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Introductions to Elliptick

Introduction to the complete elliptic integrals

General

Elliptic integrals were introduced in the investigations of J. Wallis (1655
-1659) who studied the integral (in modern notation):

TT/2
Ez ::f vV 1-msin’t) dt/;0<m<1.
0

L. Euler (1733, 1757, 1763, 1766) derived the addition theorem for the
following elliptic integrals currently called incomplete elliptic integrals
of the first and second kind:

1
F(Z|m)==f —  dt/;0<m<1
1—msin’(t)

Z
E(z| m ::f\/l—msinz(t) dt/:0<m<1.
0

J.-L. Lagrange (1783) and especially A. M. Legendre (1793, 1811, 1825
—1828) devoted considerable attention to study different properties of
these integrals. C. F. Gauss (1799, 1818) also used these integrals during
his research.

Simultaneously, A. M. Legendre (1811) introduced the incomplete elliptic
integral of the third kind:

z 1
II(n; z| m) ==f dt

° (1-nsin’()) V 1-msin’()

and the complete versions of theintegrals:

bis z 1
II(n| m) = H(n; E ‘ m) == dt

0 (1- nsinz(t))\/ 1-msini(t)
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b > 1
K@ = F(E z) f S —
° V1-msnl)
E@) = E(g z) ==f5\/ 1-msin’(t) dt.
0

C. G. J. Jacobi (1827-1829) introduced inverse functons of the
eliptic integrals F(z| m) and E(z| m), which lead him to build the theory of élliptic functions. In 1829 C. G.
J. Jacobi defined the function:

E(m)
Z(z|m)=E(z| m)— —— F(z| m),
K(m)

which was later called the Jacobi zetafunction. J. Liouville (1840) also
studied the dlliptic integrals F(z| m) and E(z| m).

N. H. Abel independently derived some of C. G. J. Jacobi'sresults and
studied the so-called hyperelliptic and Abelian integrals.

Definitions of complete elliptic integrals

The complete elliptic integral of the first kind K(2), the complete eliptic integral of the second kind E(z), and the
complete eliptic integral of the third kind I1(n | m) are defined through the following formulas:

i
d
2

K(2) = F(—

E(2) == E(—

b
d
2

T
II(n| m) = H(n; — ‘ m),
2

where the incomplete elliptic integrals of the first, second, and third kind
are asfollows:

2 1
F(z|m)::f7dt

® V1-msin¥
E(z| m) ==f\/1—msin2(t) dt
0

z 1
II(n; z| m) ==f dt.

0 (1- nsinz(t)) vV 1-msin’(t)
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A quick look at the complete elliptic integrals

Hereisaquick look at the graphics for the complete elliptic integrals
along the real axis.

K

Connections within the group of complete elliptic integrals and with other
function groups

Representationsthrough more general functions

All complete dliptic integrals K(2), E(2), and TT(n | m) can be represented through more general functions.
Through the Gauss
hypergeometric function:
T 11
K@ == > 2F1[£. E; 1, Z)
T 11
E(2) = E ZFl(_E' E; 1 z).

Through the Meijer G function:

1
K(2) == E G%é[—z

1., 13
E(@=--Gy5|-z| 2’ 2|
coif-<| 2 2)

Through the hypergeometric Appell F; function of two variables:

1113
K@=F (—; - = =1 z]
N2'2'2'2
1113
E(2) ==2F1(——; = == Z)
2222
n 11
II(n|m)=— Fl(—; — 11, m, n).
2 \2 2
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Through the hypergeometric function of two variables:
1.1,
T(n | m = g Fi‘é"é( 2lay, m].

Through the incomplete eliptic integrals:

/e
K(2) = H(O; — z)
2
T
K(2) = F(— z)
2
1 1
K@= — F(sin’l(ﬁ) —)
vz z

E@=(1-2 H(z; —

b
g
2

E(2) == E( —

T
d

2
T
E@=01-2 H(z; —

219

tan(¢
(n| m = K(m) —

n
: (E(m)F(¢|m)—K(m)E(¢|m))/;¢::sin‘l[ | — ]/\0<n<1/\0<m<1
m

Vv1i-n
1T 11 i
nim=II{n; — [m
ot =rfs [
1 n 1
| m== _H(—; sin'l(\/m ) ‘ —).
Vvm 'm m

Through the elliptic theta functions:
4 2
K@ == > 33(0, a(2)".

Through the arithmetic geometric mean:

e
K@= ——.

2agm(1, Vi-z )
Through the Jacobi elliptic functions:
K@=sn*1|2
K@=dn'(Vi-z | z)

K@=cn0]2/,zeRAz<1

Through the Weierstrass elliptic functions and inverse elliptic nome q~(t):
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el 22 ) o

{e1, &, &3} = {p(w1; Ga, Ga), P(W1 + wp; Bp, Ga), P(W2; Tp, Y3)} A\ (T2, T3} == {G; (w1, W), G (w1, W)}

K(1-2 iw inTw
K@ ==——2/'Z“ -1(exp( 2))/\{“’1, wp} == {wl(92- 93)’ ‘”2(92v 93)}-

Through the Legendre P and Q functions:
Vs
K(2) == 5 P.i(1-22

K(2) = Q_E(ZZ— 1)
2
T
E@ = (Pra-22+P 1a-22)

1
E(2 = _(Q 1(22—1)—Q1(22—1)).
2\ 3 2

Relationsto inver se functions

The complete dliptic integral K(2) isrelated to Jacobi amplitude by the following formula, which
demonstrates that Jacobi amplitude is the some kind of inverse function to
the elliptic integral K(2):

am(K(m) | m) == —

Representationsthrough other complete elliptic integrals

All complete dliptic integrals K(2), E(2), and TT(n | m) can be represented through other complete elliptic integrals by the
following formulas:

K(2==11(0| 2
E@K(1l-2-K(2K1-2+E(1-2K(2 = g

E2=(01-21(z]| 2

E(n)
II(n| n) == -

The best-known properties and formulas for complete elliptic
integrals

Real valuesfor real restricted arguments

For real values of arguments z, n, and m (withz< 1, n < 1, m< 1) the values of all complete dliptic integrals K(2),
E(2), and II(n | m) arereal.
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Simplevaluesat zero
All complete elliptic integrals K(2), E(2), and T1(n | m) are equal to g at the origin:
K(0) == g E(0) == g 10| 0) = g.

Specific values
All complete dliptic integrals K(2), E(2), and TI(n | m) can be represented through elementary or other functions when

Z= % 1,or—-1, m==0or1,orn=0o0r1:

K(l) _ 8% El)=1 II(n|0)= —Z T1(0 | m) = K(m)
2 _ ~
Yo VZEL)-Ecp=0 NI nam =&
K1) =& In|1 =~ sgn(n-1)
12 = Em
K1) = 12 fHinim= 1=
ay2n
At any infinity, the complete eliptic integrals K(2), E(2), and I1(n | m) have the following values:
K(e0) =0 E(co) =i 0 (o M) =0
K(=0) =0 E(—) = (=0 |M =0
K(ico)=0 E@i o) = —(-1)¥* 0 II(n]c0)=0
KI(<_(E~O)O)—=o0 E(-ioo) = V-1 oo TN =) =0
N E(&) = &.
Analyticity

The complete elliptic integrals K(z) and E(2) are analytical functions of z, which are defined over the whole com-

plex z-plane.

The complete eliptic integral TI(n | m) is an analytical function of n and m, which is defined over C2.

Poles and essential singularities

All complete elliptic integrals K(2), E(2), and T1(n | m) do not have poles and essential singularities.

Branch pointsand branch cuts

The complete dliptic integrals K(z) and E(2) have two branch points: z = 1 and z = .

They are single-valued functions on the z-plane cut along the interval (1, «). They are continuous from below on the

interval (1, o):

lim K(x—ie)==K(X) /; x>1

e—>+0

lim K(x+ie)==2iK(1-x)+K(X) /; x> 1

e—>+0

lim E(x—ie)==E(X) /; x> 1

e—>+0
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lim E(x+ie)==2i(K(1-x) - E(1-x)+EX /; x> 1.

e->+0

For fixed n, the function I1(n | m) has two branch points at m==1 and m == co. For fixed m, the function I1(n | m) has two
branch pointsat n==1 and n == co.

Periodicity
All complete dliptic integrals K(2), E(2), and IT(n | m) are not periodical functions.
Parity and symmetry
All complete dliptic integrals K(2), E(2), and TT1(n | m) have mirror symmetry:
K@ =K@/ z¢(1, )
E@=E®@/ z¢ (L )
(M| m) =T [ m).
Seriesrepresentations
All complete dliptic integrals K(2), E(2), and IT(n | m) have the following series expansions at the point z==0:
K(2) o« z[1+ E+ %4- ...)/; (z-0)
2 4 64

-« (2) 3},

T k k
K@ =2 ) ——— <1

k=0 k!
E il 1 3z 0
o« —|1--———- -
@ o~ |h@0
1 1
r e ak()
E@=~-)" /il2 <1
2ic k!?

n 1 3 5
(N | m) o E[1+Z(m+2n) +a(3mz+4mn+8n2) +2—6(5n13+6n12n+8mn2+16n3) +..|/im=>0AMN>0
5

7&K K@) mnk
H(nlm)::—ZZ_J—/;|m|<1/\|n|<1.
2ii0  44ik??

The complete dliptic integrals K(z) and E(2) have the following series expansions at the point z== 1.

1 z-1 9 1 3
K2 x--logl-2|1- — + — (z-1)? ) log4) + — (1-log4) (z— 1)+ — (6log@) - 7) (z— 1%+ ... [; (z> 1
2 5 og( Z)( 2 +64(z )+ +og()+4( 0g(4)) (z )+128( og@d) -NzZz-D°+.../;z-1

e 1)k(1) k 1)k(§)2 oo
K(z __——Iog(l Z)Z z-1) +Z ((//(k+1)—z//(k+5))(z—l) Lilz-1 <1
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24Iog(2)—13( ) 3(5l0g(2) - 3)

z-1
E(z)oc1+—[—2log(4)+1+7 z— (z—1)2+...]+
4 16

z-1 3(1-2 15
Iog(l—z)—(l+ +—(l—z)2+...]/;(z—>1)
4 64

)

k! (k+ D!

SADA gt ke

k=0

1 1
{ 2y(k+ 1)+2w(k+ —]+ 7] /i
2} 2K2+3k+1

Ez::1+—z 1)log(l-2z
@ (z— 1) log( )kZ;k'k 1)'

lz-1] <1

The complete dliptic integrals K(z) and E(2) have the following series expansions at the point |z| == co:

K(2) «

1+ —+——+...
4z 1287

log(-2) 1 9 1 log4) -1 3(6logd-7)
( ]+ (Iog(4)+ + +] /(12| = )
4z 647

2V -z -z
1\ 2

1 2
log(-2) & (E)k 7 1 = (3)
+ Z ((k+1) zp(——k)) Kz >1

K(Z) ==
2vV-z i k?? V=z 0 k?*
1 8log(2) -3 6log(2) -3 log(-2) 1 3
E(2) « + [—+I09(2)+ + +...)+ [1 —+—+. ]/: (12 - o)
—Z \4 64z 128 7 4=z 8z
A 2 _x
og-2 & 3y 7 1 o Fha 7 1 1
E@=V-z + a )Z i Z et (Zw(k+1)—2w(——k)+—)/;|z|>1.
V-z i Kik+D! 75 KKk+D! 2 k+1
The complete dliptic integral T1(n | m) has the following series expansions at the point n == 1:
b E(m)
II(n| m) + 1 +K(m) +

n

2 [1-™ VI-n

(Mm+ 1) Em) + (m— 1) K(m) (2m? —7m-3) E(m) — (m? + 2m - 3) K(m)
n=D%+.../;(n>1)

n-1)-
3(m-1)y? 15(m—1)3
1 Arg(1-m) _ Arg[%)‘
_1 n 2n 3 3
mnim = — —”—Z( 1) zFl(— k+ 2, m)(n D~
2vi—m [ VI-n k=0

n(1-m)

The complete dliptic integral T1(n | m) has the following series expansions at the point m==1:
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| m o
1| loga-m . n+1(m-1 3(n—6n-3)(m- 1> \/F(Iog(\/F+1)—Iog(1—\/F))—4|09(2)
2|" T 1on | T amey 64(n— 172 Tl n-1 -
1
(2n|og(2)+2Iog(2)+x/?(|og(1—\/F)—Iog(\/ﬁ+1))—1)(m—1)+
2(n-1)7?

64(n-1)°%

(—5n2+12n+24(|og(\/F+1)—|og(1—\/F))\/F+12((n—6)n—3)|og(2)+21)(m—1)2+... /i(m—1)

w (L-mK(L 2 o (k+E) (2utk+ D-ylk+ D) —ufk+j+ L))
H(n|m)=£ Z (2)k Z( 2)1( ( 2) ( 2))

k=0 (k!)2 j=0 (1)1

. 2
o A-m) (%)] 1
IOg(l_ m)Z 72 2F1(1, j + —;
i (Y 2

N =

;n) /iim=1] < 1.

The complete dliptic integral II(n | m) has the following series expansions at the point |n| == co:

m+1 3mP+2m+3

/e
II(n| m) « [1+ + +...]+
2y -n 2n 8n?

1 4(m+2)K(m) —8(m+ 1) Em)  4((8m? +7m+8) E(m) — (4P + 3m+ 8) K(m))
an 4(E(m) - K(m)) - an + +...(/4 (N>

15n?

©0)

e o (3)
S a2z

1
— zFl(—, K+ — k+2 m) nk,
2vV-n % 2 an & (k+ 1! 2 2

II(n|m) =

The complete eliptic integral IT1(n | m) has the following series expansions at the point |m| == co:

n | m o«

+

4m 64 m?

log(-m) [ 2n+1 3(8n?+4n+3) ]
1+ +... |+
2V -m

2log2) + n(4log2) -1) -1 28n?+26n-12(8n?+4n+3)log(2) + 21
4log(2) + - o+

2vV-m 2m 64 m?
Vasnl(Vn) o on o s

7[1+ — 4+ —+...)/; (Im - o0)

Vicnvom U 2m gn?
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10

log(-m) & (%)kz

m-.

Vi sin (V) o m(3) L
k —k _k
n|m = Z 2F1(1,—k; — -k n)m +
1-nvV-m i K 2vV-m i< (k)? 2
1 i(%)kzi(—mi(—w(r +3) ok D= ylk+ ) +u=j+k+ D)
2v-m i K (5-K), <=

The previous formulas can be rewritten in summed forms of the truncated
series expansion near corresponding pointsz==0, 1, or co:

1

1

()()

Vs n
K@=Fu@ fi||Fi@ == > ———

k=0

3 3

1 n+£,n+5;n+2,n+2;z) /\neN

2

2*1(n+ g)
2

3F2( ,

v
=K(2 -

2(n+1?

K2 =F.(2 /;
1 2
&2k 1 1 n+in+1, 3 2
Fn(2) = — (—Io (1-2+2yk+1) -2 (k+—))(1—z)k==K(z)——Gz’ [1— ‘ '2'2) nen
" 2;0 k! ° v 2 2n n+1,n+10,0 A
1 2
K(D = Fu(@ /; || Fa i(z)k (1o9-2+ 200+ w[l o[« 1)) 2
2 =F.(2 /;||Fn(2 == og(-2) + +1D -yl —-k|- +—|lz*=
2vV-z ic k! 2 2
‘m-l _m_i1i1
K@ - 2622[—z SR 2] A\ men
-m-2,-m-2,0
1 1
o2 5) 2 241(n+ 3)r(n+3) 13
E(2 =F.(2 /, Fn(Z):=—Z =E®2 3F2(l,n+—,n+—;n+2,n+2;z) /\neN
2% k2 A(n+11? 2 2
1 3
1-7 0. (3),5), 1 3
E@2=F.@/ ||Fn(®=— [Iog(l 2+2y(k+1) - w( )—w(k+—)+—)(1—z)k+1::
4 HK(k+D! 2} k+1
E(z)——Gz"‘(l— n+2,n+2, % g] /\neN
o n+2,n+20, 1
E2=F«(2/
1 m 1 1y 2 1 1
Fn(2) = Z (——) (Iog( 2+2yk+1) lp(——) w(k+ ) )z +V-z =E@
Voz i KK+ DL 2/
1 1 1 3
1 -m-3s,-m-3, 3, >
~G3-z 2 222 meN]|.
4 4'4[ 0 —m—% —m—%,o /\
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Other seriesrepresentations

Some elliptic integrals have special series representations through the
elliptic nome q(2) and inverse Jacobi elliptic functions by the formulas:

2
K@ =~ [2 DA + 1]
2 k=1

ﬂ[ > gk ]
K@ =—|1+4

o1 0% +1

n 2in & m)k k n
nmn|jm=_[ —— K(m) o Z am sin[ " snl[ | —
(m-n)(n-1) KM = 1-qm?k | K(m) m

-l<n=<lA-1=m=<l

]] [(m-m(n-1) ]
mil|+ _— /;
n

Integral representations

The complete dliptic integrals K(2), E(2), and TT(n | m) have the following integral representations:

2

1
K(z ::f ——dt/;|Arg1l-2|<n
1—zsin2(t)

dt/;|Argl-2|<n

1 1
K(z)::f
CVi-2 y1-z22

0o 1
K(2 ::f ——dt/;|Argd-2|<n
tyeo1ye-z

E@2 = f\/ 1-zsin’(t) dt/; |Argl-2)| <n
0
fl V1-zt?

0

E@2) = dt/;|Argl-2|<n

1-t2

3 1
II(n| m) ==f dt

° (1- nsinz(t)) vV 1-msin(t)

1 1

II(n| m) = dt
° (1-nt?)y1-12 y1-mt?
K(m) 1

om| m ==f - 4t
0 1-nsnt|m?

Identities

The complete elliptic integrals K(2), E(2), and TI(n | m) satisfy numerous identities, for example:
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1 z
K(2) == K(—) /1 2& {1, oo}
Vi—z ‘z-1

1
K[_) =Vz K@-iK(1-2)/;Im2 >0
z

K =

K[(l_zl)z]/; z=vVi-z

Zl+1 1+Zl

1 E(1-2
E(l— —] /i IATg@)] < 7
vz

E@=Vvl1l-z E(—l) /i IArg(1-2)| < 7.

z
Z_
Representations of derivatives
The first derivatives of all complete elliptic integrals K(2), E(2), and T1(n | m) with respect to their variables can also be

represented through complete
eliptic integrals by the following formulas:

0K(2 E@2-(1-2K(2

0z 21-2z

0E(2 E(2 - K(2

0z 2z
anm | m) 1 [ -n n’-m
= E(m) + K(m) + II(n | m)
on 2(m-n)(n-1) n
OTI(n | m) 1 E(m)
= ( + H(n | m))
om 2n-m \m-1

The symbolic n'" derivatives of all complete elliptic integrals K(2), E(2), and IT1(n | m) with respect to their variables can be

represented through Gauss classical
or regularized hypergeometric functions by the following formulas:

1
0nK(Z) (—1)”7TF(n+ 5) 1 1
o == 1 2F1(n+—,n+5;n+1;z)/;neN
2n!r(5—n)
0"K@ xz" _ (1 1
== zFl(—, —1-n; z)/;neN
0z 2 2 2
1 1
IE@ F(n— 5) F(n+ 5) 1 1
=- zFl(n——,n+—;n+1;z)/;neN
0z 4n! 2 2
ME@ rxz" _ 11
== zFl(——, —1-n; z)/;neN
0z 2 2 2
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1

PTIN|mM  VrnP& nkl“(k+§) 11

= 2F1(k+—, —k+1; m)/; peN
onP 2 i Tk-p+1 22

12
rmnim e e, Mk 3) 1
_— 72F1(1,k+—;k+1;n)/;peN.
omP 2 13 Tk-p+1k! 2

Integration

The indefinite integrals of all complete dliptic integrals K(2), E(2), and I1(n | m) with respect to their variables can be
expressed through complete elliptic

integrals (or through hypergeometric functions of two variables) by the
following formulas:

fK(z)dz:: 2(E@+(z- 1) K(2)
2
fE(z) dz= 5 (z+DHE@+(z-1DH K1)

fH(n | mydm==2(E(m) — K(m) + (m-n) II(n| m))

fH(n Im)dn= > F}jfié[ 2’2" m, n].

N NI

Differential equations

All complete dliptic integrals K(2), E(2), and IT(n | m) satisfy ordinary linear differential equations:

1
1-2zW'@+(1-229W (2 - ZW(Z) =0/,w2=Cc K@+cK(l-2

1
1-2zW'(@+(1-2W (2 + Z W2 =0/;W2=CcE® +c(K(l-2-E(1-2)

8Pw(m) 8%w(m) aw(m)
8(m-1)m(m-n) +4(11n? - 6nm-7m+2n) +6(7Tm=-n=-2) +3w(m) = 0 /; w(m) == II(n | m)
am? am
aPw(n) 9°w(n) aw(n)
2(n-1)(Mm-n)n +(-13n*+8mn+8n-3m) +4(M-4n+1) —— —2w(n) = 0/; w(n) = II(n | m).
ond an? aon

Applications of complete elliptic integrals

Applications of complete elliptic integrals include geometry, physics,
mechanics, electrodynamics, statistical mechanics, astronomy, geodesy,
geodesics on conics, and magnetic field calculations.
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