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Introductions to GCD

Introduction to the GCD and LCM (greatest common divisor and least
common multiple)

General

The legendary Greek mathematician Euclid (ca. 325270 BC) suggested an algorithm for finding the greatest
common divisor of two integers, which was later named the Euclidean algorithm. This agorithm, as well as
computationally refined versions, are in widespread use today.

Definitions of GCD and LCM

The GCD and LCM group of functions includes the following three functions:
» the greatest common divisor (gcd): ged(ng, ny, ..., Ny)

* the least common multiple (Icm): lem(ng, ny, ..., Ny)

« the extended greatest common divisor (eged): egcd(ng, Ny, ..., Ny)

These functions are defined in the following ways:

n n
gcd(ng, N, ..., Nm) =P /; peZ/\—keZ/\lsksm/\[—-Hq(qu/\q> p)/\—keZ/\lsksm]
p q

n n
god(ny, Ny, ..., T) == p/; Re(p) € Z /\ Im(p) eZ/\Re(—k] eZ/\Im[—k) ez /\
p p

15ksm/\[—'Eiq(|q|>|p|/\Re(q)eZ/\Im(q)eZ)/\Re{%]eZ/\Im[%)eZ/\lsksm)
lem(ng, n2,...,nm)::p/;peN*/\nEeZ/\lsksm/\[—'qu< p/\pez/\ngez/\lsksm]
k k

lem(ng, Ny, ..., Nm) = p/; Re(p) eZ/\Im(p) eZ/\RE(E] ez/\lm[ﬂ] eZ/\ls k< m/\
Ny Ny
- 3 (RAbs(Q) < |p|/\Re(q)eZ/\Im(q)eZ)/\Re{E)eZ/\Im[g]eZ/\lsksm]
1% Nk

eged(ng, Ny, ..., Nm) == {gcd(ng, Ny, ..., D), {1, fo, ooy I} /i
ged(ng, No, ..., ) =Nri+Nar+ ...+ Nprm AReN) e Z AIm(n) ARe(r) e Z AIlmr) e ZAN1l<k<m

gcd(ng, Ny, ..., Ny) is the greatest common divisor of the integers (or rational) ng. It is the greatest integer factor
commontodl theng, 1<k=m.

lem(ng, Ny, ..., Ny) isthe least common multiple of the integers (or rational) ng. It is the minimal positive integer
that dividesadl theny, 1 <k <m.
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eged(ng, Ny, ..., Ny) is the extended greatest common divisor of the integers ng. In particular,
eged(m, n) == {ged(m, n), {r, s}} /; gcd(m, n) == mr + ns A
RemeZ ANImm ARenNeZAImneZ ARer)eZ ANIm(r) ARe(s)e Z AIm(s) € Z.

Examples:

The gFr)eateﬂ common divisor of 21 and 48, gcd(21, 48) is 3. Similar examples are gcd(27, 48, 36) == 3,

god(27 + 34, 48 - 61) = 3+ 34, ged(3, ) = .

The least common multiple of the three numbers 2, 4, and 5, Icm(2, 4, 5) is 20. Similar examples are

lcm(27, 48, 36) == 432, lcm(27 + 3i, 48 - 61) == 222+ 216, lcm(3, 3) = 6.

The extended greatest common divisor of 21 and 48 egcd (21, 48) is {3, {7, —3}} because the greatest common

divisor gcd(21, 48) == 3 and 21x7+48(-3)==3. Similarly,

egcd(15-94,5-70) ={1+14, {2-4i, -7+ 6i}}/; .
1+i==09cd(15-9i,5-7i))=(-7+6i)65-7)+(2-4i)(15-99)

Connections within the group of the GCD and LCM and with other function groups
Representationsthrough equivalent functions

The functions ged(ng, Ny, ..., Ny) and lcm(ng, Ny, ..., Ny) satisfy the following interrelations:

ged(n, m) = imeNt AneN*

lem(n, m)

m m m m
(M= nkl)X(Hk1=l [ R § P Lo (1 nks))

ged(ng, Ny, ..., Ny) =
m m m m m m
(Hk1=1 [lig=r, 41 |Cm(nk11 nkz)) X (Hk1=1 [ig=i 1 Tigmigen Tl =ig 41 |Cm(”k1: M, s Nigs nk4))

lem(n, m) == imeNt AneN*

ged(n, m)
lem(n, m, k) gcd(nm, mk, kn)==nmk/; {n, m k} € Z

ged(lem(k, m), lem(k, n), lem(m, n)) == lcm(ged(k, m), ged(k, n), gcd(m, n)) /; {n, m, k} € Z.

The best-known properties and formulas of the GCD and LCM
Specific valuesfor specialized variables

The functions GCD and LCM gcd(ny, ny, ..., Ny), eged(ng, ny, ..., Ny), and lem(ny, ny, ..., ny) have the following
values for specialized values:
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gcd eged lcm

ged (n) == |n| eged(n) == {|n|, {sgn(n)}} lem(n) == |n|
ged (O, n)=n eged(0, n) == {|n|, {0, sgn(n)}} lem@On)==0
ged(n, n) == |n| eged(n, n) == {|n|, {0, sgn(n)}} lem(n, n) == |n|
ged(n, —n) = |n| eged(n, —n) == {|n|, {0, —sgn(n)}} Iem(n, —n) == |n|

ged (ng, Ny, ..., Ny) = |nq|

@Cd(nl, Ny, ..., np) == {|n1|1

{my, my, ..., My, sgn(ny)}} /;

n1::n2::---::np/\ml::m2::

=My =0

lem(ng, ng, ..., N ==|n:

ged (p1, P2) =1/
PrEPAPLeEPAP P

lem(py, P2) = P1 P2 /i
prEPAPLePAR:

ged(n, lem(m, n)) =n/; meN* AneN*

lem(n, ged(m, n)) =n /;

neNt*ApeNt AgeN*

ged(n, lem(p, @) == lem(ged(n, p), ged(n, Q) /;

Iem(n, ged(p, ) == ged(
neN*ApeNtAq

neN*ApeNtAgeN*

ged(lem(n, p), lem(n, q)) == lem(n, gcd(p, Q) /;

lem(ged(n, p), ged(n, o))
neN*ApeNtAqe

ged(lem(k, my, lem(k, n), lem(m, n)) ==
Iem(ged(k, m), ged(k, n), ged(m, n)) /;
keN* AmeNt AneN*

lem (ged(k, m), ged(k, n)
ged(lem(k, m), lem(k
keN* AmeN* Ane

ged (nmod m, m) == gcd(n, m) /; me N*

ged(2™—1, 2" — 1) == 294MM _ 1/ meN* AneN*

ng(Fm1 Fn) == Fgcd(myn) /, meZAne”Z.

The first values of the greatest common divisor (gcd(m, n)) of theintegersmandnfor1<=m=<20and1<n=<20

are described in the following table:
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The first values of the extended greatest common divisor (egcd(m, n) of the integers mand n for 1 < m< 10 and

1 < n < 10 are described in the following table:

{
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=T =TT =TS
Cle a2 ST ]
A ||l | O|dA|[HA| ]| |O|H |
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The first values of the least common multiple (Icm(m, n)) of theintegersmand nfor L<m<20and1<n<20

are described in the following table:
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m\n|l (2 |3 |4 [51|6 |7 |8 |9 |10 |11 |12 |13 |14 |15 (16 |17 |18 |19 |20
1 112 (3 (4 (5|6 |7 (8 |9 |10 |11 |12 |13 |14 |15 |16 |17 |18 |19 |20
2 2|2 |6 |4 |10{6 |14 |8 |18 |10 (22 |12 |26 |14 |30 (16 |34 |18 |38 |20
3 3|6 (3 |12(15|6 |21 |24 |9 |30 (33 |12 |39 |42 |15 |48 |51 (18 |57 |60
4 4 |14 |12|4 |20|12 |28 |8 |36 |20 |44 |12 |52 |28 |60 |16 |68 |36 |76 |20
5 5 110 (15|20(5 |30 |35 |40 |45 |10 (55 |60 |65 |70 |15 |80 |85 (90 (95 |20
6 6 |6 |6 [12|30(6 |42 |24 |18 |30 (66 |12 |78 |42 |30 (48 |102 |18 |114 |60
7 7 |14 1211 28|35(42 |7 |56 (63 |70 |77 |84 |91 |14 |105 (112|119 |126 |133|140
8 8 |8 [24|8 |40(24 |5 |8 |72 |40 (88 |24 [104 |56 |120 (16 |136 |72 |152 |40
9 9 (18 |9 [36|45(18 |63 |72 (9 |90 [99 |36 |117 (126 |45 |144|153 |18 |171|180

[N
o
=
o
[N
o
w
o

20|10(30 (70 (40 |90 |10 |110|60 |130 |70 (30 (80 [170|90 |190 |20
55(66 |77 [88 |99 |110 |11 |132 |143|154 |165 176|187 |198 | 209 | 220
1216012 |84 |24 |36 (60 [132 |12 |156|84 |60 |48 |204 |36 |228 |60
52 165(78 |91 [104 117|130 (143|156 |13 |182 195 |208 | 221 |234 | 247 | 260
28(70(42 |14 |56 (126 |70 |154 |84 [182 |14 |210 112|238 (126|266 |140
60 [15(30 |105|120 (45 |30 (165|60 [195|210 |15 |240|255 |90 |285 |60
16 (80|48 |112 |16 |144 ({80 |176 |48 |208 |112 (240 |16 |272|144|304 (80
68 |85 (102 (119 [ 136 |153 | 170 | 187 | 204 | 221 | 238 | 255 | 272 |17 |306 | 323 | 340
36|90(18 |126|72 |18 |90 [198 |36 |234 (126 |90 |144|306 |18 |342|180
76195114 (133 [ 152 | 171 | 190 | 209 | 228 | 247 | 266 | 285 | 304 | 323 | 342 |19 |380
2012060 |140 |40 |180|20 (22060 [260|140|60 |80 |340 |180|380 |20
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Analyticity

The functions ged(ny, Ny, ..., Ny) and lem(ny, Ny, ..., Ny) are nonanalytical functions defined over Z™ with values
inZ.
The function egcd(ng, Ny, ..., Ny) isavector-valued nonanalytical function defined over Z™.

Periodicity

All three functions gcd(ny, ny, ..., Ny), egcd(ng, Ny, ..., Ny, and lcm(ny, ny, ..., Ny) do not have periodicity.
Parity and symmetry

The functions ged(ng, Ny, ..., Ny) and lem(ng, Ny, ..., Ny) are even functions:

ged(—nyg, =Ny, ..., —Nm) == gcd(ny, Ny, ..., Ny)

ged(—ny, Ny, ..., NEp) == gcd(ng, Ny, ..., Ny)

lem(=ng, =Ny, ..., —Ny) == lecm(ny, Ny, ..., Ny)

lem(—ng, Ny, ..., Ny) == lcm(ny, Ny, ..., N).

The functions ged(ng, Ny, ..., Ny) and lem(ng, Ny, ..., Ny) have permutation symmetry:
ged(m, n) == ged(n, m)

ged(ng, My, .oy Ny ooy Ny, ey M) == g0d(Ng, Mo, oy NGy ey M oy M) /NN AK S

lem(m, n) == lcm(n, m)
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lem(ng, Np, ...y My ooy Nj, oo, M) == lem(ng, My, oo, NGy oy N e M) /5 N N AKE

Seriesrepresentations
The function ged(m, n) has the following sum representations:

m-1 kn
ged(m, n) = m+n—mn+22[—J
ke L m

mp;n 3] n
ged(m, ) = 1—2bJ bJ =0 ym S0 +2k§‘{%

3l | km
s

k=il N

2 12) 2712

where | p] isthe floor function and ¢, is the Kronecker delta function.

Product representations

The functions ged(ny, ny) and lem(ny, ny) have the following product representations:

Ik .
ged(ny, np) = rl p:}m(al'jvaz'j) /i
j=1
n e N* /\ Ny € N* /\factoran) == {{ Pk,1, ak,l}r ceey {pkvjk’ a/kyjk}} /\ Pkj € P /\akyj eN* /\ l<k=<2
Ik
lemny, np) == [ [ o720
j=1
n e N* /\ Ny € N* /\fa:torgnk) == {{ Pk,1» a/k,l}, . {pkrjk' a/k,jk}} /\ Pkj € P /\a/kyj eN* /\ l<k=<2
Generating functions

The function ged(k, n) can be represented as the coefficients of the series expansion of corresponding generating
functions, which includes a sum of the Euler totient function:

igod(k. mX =" ¢(d)
k=1

x4
din 1-
Transformations with multiple arguments

The GCD and LCM functions gcd(ny, Ny, ..., Ny), €gcd(ng, Ny, ..., Ny), and lem(ng, Ny, ..., Ny) satisfy special
relations including multiple arguments, for example:

ged(png, pny, ..., PNy == pgcd(ng, Ny, ..., NR) /; pEN

m n
gedmy, n1v) = gedm, 1) god, ) ged — ]gcd[ L
ged(m, n) - ged(y, v) ged(m, n) - ged(u, v)

meN*AneN"AueN" AveN',

| dentities



http: //functions.wolfram.com

The GCD and LCM functions satisfy some parallel identities that can be presented in the forms shown in the
following table:

gcd lem

ged (ged(m, n), p) == gecd (M, ged(n, p)) lem (Iem(m, n), p) == lcm(m, lcm(n, p))

ged (ng, ged(ny, Nng, ..., NE)) ==gcd(Ng, Ny, Ny, ..., NR) [lem(ng, lem(ny, N3, ..., NW)) ==lcm(ny, Ny, Ng, ..., Ny)
ged (m, n, p) == ged (m, ged(n, p)) lem(m, n, p) == lcm(m, lcm(n, p))

Summation

There are many finite and infinite sums containing GCD and LCM functions, for example:

ZZ ZF(gcd(kl,kz,...,M)):Zf(d){J LR =" f(d)
k=1

k=1 k=1 din
izn: 61,gedk,n) 5
i knk+n) 4

© N G1gedkon) 3

nkc P (k+n) 4

izn: 51god(kn1) 3
niker kn (K +n)? "8
01 gcd(kn) 7

M=
n
R

nZ:; 1 (kn(k+ n))

=
I

® © 01 gedbd) 1
boido1 (bd (b+d)® 3
Limit operation

The following two related limits include the function gecd(ng, ny, ..., ny). The third limit includes
lem(ng, Ny, ..., Ny):

1 n n
r|1|m —2225lgcd(k|) =—
R Y
-k
lim — ged(ky, Ko, .., k)K= —"
e of kzlkz Z v I
Inequalities

The functions ged(ng, ny, ..., Ny) and lem(ng, Ny, ..., Ny) satisfy various inequalities, for example:
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k
ged(ng, ny, ..., N lem(ng, ny, ..., nk)k"l < l_[nj =< gcd(ng, ny, ..., nk)k"llcm(nl, Ny, ..., MY /;
i=1

neNFAneN AL AN eNt AkeNt
lem@, 2, ...,n=2"2/neN".

Applications of the GCD and LCM

The GCD and LCM functions have numerous applications throughout mathematics, number theory, symbolic
algorithms, and linear Diophantine equations.
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Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.
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