« - - z"[l+O(;]]/;neN/\meN/\nzm

n=m, mtn,
2 72




http: //functions.wolfram.com

Integral representations

On the real axis

05.18.07.0001.01

Ri@ = cos(

m 00
> ﬂ)f i1 Inzt)dt/;neNAMeNAN=mM
0

05.18.07.0002.01

RY'(2) ={ (_1)? fo""Jml(t) Jn(zt) dit ? ez /ineNAmeNAn=m

Integral representations of negative integer order

Rodrigues-type formula.

05.18.07.0003.01

(_ 1)? Coq% 7T) Z_m m+n n-m ?
R™(2) == Function[z, zz2 (z—l)T] (Z)ineNAMeNAN=mM
F(% +1)
05.18.07.0004.01
RV(2) = { " Function[z, 77 (z- 1)?] T)(22) "M ez /ineNAmMeNAN=m
F(T+1) 2

Generating functions
05.18.11.0001.01

(W—\/WZ+2(1—222)W+1 +1)m
Ruok@ = [Wk] /imeNAkeN
@zwmy W2 +2(1-22)w+1

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

05.18.16.0001.01

m
RV(-2 =-R\'@ /;

-1
e’z
2

05.18.16.0002.01

m
RV(-2=RY2 /; e z

Identities

Recurrence identities

Consecutive neighbors
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05.18.17.0001.01

2(n+3)(nm? - (n’+6n+8)(22 - 1)) (n+2)((n+4)” - n?)
R2) = - R .(2 - R, 2/ineNAmeNAm=n
(n+4)((n+27?-nv?) (n+4)((n+27?-n?)

05.18.17.0002.01

n (n=m? (M+n-27? (n-=22-n?
Rl(2) = 4n-17 - - R ,(2- R',@|inezAn=4AmeNAm=n-1
n2 - mé n-2 n-2
Functional identities
Relations between contiguous functions
05.18.17.0003.01
n+2 2-m+n? (m+n)? n? — @
R.,0=———||4+)HZ- - RM(2) - R',@|/inezAnz2AmeNAm=n
n+22%-nm? n+2 n n
05.18.17.0004.01
2N+ (2nn+2)Z2-(M+(+2)n n-mym+n)(n+2
R, = ( ( ) RM(2) - ( mrmnt2 R',@/ineZAnz2AmeNAm=n
n(-m+n+2)(M+n+2) n-m+n+2)(M+n+2)

05.18.17.0005.01

m+n R}Fl() 2—m+nRzH()/ N A N A
)+ —— 2/;ne me m=<n
2n+1z " 2n+z ™

RV(2 =

05.18.17.0006.01
n-m 1() m+n+2 1( / N A N A
RM@+—RY(@/;ne me m=<n
2n+)z " 2n+Dz ™

RV(2 =

05.18.17.0007.01
(Mm+n+2)z (2-m+n)z

Rl = —— R @- —— R @/neNAmeN" Am=n
2m 2m

05.18.17.0008.01
(m+n)z (n

RM(2) = R @ -

-mz
R @ /ineNAmeN* Am=<n
2m 2m

05.18.17.0009.01

n-mRY* 2 +m+n+2 R @
RY(2 = ineNAmeNAm=n
2(n+1)z

05.18.17.0010.01

1 IRM@-R'@
R0 = (R s )—F?;”(Z)/;neN*/\meN/\m<n

n+1 0z

Differentiation

Low-order differentiation

05.18.20.0001.01

IRN@ (M+2Z+m m+n+2
= - RI1@/ineNAmeNAmM=nN
9z z(1-2) 1-7
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05.18.20.0002.01
RN@2 m+m-2m7 (M+n)(n—m)
= @-—R',@/ineZAnz=2AmeNAm=n
0z 2nz(1-2) 2nz(Z-1)

05.18.20.0003.01

PRI mM+(@n+NZ-1m+Z(PZ+5n2+62+n+2)

RY@ -
oz 2(Z-1)

(M+n+2)(2n+7)Z+2m+1) (M+Nn+2)(M+n+4)

R (@) + Rz /ineNAmeNAm=n

2(2-1) (2-1)

Symbolic differentiation

05.18.20.0004.01

. m+n+2 m-n
IR n-m (™) a @ikt Dy (P52 )j(T)j
=COS( ﬂ') Z( )(k+m—h+1)h,k2_kzm_hz -
97" 2 r(z-';m) 1 ig\k = (k=) (m+ )
) m+n+2 m-n
(22)2'2F1(j+ 5 Jj+ 5 ;j+m+1;f)/;heN/\neN/\meN/\msn
05.18.20.0005.01
"R
o
m . mN+2 m-n
b2 I_(m+2n+2) h (h -k sm-h gk (2J7k+1)2(k’“(7)1(7)1 2] Lomene2 o omen, -
{Wzk=o(k)(k+m_h+l)h—k2 2" Yico DI, 221 Fy(j+ ™32, j+ B e me 1, 7
2
/iheNAneNAmeNAm=sn
Fractional integro-differentiation
05.18.20.0006.01
a(YR21(Z)
0
n-m (SR +1) n-m m+1 m m+n m-a+1 m-a
cos( n) "4F3(— , ,—+1, +1,m+1, ) +1; 22)
2 TSR+ 1)T(m-a+1) 2 2 2
05.18.20.0007.01
"R (71)? r(ﬂu)
= 2 o pf_n=m milom mn . matl m-a g n-m
oz {F("mu)r(nmu)zm_ 4F3( 2 22 PEMEL T +1’22) 2 €7
Integration

Indefinite integration

05.18.21.0001.01

fRE”(Z)dh

rn+1z2+t n+l m+n m-n 1-n 1

) ) ; y =

=
(n+1)r(§(2—m+n))r(§(2+m+n))3 2[ 5 S 22
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05.18.21.0002.01
1
r(E 2+m+ n))

n-m m-n m+1 1
fR,T(z)dz:cos( Jr) zm+13F2( , , —(M+Nn+2); m+1,
2 T+ 1)!1"(%(2—m+ n)) 2 2 2
Definite integration
05.18.21.0003.01
1 (=1 n
f tRI24) Iy ou@t dt= —— Joa@ ineN A keN A k= bJ
0 z

Summation

Infinite summation

05.18.23.0001.01
m
(W—\/Wz+2(l—222)w+1 +1)

ZRZL-Zk(Z)Wk: /imeN
=0 @zwmy W2 +2(1-22)w+1

Operations

Limit operation

05.18.25.0001.01
mn

limz ™R L
Imz Z) == CO
z-0 ( ) S( 2 ﬂ) m! n-m

/ineNAmeNAn=m

Orthogonality, completeness, and Fourier expansions

05.18.25.0002.01

1 min(n,p) min(n,p) (5n,p
ftRn PRy Pt dt = ineNApeN
0 2(n+1)

Representations through more general functions

Through hypergeometric functions

05.18.26.0001.01

n-m

Ri@ = cos(

m+n+2

1"( 2 )Zm m+n+2 m-n
ﬂ) 21( , ;m+1;22]/;neN/\meN/\nzm

2 r(@)r(mu) 2 2
05.18.26.0002.01
__Zrmdh e (_ _mn. g L
F"J‘@:{ (i) 22 T2 T 2

2 2 2 2

m-n m+n , L1 n-m
) — €Z neNAmeNAn=m

Through other functions

m+3

;22)
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05.18.26.0003.01

R}‘(z):{(—l)%ﬂP@j’)(l—Zf) TreZ neNAmeNAnzm

2

05.18.26.0004.01
1
Rﬂ(2)={cr%(222_1) nez/ineNAmMeNANn=m
2

05.18.26.0005.01
n

Rz :{ Pn(222-1) Jez
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01
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comments@functions.wolfram.com.
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