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Notations

Traditional name

Bessel function of the first kind

Traditional notation

3,2

Mathematica StandardForm notation

Bessel J[v, z]

Primary definition

03.01.02.0001.01

(2 = i & (E)2k+v

o T(k+v+ 1)kt \2

Specific values

Specialized values

For fixed v

03.01.03.0001.01
J,(00=0/;Re(v) >0VveZ

03.01.03.0002.01
J,(0)=& /;Re() <OAv & Z

03.01.03.0003.01
J,(0)=¢/; Re(») ==0Av 0

For fixed z

Explicit rational v
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03.01.03.0014.01

1 3)%3 3
Ju@= 7[—288\/5(922—110)Ai[—(5) 22/3) 24/3+288(922—110)Bi[—(5)

3 81 22/3 35/6 214/3

2/3

22/3] A3

S 3\%* 5 3123
3«/?\/?(81z4-432022+14080)Ai’[-(§) 22/3]+\/732/3 (817" - 43207 + 14080) Bi’[—(a) 22/3]]

03.01.03.0015.01
2 (Z'-457+105)cos(2) +5z(21- 22 sin(2)

Je@=]—
~2 Vs 22
03.01.03.0016.01
1 6 3\%3 3,23
Ju@=—--"— [—168 V3 (972 -80) Ai’[—(—) 22/3] 72 +563%3(80-97) Bi’[—[—) 22/3) 2R+
e 542 3506 7133 2 2

2/3
2%° /3 (817 - 30247 + 4480) Ai

{

_(g)% 22/3] 24 9(160-97) Bi[—(g)% 22/3] A3

3 2/3
22/3] + 273 (817" - 3024 7 + 4480) Bi[—(a] z2/3]]

03.01.03.0017.01

1
Ju@= 7[9\/§(922—160)Ai

3 27 22/3 35/6 211/3

s o 3 2/3
eoﬁx/?(gzz—sz)Ai’[—[E) 23

+20V2 323 (972 -32) Bi’[—@f3 22/3]]

03.01.03.0018.01

[2 3(222-5)cos(2) + z(Z - 15)sin(2)
J 7(2 == —
) Ve

712

03.01.03.0019.01

1 6 3)2°

Jo@=—-" (3«/? (97 -112) Ai’[—(—] 22/3] R+
) 9 \7? 35/6 10/3 2

2/3

3R (972 -112) Bi'[—(;)% 22/3] 2% +8222V3 (97 - 14) Ai[—(g) 22/3) +822%(97 - 14) Bi[—(g)% 22/3]]

03.01.03.0020.01

Je@=- [—90«/?Ai
3

3 2/3 3 2/3
L 2 2] vson 2] 27}
9 22/3 35/6 28/3 2 2

3V2 V3 (92 - 40) AV

—(2]2/3 22/3] +V2 3%3(92 - 40) Bi’[—@)m 22/3]J

03.01.03.0021.01
2 3zsin@@) - (Z-3)cos(2)

Js(@=,| -
- - 5
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03.01.03.0022.01

1 6 3\

s 0[] -
E 62 3% 713 2

2/3

16323 Bi’[—(g)% 22/3] 7+ 2R3 (972 - 16) Ai[—@ 22/3] +223(97 - 16) Bi[—(g)% 22/3]]

03.01.03.0023.01

1
J 5(2) == -
-3 3 22/3 35/6 25/3

3 2/3 3 2/3 s .
[—9«/§Ai[—(£) 22/3]24/3+98i{—(5) 22/3]z4/3+12x/7 V3 Al

—[2)2/3 22/3] —4N2 R Bi’[—(g)% 22/3]]

03.01.03.0024.01

2 coY2) +zsin(2)
‘J,E(Z) =4l = T
2 T

03.01.03.0025.01
J 4 (Z) ==
T3

1 2/3

7 0 g0

03.01.03.0010.01

2/3
J 2= é[Bi/ —[(E) z2/3)]—x/§Ai/
ozl L

03.01.03.0005.01

2 cos(2)
\]_ 1 (Z) == - \/_
2 Vs Z

03.01.03.0008.01

[3% AT _(g]% 22/3] 2534 3 Bi'[—[g)

)

22/3) 2R+ 2283 Al

PRt

3Ai

J,E(Z) = —
e

03.01.03.0007.01

B

e HE )l )

03.01.03.0004.01

2 sin(2
(=] -
2 T Nz

03.01.03.0009.01

1
- 7[ﬁm[_
iz

e
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03.01.03.0026.01
J4 (Z) ==
3
2/3

6 3\? 3
[-aﬁAi’[-(E] z2/3] 2R+ 3R Bi’[—[g) 22/3] 2% - 2%% /3 Ai

ERERTER

7 0 g0

03.01.03.0027.01

2 sin(z) — zcos(2)
L= |- ———
B Fid 22

03.01.03.0028.01

1
Is(@) = - ———
3 3 22/3 35/6 Z5/3

3 2/3 3 2/3 5 . 3 2/3 5 3 2/3
[gﬁm[_(_] 22/3] z4/3+gsi[_(_) 22/3] z4/3—12x/?x/§Ai’[—[—] 22/3]—4«/5 32/3Br[_(_] 22/3]]
2 2 2 2
03.01.03.0029.01

1 . 3 2/3
J@=m— [—48 \/EAi’[-(—) 22/3] 2R+
; 62 39673 2

3 2/3
16327 Bi{_(g] 22/3] 2P+ 223 (92 - 16) Al

—(g)% 22/3] +2°3(16-97) Bi[—(gr/3 22/3]]

03.01.03.0030.01

[2° 3zcos(2) + (2 - 3)sin(2)
Js(D =~ —
2 n 512

03.01.03.0031.01

3 2/3 3 2/3
J@= - ————— [90\/§Ai -[—) 22/3] 77 +90 Bi[—[—) 22/3] 7B+
3 9 22/3 35/6 Z8/3 2 2
s . 3 2/3 5 3 2/3
3V2 V3 (92-40)Al’ _(E] 22/3] +V2 33 (92 - 40) Bi/[—(i) 22/3])
03.01.03.0032.01
1 6 3\?
Jio(@) = —————— [3\/3 (97 - 112) AV’ —[—) 22/3] 2R+
3 9+/2 35/6 7103 2
3\%3 3123 3123
3?3 (112-97) Bi'[—(g) 22/3] 7% +82%°/3 (92 - 14) Ai —[5) 22/3) +827%(14-927) Bi[—(g) 22/3]]
03.01.03.0033.01
[2 z(-15)cos2) +3(5-27)sin(2)
\]7(2) == -
> T Z7/2
03.01.03.0034.01
1 3 2/3 3 2/3
Jn(@= ———— [9\/3 (97 - 160) Ai —[—) 22/3) 77 +9(97 - 160) Bi[—(—] 22/3] FARES
3 27 22/3 35/6 211/3 2 2

60V2 V3 (92 - 32) AV

2wtz 3
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03.01.03.0035.01

1 6 3)%3 3
@@= [168«/? (97 - 80)Ai’[—(—) 22/3] 2P +563%%(80-92) Bi’[—[—)
3 54\3/735/6 33 2 2

2/3

22/3) 23 4

3 2/3 3 2/3
2%3/3 (-817 + 3024 7 - 4480) Ai(—(i] 22/3] +2%3 (817 - 3024 2 + 4480) Bi[—(g) 22/3]]

03.01.03.0036.01

[27 (5z(272 - 21) cos(2) + (Z — 452 + 105) Sin(2))
/8

Jo(2) =
2 22
03.01.03.0037.01
1 3123 3123
Ju@= —— [288«/3 (97 - 110) Ai —(—) 22/3] 7%+ 288(97 - 110) Bi[—(—) 22/3] 7P+
3 81 22/3 35/6 F14/3 2 2

3— 6 3\ 3 3123
3«/?x/?(81z4-432022+14080)Ai’[-(5) 22/3]+\/732/3 (817" - 43207 + 14080) Bi’[—(a) 22/3]]

Symbolic rational v

03.01.03.0006.01

2 1 r0 1y \lm v (2ipd)iesE
D= ,- — cos(;(v—;]—z] Z : . ; _
T Vz i=0 (21+1)!(—21+|v|—5)!
ri 1y e Eniism-d) L
Sin(—(v——)—z) -|/iv--€eZ
2 2 j=0 (2j)!(—2j+|v|—%)!(22)2‘ 2
03.01.03.0011.01
1 1 5
o) (- 1)5(\v|—5) SOID =3y 1_(_ %)
JV(Z) ==
3T - )

3123 3,23 M5 (|v|—k— g)! 2
el ) 7 ;
| (2) oA (2) é k!(|v|—2k— g)!(g)k(l—wpk

[[()zz]sg<>r[()zz])z ks )

ko k! (lvl —2k- %)' (%)k(l— [VDk
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03.01.03.0012.01

1 2 7
san(v) (— 1z ("75) D 5 r(-2)

3,2 =

3311 -|v))

_(2]2/3 22/3] + su) Bi[—(g)m 22/3]] V'Z‘:g (|v| -k- g)' [i]k .

0 Kkt (- 2k- )1 (g)k (1-

9AR [«/? Ai

[SAi'[—(g)% 22/3] +sgn V3 Bi'[—@)Z/3 22/3]] MZ_’% (M - %)' (f]k /i v - 2 ez

o ki (- 2k- 21 (%)k (1 -

Values at fixed points

03.01.03.0013.01
30 =1

Values at infinities

03.01.03.0038.01
lim J,(x) =0
X—00

03.01.03.0039.01
lim J,(x)=0
X—=—00

03.01.03.0040.01

. 0 A=0VaA=
et o) ={ VA=T im0
s True
03.01.03.0041.01

J,(c0) =0

03.01.03.0042.01
Jy(-0)=0

General characteristics

Domain and analyticity

J,(2) isan analytical function of v and zwhich is defined over C2.
03.01.04.0001.01
vx2)—J,(2:: (CRC)—C
Symmetries and periodicities

Parity

03.01.04.0002.01
J(-2=(-2"2"3,(2
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03.01.04.0003.01
Jn@=-D)"h@/,nez

Mirror symmetry

03.01.04.0004.01
32 =3,2) /; 2¢ (-, 0)

Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed v, the function J,(2) has an essential singularity at z== 0. At the same time, the point z== ¢ is abranch
point for generic v.

03.01.04.0005.01

Sing,(3,(2) == {0, oo}}

With respect to v

For fixed z, the function J,(2) has only one singular point at v = . It isan essential singular point.
03.01.04.0006.01

Sing,(3,(2)) = {co, co}}

Branch points
With respect to z
For fixed noninteger v, the function J,(2) has two branch points: z==0, z== . At the same time, the point z==c isan
essential singularity.

03.01.04.0007.01
BP(2) =10, o} v Z

03.01.04.0008.01
BP(h(@2)={}iveZ

03.01.04.0009.01
R.(3,(2,0)=log/; v ¢ Q

03.01.04.0010.01
‘RZ(JE(Z), 0) =q/;peZ/Nq-1eN" Agced(p, g =1
q
03.01.04.0011.01
RJ,(2), &) ==log/; v & Q
03.01.04.0012.01

‘RZ(JE(Z), o”o) =q/;peZ/Nq-1eN" Agced(p, g =1
q

With respect tov
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For fixed z, the function J,(2) does not have branch paints.

03.01.04.0013.01
BP,(I,(2) = {}

Branch cuts
With respect to z

When v is an integer, J,(2) is an entire function of z. For fixed noninteger v, it has one infinitely long branch cut. For fixed
noninteger v, the function J, (2) is a single-valued function on the z-plane cut along the interval (-0, 0), whereit is
continuous from above.

03.01.04.0014.01
BCAI(2) ={{(=c0, 0), —i}} ;v € Z

03.01.04.0015.01
BCA(D)={}/;veZ
03.01.04.0016.01
lim J,(x+i€)==J,(X) /; XxeRAX<O0
e—>+0
03.01.04.0017.01

lim J,(x—i€) = e 2" J,(X) /; x€RAXx< 0
e>+0

With respect to v
For fixed z, the function J,(2) is an entire function of v and does not have branch cuts.

03.01.04.0018.01
BCy(3,(2) = {}

Series representations

Generalized power series

Expansionsat v == £n

03.01.06.0019.01

_nn-1

b n!,z
3,2 <2 +| =Y+ — (—)
2 2 \2

Z\k
Jk(z)(—) v-n+.../;,(v->nNAneN
o (n=Kk)k! 2

03.01.06.0020.01

nt, zyn®l 1 z\k 1, zyn1 7
JV(Z)oc(—l)an(Z)+[;(—§) é(n—k)k! Jk(z)(g) +;(—5) J.=1171F2[],J+1,n+ 1,—Z]+

=" “l(n—k-1)! ,z\2kn
i) Yn(2) + (-1 ¥(—) V+M+.../,v->-MAneNt
=k 2

Expansions at generic point z== 7,
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For the function itself

03.01.06.0021.01

agzz)| | age
1 [—Z"j [ g(zf]J y Ja@ 2+ h2) (1= Dy-F)
(2 [—] 7 () + (— I(z0) - ‘Jv+1(20)) (z-29)+ (Z=2) +...|/;
A 2 22
(z— 2z
03.01.06.0022.01
J,(2) «
aoeg)| | e
1y v @2+ W) (1= Dv-2) .
[—) 7 J,(z0) + [— 3,(z0) - Jv+1(20)] (z-2) + (z-20)* + O((z- 20)°)
2 A 27

03.01.06.0023.01

[1 V[MJ rg{zzO)J J(O")(zo)

o)== (z- 20

k=0

03.01.06.0024.01

2n

v (1 V[HQ(%)J Vrg(;zo)J
Jy(z)=«/7r(v+1)(z) [Z] M

: v+1 LATE DN DU 3 ;
,—+1 —-(v-k+1), -(v-k+2),v+1, —-—|(z-
> 2( )2 2 (z-2)

o 7
k=0
03.01.06.0025.01

N

o k
Jy(z>=[—] JZ—Z( 1)'( )JZJ i (20) (2= 20)"
2 k=0 ! j=

03.01.06.0026.01

YR

3@ = [—] 7

%

m (1)1 2217 (), iy (V)

Z i (i—j-1! 2%'
_Z - Jv—l(ZO)_
2 Liti-2j-D! i-v+D; M

( pyem( K m ] Vkem
kv

sy (m—i)!

j
(z-2)"

i (i~ )! 2 3
R - 2 v(Zo

20 Jra-2pH=i-v+1); ),

03.01.06.0027.01
L Vr'g(z—%)j vrg(Z'ZO)J
Jv(z)oc[g] T @+ oz- )

Expansions on branch cuts

For the function itself
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03.01.06.0028.01

arg(z—x)

J,,(Z) o eva’[ 7x

J

JV(X) + (K JV(X) - Jv+l(x))
X

03.01.06.0029.01

| argz-x)
2vni {—

J,(2) x e 2n

J

‘JV(X) + [K ‘JV(X) - Jv+l(x))
X

03.01.06.0030.01

32 =22Vr T(v+1) ez”"{TJ xvi2ﬁ3

XeRAXx<0

03.01.06.0031.01

ag(z-x)

2vmi| —— Sk
J, (2 = l 2n — (—1)1(.)3 k(0 @Z=%/;xeRAX<0
e kZ(; Kl ]Z:(; 2 j—k

oo2—k k

]

03.01.06.0032.01

agz-x)

2vm‘[
2n

JV(Z) =e

[$ "

!
koo K!

3200 %+3,00 (v =D v =)

(z—x) +

2x2

319X+ 3,(0) (v = v = %)

Z-x+
2x2
v+l v 1 1
,—+1, -(wv+1-K, -(v+2-K,v+1 ——
2 2 2 2 4

i=0

K m(=1)" 22 () oy V) [ x I
( m) (—Vkem 5 Z

! (i-p!

(m-i)! =

Siri-2)! (-i-v+1);),

03.01.06.0033.01

arg(z—x)

4

3,(2) o = JJV(X)(1+O(2—X)) /i XeRAX<0

Expansionsat z==0

For the function itself

General case

03.01.06.0001.02

Z
3,2 « (—
Tv+1)\2

v[ v z
) 1- +
4v+1) 32(wv+1

03.01.06.0034.01

J,(2) «

- ] /i (z-0)
v+2

Z\v 2 z
F{—
rv+1)\2 4v+1) 32(wv+1

03.01.06.0002.01

) (_ 1)k

Z\2k+v
a=), I(k+v+1k! (E)

k=0

O(ze)]

+
v+2

(z—x)2+...]/; z->XAXeRAX<O

(z—x)2+O((z—x)3)] ;i xeRAX<0

X2 2% (z— x)k
XK k!

(i-j-1!

XY
. . . [_] Jv—l(x)_
Jra-2j-D!(=i-v+Dj»ja \ 4

2
[—) 3,0 (z=xK/;xeRAXx<0
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03.01.06.0035.01

(z)v o (=1)k 2K

(D) = = —_—
P+ D A2/ 535 4 (v + D k!
03.01.06.0036.01

1 zyv 2

(2 = (—) oF|;v+ 1L ——

rv+1\2 4

03.01.06.0003.01
J il F 1 z
y(z)==(—) S T
2) o1 4
03.01.06.0004.02

(g)v +0(2*3) [, -v & N*

J,(2) «

rv+1)

03.01.06.0037.01

n (_1)k z 2k _1n2—2n—v—2 Z2n+v+2 22
H@ =Fu@ V) [ [|Fnz v ==Z¢==JV(Z)+( ) 1F2 l;n+2,n+v+2;——] /\neN
o F(k+v+1)k! I'm+v+2)(n+1)! 4

Summed form of the truncated series expansion.

Special cases

03.01.06.0038.01

1 Z\ Z bad
J,(2) o< (——) 1- + +...0/;Zz->0A-veN"
ra-v»y\ 2 4(1-v) 3R2A-v)(2-v)

03.01.06.0039.01

1 Z\-v 72 z
3@« (- —) 1- ¥ +O[@) |/ z> O A-veNt
ra-»y\ 2 41-v) 3R2A-v)(2-v)

03.01.06.0040.01
o (-1 Z\2k-v
3@ =1y ———— (—) Ji—veN*
SiTk—v+ 1kt \2

03.01.06.0041.01

Jy(z) — (_ 1)%(|V|—V) i L (E)Z k+|v‘ /’ M= Z
o Tk+ v+ Dk! 2

03.01.06.0042.01

—y

z (D2
() S e
2/ 4 A-vk!

JV(Z) ==

ra-v

03.01.06.0043.01

J ! = P z N
W(2) = -= -vi-—|/i-
@ m_y)( 2) oFi|: 1=vi-— | -ve
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03.01.06.0044.01

(@)= (‘g)_v 0'31[; 1-v —;] /i —veN*

03.01.06.0005.02

1 —-v
32 (— E) +0(Z7) /; -veN*
ra-»n\ 2

Generic formulas for main term

03.01.06.0045.01

F(J.l—v) (g)—v -veN’
1
To+1) (g)y True

J,(2) «

For small integer powers of the function

For the second power

03.01.06.0046.01

2°2v 2 [ 2 B+2v7 ]

J,(2)? 1- + +...|/i@z-0
(v +1)? 2+2v  16(1+v)2(2+v)
03.01.06.0047.01
272v 2v 2 3+2n 72

32 « [1 - LG + 0(25)]

(v + 1) 2+2v  16(1+v)?(2+v)

03.01.06.0048.01
Lk (y s 1) g2k
2w CDr+3) 2

(2% =
22y I'iv+ 1)2 k=0 v+ 1)k (2V + l)k k!
03.01.06.0049.01
Pt 1
322 =— 1F2(v+ —v+1 2v+1; —22)
22V (v + 1)? 2
03.01.06.0050.01
sscrn)Vr 27 1
J(2P=———— 1F2(v +—v+1,2v+1; —22)
I“(E - v) 2
2
03.01.06.0051.01
—2v
3,2 (1+0(2)

T(v+1)7?
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03.01.06.0052.01

2 a DKy 3) 2

3,(2? = Fu(@v) /;||Fn(z v) =

22" T(v +1)? icp v + D v + L k!

)" 2224y + 2
3%+ ( 2)

Vi Tn+v+2)T(+2v+2)(n+1)!

3
2F3(1, n+v+£;n+2, N+v+2,N+2v+2 —22) /\neN

Summed form of the truncated series expansion.

Asymptotic series expansions

Expansionsinside Stokes sectors

Expansions containing z - oo

In exponential form ||| In exponential form

03.01.06.0053.01

: 2
12 ciletevs(,, FI747) 9-d0rt6t
Vorz 8z 1287
1 i(1-4v?) 9-40+2+16v*
/3@l ( ) - +...||/;larg@| < 7 A (|12 = o)
8z 128 7
03.01.06.0054.01
1 1
v+ 5V .
3@ e —— |l EM(L)ZC{ HF
V2rz k=0 k! 2z A
1 1
(1 n (V+z) (z‘v) i\
ei(5 @03 Z#(-—) o[—] J; larg@| <7 A (12l - o)
p k! 2z
03.01.06.0055.01
Rv+Dnr 11 i v+ 11 i
J,(2 « (exp(i(i —z]) ZFO(V+ - ==V —)+exp(—i(7 - z)) zFo[v+ - ==V, ——)) /i
4 22 2z 4 22 2z

V2rz
larg(@)| <7 A (12 = o)

03.01.06.0056.01

1 Rv+Dn 1
J,(2) « (exp(—u’ (7 - z)) (1 + O(—

V2nz 4

In trigonometric form ||| In trigonometric form

4

J)+ exp[i(@ ~2))(2 0[;))) J; 1@ <7 A (14 - o0)
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03.01.06.0057.01

V2 [ 12v+1)
J,(2) « cos(z— )

nZz 4
[ 9-40v2+16v* 11025- 516642 + 31584 v* — 537615 + 25618 ] 1-4y2 ( 77(2v+l))
- + + ... |+ SN z-
128 72 98304 2 8z 4
225-136v2 +16v* 893025 — 656 784 v2 + 137824 v* — 10496 v® + 25618
1- + +...[[/;lag@ <7 A (12 - o)
3847 4915207

03.01.06.0058.01

12e V2 ws(z_n(zwl)) Zn:(%(1—2v))k(§(3—2v))k(§(zv+1))k(§(2y+3))k[ 1]k O[ . ]

nz 4 k=0 (%)kk! Z 22
1-av ( reveiy[a (3@-29) (36-29) (F@v+3) (F@v+5) g 1
Canfz- T : [——] +o[ n+2] I larg(
pary (5)kk! z Z
2| < A(l2 - o)
03.01.06.0059.01
Zeizrv 1
(2D o« —— cos(—n(2v+1)+z]
Vor V-z 4
0 (3a-27) (36-2v) (@r+D) (F@v+3) 1 1 1-42 (1
Z (——) O( ] + sn(—n(2v+1)+z)
pary (%)k k! 2 22 8z 4
. (%(3—2v))k(%(5—2V))k(%(2v+3))k(%(2v+5))k 1K 1 |
Z (——) +o( ] /;0<ag®@ <n Az > o)
k=0 (g)kk! z zZm?

03.01.06.0060.01
V2 12v+1) 1-2yv 3-2v 2v+1 2v+3 1 1
CO{Z— )4':1 ; ) +

4 ' 4 4 4 2 2

J,(2) «
nz

- ;= —;]] L lag@ <m A2 - o)

1-4y2 7v+1) 3-2y 5-2y 2y+3 2v+5 3 1
fe SR 32 52 2002 2
4 4 4 4 2

03.01.06.0061.01

V2 T2v+1) 1)) 1-4»2 T2v+1) 1
cos(z— 2 )(1+O(;]]+ sm(z— )(1+O(;]) /i larg@| <7 A (12 - o0)

1z 8z 4

J,(2) «

Expansions containing z - —oo

In exponentia form ||| In exponential form
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15

03.01.06.0062.01

9-40v2 + 164
+. 0+

+ ]] ;0<ag@ <a/A(Z - o)

v . 2
3(2) (-1 en‘(z+‘l—1(2v+1)n) 1- 1(1—41/ ) _
Vornz 8z 128 7
—i(z+1(2v+1)n) i(l—4v2) 9_40V2+16V4
e 4 1+ -
8z 128 72
03.01.06.0063.01
1\ (1
v+z| [z=-v .
3@« | gl ZL g i]k+o[ !
V-2nz k=0 k! 2z
1
+Z) 2=V
e—i(%(2v+l)n+z) 4 ( 2)k(2 )k (_)k+0( 1
e k! 2z i
03.01.06.0064.01
(-1
J,(2) «
V-2nz

O<ag@ <nA(Z - )

03.01.06.0065.01
(-1
J,(2) «

V-2nz

In trigonometric form ||| In trigonometric form

03.01.06.0066.01

@v+ D 11 i @v+ 1 11 i
(oo (el 5 el (T g 5 )

oo 2ol 2252 oo

V2 (-1 T@2v+1) 9-40v2+16v* 11025- 516642 + 31584v* — 537615 + 2568
J(2) « ——— cos(z+ ) 1- + +... ]+
Vrz 4 128 2 983047

22513612 + 16v*

1-4v2 T2v+1)
sm(z+ ) 1
8z 4

893025 - 656 784 v? + 137824 v* — 10496 ° + 25618

+
38427

4915207

03.01.06.0067.01

V2 (-1 T2v+1)
J,(2) « ——— cos(z+ )

—-nZ 4

)

(% (1- 2v))k(}1 (3- 2V))k(% Qv+ 1))k(% (2v+3))k

+ )] /;0<ag@ <aA(2 - )

k=0 (%)k k!

0 (;@-2) (6-2v) (@v+3) (@v+5)

1\ 1 1-4v? T2v+1)
(——) +O( ] + sm[z+ 2 )

k=0 (g)k k!

0<ag@=<=nrA(Z - o)
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03.01.06.0068.01
V2 (-1 T2v+1) 1-2v 3-2v 2y+1 2v+3 1 1
YT (e T2 ) )

J3,(2) , , , T
4 444 2 2

—-nZ

1-4y? ) n(2v+1) 3-2y 5-2y 2v+3 2v+5 3 1
sm(z+ )4 1 , , , s === ||/ 0<ag@ =7 A2 - )
8z 4 4 4 4 2 2
03.01.06.0069.01

V2 (-1 T2v+1) 1) 1-4v Tv+1) 1
J(2) « —— cos(z+ 2 )[1+O[;]]+ sm(z+ 4 ][1+ O[;]] ;0<ag@ <n/A(Z - o)

_nz 8z

Expansionsfor any zin exponential form

Using exponential function with branch cut-containing arguments

03.01.06.0006.01

1 _am| RPN i(1-=4+? 9-40v2+16v*
J,(2) « ZV(ZZ) e (\/; i 1)) 1+ ( )_ vy + .0+
V2r 8\/; 128 72
(N2 -Levwmvn i(1-4v?) 9-40+v2+16v*
AVE e l))[l— ( ) i +...]]/;(|Z|—>oo)
8\/; 128 7
03.01.06.0070.01
GG Y
Lo v+1) - 0 1
J,(2 « z (22) 2@ e( @ \/;) Z 212 K ! +O( ] +
2n k=0 k' 2 22 Zn+l
(v+ 1) (l—v) Y
*E‘l v+1) m— 0 1
e ez > LRSS R +o[—) /; (121 > )
k! +1
k=0 2\ 2
03.01.06.0007.01
1 2v+1 2 1 ;
J3,(2) Z(A) ¢ exp[ (( vrhr \/7)) Fo v+— ——v ! +
V2 22 2\/;

/; (12 - o0)

v+ 11 i
e E B
exp( L( 2 2 0[V+2 2 v

2yZ

03.01.06.0008.01

e e o 22 ol o252 ol

V2r 4

Using exponential function with branch cut-free arguments
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J,(2) «

J,(2)

J,(2) «

03.01.06.0071.01

1
V12722 i(-1+4v?) 9-40v2+16v*
1+ - +.. |+

NETS 8z 1287
(V-2 _ i(-1+4v%) 9-40+2+16v*
et cos(nv)—sin(zv)||1- -
2 8z 1287

03.01.06.0072.01

T Teeoiz| [a (V+E)k(§‘v)k i\ 1
&7 27(——) +O( ] +
Vor ko k!

+ ] /(12 = o0)

[ n +35) 3~ 1
emi? -z cos(mv) — sin(zr v) Z m [i)k + O(i] /3 (124 = o0)
2 zn+1

k=0

03.01.06.0073.01

1
V-1io(-2"22

' ,F (v+—,——v;;——
7022 2z

Var

(12 = 00) /; (12 - o0)

J,(2) «

J,(2) «

03.01.06.0074.01

V-1 (—z)‘”‘§ | 1 V-2
e”(l+0(—))+e‘”
V2r

03.01.06.0075.01

g —1 ¥ e iZ (_1)3/4 Y et ziny

z

ag(2) <0
\ 27 \E V2 \/;
/5 (14 = o)
-1 —iz _1\3/4 v izviny
iV e (-1 e True

NPT Var vz

Expansionsfor any zin trigonometric form

11 i |V -2 costzv)
)+e“z _
zZ

- S.n(ﬂ' V) ZFO(

4

Using trigonometric functions with branch cut-containing arguments

i
V=, ==V —
2 2 2z

1
cos(r v) — sin(mv) (1+O( )) /3 (12 - o)

)|
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03.01.06.0009.01

\/7 72v+1
@ —2 () 4

T

+

12v+1) 9-40v2+16v* 11025-51664v2 + 31584 v* — 53761 + 2568
cos{\/z2 - ) 1- +.. ]+
128 22 0983047

1-4y?2 sin(\/;— 7r(2v+l))
N 4

225-136v2 +16v* 893025 - 656784 v? + 137824 v* — 1049615 + 25618
1- +...1|/; (|12 = o)

+
3847 4915207

03.01.06.0076.01
VZ 2 () e
Vo

J,(2) «

cos(\/?—ﬂ(2:+l)) Zn](%(l—Zv))k(%B—Zv))k(%(2v+1))k(%(2v+3))k( 1)k+0( ) ] +1_4V2

k=0 (%)k k!

r@v+n [ ( (3—2v))k(%(5—2v))k(%(2v+3))k(%(2v+5))k 1 1
(\/7 ) é (g)kk! [ ] +O[

03.01.06.0010.01
2v+1

\/_zv TQ2v+1) 1-2y 3-2y 2y+1 2v+3 1 1
I , | , oo
(@ e {\/7 ) ( 4 4 4 4 2 22]+
1-4y? n(2v+1) 3-2v 5-2v 2v+3 2v+5 3 1
s'n(\/?_ - )4F1[ = ;;—;)]/:qzmoo)
8y 2
03.01.06.0011.01
. 2v+1 1 2v+1
J(Z)oc—z 4 cos(\/ mevy ))[ O[—]] [ ﬂ( ' )](1+O( ]) /(127 = o0)
T 8\/_ 2

Using trigonometric functions with branch cut-free arguments
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03.01.06.0077.01

s

J,(2) «

Vz

V2n z

n(2v+1) e i\/—zz 1(2v+1)
cos(z— )+ 1+ cos(z+ )
4 vz 4

(1 16v*—40v2+9 25618 - 5376v° + 31584 v* — 516642 + 11025 )
- +.. [+

z

+
1287 983047

W=

z

z

72v+1) ey iy -2 Tv+1)
sin(z— )+ 1+ sin(z+ ]
4 =z 4

(1 16v* —136v% + 225 25618 — 104965 + 137824 v* — 656784 v + 893025

1-4v2 | 1
8zvV2or |Vz
+

+ ] /(12 = )
3847 4915207
03.01.06.0078.01

1 1 i\ -7
J,(2) « [ [l+ !

Ver |V-z

4

. 7(2v+1) 1 n'\j—zz n(2v+1)
e””cos(z+ 2 ]+ 1- cos(z— )

0 (%(1—2v))k(§(3—2v))k(%(2v+1))k(§ (2y+3))k

[_i
k=0 (%)k k! Z

1—4v2[ 1 [ u‘\/—zz]_ 7(2v+1) 1 [ m/—z2 72v+1)
1+ e“”sin(z+ )+ 1- sin(z— )

82var (V2 z 2 g

0 (3@-2) (6-2v) (;@v+3) (3@v+5) 1 1
(——] +O[ ] [; (12 = o0)
=) (3) K 2 22

03.01.06.0012.01

1 1 i\ -2
J,(2) « [ [1+ !

} 7@2v+1) 1 iy -2 T2v+1)
e““cos(z+ )+— 1- cos(z— )
Var (V=2 2 4 )z z 4
1-2v 3-2v 2v+1 2v+3 1 1
41 ) ) ) i — |+
[ 4 4 4 4 2 22]

+—|1

Vz

8zV2r |V-z

3-2y 5-2v 2v+3 2v+5 3 1
4F1 , , , s === /1 (2 > )
4 4 4 4 20 2

1—4v2[ 1 [1 iy -2
+

o 72v+1) 1[ iy -2
@””sm(z+ 2 ) -

z

] ( 7T(2V+l))]
sin|z-
4
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03.01.06.0013.01

1 1 iy-2 | T2v+1) 1 iy -2 7@2v+1)

J,(2) o< 1+ e””cos(z+ ) —|1- cos(z— ) [1+O[
Vor |V=z z 4 vz z 4 b
1-4y2 1 iv-2 | 72v+1) 1 iy -2 12v+1)

1+ e””sin(z+ )+ —|1- sjn(z— )
8zvV2rm (V-2 z 4 NEa z 4
1
1+ O(—]] /(12 = o0)
2
03.01.06.0079.01
% cos(z— ”—(Zfl)) ag2 =0
3(2) o /3 (12 - o)
wmz cos(z+ ”(zfl)) True

Residue representations

(e
3@ =n2"7 iy
@2 j:zore% r(s+ %)F(1+v—s)l"(%—s) e

03.01.06.0014.01

03.01.06.0015.01
sz S fen )| 1-2)
’ r(1+ g -9 2 2

j=0

03.01.06.0016.01

J@=n7 (—22)72 iress ) r(s+ K) (-j - K)

=0 l"(E +s) r(1+

03.01.06.0017.01
( Z\—2S

> 5 v v

J,(2) = Zreg 27VF(5+ —) (—j - —)
j=0 F(l + >~ S) 2 2
03.01.06.0018.01

Y=z 2" r( V) ( i V)
L2 =12 (iZ ress s+ —|l[=i=-2
i—0 F(%+s)l‘(1+%—s)l‘(l_—v—) 2 72

Integral representations

On the real axis

Of thedirect function
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03.01.07.0001.01

21 1 1 1
J,(2) = —) zvf (1-t%) 2 coszt)dt /; Re(v) > -
0

\/;F(v+%

03.01.07.0002.01

1 zv 3 1

1= —— | f ? costzsin(t) cos?” (1) dt /; Re(v) > — =

F(v + %) \/7 2 2 2
03.01.07.0003.01

1 Z\v (7 1

(2= ——— (—) f cos(zcos(t))sinzv(t)clt /i Re(v) > ——

2 0 2

F(v+ %)\/7

03.01.07.0004.01
sin(rv)

1 T b .

3,2 =— f cos(zsin(t) —tv) dt — f e 7280 gt /1 arg(2) <
T JO V4 0

03.01.07.0005.01

L
In(2) == —f €290 cognt) dt /; n e N*
w 0

03.01.07.0006.02

1 pr
Jn(2 = —f costn—zsint))dt/;neZ
mJo

Contour integral representations

03.01.07.0007.01

1 Z\V +i 0o t—é
J,(2) = — (_) f e “t7rdt/;y>0ARe») >0
i \2 y—i oo

03.01.07.0008.01
3 ReW)

1 vy+i 0o I'(s) X\V-258
Jy(x)::—f 7(—) cﬂs/;x>0/\0<y<—+
27i Jy-ico T'(1+v -9 \2 4 2

03.01.07.0009.01

3,2 = ) fzr(z(j;_)s) [é]s ds

03.01.07.0010.01

7 (_22),2 [ 22]s
3,(2) = - f -— ds
2i LF(S+%)F(1+%—S)F(1_—V—S) 4
03.01.07.0011.01
1 [(s+3) ,zy-2s
PRI ik L
2ridzr F(l + 5= s) 2

03.01.07.0012.01

722" iz) %
3@=—— f (—] ds
2ni LF(S+ %)F(1+1—s)l"(ﬂ—5) 2
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Integral representations of negative integer order

For spherical Bessel functions
03.01.07.0013.01
|
H "2 jo(2)

1
Y At LLLWAVICEN % 3@ Neo=0/\er2 =~ )\

k=0

\n -~

=D"@n-1l /\ [ (M=-DCeip2 (2n-1)Cpn1
e Ck,n == —

/;nzl/\ksn]/\(ck,n==0/;k>n)
n

n!

Limit representations

03.01.09.0001.01
z

J,(2) = lim Y P;V(cos{—))
A—>00 l

03.01.09.0002.01

12\ z
3,2 = lim — (—J Pﬂ'b)(cos(—))
n-eo n” \ z n

03.01.09.0003.01

J,(2) = (E)V lim i L,ﬁ[i]

2/ noeo Y 4n
03.01.09.0004.01
z ) zZ
J, (2= — lim Fy|a; v+ 1, ——
2'T(v + 1) a»e da

Generating functions

03.01.11.0001.01

Z t* 3 (2) = e2 -3)
k=—co

03.01.11.0002.01

o0
Z 3@ Ka = £iZsN@

k=—00

P. Abbott

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

03.01.13.0001.01
W (@ Z+W (@ z+(Z - v )WD) =0/, W2) = ¢; J,(D) + ¢, V(D)
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03.01.13.0002.01
2
Wz(J3,(2), Y,(2) = —
nz
03.01.13.0003.01
W@Z+W(@z+(Z -V )WD) =0/, W2 =¢; 1D+ I, Av¢Z

03.01.13.0004.01
2sin(rv)

WZ(JV(Z): J—V(Z)) =
nz

03.01.13.0005.01

2va e 2vVa w2
W (@+aw2 =0/ w2=Vz 1 zZ2 [+ Y Z2

n+2 mz|l N+2

n+2

03.01.13.0006.01

WZ[\/?JL[Z\/E 222] «/?YL[Z\/E 222]] - n+2

n+2 n+2

n+2 n+2

03.01.13.0007.01

2va 2vVa o 1
V\/’(z)+az”w(z)::0/;w(z)::\/?(cl\]1[ 2222]+ cJ 1[ zzz]]/\—e,t_z

03.01.13.0008.01

ml[ﬁ}m_i[mﬂ]z_“”s-n( ")

W,

n+2

ni2

03.01.13.0009.01

W (2 + (mz - ; (vz - %)] W2 =0/ W2=¢Vz Jv(\/? z) +cVz Yv(\/? z)

03.01.13.0010.01
o o -

03.01.13.0011.01

W’ (2 + (mz - ; (VZ _ %)] W2 =0/ W2=cVz JV(\/E z) +cVz J_V(\/? z) /\ veZ

03.01.13.0012.01

Wz(x/? J(\/ﬁ z), vz J_V[\/E Z)) _2sn@y)

T

03.01.13.0013.01

W’(Z)+(ﬁ— VZ_l)W(Z) =0/, WD = cl\/?Jy(\/F \/?)+ Cz\/?Yv(\/F«/?)
4z 47

03.01.13.0014.01
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03.01.13.0015.01

W'<z)+(ﬁ— Vz;zl)w(z) =0/, W@ = clx/?Jy[\/? x/?)+c2x/?lv(\/¥«/?)/\vez
4

4z

03.01.13.0016.01

WZ(\/? J(\/ﬁ ﬁ) vz J_v( \/ﬁ \ED ::_sin(nv)

T

03.01.13.0017.01

2v-1
w’(2) - —v W (2) + MW(2) =0/; W2 = ¢, 2’ J,(m2) + ¢, 2’ Y,(M2)
z

03.01.13.0018.01

2
Wy(Z' 3,(M2), 2’ Y,(Mm2) = — 22"
T

03.01.13.0019.01

2v-1
w’'(2) — —V W(2) + MW@ =0/ W) == 2 J(Mma+cZ2 I, (maoAveZ
z

03.01.13.0020.01
2
Wy(2' J,(m2), 2’ J_,(M2)) = — — 2" L sin(zv)
Ve
03.01.13.0023.01
ZW @ +1-2pzW@+ (M E 29+ p* -V F)W2) =0/, WD) = ¢, 2* J,(mP) +c, 2* I, (M) Av ¢ Z
03.01.13.0024.01
2
WZ(Jv(m@Z)x Yv(mez)) = -
/e
03.01.13.0025.01
W () + (P €?Z = v?)W(2) = 0 /; W(2) = ¢; J,(Me?) + C; Y, (Me?)
03.01.13.0026.01

2
Wy(J,(me?), J_,(me?)) = — — sin(z )
T

03.01.13.0027.01
93,2 Y(2)

(Z-V)2W (@) +(Z-3V)zw (D + ((z2 - v2)2 -A- v2) W(2) =0/; W2 == ¢; p +Cp p
z z
03.01.13.0028.01
23,20 Y, (2 1
Wz( B ] =—@-71v31@ Y1 +7v 12 Y,41(2)
0z 0z 2nz
03.01.13.0029.01
mt
wh(2) - = W@ =0/, W2 =¢; z(l2(2 m\/?) -3(2 m\/?)) +
m* 22 m* 22
c z(|2(2m\/?) + Jz(zm«/?)) +C3 eg;g[ " ‘ 0,13, g] +Cy Géﬁ[ " 230 1]

03.01.13.0034.01
g’@ dJ©

g@ 9@

V2
w’(2) —( )W 2 - [— - 1] g@2°W2 =0/; W@ = ¢, 3,(9(2) +¢; Y,(9(2)

9(2?
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03.01.13.0035.01
29'(2

Wx(3,(9(2)), Yv(9(2) =
192

03.01.13.0036.01

(2 2NW(zZ (2 2 N2g@ h@h@-2r2° W29’z
Wz g()+ ()+9())WZ_[[V ],22+ ()g()+ (20" (2) 2 29"

1 - W@ =0/
92 h@ dJd@ g(2)? g@h@ h(2)? h@ g2
W2 = ¢; h(2) J,(9(2) + ¢2 h(2) Y,(9(2)
03.01.13.0037.01
2h2° g2
792

W;(h(2) 3,(9(2), h(2) Y,(9 (2)) =
03.01.13.0021.01
ZW@+1-29zW @+ (@ r*Z -V r*+)w@ =0/, W2 = ¢, 2J,(aZ) +, Y, (az)

03.01.13.0022.01

2r2s1

T

W,(ZJ,(aZ), 2Y,(aZ)) =

03.01.13.0038.01

W (2) - 210g(9) W (2) + (a2 r2% = v?) log?(r) + Iogz(s)) W(2) =0/; W2 = ¢c; & J,(ard + ¢, Y, (ar?
03.01.13.0039.01

2s?Zlog(r)

Wy(s?J,(ar?), Y, (ar?) ==
T

Involving related functions

03.01.13.0030.01

[ﬁ[Z%)]W(Z)—Z(ﬂZ+v2)[]£[[2£)]wa)+(vz— 2 W(2)+422[[]£|[ )]W(Z)+ZW(Z)+32W(Z)] 0/;

k=1 k=1 k=1
W(2) = ¢ J(2 (D + 3, (2D Y. (2 +C3 (D Y, (D +Ca Yu(2) Yy (2)

03.01.13.0031.01

[ﬁ[ )]W(Z) (u +V2)[ﬁ[zi)]W(Z)+(v2— 2 w(z)+422[[ﬁ[ ]]W(Z)+2W(z)+32v\/(z)]—— /:

k=1 kel dz k=1

W) == € Ju(2) (D + C2 J_4(D (D + 3 Ju(2) (D + G4 J_(2) I(D)

03.01.13.0032.01

3 d
[H [z d—)] W2) +4(Z-V?)ZW (@) + 42 WD) =0 /; W(2) = 1 J,(2? + ¢, Y,(2) J,(D) + C3 V,(2)?
k=1\ 0Z

03.01.13.0033.01
2wWI@2+ (42 -4V +1)zW (@) + (4v* - Y)W(2) = 0/; W(2) == €1 23,(2* + C2Z2Y,(D) J,(D + C32Y, (2

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
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03.01.16.0001.01
I(-2=(-2"2"3,(2

03.01.16.0002.01
7 v

) (@2
Jv([ )= —— lv(z)
pad

03.01.16.0003.01
(-izy
J(—i2) =

1, (2

03.01.16.0004.01
Jy(\/? ) =7 (2)" 3@

03.01.16.0005.01

o cd)my
JcdZH = —J,(cd™Z™) /;2me Z
(cdmzmny

Addition formulas

03.01.16.0006.01

had Z
Wa-2)= ) Jl@) K@)/ ‘2—2
1

k=—c0

< l\/ vel
03.01.16.0007.01

<1\/veZ

> Z
Ya+z) = ), Iz W)/ ‘2—2
1

k=—o00

Multiple arguments
03.01.16.0008.01
00 (_l)k

k!

I(72)=2
k=0

@1 st (2)

03.01.16.0009.01

> 1 K Zo\k
Yazn=7") —(F-1) Jz|
2 2]

Identities

Recurrence identities

Consecutive neighbors

03.01.17.0001.01

2v+1)
3, (2 = 3412 = 3,122

03.01.17.0002.01
2(v-1)

‘]V(Z) == ‘]v—l(z) - JV—Z(Z)
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Distant neighbors

Increasing

03.01.17.0003.01
3]
J@=2"17"v+ 1,1 |2(n+V)
"t kg‘|<!(n—2|<)!(—n—v)k(v+1)k

(n-K)! 2\
4

_) Jn+v(z) -

n-1
12 (n—-k-1)!

2),

S KI(n-2k-D! (1-v-n) (v + 1),

k
(_] Iivs1@|/ineN
4

03.01.17.0015.01

1-n n
J@=2"17"v+ 1, [2 (n+v) 3F4(1, - E; 1,-n -n-v,v+1; —22] Jnin(2) —

1-n n
23F4(1, - 1- E; 1,1-n-n—v+1 v+1; —zz)Jn+V+1(z)) /ineN

03.01.17.0007.01
(Ao+D(+2-2) 2@ -22(r+1) 3,152

zZ

3(2 =

03.01.17.0008.01
Av+20+D(+3-2) 3@ +2(Z-40+ D) (v +2) 14

ra

JV(Z) =

03.01.17.0009.01

1
J,(2) = ” (Z-120+20(v+3)Z+16(v+ D (v +2) (v + ) (v + D) 14D +42(v + ) (Z - 2(v + 1) (v + 3)) J,:5(2)

03.01.17.0010.01

1
J,(2) == ;(2(v+3)(324—16(v+2)(v+4)22+16(v+ Dr+2(v+4 (v +5) 52 -

2(Z-120+Q(v+3Z+16(+ D) (v+2) (v +3) (v + 4) J,.6(2)

03.01.17.0016.01
3,(2) = Cn(v, 2 Jy4n(2 — Cn1(v, 2 ‘]v+n+l(z) /;

2(v+1) 2(n+v)
/\ Cn(V, Z) ==

Cov,2=1/\Cr(v, 2 = Cra(r, D= Caa(v, 2 [\neN

z

03.01.17.0017.01

1-n n
3,2 = Cn(v, 2 Jyin(@ = Cno1(V, 2 Jysns1(D /; Crn(v, 2 == 2"Z " (v + 1), ZFS(T' - 5; v+1,-n -n-v; —22) /\ neN*

Decreasing
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03.01.17.0004.01

n-1
) Iz (n—k-1)! 2\
3@ =" -2 A=), ZZ —| 3 @+
Hkin-2k-1!L-v) v -n+1), | 4
B (n-k! 2\
2(n—v) —| J-n@]|/ineN
i (n-2K! L- v (v - | 4

03.01.17.0018.01
1-n n
J@=2" 2" 1-vy (2 (n-v) 3F4(1, T E; 1,-n1-v,v—n; —22] Jn(2 +

1-n n
23F4(1, - 1- E; 1,1-n1-v,-n+v+1; —zz)Jv_n_l(z)] /ineN

03.01.17.0011.01
2z20v-13, 30 +(Z-40-2)(v-1)J, 2

zZ

3(2 =~

03.01.17.0012.01
2(Z-40-2(v-1)3,4@-4(Z-200-3)(v-1)) (V-2 J, 3

ra

3 (2 =

03.01.17.0013.01

1
3@ = ” (4z2(Z-200-3)(v-1)(v-2) 3, 5@ +(Z-12(v-3) (v=2Z +16 (v - (v=3) (v = 2) (v = 1)) J,_4(2))

03.01.17.0014.01

1
3@ = —;(2(24—12(1/—3) (v=-2Z+16(r-H(-3)(v-2)(v-1))J,6(2) -

2372 -16(r-H(v-2Z2+16(v-5(-DH (-2 (v-1D)(v-3)J,52)

03.01.17.0019.01
32 =Cn(v, 2 Jy-n(2) = Cr-1(v, D Jyn1 (@) /;

2(v

-1
Cov,2=1\Crv, 2= —= \ v, =

z

2(-n+v)
—————C1(, 9~ Cnov, 2 [\nEN'
z

03.01.17.0020.01

1-n n
3,(2) = Cn(v, 2 Jy-n(2 = Cne1(V, 2 i1 /; Ca(v, 2 = (=2" 2" (1 - v), ZFB(T' - 5; 1-v,-n,v—n; —22] /\ neN*

Functional identities

Relations between contiguous functions

03.01.17.0005.01
z (‘]v—l(z) + ‘]v+1(z))

‘]V ==
@ 2v

Relations of special kind

03.01.17.0006.01

2sin(v )
3,212 35D + 4, (2 () ==

nz
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Differentiation

Low-order differentiation

With respect tov

03.01.20.0001.01

Z 0 -1 k Z\2k+v
Iz = 3,2 Iog(—) - Z _ Yk+v+1) (—)
2/ 1\ KIT(k+v+1) 2

03.01.20.0002.01

100() - _ (ZHZ g ELIEV 2 Z) o oga - loge 1
0= (5] R S s ae g g | @000 100D —u+ 1)
03.01.20.0003.02
n! zynt 1 Z\k 7
JH0@) = —| = WD |=] +=Ya@/;neN
L@ =—(;) 2o Tow (@ () + 5@ fine

03.01.20.0018.01

k=0

1( Z)nil 2 D"n S (-k-1! 2k-n

e — Bl i+L,n+1 —— |+ Ya(2 + (=" 7(—) /ineN

o) 45 4" 2" Y
03.01.20.0019.01

1@ ==

2

2(22)%4] [%J k 52k n k ! k 3 k ! i ] i 2K
Z(—l) 2 (2k+1](2n—2 —1).(003(2)(¢( +5)—¢( —n+E))—cos(z)Cl(Zz)—S|n(z)S|(22)) -

n! \/7 k=0
1 E
2(22) 2 2

1 1
Z( 1)k22k( )(Zn 2k)'((¢//[k+5)—w(k—n+E))sin(z)+cos(z)$i(22)—Ci(22)sin(z))22k/;neN
T

Brychkov Yu.A. (2005)

03.01.20.0020.01
1

399 (7)== -D"2(22 2

2 nvVr
2 1 1 _1 222"
Z(—l)k 22k( : )(2n—2k)! (cos(z) (¢[k+ —)—lp(k— n+ —)) +cos(2) Ci(22) +sin(z)Si(22))22"+ Ch2eEar
0 2k 2 2 nvVr

1 3 1
Z(—l)kzzk( n )(2n—2k—1)!((w(k+—)—z/t[k—n+—))sin(z)+Ci(22)sin(z)—cos(z)Si(Zz))sz/;neN
2k+1 2 2

k=0

Brychkov Yu.A. (2005)
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With respect to z

03.01.20.0004.01
0J,(2

4
=J,102--3(2
z

03.01.20.0005.01
0J,(2

0z

v
= - ‘JV(Z) - ‘Jv+1(z)
z

03.01.20.0006.01
0J,(2

0z

1
== 5 (3y-1(2 = J,41(2)

03.01.20.0007.01
030(2

=-5(2
0z

03.01.20.0008.01

a(Z' J,(2)
— =731
0z

03.01.20.0009.01
(" 3,(2)

0z

=-2"3,1(2

03.01.20.0010.01
823,(2)

7

1
== Z (Jv,z(z) - 2\]V(Z) + ‘]V+2(Z))

Symbolic differentiation

With respect to v
03.01.20.0011.02

© (—1)k ,z\2k M 1 v
roe=2 =6 e e )i

With respect to z

03.01.20.0012.01

n-v-1
Jf,o’”)(O):O/;neN*/\(veZ/\|vl>n\/ . EN)

03.01.20.0013.01
(—1)%2‘”n! n-v
IO () = inenN* [\
F(%(n—v+2))r(%(n+v+2)) 2

ez \m=n



http: //functions.wolfram.com

31

03.01.20.0021.01

"D m (=)< 22K M (), g (D

—nz( 1)”””( )( V)an (m-Kk!

zkt k-j-1! 2\ k- j)! z J
D : —| 3@~ Z 3@|/ineN
21 k-2] - D1 A-Kk=-v); sy | 4 2itk-2)1A-k=v); )

03.01.20.0014.02

"J,(2) v+1 v+2 1 1 b
=2"2"\71 27"T(v+1),F5 C—(=N+v+1), —(=n+v+2),v+1l ——|/ineN
0z" 2 2 2 2 4
03.01.20.0015.02
0"J,(2)

—2 Z( V(1) ecnnt@ finen

Fractional integro-differentiation

With respect to z

03.01.20.0016.01

33,2 v+1 v+2 1 1 2
=22 \[1 27°T(v + 1) ,E4 C—(—a+v+l), —(—a+v+2), v+l —— |/ -veNt
oz 2 2 2 4
03.01.20.0017.01
0% J_n(2) n+l n+2 1 1 Z
()" 2220 2T (N4 1) ,F ——, —— U L A fineNt
oz 2 2 4
Integration

Indefinite integration

Involving only one direct function

03.01.21.0001.01
v 1y _(v 1 y 3 1
fJV(az)dz: 2 1lz(az)’ F(E+ E)le(—+ —v+l, -4 - ——a 22)

03.01.21.0002.01

v 1y _ (v 1 v 3 Z2
fJV(z)dz::Z‘V‘le+1l"(—+—)1F2 v+l - ——
2 2 2 2

03.01.21.0003.01
1
fJo(Z) dz= > Z(r J1(2) Ho(2) + Jo(2) (2 - H1(2)))

03.01.21.0004.01

le(z)dz: -Jo(2
Involving onedirect function and elementary functions

Involving power function
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Involving power

Linear arguments

03.01.21.0005.01

a+vy _ (a+V 1 1
fz“‘lJV(az)cJZZ:2‘V‘1z“(az)VF( 5 )1F2( . ;v+1,5(a+v+2);—za222)

03.01.21.0006.01

a vy _[(a v a v z
fz“‘l.]v(z)dz: vl r(— + —)1F2 —+ = v+l —+—+1-—
2 2 2 2 2 2 4

03.01.21.0007.01
bad a a Z
fz"‘l.lo(z)dz: —1F| =1, =+ 1 ——
@ 22 4

03.01.21.0008.01

f 27 3,@dz=-7"J,_1(2)

03.01.21.0009.01

27z 1 3 z
fz’v J(2dz= 1Pl = = v+l ——
r'v+1 2 2 4

03.01.21.0010.01
f 24 (9dz= oD QU +1) 3,2 -23,32)
v+DHI'(v+1)
03.01.21.0011.01
f 21 3,2dz=2"" 3,12
03.01.21.0012.01

1\ _ 1 3 Z
fZVJv(Z)dZ: 2"V‘122V+11"(v+ —)1F2 Ve — v+l v+ — ——
2 2 2 4

03.01.21.0013.01

fzJo(z) dz=23,(2

03.01.21.0014.01

Jo(2 1 2022 1
[T L
z 2 74(000
Power arguments
03.01.21.0015.01
2712 @z)y ja+rvy _ (a+ry a+r(v+2 1
fz“‘l.]v(azr)dz: F( ) [ Ty + 1, ;——azzzr)
r 2r 2r 2r 4

Involving exponential function
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Involving exp

Linear arguments

03.01.21.0016.01

) 27Vz(az’ 1
f@‘EaZJV(az)dz: —2F2(V+ —v+1lv+2 2v+1; —Ziaz)
v+D)I'(v+1) 2

03.01.21.0017.01

) 27Vz(@zY 1
fe‘asz(az)dz:: _ ZFZ(V+ - v+1Lv+2 2v+1; 2iaz]
v+1)I'(v+1) 2

Power arguments

03.01.21.0018.01

ay 2vVz@Z) 1 1 1
f@"a J.(@az)dz= —ZFZ(V+ —V+ = v+ —+12v+1; —212az’)
rv+1I'(v+1 2 r r
03.01.21.0019.01
_ 27 z(aZ)’ 1 1 1
fe“"z' J(aZ)dz= —ze(v+ —V+—v+—+1,2v+1; Ziaz’)
rv+1)TI'(v+1 2 r r

Involving exponential function and a power function
Involving exp and power

Linear arguments

03.01.21.0020.01

) 27V (a2’ 1
fz‘”l e3?)(azgdz= 2( z]

—  SF|lv+—,a+via+v+1,2v+1 -2ia
(a+V)T(v+1) 2

03.01.21.0021.01

. i 2—v e—s‘az zv )
f 77 e ) (andz==———— (-2¢'** (a2’ +2'az, 1@ T(») + 2 ai zJ,(ax) I(v))
av-1)rIw

03.01.21.0022.01

] e—x’azzwl
sz e'? ) (@zyndz=———J,(a2)+iJ,.1(a2)
2v+1
03.01.21.0023.01
) 27V (azY 1
fza_l e?*J(agndz= ——— ze(v+ —a+v,a+v+1 2v+1; 212az)
(a+VTv+1) 2

03.01.21.0024.01
, 2z A _
fz-v ¢ (@gdz= ————(2i(@2" -i2'ae'**zJ,1(a2) [(v) - 2’ ae'**2J,(a2) ()
a@Rv-1rw
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03.01.21.0025.01
. es‘az Zv+1
fz" e'? J,(@az)dz= m J(az) - ﬁJV+1(a 2)

Power arguments

03.01.21.0026.01

g 27V @) 1 « a
fz“‘le—“‘ Jy(az')dZ::ize(v+—,—+v;—+v+1,2v+1;—2iaz’)
(a+rv)T(v+1) 2 r r
03.01.21.0027.01
oy 27V @)y 1l a a
fza'le‘a J@zydz== ———» 2(v+—, —+v; —+v+1,2v+1;2u‘az']
(a+rv)I'(v+1) 2 r r
Involving trigonometric functions
Involving sin
Linear arguments
03.01.21.0028.01
) 27 z(az)’t y 3 v v 53 v 3
fsm(az)Jy(az)dz:: —— R - =1, —+ = =, —+ 2, v+, v+ — AP
V+2T(w+1) 2 42 2 422 2
03.01.21.0029.01
fsin(b+az)JV(az)aZz==
1 v 3 v vy 53 v 3
27 z@2"|azcosb) T(v+2)sFy| =+ —, —+1, —+ — — —+2,v+ 1, v+ —; —a2 2|+
V+2T(+ 1T +2) 2 42 2 422 2

1

v v 1 v 31v 3 1 )
(v+2)l"(v+1)3F4(—+ S —d = — = —, —+—, v+ —, v+ 1 —azzz)sm(b)
2 42 22 422 2 2

Power arguments

03.01.21.0030.01

v 3 v 5wy
fsin(az’).]v(az’)dz:z —t =, — =, =
2 4 2 4 2

27 z@zZ)y* (
3F4
vr+r+1)I'v+1

1 1 3v 3 1 3
-t — = —+—+—, v+l v+ —; -2
2 2r 22 2 2r 2
03.01.21.0031.01
1

rv+1)(vr+r+1HI'(v+1)

fsin(az’ +b)J,(aZ)dz=

v 3 v 5v 1 1 3v 3 1 3
27z@Z) |laGv+1Dcosb)gFy| =+ -, =+ =, =+ =+ — -, =+ —+ —, v+ 1 v+ -a 2| +
2 42 42 2 2r 22 2 2r 2
v 1 v 3v 1 1v 1 1
(vr+r+1)3F4[—+—,—+—,—+—; —,—+—+1,v+—,v+1;—a222’)sin(b)])
2 42 42 2r 2 2 2r 2

Involving cos
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Linear arguments

03.01.21.0032.01

27Vz(az’
fcos(a 2J,(@a2dz== [

" Rl=
v+DIv+D "

03.01.21.0033.01

fcos(b+az) J,(@azdz=
1 v 3 v v 53v 3 ]
- 27 z(a2)’ az(v+1)3F4(—+ — —+1, -4 —, —+2,v+1l, v+ —; -a2 zz]sm(b)—
v+1)(v+2T'(v+1) 2 4 2 2 4 2 2 2
y 1 v 1v 31v 3 1
(V+2)COS(b)3F4(—+—.—+—,—+—; — =+ -, v+, v+l —azzzj
2 42 22 422 2
Power arguments
03.01.21.0034.01
27Vz@z) v 1 v 3 v 1 1v 1 1
fcos(az').]v(az')cﬂz: 3F4(—+—,—+—,—+—; —,—+—+1,v+—,v+1;—a222r)
ryTv+1)+T(v+1) 2 42 42 2r 2 2 2r 2

03.01.21.0035.01

1
fcos(azr +b)J,(@z)dz=

rv+vr+r+)Ir'(v+1)

v 1 v 3v 1 1v 1 1
27 z@z) (vr+r+1)cos(b)3F4[—+—, —+ - -+ — = =+ —+1, v+ —, v+ 1 —azzzr)—

2 42 4 2 2r 2 2 2r 2

v 3 v 5v 1 1 3v 3 1 3

aZ (tv+DsF—+— -4 - -4 -+ —; = -+ -+ —, v+ 1, v+ —; a2 2" |sin(b)
2 42 42 2 2r 2 2 2 2r 2

Involving trigonometric functions and a power function
Involving sin and power

Linear arguments
03.01.21.0036.01

27 2 (a2t
fza‘lsin(az) J(@az)dz== [

Fv3
_+_
1274

N w

v
@+v+DIrv+1)° "2

N R
+
N =
+
N W
w
~—_——

,v+1,v+—;—a222
2

03.01.21.0037.01

1
fz"‘lsin(b+az) J(@2dz=

(@+V)(@+v+DI'(v+1)

v 3v 5a v 13 a v 3 3
2V @z’ |az(@+v)cosb)sFy| =+ =, =+ =, —+ —+ = =, —+ —+ —, v+ 1, v+ —; —a2 2|+
2 42 42 2 222 2
v 1 v 3 a v 1a v 1 )
(a+v+1)3F4(—+—,—+—,—+—;—,—+—+1,v+—,v+1;—a222)sn(b)
2 42 42 222 2 2
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Power arguments

03.01.21.0038.01
27V (az)y*t v 3 v
ft"lsin(ai)Jv(aZ')dz: N =
vr+r+a)I'(v+1) 2 4 2
03.01.21.0039.01
1
fz"‘lsin(az' +b)d(@z)dz=
(@+rvy(vr+r+a)T(v+1)
2 2 @2y [ac )S(b)F(V 3 v 5 a v
- a a(a+rv)co —+ =, =+ =, —+ =
N2 42 4 2r 2
v 1 v 3 aa v1a v
(vr+r+a)3F4(—+—,—+—,—+—;— —+ -
2 42 4 2r 22 2r 2
Involving cos and power
Linear arguments
03.01.21.0040.01
27V (azY v 1 v 3 «a
fz‘”l cosaz) J(az dz= 73F4[—+ 4o =
(@+VTv+1) 2 4 2 4 2

03.01.21.0041.01
f 2 cosb+azJ(@azdz=
1

(@+v)(@a+v+1DI'(v+1)

v 3 v 5a v 13 a v
az@+v)ghyl—+—-, -+ -, =+ -+ - -, —
2 42 42 2 222 2

Power arguments

03.01.21.0042.01

fz‘”l cosaz)J,@z)dz==

27 7 @Z) y 1
£
2 4

—— 3k
(a+rv)I'(v+1)

03.01.21.0043.01

1
fz“’l cosaZ +b)J(az)dz=

(@+rvy(vr+r+a)I(v+1)

1
[Z‘Vz“(az')y[(vr+r+a)cos(b)3F4[ +— K
5
s

3 a v

TR
13
2'2

5 F(v 3 107
az (@+rv) -+ - , —
2 4 2r

v av
"2 TAEN

Involving functions of the direct function

Involving elementary functions of the direct function

(Z‘V (a2’ [(a + v+ 1) cos(b) 3F4(£ +

NI

<

2

5 «a

v 13 a v 3 3
o, —H—+— =, —+—+—, v+l v+ —; a7
4 2r 2 2 2 2r 2 2 2
13 a v 3 3
- = —+—+— v+l v+ 2P |7+
22 2r 2 2 2
1

+1, v+E v+1; azzzr)sin(b)]]

v 1a v 1

o= =+ —+L v+, v+ 1 azz)
222 2 2

l1v 3a v1a v 1

- —+—- —+—= =, —+—+Lv+—-,v+1 -
42 42 222 2

3 3
+—+—, v+l v+—; -a zz]sin(b))]
2 2

v 1 a v 1
= —+—+1Lv+—, v+l a7
2 2 2r 2

a v 1
, —+—+Lv+—,v+1 -
2r 2

ZZr)_

3 3
+—v+1, v+ —; —azzzr]sin(b)]]
2 2

)
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Involving powers of the direct function

Linear arguments

03.01.21.0044.01

47V z(az? 1 1 3
2 2
va(az) dz== —————— Fg|lv+—, v+ —v+1lv+—,2v+1 -7
@Cv+DTIT+1)72 2 2 2

03.01.21.0045.01

2—2v—122v+l 1 1 3
fJV(z)Zdz:: 72F3(v+ — v+ —v+L v+ -, 2v+1; —22)
+§)r(v+1)2 2 2

03.01.21.0046.01

1 1 3.,
f—dz::——ﬂcsc(n'v)log( )
zJ_,(2J,(2 2 J,(2)

Power arguments

03.01.21.0047.01

47 z(az)? 1 1
f*]v(azr) dz== 2F3(V+ —

1
v+ —iv+1l, v+ —+12v+1; —azzzr)
@rv+1)T(v+17? 2r 2r

Involving products of the direct function

Linear arguments
03.01.21.0048.01
fJH(az) J,(@az)dz==
27K z(atty

3|:4[ﬁ +
Ww+v+HT(pu+HT(v+1) 2

v v 3
—+Lu+1, — +—+—v+1 U+v+1; azz)
2 2 2 2

N =
+
Nl".:

N =
N[ -
N =
+
N| -

03.01.21.0049.01

5 3
fJV(az) J@2dz=4""12@2>*'r2v+2) 2F3(V +1, v+ 5; V+2,v+2 2v+2 —a° 22]

03.01.21.0050.01

Jo(@2?
fJo(a.Z) Jl(aZ) dz==-

2a
Power arguments

03.01.21.0051.01

fJﬂ(az')JV(az')dz:
27KV z@Z Y u v 1 u v u v 1 u v 1
3F4(— — -, =+ = 1,—+—+—;u+1,—+—+—+1,v+1,p+v+1;—a222’)
T+ + DT+ DT+ N2 2 22 2 72 2 2r 2 2 2r
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Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions
Involving powers of the direct function and a power function

Linear arguments

03.01.21.0052.01
4V £ (a?” 1 a a

fz“’lJV(az)zclz:: _ 2F3(v+ — —+Viv+1l, —+v+1, 2v+1; —a222)

(@+2v)T(v + 1) 2 2 2

03.01.21.0053.01
2—2 y-1 Z—2v
le’zy J@ztdz=-————(-4@2*" + 4 a*2J,1(@2’T(? + 4" a* 7 J,(a2’T(v)?)
a2 (2v -1y

03.01.21.0054.01
Z2(v+l)

fzzv+1 J(@azldz=
4y +2

(3(@2?+3,,1(a2?)
03.01.21.0055.01
1
f z),(a2?dz== 5 Z (32’ -J,4(a2J,1(a2)
03.01.21.0056.01
1
f z)@z2?dz= 3 Z(J(az?+ (@2?)
03.01.21.0057.01

1 7Y, (2
f dz=
2J,(2? 23,(2)

03.01.21.0058.01

J(az? 221 (@az?” 1
f dz= 2F3(v,v+—;v+1,v+l,2v+l; —a222)
z VT ()2 2

03.01.21.0059.01

J,(a2)? 1

f @2 dz= (2a272J,4(a2”-2azl(a2) J,-1(@2) +J,(@2) (1-2v) J (@) - 2a° 7 J, »(a2)))
z z(4v*-1)

Power arguments

03.01.21.0060.01

47 2 @z)? 1
f #13 @z dz= @z) ( ¢

a
Fafv+—, —+viv+1, —+v+12v+1; —azzzr)

- -2
(@+2r V(v +1)7> 2r 2r

Involving products of the direct function and a power function

Linear arguments
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03.01.21.0061.01
1
f 1@z (@ndz=2"""17 @2 T(u+v+1) F(E (@+u+ v))
_ (1 1 1 1
3F4(£(,u+v+1), 5(p+v+2), 5(a+y+v);,u+1, 5(cx+,u+v+2), v+l p+v+1; —a222)

03.01.21.0062.01

f ZJ, (a2 (@2 dz=

2—;1—v+l ZHY (a Z)/“'V [ 1

r 1 ﬁ(l 1 aid 222)
—T(u+v- —(u+v-1), — v, u+v;, &
DI (H+v=1),F3 2(/1 v-1) 2 MV, gty )

a2
03.01.21.0063.01

_(1 1
fzﬂ”*l J(@2d(@andz=2"""17#""2 @z T(u+v+1) 2F3(§ (u+v+1), 3 (U+V+2 u+1,v+1 p+v+2 -a 22)

03.01.21.0064.01

fz J, (a2 J,(b2adz= (bJ,_1(b2 J,(a2)—ald,_1(a2 J,(b2)
a2 —b?
03.01.21.0065.01
z
f z2J (a2 J(bzgydz= S (Cak@2 J(b2)-bJ,1(b2)J ,(a2)
a‘-b

03.01.21.0066.01
f((a2 -b?) 2+ p?-v?) 3 (a2) Ju(b2)

z

dz=bzJ, (b2 J(az) - I, (b2 (azd,_1(a2) + (u-v)J,(a2)

03.01.21.0067.01

J.(@a2 (a2 1
f dz= (azd, @2 (@) - J(@2) (@zd,1(@2) + (1 —v) J,(a2))
Z Iu2 _ V2
03.01.21.0068.01
J.(azJ, (a2 274V a(agrtrt u v 1oy v
f dz= 23(—+———,—+—+1;,u+1,v+1,,u+v+1;—azzz)
i wu+v-DHDI(u+HIr(v+1) 2 2 22 2

03.01.21.0069.01
J,_1(a2 J,(a2 47Va@2?"vrey . 1
f dz== 2F3(V—l,v+—;v,2v,v+l; —aZZZ)
2 v=1 2

Power arguments

03.01.21.0070.01

1 a+r(u+v)
fz“-l J@z)d@z)dz= — [2—#-V-l @) T(u+v+1) r(zi)
r r
_(1 1 a+r(p+v) a+r(u+v+2) 5
3F4(—(y+v+l), —(u+v+2), ———;u+1l, —————— v+ 1L u+v+ 1 -a er))
2 2 2r 2r
03.01.21.0071.01
21-2v 2 (g 7)?r1 1 « 1 @ 1
fz‘”l J,1@z)Jd,@az)dz= 2F3[v+ - — +v—=2v,v+1, —+v+ —; —azzzr)
(@+rRv-1)Irv)rv+1) 2 2r 2 2r 2
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03.01.21.0072.01

Z sin(rv) 1 a «
fz‘"l (@)l @r)dz==——, 3(—, — —+1,1-v,v+1; —azzz’)
Tav 2 2r 2r
03.01.21.0073.01
VZ)3,ov7)az= 22 V)3 avz VZ)abVE
va(a Z)Jv(b z)dz:: - (bJH(b Z)Jv(a z)—aJH(a Z)Jv(b z))

03.01.21.0074.01

fJ_V(a\/?)JV(b\/?)dz: 2Vz

a2 - b?

(—aJ—v—l(a ‘/?) J(b ‘/?) -bJ,.(b \/?) J,(a \/?))

Definite integration

For thedirect function itself

03.01.21.0075.01

fm.]v(t) dt=1/;Re(v)>0

0

03.01.21.0076.01
f 13,0 dt ==
0 r(

Involving the direct function

201 a+v

3
)r( . )/; Re(a/+v)>0/\Re(cx)<E

1
5(2—a+v)

03.01.21.0081.01

2a-1pya—p gt I‘(% (a+/1+v))

T 2F1(£(a+u+v),1(a'+,u—v);y+1;£) b>aARea) <2
r(E (—a—/_z+v)+1) T(u+l) 2 2 b?

a—1 y—a—v [y 1
2¢ta b F(2(11+/4+v))

oo T 2F1(%(a+/¢+v),%(a—ﬂ+v);v+l; %) a>bAReaw) <2
f 1@t J(btydt =1 I(5aru-n+1ro+D a /;
0 1
201 g ( Z ( )| T(1-a)
(g re)ra-e b=aARe@) <1
1 1 1
F(E (—a+,u—v)+1) 1"(5 (—ar—;l+v)+l) F(E (—ar+/1+v)+1)
Jo 7t u@b by dt True
a>0Ab>0ARea+u+v)>0
03.01.21.0082.01
a“b AT 1 (u+v+1) 2
#zlﬂ(%(y+v+l), %(u—v+1);y+1; %) b>a
[(p+1) 1'(E (—,u+v—l)+l)
J. @t J,(otydt =1 a 1o (3@ , /
j(; K Y #zFl(%(y+v+l),%(—y+v+1);v+l; 2—2) a>b

r(% (u=r=1+1) TOr+1)

5 Ju@t) J,(bt)dt True
a>0Ab>0ARe(u+v)>-1

03.01.21.0077.01

o 1 1 (bY
f - J,@at J,(bt)dt = —[—] /iRe(v)>0A0<b<a
o t 2v\a
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03.01.21.0078.01

w0 J,(t)2 1
—dt=—/;Re(v) >0
0 t 2v

03.01.21.0079.01

. r(%-%)r(gw)
f 13,02 dt = — /iRe(@+2v)>0ARe@) < 1

0 VI al(-4)r(-2 +v+1)

03.01.21.0080.01

00 o( )
f J,(at)J,(bt)tdt==—— /;acRAbeRAveR
0 a

03.01.21.0083.01

. 201 gl pt —a-A—4 ]"(% (@+A+u+ V)) ety kv g2 g2
f "t g @) Ju(bt) J(cty dt = gifif P2 L,
0 I"(/\+1)1"(,u+1)1"(1—%(a/+)t+u—v)) A+Lpu+l, 2

ae[R/\be[R/\Ce[R/\a>O/\b>0/\C>a+b/\Re(a/+)L+p+v)>0/\Re(a)<;

Integral transforms

Fourier exp transforms

03.01.22.0006.01

0@ = > "o1-2)P, @, fneN \in@= | =3 1@ \zeR
z ™5

Fourier cos transforms

03.01.22.0001.02

01-20 |2 o oz-12:" 70 v v+l v+2 1
Feil 3, (0] (2) = — cogvsin (Z))——sin(—)zFl[ , v+L —1/;
L2 VT N 2 2 2 2

z>0Az+1ARey) > -1

Fourier sin transforms

03.01.22.0002.02

1
=y

227 71 g(z- 1) v v+l v+2 1 0l-2 |2 -1
13,01 @ = —COS(—]zFl[ v —)+ — dn(vsin~(@) /;
Vr 2 "

/4

z>0Az+1ARe(y) > -2

Laplace transforms

03.01.22.0003.01
v+l v+2

1
L[, (=27 7t 2F1 5 T; v+ 1 —;) /; Re(v) > -1
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For spherical Bessdal functions
03.01.22.0007.01

I'n+u+1 1 1 3 1
Lt ja0)] (@ = 27"V zrL forptd 2 1(

Fil—(n+u+1), —-N+u+2;n+—;,——|/
) 2 2 2 2

T
neNN\in@=\ 5= 3,:@ /\Rew >0

03.01.22.0008.01

. 1 . ﬂ
L@ = QU ineN \ i@ = [ 3 1@
2
03.01.22.0009.01

I'n+1) n+1l n+2 3 1 T
Lln®@=2""Vx 2" zFl[ AL —;)/; neN Nin@ = 75 i@
2

Med) U2 2

03.01.22.0010.01
n-1

[EJ {TJ_k =pm

1 Ll
Liljn®] (@ =2" tan‘l(—) o 72k _ Cul r2kami| .
z kg(; k;‘ n% 2m+1
- i 1 D" @n-1n1
neN' /\ h@ = - 3@ \eoo=0/\ciz= ; N\ con= B A
2 .

[ (n- 1) Ci—1n-2 (2 n- 1) Cin-1
n== -
n

/;nzl/\ksn)/\(ckvn::O/;k>n)

Mellin transforms

03.01.22.0004.01

1 Z+v 3
M1 (@) = ————— 2% F(—) /; Re(z+v) > 0/\ Re(z) < —
r(3 (-z+v+2) 2 2

Hankel transforms

03.01.22.0005.02

V2 zir(feu+2v+3)0z-1 1 1
Fil] = (-2u+2v+3), —Q2u+2v+3);v+1, — |+
2 1(4 H 2 H 22]

Hi,,[J,(0] (2) =
v+ 1)r(§ Qu-2v+ 1))

\/72“+%1"(%(2y+2v+3))6(1—z)

1 1
2|:l(—(2ﬂ-2v+3), —Qu+2v+3);u+1; 22)/;z>
r(ﬂ+l)r(%(—2/.1+21/+1)) 4 4

0/\Z¢1/\Re(u+v)>—§

Summation

Infinite summation
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03.01.23.0001.01

=)

D I 00X =109
k!

k=0 K
03.01.23.0002.01

© 2k+wvI'(k+v) X\”

Z Jopey(X) = (—)

i ! 2

03.01.23.0003.01
® (—1)k 1 X Py

J = —|(log| — J e (
é — 30 2( g( 2)+y) b0 = 2 Y600

03.01.23.0004.01

@ (~Dk@2k+v) vzt 1 X
— D =-— > (—
i kk+w) -k

03.01.23.0005.01

3 oot = e2*

k=—o0

03.01.23.0006.01

o0 1
> cos2kt) o) = - (cosxsin(t) = ()

k=1

03.01.23.0007.01

Zakmz = — (1= Jo(%?)

03.01.23.0008.01

= 1
Zsin((Z K+ 1) t) Jope1(X) = — sin(xsin(t))
k=0 2

03.01.23.0009.01

S cosi2kt) I --—(cos(xcos(t)) Jo(%)

k=1

03.01.23.0010.01

0

1
(- DK eos(2k+ 1D Jpia() == — sin(xcostt)
k=0

03.01.23.0011.01

ZJZk(x) == (1 — Jo())

03.01.23.0012.01

Z( D o0 = —(cos(x) Jo(x)
k_
03.01.23.0013.01

kel . sin(x)
Z =D o1 (¥ =

k=0

2)k Jk(x)] (2)_y - g Y, (X) + 3,(X) (Iog(g) —-y(v+ 1)) /iveN
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03.01.23.0014.01

st Jo(2 1 nt ; 21k
ZinkJnk(z) = — emﬁ( )/ neN
o 2 2n

03.01.23.0015.01

oo o 1 n? 2nk
Z(—Iz)"kJnk(z) L N i) /ineN

2n =0

03.01.23.0016.01

i ZW
DT @K+2V+2) B2 Jatear (W) =
pary Z-

(23,112 J,(W) =W J,(2) J,11(W)) /; Re(v) > -1

Representations through more general functions

Through hypergeometric functions

Involving oF 1

03.01.26.0001.01
Z\v z
3,(2) = (E) oF1; v+ 1, 7

Involving oF1

03.01.26.0002.01

z\v 2
3@ = (5) oFfiveti-S | ven
rv+1) \2 4
Involving 1F;
03.01.26.0003.01
z 1
J,(2) = +1F1( +—2v+1; 2u'z)
2 e ?T(v+1) 2

03.01.26.0004.01

z y z
3@ = ——lim Fla v+ 1 ——
2T(v+1ase 4a

Through Meijer G

Classical casesfor the direct function itself

03.01.26.0005.01

_r 2
J@=2(7)" Gé:;’[z

03.01.26.0006.01

J@=n2 (_Zz)—§ G| -
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03.01.26.0107.01

so=c 2] )T cagn <
L2D=Gy,| —| 5 -5/ ——<ag@ < -
02 4| 2" 2 g “H9I=5
03.01.26.0007.01
VA
1,0 v v
Jv(\/;) = Go,z(z E'_E)
03.01.26.0008.01
vm 20 zZ
J_V(\/?)+JV(\/?) ::2cos(?)Gl,3 2l =20
03.01.26.0009.01
1
. v 20 yA 5
J,V(\/?)—JV(\/?)::Zsm(?)GLSZ L
2'2' 2

Classical casesinvolving cos

03.01.26.0010.01

cos(\/;) J, (\/;) = % G%ﬁ

03.01.26.0011.01

1 13 a,
— — 22 4’ 4 2
cos(a+ Z)JV( Z):: Gs*s z v v+l v 1-v a v+1
V2 272 2 2'x" 2
Classical casesinvolving sin
03.01.26.0012.01
13
4' 4
sn(x/z)Jv(\/z)__—G%iz L
NEY vl v lv oy
2’ 2" 272
03.01.26.0013.01
22 %’ %' ;+%
sin(a+ z)JV(\/z):_—Ggsz Dl v 1
2 22722 2'x%2

Classical casesinvolving cos, sin

03.01.26.0014.01

3 1

1 -, =
cos(vZ )2, (VZ) +sn(vZ )3, (vZ) ::—ﬁsin(z(Zv—l)n)Gﬂz e
B

03.01.26.0015.01
1 13
cos(Vz)d, (Vz) -sin(vz)3, (VZ) ::ﬁsin[zn(zwl))egjz P i“li 1]
2" 27" 22

03.01.26.0108.01

3(VZ)eosfvVz )+, (Vz )sin(Vz ) = ﬁén(%ﬂ(2v+ 1)) G

z
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03.01.26.0109.01

sn(vVz)J,(Vz)-cos(Vz ) 3,(vz) = ﬁs‘n[%n(zv— 1)) G

z

T
<
B
<
+ Mlw

N =
|
|
N =
N———

Classical casesfor powersof Bessel J

1
E ]
v, 0, —v
03.01.26.0017.01
2 2 2cos(nv) 1o
L(Vz) +3.(v2) ?e[\ z

e -v,v,0,0

03.01.26.0016.01

L) = % Gi:é[z

T

03.01.26.0018.01

2sin(nv) 1
e e = T e
m — V¥,

Classical casesfor products of Bessel J

1
E )
o,v,-v

03.01.26.0019.01

1L (VZ) L (V) - % iz

T

03.01.26.0020.01

24(VE) (7)==t

1 0,3
12
3 (Vz)s,(Vz)= - 7 L Vﬂ]/;—,u—v—quN
2’ 2 2" 2

03.01.26.0110.01

n+l

A e g ) a-ke 1),

2 -
alVz)d(Vz)|= — .
wna(V2)3(V2) N é KIT(k=n—v)T(k+v+1)
1
ST 0.3
Gyalz /ineN
p MMy, —2(+ D), -2 (n+ D -

03.01.26.0111.01
1 12
3,4(Vz)a(Vz)=-—63iz
Vr

0,3 2sin(rv)
1,1
2’ v 2

e

1 1
VvVt -

03.01.26.0112.01

11a¥7)3(VE) = % -

ol ] A(v+1sin(ry)
' 2 B —
T 1

nz
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03.01.26.0022.01

V)2 (V) )20 = )

/e

z

03.01.26.0023.01
2

N N e e

V4

Classical casesinvolving Bessal |

03.01.26.0024.01

3 (V) (V2) = ﬁeé;ﬁ(ﬁ% 5053

03.01.26.0025.01

Classical casesinvolving Bessel K

03.01.26.0026.01

4

4N
03.01.26.0028.01

(3 (97) + 9 (2)) s () = = oos( ) 02

2\Vn

03.01.26.0029.01

(0 (VZ)-3,(Vz))k, (VZ ) = = gn(ﬂ)egﬁ(a

Classical casesinvolving Bessel Y

03.01.26.0030.01

—a_?
cos(an)J, (\/?)+ sin(an, (‘/?) = Gig z 2 ]

03.01.26.0113.01

wﬂMﬂdJﬂ—gmmﬂqJﬂ:Ggf

03.01.26.0031.01
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03.01.26.0032.01

MEWWF%ﬁ*

03.01.26.0033.01

N (\/;) Y, (\/;) — % ng}; 1 50 ]

N

03.01.26.0034.01

32 (V)Y (VZ ) = % &2 03 ]

N

1,v+1, -1, -v-1

03.01.26.0035.01

1 0 1 pu—v+1l
22 "2 2 _
3 (Vz)Y, (V7 ) ::_—HGSY5 2 s e ot ﬂ]/, —u-v—1gN
2' 22 'T 22
03.01.26.0114.01
=" 01 24v+1
‘JV(\/?) Y,n,v,l(ﬁ) = G§:§ L T 1 * e 1 n -
\/7 T,T+V,—E(n+1)—v,—§(n+1),5+V+1
ety 2knt
s | DU s g G ke 5],
‘neN
Nr kzz(; KIT(k=n—»T(K+v+1) fine
03.01.26.0115.01
2co 1 0Liv+1
J(Vz ) Y,a(Vz ) _ 2o —G2zl, | )
7'('\/; \/7 E,V+E,—E,—V—E,V+1
03.01.26.0116.01
4(v+1)co 1 0%, v+?3
MVE)YaV7) = - forheosmy 1, 2T
nz NS l,v+1,—1,—v—l,v+5
03.01.26.0036.01
2 1
VIV (VZ) 3, (VT )7 ) =G| 2 ]
NI v,-v,0
03.01.26.0037.01
sin2nv) 1
3L(VZ) Y, (V2 )-3, (V2 )Y, (Vz )= ———GJjlz| 2
72 0,v,-v
03.01.26.0038.01
2 0,7
J (\/;) Yf‘ (\/;) + ‘]ﬂ (\/;) Yy (\/;) == GS:S z ptv o p-v V2—;1 ;1+V]
n PRy

03.01.26.0039.01

N¥ (‘/?) Y/J (\/?) - Jy (\/;) Y, (\/?) == M Ggi[z
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03.01.26.0040.01

2cos 1
L(VE) v (V2] = 2 Gié[z‘ z ]
/2 0, -v,v
03.01.26.0041.01
2 2 G-
JV(\/Y) —Yv(\/?) =-—aGyz| %
T 0, -v,v, >V
03.01.26.0042.01
) 11
L(Vz), (Vz)-Y,(Vz )Y, (Vz)=-—Giglz| *° 1]
Ve 0 =V, V, E
03.01.26.0043.01
0 1 l-p—v
VZ)4 (VZ) -V, (VZ) Y, (VZ ) = - —— G2 2
Jﬂ( Z)Jv( Z) Y’u( Z)YV( Z)__ G35 HHy o op-vo ov—p p+v l-pu—v
d 22 2T T2 2
03.01.26.0044.01
J#(\/;)Jv(\/?)+Yﬂ(\/7)YV(\/7)::
1 1
cos () 0,3 cos(mv) 0,3
5/2 ngﬁ[z (Al A a4 V‘_f‘]+ 5/2 ngi[z py o yTR RV fiusves
T 2' 2 2' 2 T 2' 2" 2' 2
Classical casesinvolving cos, sin, Y
03.01.26.0045.01
13
sin(\/?)Jy(\/?)+cos(\/?)YV(\/?)::—\/76232[2 ) V4 y:ll 1_v]
2222
03.01.26.0046.01
13
cos(\/?)Jy(\/?)—sin(\/?)Yv(\/?):\/762:2z - V4 Vil V]
22272
03.01.26.0047.01
cos(v ) 13
sjn(\/?)Jv(\/?)—cos(\/?)YV(\/?):_ ngi[z R 1V]
V2 "33 202
03.01.26.0048.01
cos(v ) 13
cos(\/?)Jv(\/;)+sin(\/?)Yv(\/?)::762;21[2 . V4 :1 V]
V2 ERE
03.01.26.0049.01
cosrn) 131y e
v el
s'n(a+\/7)\]v(\/;)—cos(a+\/?)Yy(ﬁ):: Gszlz 1: 4v il . .
V2 2% 2 s x
03.01.26.0117.01
COS( ) 1 3 a 1%
V8% 2'2' . o
cos(a+\/?)JV(\/?)+sin(a+\/?)Yy(\/?) = . G;‘:g[z - 4V 4V o 2a y]
2 2T 2 TR
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Classical casesinvolving gF 1

03.01.26.0050.01

2\ T(b2t? by b
J, (z)oFl[; b; ——] =—0GHZ, , % 7 ,
4 - -l 1-b+2,1-b-

03.01.26.0118.01

Z

27-11(—n-v)
J(DoF4f; —n=; By I —

Vr

n
LTnevel, ™y 2
2 2

)"yl 2

2] <2l 26 (k= [ 2

|+ %) (1-k+ LEJ)n,[ZJ

v v v 3v ]+2
n+s+1 -5, 5, n+=+1 k=0

v/ V4
N ——<ag2 =< -
/\ 2 9 2

03.01.26.0119.01

2 21T (—y) w2
. . : 12 2 2 .
J,(2) OFl[r -V —Z] = —f 2sin(zv)Z' + ‘/7 Gz,4 4 v+2 v v 3y /;
T ¥
2 22 2
03.01.26.0120.01
2 47 T(-v-1) L4122
Jv(z)oFl[; -1 ——] =272 + 532 =2 /;
4 rov+h  r ri2 -l T2
03.01.26.0121.01
2Y 2711w ol 7r
2
Jy(z)oFl;v;—z]ziGiézz R LRt CE
Vr 2 1%
03.01.26.0122.01
2\ 2To+D = x
J, (2 oF4qf; v+ 1, —— =761:3z2 L /;——<arg(z)s§
vV 3" T3 7% @)
03.01.26.0123.01
2\ 2VTd-v o x x
IDoFi1-vi - |=————C 7| |- <agd =
\/7 E: _E’ 7
03.01.26.0051.01
ZZ - v - 1,0 )4 v 2-v 3y
L @oFyfiv+L = Vr 22T+ D2 (2) “Codl = | 5 -5 T -7
03.01.26.0052.01
2 z = n
4
3 @oF;1-v; —|=2"”Vz T1-nGY — SRR VTR (C R
4 64 Ty Ty Ty T Ty T 2
4 4 4 4 4
03.01.26.0124.01
T (b) 2>-1 L -
L2VZ)oFiG -9 = ——— Gyilaz| P2 Jn-b-ven
7T ' 5,_5,1_b+5,1_b__

ine

KIT(k—=n-v)T(k+v+1)

T

il (2)
-—<ag@2 =<
2 9 2

Ve ) /e
——<ag® < —
2 g 2

T

2
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03.01.26.0125.01

renow | Bz e ) a3
‘Jv(z \/;)OFl(; -n-v;-z= —|2™" ZV/ZZ B
T e KITkK—n-mTk+v+1)

- %(n+v+l),”;—v+l
D2 Gyylaz s ineN
n+2+1,-% 2,n+ > +1

03.01.26.0126.01
v+1

v
22 L

I(-v)
4z

3,(2VZ )oFs; -v; -2 = [_29”(” n2? -2V G

\4
51

03.01.26.0127.01

Zv/Z 2—v—2 [(-v-1) 4 1, v+3
3,(2VZ)oFiG V-1 -2 = ' G4z, 7,
L(v+1) NE 5t2-5.5 5 +2
03.01.26.0128.01
1-v
2-11r®) -
Jy(z \/;) on_(; v, =2) = G:Il-% 4z v v ? 3v
Vr 2 2173

03.01.26.0129.01

v _K 22
3(2VZ)oFiG v+ 1,9 =272Vr 22(Z) T+ D) Géf‘[z

03.01.26.0130.01

2 v pis bis
JV(Z‘/;)OFl(?l—V? Z)ZZV/Z‘/;F(l—V)Gig[Z vy a2 3:‘ y 2y /?—E<arg(2)55
v i T
Classical casesinvolving oF1
03.01.26.0053.01
b-1 b, b n n
3 @ ofq|; b ——|=—G¥ 2 2 2 fi-b-veN/\ ——<arg2) < —
e 1[ 4 = U s-s1-b+l1-b-} A 2 2

03.01.26.0131.01

B 2
3D oF4|; —n-v; 7=

—N—y— 1
2-n-r-1 sM+v+1), - +1 >

Z

-1"iGs;

] 2 o tEL 2 o ns 3 )@k ),
+2 /:

e n+i+1 -2 tne 1] 3 KIT(k—n-»TK+v+1)

n T
neN —-—<ag2d = —
A\ S <A =
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03.01.26.0132.01
22 2—\/—1 E: E
3@ —vi——|=- 2sin(rv) 2 +Vr G322 202 [i——<ag2) <
4 T ! E _y vy 2_’_1
2' 722" 2
03.01.26.0133.01
i 2 4+Dsnnz 1 LA s
3@ oF4f;-v-1 ——] =27 + G;ji z v ’ v v 23\/ /
4 T T 5+2,—E,5,7+2
03.01.26.0134.01
z -1 i T bie
. 2
32 oF4; v; _Z] =— G};;[zz T Lt G,
v 2 1%
03.01.26.0135.01
. z 2 I_TV s s
3@ oFq|;v+1 ——|= Gy 2 ., [i——<ag2 < —
b8 51—51—5(3V) 2
03.01.26.0136.01
- Z 27 Rl s s
Jv(z)oFl[;l—v;——]z—G}éz2 Lo fimg<agd =
\/7 El _51 ?
03.01.26.0054.01
= |- .22 \/—_ivz“_% 10 v v 2-v 3y
Jy(z)oFl,v+1,z =Vr 222 (2) Go,4a b et ity
03.01.26.0055.01
2 Z ol n n
cEl-1_, _|__9ov2 2,0_ 4 . _
J, (@ oF4; 1 Vi =2 «/7(31,564 vz s v 2 /; <arg(z)s2
4’ 4 47 4’ 4
03.01.26.0137.01
b-1 b 4_b
‘JV(Z\/?)()Iil(;b;—z)zz—Gﬁf1 4z 22 Jn1-b-veN
Vi 77z 1P+ 5 1-b-3
03.01.26.0138.01
n k+E K n 1 n
2] =D % J4 sz(k—n+ L§J+ E)(l—k+ [EJ)

R o Zv/2 Z
k=0

32 \/?) oF1G-n-v; -2 =
Vr

4z

—n-v-1 ~12
(_1)n 2Ny 1G2’4

03.01.26.0139.01

1
3,(2VZ )oFsG -vi -2 = — [—255”(”") 2!
2

1
S+v+l), 2241

v v
n+s;+1 -5

il

n

2

J

KIT(k—n—v)T(K+v+1)

v 3v
SN+ +1

227V G33

4z

] /ineN

vy
272

v
+1, — 2
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03.01.26.0140.01

. v+1)sinv)2? 272
3,(2VZ )oFiG -v -1 -2 = + Gya

4 bis

03.01.26.0141.01

2v—l %
. 11
3(2 \/7)0':1(; v;—2)= —— G3|4z v 3v
2 "2

T
03.01.26.0142.01

. o ?
3(2 \/?) FiGv+L-9=22Vr 27%(Z) ¢ Géig[z

03.01.26.0143.01

zZ = n n
A/ (. . 2,0 4 i
JV(Z Z)OFl(,l_V, _Z)=2V/2W/7T G1,5 Z v w2 3 v 2_y]/,-5<arg(z)5 E
4’ 47 47 4’ 4

Generalized casesfor the direct function itself

)

. v+1

1z 2

2 _y v
2’ 2

v
Ey

03.01.26.0056.01

N <
N =

z 1
J, (2 == G(l)g(g, E

03.01.26.0057.01

3@ =12 (2" G}

NI -

03.01.26.0144.01

vy LofZ 1 0
J,(2+J,(2= Zcos(?) 61:3[5, 5 ‘ _%’ g 0
03.01.26.0145.01
; (7YY LolZ2 1 %
V(z)—L(z):an(;]leg[E, 5 v
2’2" 2

Generalized casesinvolving cos

03.01.26.0058.01

1 13
1,2] 4’ 4
cos(2)J, (2 = — Gy4| z vy o ﬂ]
2 2 2" 27 2
03.01.26.0059.01
1 13 a, »wml
22 4’ 4" n 2
e . ] Y S s
2 2’ 27 2" 2 'n 2

Generalized casesinvolving sin
03.01.26.0060.01

1
sn@J, (2= — Gy;

1 3
, 1 i
’2 v+1 v 1v v
2 2’ 2
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03.01.26.0061.01
1 3 a
1 1 2R
. _ 2,2 4° 4"
S|n(a+z)\]y(z)__—263’5 z,E Vol v Ly oa
Generalized casesinvolving cos, sin

03.01.26.0062.01

3 1
l - =
cos(2J_, (2 +Sn@J, (@) = -2 sin(zn(ZV—l)] Gos | , le 41_V
ey
03.01.26.0063.01
: (1 21 4i’ %
cos(J_, (2 -sn@J, (2 ==x/?sm(—n(2v+ 1)) Goilz
4 ' Ly oLy
2" 2" 27
03.01.26.0146.01
SN2 J_(2) +c082) (2 = V2 sn ! 2v+1)|G¥z ! ok
w T il e N A e S
2" 27" 27 2
03.01.26.0147.01
| (1 VT
sin@ J_,(2) - cos(2) J,(2 = V2 sin Z7r(2v—1) Gsulz IR
2 2 27 2
Generalized casesfor powersof Bessel J
03.01.26.0064.01
1 1
J (2P =— Gié[z, —| 2 ]
x U 2|v0-v
03.01.26.0065.01
2cos(rv) 1 )
1, @%+3,@%=——— G2z = 2’
p 2] -vv,00
03.01.26.0066.01
2sin(nv) 1 1
I, @?-, @ = ——r Gig[z, - 2
NES ' 2| -v,v,0
Generalized casesfor products of Bessel J
03.01.26.0067.01
1 (1] ¢
3,2, @=— Gl’g Z, — 2
T U 2]0v-v
03.01.26.0068.01
1 (1 0
J1@3, (2= — (31:3 zZ, — 111
T 2| 2’ 2' 2 v
03.01.26.0069.01
1 1,2 1 0’ %
J. @3, 2= —62’4 Z, 5 v v sy v [i—pu—-v—-1¢N
T 2 T2 22
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03.01.26.0148.01
I ST C Rt WA
‘J—n—v—l(z) ‘]V(Z) = 2 _

N KIT(k—=n—v)T(K+v+1)
1
=1)" 1 0,3
G%‘Zl I 1 ’ 1 fineN
T 2 T,T+V,—E(n+1),—5(n+l)—l/
03.01.26.0149.01
1 [ 1 0, % 2sin(rv)
J—v—l(z) Jv(z) i G2'4 zZ, — -
! 2 E v+ l _i —y - l nZ
4 2 2’2 2
03.01.26.0150.01
1 (1 o1 4(v+1)sin(rv)
‘]—V—Z(Z) (2= — G2'4 Z, — 2 b 0
vr U 2] Lv+1,-1,-v-1 P a
03.01.26.0070.01
ZCOS(%(/,L+V)7T) 1 %,0 p+v-1
@Iy D+3, (D (D= —""—GC34(z - wv gty gy veu /; > ¢Z
4 2 T2 2 T2
03.01.26.0071.01
23in(%(,u+v)7r) 1 o,% Lty
W@ D=3, @Iy @D=-——————GCUZ | s uev py vl ik
T Ty ] Tv T
Generalized casesinvolving Bessel |
03.01.26.0072.01
1,0 z 1 v 1 v
@1, @=Vnr Gy =303 -3
avyz 4
03.01.26.0073.01
z 1 wt
I, @, @=Vr G 2l 2o
2\/? 0, 3 T3

03.01.26.0104.01

v
2

L@ +3,@) 1,2 = 2005( )\/7 Goo

N

N
N
EE I
o
NI
NI
|
N
Ny
IN

03.01.26.0105.01

v

3., -3,@) (2 =2s n( ?) vV Gye

N
N
N
IR

Generalized casesinvolving Bessel K

03.01.26.0074.01

1 z 1
J @K, (2= —— GS;S( , -

aNr 2V2 4
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03.01.26.0151.01

_ 1 3,0 z 1 1 v v
‘]—V(Z) KV(Z) - - G0,4 [ O: Er _E' E
4N 2vV2 4
03.01.26.0075.01
cos(%) z 1
2
Q@+, @)K, (= GS;E{[ | 3%k o]
2Vn 2v2 4
03.01.26.0076.01
sin(%) z 1
2
B @-3, @K@= GS;Z[ ~10,-3 3 g]
2Vn 22 4
Generalized casesinvolving Bessel Y
03.01.26.0077.01
: 202 1 -a- %
J, (2 cos(an) +Y, (7sin(an) =G5 =, — vy .
2 2|33 783
03.01.26.0152.01
: 202 1 a- %
cos(an) J,(2) —sin@n) Y,(2) == Gy =, = S ”
22| -3 383
03.01.26.0078.01
1 1| ¢
@Y, (2=-— Gly3 Z, — 2
T ’ 210,v,-v
03.01.26.0079.01
1 o1 % Ve %
‘J—v 2 Yv (2= — G2:4 zZ, — 1
T 0, -v,—v-— v
03.01.26.0080.01
1
3@, (2 ——iGZ'lz ! 20
vl v e == 245 511 101 1
\/; VT =5 Vo3
03.01.26.0081.01
1 1 ol
Ji2@Y, @ = —G3ylz - 12 ]
= 21 1,v+1 -1, -v-1
03.01.26.0082.01
1 p—v+l
DY@ 2 %2 fi—p-v-1¢N
e R N S ] e
4 2' 2" 2 'T 22
03.01.26.0153.01
BOYmoa@ = 2y Oz 3l
v -n-y-1 = —— 35|46 -
p 2 %,%+v,—%(n+1)—v,—%(n+1),g+v+1

sy [E O E 2 2 ke 3,y

Nl KIT(K=n—v)T(K+v+1)

/ineN
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03.01.26.0154.01

2c0s(nv) 1 L[ 1 0,5, v+1
I@DY,,1@ = —Z + — G35l E 1 P 1
/s T E’V+E’_E'_V_E’V+l
03.01.26.0155.01
av+Doosmy) 1 1 0,2, v+3
IV, 2 =-————-—G35|Z = 3
n 7z v 2| Lv+1, -4, -v-1L v+

03.01.26.0083.01

2 L 1 1
\]v 2 Y—v 2+ J—v 2 Yv 2 =-—— G]_'3 zZ, — 2
T 2|v,-v,0
03.01.26.0084.01
sn@rv) L, 1 1
‘]v 2 Y—v (2 - J—v (2 Yv (2= ——— G1:3 zZ, — 2
2 210v,-v
03.01.26.0085.01
2 a0 1 0, %
@Y, 2+, @Y, (2 =-——GCy,|z E pY sy vea e
T 2 2 2 2
03.01.26.0086.01
Sn(rv-p) o 1 0,3
@Y, 2-3,@DY, 2= — Gyalz E pev ven by [,—u—-v-1¢N
a 202 2T T2
03.01.26.0087.01
2cos(nv) 1 1
3@ +Y, @ = ———Gglz = | 2
/2 ' 210 -v,v
03.01.26.0088.01
2 1| 23-v
3@ -Y, @2 =-—Gyz - 22
T 210, -v,v, -V
03.01.26.0106.01
2c05%(nv) L 1 1
23D +Y_,2 Y (D) == —— C-:'1:3 Z - 2
792 0, -v,v
03.01.26.0089.01
11
2 30 1 2’2
‘]v 2 ‘]—v (2 - Yv (2 Y—v (2)=-— G2,4 zZ, — 1
P 210 -v,v, =
2
03.01.26.0090.01
1 1-p—v
1 0, 3 T3

2
_ 4,0
J. @2 @D-Y. DY, (2=- - Gss(2 P e I e
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03.01.26.0091.01

323 @2+Y, @Y, (2=
1 1
cos(mu) L [ 1 0, > cos(mv) ,, 0, 3
sz 2P G| ey e w v |T T BB S e v e [TV EL
a 2 2 27 2 a 2’ 27 2 2
Generalized casesinvolving cos, sin, Y
03.01.26.0092.01
1 3
sin(J cos@ Y, (2 =-V2 G ! 44
(23, (D +cos(2 Y, (2 ==— 24 Z’E vy vl 1w
222 2
03.01.26.0093.01
13
: . 3,0 - 4’ 4
c0s(2J,@-sn@Y,@=V2 G|z S v _Z]
22" 27 2
03.01.26.0094.01
] 0S (v ) 32 1 %,%
$n@9J, (2 -cos@ Yy (2) = — 225 e
T \/? _51 51 T! T
03.01.26.0095.01
. cosvm o 1 i
cos(2J, (29+ sn®@Y, (2= Gyalz -
22 T 2 lv oy vl v
0 272" 2 2
03.01.26.0096.01
1 3 1-
. cosmy) | 1 T e
sin(@a+zJ,(2-cos(@+2Y, (2= lz, —
35 v 1-v v v+l 1-v a
2J§ 2| -y > vy r- v _2
4 2" 2'2" 2 2 &«
03.01.26.0156.01
1 3 v
. cosmy) o[ 1 Tkt
cosla+2J,(2 + sn@a+2Y,(2= Gsslz =
V22 | 2 v vy vl _a_ v
T 2 272" 2 o 2
Generalized casesinvolving gF
03.01.26.0097.01
b—1 1-b b
2 I'(b)?2 Ll 1 S 1-3
3, @DoF|: b ——|=————G,y|z = /i-b-ve¢N
2,4 % v y v
2 E,—E,l—b+5,1—b—§

Vr

03.01.26.0157.01
22] 2" 1T (=n-v)

JV(Z)oFl[;—n—v;—— =
4 v
n kJrE v n 1 n
LineveD, a1 5 =D ]2 F(k—“+L§J+5)(1—k+L§J)n_§
zZ, — +2
rin+2i1 & KIT(K—n—v)T(k+v+1)

n-1~12
iy "
Ntz+L -3 % 2

/ineN
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|

|

|

03.01.26.0158.01
2 271 (=) w2
Jy(z)OFl[; -V, —— |=—— | 29n(aV) 2+ V7 G%ji zZ, — ) 2 23
™ 2| »2 _v v 3v g
2 2’2" 2
03.01.26.0159.01
42 T(-v-1 [ 1 L4, 22
L@ oFyf; -y -1 -—|=2""7 + Gzl vy
4 F(V+1) \/7 E+2,—E, E,?+2
03.01.26.0160.01
; F[ 22] 211y o, =
L@ oF|ivi-—|=——CGnlz | , "
4 Nx 2l3-21-%
03.01.26.0161.01
2\ 2ro+y [ 1| F
3,(2) oF1 ;v+1;-Z =——Gr3 221, )
\/7 E’ _El _7
03.01.26.0162.01
2\ 2vra-v [ 1| F
J@oFif;1-v,——|= Gl’g Z, E y v 3y
4 Vi 2772
03.01.26.0098.01
. . \/— -z 1,0 z 1 v v 2-v 3v
JV(Z)OF]_,V+1,— == 7T22r(V+l)GO’4 , — Z'_Z’ T’_T
4 2\/? 4
03.01.26.0099.01
L @oF|1-v; = | =22 Vr ra-we 2 : -
y ofF1f, V14__ s V)5 \/_14 v w2 3v v 2o
2 2 4’ 4 4’ 4’ 4
03.01.26.0163.01
_ z 1 _
JV(Z\/?)OFl(;v+1; =2 2\/7F(v+1)Gé§(E T —%(3v))
03.01.26.0164.01
z 1 ol
4
JV(Z\/?)OFl(; 1-v:2) =227 Fd-v) Gig[i Sl w2 ZV]
it
Generalized casesinvolving oF;
03.01.26.0100.01
3 2\ 2t 1 1bg_®
JV(Z)OFl[;b;_Z =— %421 Z,E vy 2 VZ . /i-b-v¢&N
7-( E,_E,l_b"'zyl_b_i
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03.01.26.0165.01

2 2-n-v-1
32 0'21[2 -n-v; - —]
4 Vr

n ke 22 +y n 1 n
b teevenzzen ) e TR Tl Gl )@k 5],
)Gz - +2

/ineN

vV v

L o KIT(k—n—v)T(k+v+1)

v 3y
n+§+1,— n+7+1

03.01.26.0166.01

(2 oF z 2
(@) oF s —vi-—|=-
(@ oF4f; —v 2

1 vl v+2

2sn(zv)zZ’+Vn G%‘z zZ, — 202
/g ' 2| »2 +1
2

rory v
272 2
03.01.26.0167.01

. 2 47 (v+Dsnry) 1 1 LAY e
L@ofa|;—v-1-—|=22| Gz 2 2
4 Pis ’ 2 +2

03.01.26.0168.01
] ﬁ 22 2V71 Gll 1 1%
L (2) Vi——|=—Gi3|z -

o1 4 1,3 2

03.01.26.0169.01

1-v
(. _ Z 2" 11 1 -
@ oF|; v+l ——|[=—G3lz =
4 pn ' 2|1 -2 _3
2" 2 2
03.01.26.0170.01
i 2y 2v [ 1 =
JV(Z)OFlvl_Vy_Z =—Gl,3 Z,E v v o3y
T 2' 2" 2

03.01.26.0101.01

N z v
Jy (Z) OFl VvV + l, Z == \/7 22 Gé:g

N
N
I

03.01.26.0102.01

[EnY

3 2 z T
& @k 1-v; — = 2V/2‘/FGig v a2 33 v 2oy
4 2\/? 4 Z, T; Ty _Zl T
03.01.26.0171.01
. z
= . L9 1007 " v _v 2v
JV(Z\/?)OFl(,V+1,Z)—2 2\/7Go,4(2, NN

03.01.26.0172.01

3,(2Vz )oFiG1-v; 9 =27 Vx i

N[ -

=
z 4
2‘ v v+2 3y v 2-v

Through other functions
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03.01.26.0103.01

1 1
J@=D"2H,@/v- 5 €N

Representations through equivalent functions

With related functions

03.01.27.0001.01

ZV
3,(2) = : L(i2
((Fald
03.01.27.0002.01
32 = — 1,2

ZV

03.01.27.0003.02
Jy(2) = csc(rr v) Y-,(2) — cot(rr v) Yy (2)

03.01.27.0004.01

2
3 @Y1 (@ -3, @D Y,(2) = ——
nz

03.01.27.0005.01
3 z\ : L Z
V(Z)::(—) v+l -—

2 ot 4

03.01.27.0006.01

1 Z\Y Z
J3,(2) = (—) OFl v+l ——|/, —V$N+
I'v+1)\2 4

03.01.27.0007.01

J,(2 = esli 7 (-(-n¥* z)’v (ber,(-(-1)¥* 2) — i bei, (- (-1)** 2))
03.01.27.0008.01

3(V-T 2= ez (V=T 2] (ber,@) - i bei ()

03.01.27.0009.01

JV(\“/? ) |y(<‘/? ) = (-2 177 (beiv(x“/-_z )

2

oen (V7))

Inequalities

03.01.29.0001.01
3, @2<1/,v=0

03.01.29.0002.01

1
1@< —/iv=1
V2
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03.01.29.0003.01
3 3

2 Vv 2
0<J,(v)< F[—) /iv>0
323 3

03.01.29.0004.01
X\Y 1
IImy| /.
4 [iv=—— x>0
(2) 2 /\

03.01.29.0005.01
J,(vx)| < 7V/;veN/\x>O
Vi-% + 1)

[3,(X¥)| =
rv+1)

Zeros

93,(2)
Jz

When v isreal, the functions J,(2)and ( ) each have an infinite number of real zeros, all of which are simple

with the possible exception of z= 0.

03.01.30.0001.01
J,2=0/;z=z NkeNAveR AR&Zz) =z

03.01.30.0002.02
0J,(2

0z

=0/;z=z ANkeNAveR ARe(z) =%

Whenv = -1, the zeros of J,(2) aredl real. If v < —1 and v is not an integer, the number of complex zeros of J,(2)
is 2|—v]; if |-v] isodd, two of these zeros lie on the imaginary axis.

If v > 0, adl zeros of (‘QJ(%) arereal.

Theorems

Hankel transformation
R r " 1
£, ::ff(xn/xy 3,xy)dx s £ ::ffv(y) Xy .00 dy ;e =~
0 0

Green's function for the Klein-Gordon equation

Green's function for the Klein-Gordon equation (D +n12) G=06(x-0)6(t) isgiven by
amye=]x] 7]
my/ 2= | x| 2

The initial value problem for a periodic chain of coupled harmonic oscillators

ot
G(x,t,O,O)::Qd(t2—|x| 2)—ﬂe(t—|x|)
2n 2n
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The initial value problem for a periodic chain of coupled harmonic oscillators with Hamiltonian
H= ¢, % (pJ2 +(q; - qu)z) with periodic boundary conditions can be expressed as & (t) == Yo, & (0) Je_n (1)
where &on(t) = pn(d) and &ania(®) == Onra (D) — gu(D).

The solution of the Kepler equation

The solution of the Kepler equation w(z) — e SIN(W(2)) = zisW(2) == 2+ 2>, Smf(kz) Jke)/;0<e< L.

The potential of a flat circular disk

The potential V(r,z) of a flat circular disk of radius 1 in cylindrical coordinates is given by

V2« 2 [P Jyr) et de.

The pair correlation function for two electrons

The pair correlation function g(r) for two electrons in the plane wave approximation is given by

a9z ke 1)?
on=1-73 (ke 1

where ke isthe Fermi wave length.

A solution to the Toda equation

A solution to the Toda equation 42 % +0? % == 2 (£?(OMLH-6(n) _ £2(OXND-O(N-1Y)) js given by

aJ2,, (2 V 2+ %2 ) 1

1
O, n, t)::Elog 1+ /iat < —.

4
1—a2(1+2§°=n+1\]§(2\/ 2 + %2 ))

The components of the magnetic field in a cylindrical coordinate

Let B, , By, Br the components of the magnetic field in a cylindrical coordinate system {r, ¢, z} such that B isa
force-free magnetic field (that is, div B = 0 and curl B= a B hold simultaneously). One such solution is

B,=¢e™? Jo(ré), By=ae > hré),Bi=le? hré) ;& =a"+I%

The propagator for the inverse square potential

The function G(x, t; y) = @ exp(r; X22+ tyz) J..1(F) is the propagator for the singular potential V(x) = e X—lzand
2
satisfies
0 1 92
i —GX ty)==—= —GX t;y) + V(X G(X, t; y) A G(X, 0; y) = 6(X - Y).
ot 2 9x?

The solution of the 1+1 dimensional Dirac equation



http: //functions.wolfram.com 64

The spinor y(x, t) = {u % Jl(mTt), Jo(mTt)} Y= 1/ [1- ’t(—zz is a solution of the 1+1 dimensional Dirac

t2—X2
equation
XY 10y WY 01y
ot “‘”(o —1)' ox ‘m(l 0)"“"’ -

Vibrating circular membrane
Eigenfunctions

The displacement u(r, t) of avibrating membrane, at each point r € R? as a function of t, satisfies the wave equa

tion
1 d%u(r,t)
Aur,t)— — =
2 ot

Here, A is the Laplace operator and cﬁh (= tension per unit surface density) is the phase velocity. For a circular

membrane of radius ro that is fixed at the boundary and assumimg harmonic time dependence
u(r, t) = cos(wt + @) u(r)yields in a polar coordinate system

Unk(1) = COSM) Iy Ak )
Unk(1) = SIN(M@) Iy Ak 1)

Ami=H2, /15 where 12, is the kth zero of the Bessel function Jn(2).

History

—J. Bernoulli (1703); D. Bernoulli (1733);

—F. W. Bessel (1816,1824)

- O. Schlémilch (1857) used the name "Bessel functions”

—E. Lommel (1868) used arbitrary real indices

—H. Hankel (1869) used arbitrary complex indices

—I. Todhunter (1875); N. J. Sonin (1880) derived the recurrence relations
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