
BesselK

Notations

Traditional name

Modified Bessel function of the second kind

Traditional notation

KΝHzL
Mathematica StandardForm notation

BesselK@Ν, zD

Primary definition
03.04.02.0001.01

KΝHzL �
Π cscHΠ ΝL

2
HI-ΝHzL - IΝHzLL �; Ν Ï Z

03.04.02.0002.01

KΝHzL � lim
Μ®Ν

KΜHzL �; Ν Î Z

Specific values

Specialized values

For fixed Ν

03.04.03.0001.01

KΝH0L � ¥� �; ReHΝL ¹ 0

03.04.03.0002.01

KΝH0L � È �; ReHΝL � 0 ß Ν ¹ 0

For fixed z

Explicit rational  Ν

03.04.03.0005.01

K 1

3

HzL �
2

3
3

6
Π

z
3

 Ai
3

2

2�3
z2�3



03.04.03.0003.01

K 1

2

HzL �
Π

2
 

ã-z

z

03.04.03.0006.01

K 2

3

HzL � -
22�3 Π

3
6

z2�3  Ai¢
3

2

2�3
z2�3

03.04.03.0011.01

K 4

3

HzL �

2 2
3

Π AiKJ 3

2
N2�3

z2�3O - 62�3 Π z2�3 Ai¢KJ 3

2
N2�3

z2�3O
35�6 z4�3

03.04.03.0012.01

K 3

2

HzL �
Π

2
 

ã-z Hz + 1L
z3�2

03.04.03.0013.01

K 5

3

HzL �

9 2
3

Π z4�3 AiKJ 3

2
N2�3

z2�3O - 4 62�3 Π Ai¢KJ 3

2
N2�3

z2�3O
3 35�6 z5�3

03.04.03.0014.01

K 7

3

HzL �
Π

3 2
3

35�6 z7�3  22�3 I9 z2 + 16M Ai
3

2

2�3
z2�3 - 16 32�3 z2�3 Ai¢

3

2

2�3
z2�3

03.04.03.0015.01

K 5

2

HzL �
Π

2
 
ã-z Iz2 + 3 z + 3M

z5�2
03.04.03.0016.01

K 8

3

HzL �
1

9 35�6 z8�3  90 2
3

Π z4�3 Ai
3

2

2�3
z2�3 - 62�3 Π I9 z2 + 40M Ai¢

3

2

2�3
z2�3

03.04.03.0017.01

K 10

3

HzL �

16 2
3

Π I9 z2 + 14M AiKJ 3

2
N2�3

z2�3O - 62�3 Π z2�3 I9 z2 + 112M Ai¢KJ 3

2
N2�3

z2�3O
9 35�6 z10�3

03.04.03.0018.01

K 7

2

HzL �
Π

2
 
ã-z Iz3 + 6 z2 + 15 z + 15M

z7�2
03.04.03.0019.01

K 11

3

HzL �
1

27 35�6 z11�3  9 2
3

Π z4�3 I9 z2 + 160M Ai
3

2

2�3
z2�3 - 20 62�3 Π I9 z2 + 32M Ai¢

3

2

2�3
z2�3

03.04.03.0020.01

K 13

3

HzL �
Π

27 2
3

35�6 z13�3  22�3 I81 z4 + 3024 z2 + 4480M Ai
3

2

2�3
z2�3 - 56 32�3 z2�3 I9 z2 + 80M Ai¢

3

2

2�3
z2�3
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03.04.03.0021.01

K 9

2

HzL �
Π

2
 
ã-z Iz4 + 10 z3 + 45 z2 + 105 z + 105M

z9�2
03.04.03.0022.01

K 14

3

HzL �

288 2
3

Π z4�3 I9 z2 + 110M AiKJ 3

2
N2�3

z2�3O - 62�3 Π I81 z4 + 4320 z2 + 14 080M Ai¢KJ 3

2
N2�3

z2�3O
81 35�6 z14�3

Symbolic rational  Ν

03.04.03.0004.01

KΝHzL �
Π

2

ã-z

z
â
j=0

f Ν¤- 1

2
v J j +  Ν¤ - 1

2
N !

j ! J- j +  Ν¤ - 1

2
N !

 H2 zL- j �; Ν -
1

2
Î Z

03.04.03.0007.01

KΝHzL �
H-1L Ν¤- 1

3 2
 Ν¤- 2

3 Π z- Ν¤ GJ- 1

3
N

35�6 GH1 -  Ν¤L  32�3 z2�3 Ai¢
3

2

2�3
z2�3 â

k=0

 Ν¤- 4

3 J Ν¤ - k - 4

3
N !

k ! J Ν¤ - 2 k - 4

3
N ! J 4

3
N
k

H1 -  Ν¤Lk

 -
z2

4

k

-

22�3 Ai
3

2

2�3
z2�3 â

k=0

 Ν¤- 1

3 J Ν¤ - k - 1

3
N !

k ! J Ν¤ - 2 k - 1

3
N ! J 1

3
N
k

H1 -  Ν¤Lk

 -
z2

4

k �;  Ν¤ -
1

3
Î Z

03.04.03.0008.01

KΝHzL �
H-1L Ν¤+ 1

3 2
 Ν¤- 4

3 Π z- Ν¤ GJ- 2

3
N

3 35�6 GH1 -  Ν¤L  9 z4�3 Ai
3

2

2�3
z2�3 â

k=0

 Ν¤- 5

3 J Ν¤ - k - 5

3
N !

k ! J Ν¤ - 2 k - 5

3
N ! J 5

3
N
k

H1 -  Ν¤Lk

 -
z2

4

k

-

4 2
3

32�3 Ai¢
3

2

2�3
z2�3 â

k=0

 Ν¤- 2

3 J Ν¤ - k - 2

3
N !

k ! J Ν¤ - 2 k - 2

3
N ! J 2

3
N
k

H1 -  Ν¤Lk

-
z2

4

k �;  Ν¤ -
2

3
Î Z

Values at fixed points

03.04.03.0009.01

K0H0L � ¥

Values at infinities

03.04.03.0010.01

lim
x®¥

KΝHxL � 0

03.04.03.0023.01

KΝI ãä Λ  ¥M �
0 - Π

2
£ Λ £ Π

2

¥� True
�; ImHΛL � 0

03.04.03.0024.01

KΝHä ¥L � 0
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03.04.03.0025.01

KΝH-ä ¥L � 0

General characteristics

Domain and analyticity

KΝHzL is an analytical function of Ν and z which is defined in C2.

03.04.04.0001.01HΝ * zL �KΝHzL � HC Ä CL �C

Symmetries and periodicities

Parity

KΝHzL is an even function with respect to its parameter.

03.04.04.0002.01

K-ΝHzL � KΝHzL
Mirror symmetry

03.04.04.0004.01

KΝ Hz�L � KΝHzL �; z Ï H-¥, 0L
Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed Ν, the function KΝHzL has an essential singularity at z � ¥� . At the same time, the point z � ¥�  is a branch

point.

03.04.04.0005.01

SingzHKΝHzLL � 88¥� , ¥<<
With respect to Ν

For fixed z, the function KΝHzL has only one singular point at Ν = ¥� .  It is an essential singular point. 

03.04.04.0006.01

SingΝHKΝHzLL � 88¥� , ¥<<
Branch points

With respect to z

For fixed Ν, the function KΝHzL has two branch points: z � 0, z � ¥� . At the same time, the point z � ¥�  is an essential

singularity.

http://functions.wolfram.com 4



03.04.04.0007.01

BPzHKΝHzLL � 80, ¥� <
03.04.04.0008.01

RzHKΝHzL, 0L � log �; Ν Ï Q

03.04.04.0009.01

Rz K p

q

HzL, 0 � q �; p Î Z ì q - 1 Î N+ ì gcdHp, qL � 1

03.04.04.0010.01

RzHKΝHzL, ¥� L � log �; Ν Ï Q

03.04.04.0011.01

Rz K p

q

HzL, ¥� � q �; p Î Z ì q - 1 Î N+ ì gcdHp, qL � 1

With respect to Ν

For fixed z, the function KΝHzL does not have branch points.

03.04.04.0012.01

BPΝHKΝHzLL � 8<
Branch cuts

With respect to z

 For fixed Ν, the function KΝHzL has one infinitely long branch cut.  For fixed Ν, the function KΝHzL is a single-valued function

on the z-plane cut along the interval H-¥, 0L, where it is continuous from above.

03.04.04.0013.01

BCzHKΝHzLL � 88H-¥, 0L, -ä<<
03.04.04.0014.01

lim
Ε®+0

KΝHx + ä ΕL � KΝHxL �; x Î R ß x < 0

03.04.04.0015.01

lim
Ε®+0

KΝHx - ä ΕL �
Π cscHΝ ΠL

2
Iã2 Π ä Ν I-ΝHxL - ã-2 Π ä Ν IΝHxLM �; Ν Ï Z ì x Î R ì x < 0

03.04.04.0018.01

lim
Ε®+0

KΝHx - ä ΕL � ã2 ä Π Ν KΝHxL + 2 ä Π IΝHxL cosHΠ ΝL �; x Î R ß x < 0

03.04.04.0016.01

lim
Ε®+0

KΝHx - ä ΕL � H-1LΝ 2 ä Π IΝHxL + KΝHxL �; Ν Î Z ß x Î R ß x < 0

With respect to Ν

For fixed z, the function KΝHzL is an entire function of Ν and does not have branch cuts.

03.04.04.0017.01

BCΝHKΝHzLL � 8<
Series representations

http://functions.wolfram.com 5



Generalized power series

Expansions at Ν � ±n

03.04.06.0015.01

KΝHzL µ KnHzL +
1

2
sgnHnL  n¤! K z

2
O- n¤ â

k=0

 n¤-1 1

H n¤ - kL k !
 KkHzL K z

2
Ok

 HΝ - nL + ¼ �; HΝ ® nL ß n Î Z

Expansions at generic point z � z0

For the function itself

03.04.06.0016.01

KΝHzL µ KΝHz0L 1

z0

-Ν
argJz-z0N

2 Π

z0

-Ν
argJz-z0N

2 Π

- 2 ä Π IΝHz0L cosHΠ ΝL argHz - z0L
2 Π

argHz0L + Π

2 Π
+

1

2
-HKΝ-1Hz0L + KΝ+1Hz0LL 1

z0

-Ν
argJz-z0N

2 Π

z0

-Ν
argJz-z0N

2 Π

- 2 ä Π HIΝ-1Hz0L + IΝ+1Hz0LL cosHΠ ΝL argHz - z0L
2 Π

argHz0L + Π

2 Π
 

Hz - z0L +
1

8
 HKΝ-2Hz0L + 2 KΝHz0L + KΝ+2Hz0LL 1

z0

-Ν
argJz-z0N

2 Π

z0

-Ν
argJz-z0N

2 Π

-

2 ä Π HIΝ-2Hz0L + 2 IΝHz0L + IΝ+2Hz0LL cosHΠ ΝL argHz - z0L
2 Π

argHz0L + Π

2 Π
 Hz - z0L2 + ¼ �; Hz ® z0L

03.04.06.0017.01

KΝHzL µ KΝHz0L 1

z0

-Ν
argJz-z0N

2 Π

z0

-Ν
argJz-z0N

2 Π

- 2 ä Π IΝHz0L cosHΠ ΝL argHz - z0L
2 Π

argHz0L + Π

2 Π
+

1

2
-HKΝ-1Hz0L + KΝ+1Hz0LL 1

z0

-Ν
argJz-z0N

2 Π

z0

-Ν
argJz-z0N

2 Π

- 2 ä Π HIΝ-1Hz0L + IΝ+1Hz0LL cosHΠ ΝL argHz - z0L
2 Π

argHz0L + Π

2 Π
 Hz - z0L +

1

8
 HKΝ-2Hz0L + 2 KΝHz0L + KΝ+2Hz0LL 1

z0

-Ν
argJz-z0N

2 Π

z0

-Ν
argJz-z0N

2 Π

-

2 ä Π HIΝ-2Hz0L + 2 IΝHz0L + IΝ+2Hz0LL cosHΠ ΝL argHz - z0L
2 Π

argHz0L + Π

2 Π
 Hz - z0L2 + OIHz - z0L3M

03.04.06.0018.01

KΝHzL � â
k=0

¥ KΝ
H0,kLHz0L
k !

 Hz - z0Lk �;  argHz0L¤ < Π

http://functions.wolfram.com 6



03.04.06.0019.01

KΝHzL � â
k=0

¥ 1

2 k !
 G2,4

2,2
z0

2
,

1

2

1-k

2
, - k

2

Ν-k

2
, - 1

2
Hk + ΝL, 1

2
, 0

Hz - z0Lk �;  argHz0L¤ < Π

03.04.06.0020.01

KΝHzL � 2-2 Ν-1 Π3�2 z0
-Ν cscHΠ ΝL

â
k=0

¥ 2k z0
-k

k !
 16Ν

1

z0

-Ν
argJz-z0N

2 Π

z0

-Ν
argJz-z0N

2 Π

GH1 - ΝL 2F
�

3

1 - Ν

2
, 1 -

Ν

2
;

1

2
H-k - Ν + 1L, 1

2
H-k - Ν + 2L, 1 - Ν;

z0
2

4
-

z0
2 Ν

1

z0

Ν
argJz-z0N

2 Π

z0

Ν
argJz-z0N

2 Π

GHΝ + 1L 2F
�

3

Ν + 1

2
,

Ν + 2

2
;

1

2
H-k + Ν + 1L, 1

2
H-k + Ν + 2L, Ν + 1;

z0
2

4
Hz - z0Lk �; Ν Ï Z

03.04.06.0021.01

KΝHzL � â
k=0

¥ 1

k !
 2-k

â
j=0

k
k
j

H-1Lk
1

z0

-Ν
argJz-z0N

2 Π

z0

-Ν
argJz-z0N

2 Π

K-2 j+k+ΝHz0L - 2 Π ä cosHΠ ΝL argHz - z0L
2 Π

argHz0L + Π

2 Π
I-2 j+k+ΝHz0L Hz - z0Lk

03.04.06.0022.01

KΝHzL � â
k=0

¥ z0
-k

k !

â
m=0

k H-1Lk+m k
m

H-ΝLk-m â
i=0

m H-1Li 22 i-m H-mL2 Hm-iL HΝLi

Hm - iL !

z0

2
â
j=0

i-1 Hi - j - 1L !

j ! Hi - 2 j - 1L ! H-i - Ν + 1L j HΝL j+1

 -
z0

2

4

j

KΝ-1Hz0L +

â
j=0

i Hi - jL !

j ! Hi - 2 jL ! H-i - Ν + 1L j HΝL j

 -
z0

2

4

j

KΝHz0L Hz - z0Lk �;  argHz0L¤ < Π

03.04.06.0023.01

KΝHzL µ KΝHz0L 1

z0

-Ν
argJz-z0N

2 Π

z0

-Ν
argJz-z0N

2 Π

- 2 ä Π IΝHz0L cosHΠ ΝL argHz - z0L
2 Π

argHz0L + Π

2 Π
 H1 + OHz - z0LL

Expansions on branch cuts

For the function itself

http://functions.wolfram.com 7



03.04.06.0024.01

KΝHzL µ ã
-2 ä Π Ν g argHz-xL

2 Π
w
KΝHxL - 2 ä Π IΝHxL cosHΠ ΝL argHz - xL

2 Π
-

1

2
ã

-2 ä Π Ν g argHz-xL
2 Π

w HKΝ-1HxL + KΝ+1HxLL + 2 ä Π HIΝ-1HxL + IΝ+1HxLL cosHΠ ΝL argHz - xL
2 Π

Hz - xL +

1

8
ã

-2 ä Π Ν g argHz-xL
2 Π

w HKΝ-2HxL + 2 KΝHxL + KΝ+2HxLL - 2 ä Π HIΝ-2HxL + 2 IΝHxL + IΝ+2HxLL cosHΠ ΝL argHz - xL
2 Π

Hz - xL2 +

¼ �; Hz ® xL ß x Î R ß x < 0

03.04.06.0025.01

KΝHzL µ ã
-2 ä Π Ν g argHz-xL

2 Π
w
KΝHxL - 2 ä Π IΝHxL cosHΠ ΝL argHz - xL

2 Π
-

1

2
ã

-2 ä Π Ν g argHz-xL
2 Π

w HKΝ-1HxL + KΝ+1HxLL + 2 ä Π HIΝ-1HxL + IΝ+1HxLL cosHΠ ΝL argHz - xL
2 Π

Hz - xL +

1

8
ã

-2 ä Π Ν g argHz-xL
2 Π

w HKΝ-2HxL + 2 KΝHxL + KΝ+2HxLL - 2 ä Π HIΝ-2HxL + 2 IΝHxL + IΝ+2HxLL cosHΠ ΝL argHz - xL
2 Π

Hz - xL2 +

OIHz - xL3M �; x Î R ß x < 0

03.04.06.0026.01

KΝHzL �

2-2 Ν-1 Π3�2 x-Ν cscHΠ ΝL â
k=0

¥ 2k x-k

k !
 16Ν ã

-2 ä Π Ν g argHz-xL
2 Π

w
GH1 - ΝL 2F

�
3

1 - Ν

2
, 1 -

Ν

2
;

1

2
H-k - Ν + 1L, 1

2
H-k - Ν + 2L, 1 - Ν;

x2

4
-

x2 Ν ã
2 ä Π Ν g argHz-xL

2 Π
w

GHΝ + 1L 2F
�

3

Ν + 1

2
,

Ν + 2

2
;

1

2
H-k + Ν + 1L, 1

2
H-k + Ν + 2L, Ν + 1;

x2

4
Hz - xLk �; Ν Ï Z

03.04.06.0027.01

KΝHzL � â
k=0

¥ 2-k

k !
â
j=0

k
k
j

H-1Lk ã
-2 Ν Π ä g argHz-xL

2 Π
w
K-2 j+k+ΝHxL - 2 Π ä cosHΠ ΝL argHz - xL

2 Π
I-2 j+k+ΝHxL Hz - xLk �; x Î R ß x < 0

03.04.06.0028.01

KΝHzL µ ã
-2 ä Π Ν g argHz-xL

2 Π
w
KΝHxL - 2 ä Π IΝHxL cosHΠ ΝL argHz - xL

2 Π
 H1 + OHz - xLL �; x Î R ß x < 0

Expansions at z � 0

For the function itself

General case

03.04.06.0001.02

KΝHzL µ
1

2
GHΝL K z

2
O-Ν

 1 +
z2

4 H1 - ΝL +
z4

32 H1 - ΝL H2 - ΝL + ¼ + GH-ΝL K z

2
OΝ

 1 +
z2

4 HΝ + 1L +
z4

32 HΝ + 1L HΝ + 2L + ¼ �;
Hz ® 0L ì Ν Ï Z

http://functions.wolfram.com 8



03.04.06.0029.01

KΝHzL µ
1

2
GHΝL K z

2
O-Ν

 1 +
z2

4 H1 - ΝL +
z4

32 H1 - ΝL H2 - ΝL + OIz6M + GH-ΝL K z

2
OΝ

 1 +
z2

4 HΝ + 1L +
z4

32 HΝ + 1L HΝ + 2L + OIz6M �;
Ν Ï Z

03.04.06.0030.01

KΝHzL �
1

2
GHΝL K z

2
O-Ν â

k=0

¥ I z

2
M2 k

H1 - ΝLk k !
+ GH-ΝL K z

2
OΝ â

k=0

¥ I z

2
M2 k

HΝ + 1Lk k !
�; Ν Ï Z

03.04.06.0002.01

KΝHzL �
Π cscHΠ ΝL

2
â
k=0

¥ 1

GHk - Ν + 1L k !
 K z

2
O2 k-Ν

- â
k=0

¥ 1

GHk + Ν + 1L k !
 K z

2
O2 k+Ν �; Ν Ï Z

03.04.06.0031.01

KΝHzL �
1

2
GHΝL K z

2
O-Ν

0F1 ; 1 - Ν;
z2

4
+ GH-ΝL K z

2
OΝ

0F1 ; Ν + 1;
z2

4
�; Ν Ï Z

03.04.06.0003.01

KΝHzL � 2Ν-1 Π z-Ν cscHΠ ΝL 0F
�

1 ; 1 - Ν;
z2

4
- 2-Ν-1 Π zΝ cscHΠ ΝL 0F

�
1 ; Ν + 1;

z2

4
�; Ν Ï Z

03.04.06.0007.01

KΝHzL µ 2-Ν-1 GH-ΝL zΝ I1 + OIz2MM + 2Ν-1 GHΝL z-Ν I1 + OIz2MM �; Ν Ï Z

03.04.06.0032.01

KΝHzL � F¥Hz, ΝL �;
FmHz, ΝL �

1

2
GHΝL K z

2
O-Ν â

k=0

m I z

2
M2 k

H1 - ΝLk k !
+ GH-ΝL K z

2
OΝ â

k=0

m I z

2
M2 k

HΝ + 1Lk k !
� KΝHzL +

Π

sinHΝ ΠL Hm + 1L !
 

2-2 m-Ν-3 z2 m+Ν+2

GHm + Ν + 2L

1F2 1; m + 2, m + Ν + 2;
z2

4
-

2-2 m+Ν-3 z2 m-Ν+2

GHm - Ν + 2L 1F2 1; m + 2, m - Ν + 2;
z2

4
í m Î N �; Ν Ï Z

Summed form of the truncated series expansion.

Logarithmic cases

03.04.06.0033.01

K0HzL µ -ý +
1

4
H1 - ýL z2 +

1

128
H3 - 2 ýL z4 + ¼ - logK z

2
O 1 +

z2

4
+

z4

64
+ ¼ �; Hz ® 0L

03.04.06.0034.01

K1HzL µ
1

z
+

z

4
 2 ý - 1 +

1

8
2 ý -

5

2
z2 +

1

192
2 ý -

10

3
z4 + ¼ +

z

2
logK z

2
O 1 +

z2

8
+

z4

192
+ ¼ �; Hz ® 0L

03.04.06.0035.01

K2HzL µ
2

z2
-

1

2
-

z2

8
logK z

2
O 1 +

z2

12
+

z4

384
+ ¼ +

z2

16

3

2
- 2 ý +

1

12

17

6
- 2 ý z2 +

1

384

43

12
- 2 ý z4 + ¼ �; Hz ® 0L
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03.04.06.0036.01

KnHzL µ

Hn - 1L !

2
K z

2
O-n

 1 -
z2

4 Hn - 1L +
z4

32 Hn - 1L Hn - 2L + ¼ +
H-1Ln-1

n!
log K z

2
O K z

2
On

 1 +
z2

4 Hn + 1L +
z4

32 Hn + 1L Hn + 2L + ¼ +

H-1Ln 2-n-1 zn

n!
 ΨHn + 1L - ý +

HΨHn + 2L - ý + 1L z2

4 Hn + 1L +
JΨHn + 3L + 3

2
- ýN z4

32 Hn + 1L Hn + 2L + ¼ �; Hz ® 0L ß n - 3 Î N

03.04.06.0037.01

KΝHzL �
1

2
K z

2
O- Ν¤

 â
k=0

 Ν¤-1 H-1Lk H Ν¤ - k - 1L !

k !
 K z

2
O2 k

+

H-1LΝ-1 logK z

2
O K z

2
O Ν¤

 â
k=0

¥ I z

2
M2 k

k ! Hk +  Ν¤L !
+

H-1LΝ

2
K z

2
O Ν¤

 â
k=0

¥ ΨHk + 1L + ΨHk +  Ν¤ + 1L
k ! Hk +  Ν¤L !

 K z

2
O2 k �; Ν Î Z

03.04.06.0004.01

KΝHzL � H-1LΝ-1
0F

�
1 ;  Ν¤ + 1;

z2

4
logK z

2
O K z

2
O Ν¤

+

1

2
â
k=0

 Ν¤-1 H-1Lk H Ν¤ - k - 1L !

k !
 K z

2
O2 k- Ν¤

+
H-1LΝ

2
â
k=0

¥ ΨHk + 1L + ΨHk +  Ν¤ + 1L
k ! Hk +  Ν¤L !

 K z

2
O2 k+ Ν¤ �; Ν Î Z

03.04.06.0038.01

KnHzL � H-1Ln-1 logK z

2
O K z

2
On â

k=0

¥ I z

2
M2 k

k ! Hk + nL !
+

1

2
 K z

2
O-n â

k=0

n-1 H-1Lk Hn - k - 1L !

k !
 K z

2
O2 k

+
H-1Ln

2
 K z

2
On

 â
k=0

¥ ΨHk + 1L + ΨHk + n + 1L
k ! Hk + nL !

 K z

2
O2 k �; n Î N

03.04.06.0005.01

KnHzL � H-1Ln-1 logK z

2
O InHzL +

1

2
â
k=0

n-1 H-1Lk  Hn - k - 1L !

k !
K z

2
O2 k-n

+
H-1Ln

2
 â
k=0

¥ ΨHk + 1L + ΨHk + n + 1L
k ! Hk + nL !

 K z

2
O2 k+n �; n Î N

03.04.06.0006.01

KnHzL �
H-1Ln

8
-

24-n zn-2

Hn - 1L !
 3F0 1, 1, 1 - n; ;

4

z2
+

2-n z2+n

Hn + 1L Hn + 1L !
Hn + 1L F2 ´ 0 ´ 1

0 ´ 1 ´ 2 ; 1; 1, 1;

2, n + 2;; 2;
 
z2

4
,

z2

4
+ F2 ´ 0 ´ 1

0 ´ 1 ´ 2 ; 1; 1, n + 1;

2, n + 2;; n + 2;
 
z2

4
,

z2

4
-

4 InHzL K2 logK z

2
O - ΨHn + 1L + ýO �; n Î N

03.04.06.0008.01

KΝHzL µ H-1LΝ-1 ∆ Ν¤ logK z

2
O I1 + OIz2MM +

1

2
â
k=0

 Ν¤-1 H-1Lk H-k +  Ν¤ - 1L !

k !
K z

2
O2 k- Ν¤ I1 + OIz2MM �; Ν Î Z

03.04.06.0039.01

K0HzL µ -logK z

2
O I1 + OIz2MM - ý I1 + OIz2MM
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03.04.06.0040.01

K1HzL µ
1

z
 I1 + OIz2MM +

z

2
logK z

2
O I1 + OIz2MM

03.04.06.0041.01

K2HzL µ
2

z2
 I1 + OIz2MM -

z2

8
logK z

2
O I1 + OIz2MM

03.04.06.0042.01

KnHzL µ
Hn - 1L !

2
K z

2
O-n

 I1 + OIz2MM +
H-1Ln-1

n!
log K z

2
O K z

2
On

 I1 + OIz2MM �; n - 3 Î N

03.04.06.0043.01

KnHzL � F¥Hz, nL �;
FmHz, nL �

H-1Ln

2
 K z

2
On

 â
k=0

m ΨHk + 1L + ΨHk + n + 1L
k ! Hk + nL !

 K z

2
O2 k

+ H-1Ln-1 logK z

2
O InHzL +

1

2
â
k=0

n-1 H-1Lk H-k + n - 1L !

k !
 K z

2
O2 k-n

�

zn Iz2M-
n

2  Kn z2 - log
z2

4

H-1Ln 2-2 m-n-3 z2 Hm+1L+n

Hm + 1L ! Hm + n + 1L !
 1F2 1; m + 2, m + n + 2;

z2

4
+

H-1Ln-1 InHzL logK z

2
O +

1

2
H-1Ln log

z2

4
 InHzL -

H-1Ln

2
K z

2
On

G2,4
2,2

z2

4

m + 1, m + 1

m + 1, m + 1, 0, -n
í n Î N

Summed form of the truncated series expansion.

Generic formulas for main term

03.04.06.0044.01

KΝHzL µ

-logI z

2
M - ý Ν � 0

1

2
H Ν¤ - 1L ! I z

2
M- Ν¤

Ν Î Z ì Ν =!= 0

1

2
GHΝL I z

2
M-Ν

+ 1

2
GH-ΝL I z

2
MΝ

True

�; Hz ® 0L

Asymptotic series expansions

Expansions for any z in exponential form

Using exponential function with branch cut-containing arguments

03.04.06.0045.01

KΝHzL µ
1

2

Π

2
cscHΠ ΝL I-z2M-

1

4
H2 Ν+1L

 ãä -z2 +
1

4
ä Π H3-2 ΝL IzΝ - ãä Π Ν H-zLΝM 1 +

ä I-1 + 4 Ν2M
8 -z2

+
9 - 40 Ν2 + 16 Ν4

128 z2
+ ¼ +

ã-ä -z2 +
1

4
ä Π H1-2 ΝL IH-zLΝ - ãä Π Ν zΝM 1 -

ä I-1 + 4 Ν2M
8 -z2

+
9 - 40 Ν2 + 16 Ν4

128 z2
+ ¼ �; H z¤ ® ¥L
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03.04.06.0046.01

KΝHzL µ
1

2

Π

2
cscHΠ ΝL I-z2M-

1

4
H2 Ν+1L

 ã-ä -z2 +
1

4
ä Π H1-2 ΝL IH-zLΝ - ãä Π Ν zΝM â

k=0

n JΝ + 1

2
N
k

J 1

2
- ΝN

k

k !
 

ä

2 -z2

k

+ O
1

zn+1
+

ãä -z2 +
1

4
ä Π H3-2 ΝL IzΝ - ãä Π Ν H-zLΝM â

k=0

n JΝ + 1

2
N
k

J 1

2
- ΝN

k

k !
 -

ä

2 -z2

k

+ O
1

zn+1
�; H z¤ ® ¥L

03.04.06.0011.01

KΝHzL µ
1

2

Π

2
z-Ν I-z2M-

2 Ν+1

4 cscHΠ ΝL ã-
ä Π Ν

2 exp
ä Π

4
- ä -z2 II-z2MΝ

- ãä Π Ν z2 ΝM 2F0

1

2
- Ν, Ν +

1

2
; ;

ä

2 -z2

+

exp -
ä Π

4
+ ä -z2 Iãä Π Ν I-z2MΝ

- z2 ΝM 2F0

1

2
- Ν, Ν +

1

2
; ; -

ä

2 -z2

�; H z¤ ® ¥L
03.04.06.0047.01

KΝHzL µ
1

2

Π

2
z-Ν I-z2M-

1

4
H2 Ν+1L

cscHΠ ΝL ã-
1

2
Hä Π ΝL

ã-
1

4
Hä ΠL+ä -z2 Iãä Π Ν I-z2MΝ

- z2 ΝM 1 + O
1

z
+ ã

ä Π

4
-ä -z2 II-z2MΝ

- ãä Π Ν z2 ΝM 1 + O
1

z
�; H z¤ ® ¥L

Using exponential function with branch cut-free arguments

03.04.06.0048.01

KΝHzL µ
1

z
 

Π

2
ã-z 1 +

4 Ν2 - 1

8 z
+

16 Ν4 - 40 Ν2 + 9

128 z2
+ ¼ �; H z¤ ® ¥L

03.04.06.0049.01

KΝHzL µ
Π

2
 

1

z
ã-z â

k=0

n JΝ + 1

2
N
k

J 1

2
- ΝN

k

k !
 -

1

2 z

k

+ O
1

zn+1
�; H z¤ ® ¥L

03.04.06.0009.01

KΝHzL µ
Π

2
 

ã-z

z
 2F0 Ν +

1

2
,

1

2
- Ν; ; -

1

2 z
�; H z¤ ® ¥L

03.04.06.0010.01

KΝHzL µ
Π

2
 

ã-z

z
 1 + O

1

z
�; H z¤ ® ¥L

03.04.06.0050.01

KΝHzL µ
Π

2
 

ã-z

z
�; H z¤ ® ¥L

Expansions at Ν � ä ¥

http://functions.wolfram.com 12



03.04.06.0051.01

Kä ΤHxL µ
2 Π

Τ
ã-

Π Τ

2 sin
x2

4 Τ
- Τ + Τ log

2 Τ

x
+

Π

4
1 + O

1

Τ
�; HΤ ® ¥L ß x Î R ß x > 0

Residue representations

03.04.06.0012.02

KΝHzL �
Π cscHΠ ΝL

2
 â
j=0

¥

ress GHsL cosHΠ sL I z

2
M-Ν

GH1 - Ν - sL -
I z

2
MΝ

GH1 + Ν - sL
z2

4

-s

 H- jL �; Ν Ï Z

03.04.06.0013.01

KΝHzL �
1

2
â
j=0

¥

ress G s +
Ν

2
K z

2
O-2 s

 G s -
Ν

2
 

Ν

2
- j + â

j=0

¥

ress G s -
Ν

2
K z

2
O-2 s

 G s +
Ν

2
 -

Ν

2
- j �; Ν Ï Z

03.04.06.0014.02

KnHzL �
1

2
â
j=0

 n¤-1

ress G s +
 n¤
2

K z

2
O-2 s

G s -
 n¤
2

 
 n¤
2

- j +
1

2
â
j=0

¥

ress K z

2
O-2 s

G s +
 n¤
2

G s -
 n¤
2

 -
 n¤
2

- j �; n Î Z

Integral representations

On the real axis

Of the direct function

03.04.07.0001.01

KΝHzL �
Π zΝ

2Ν GJΝ + 1

2
N  à

1

¥

ã-z t It2 - 1MΝ-
1

2  â t �; ReHΝL > -
1

2
í ReHzL > 0

03.04.07.0002.01

KΝHzL � à
0

¥

ã-z coshHtL coshHΝ tL â t �; ReHzL > 0

03.04.07.0003.01

KΝHzL �
Π

GJΝ + 1

2
N  K z

2
OΝ à

0

¥

ã-z coshHtL sinh2 ΝHtL â t �; ReHΝL > -
1

2
í ReHzL > 0

03.04.07.0004.01

KΝHxL � sec
Π Ν

2
à

0

¥

cosHx sinhHtLL coshHΝ tL â t �;  ReHΝL¤ < 1 ß x > 0

03.04.07.0005.01

KΝHxL � csc
Π Ν

2
à

0

¥

sinHx sinhHtLL sinhHΝ tL â t �;  ReHΝL¤ < 1 ß x > 0

03.04.07.0006.01

KΝHxL �
2Ν

Π xΝ
 G Ν +

1

2
à

0

¥

cosHx tL It2 + 1M-Ν-
1

2  â t �; ReHΝL > -
1

2
í x > 0

http://functions.wolfram.com 13



03.04.07.0007.01

K0HxL � à
0

¥ cosHx tL
t2 + 1

 â t �; x > 0

03.04.07.0008.01

K0HxL � à
0

¥

cosHx sinhHtLL â t �; x > 0

03.04.07.0009.01

K0HzL � -
1

Π
 à

0

Π

ãz cosHtL IlogI2 z sin2HtLM + ýM â t

03.04.07.0010.01

K0HzL � -
1

Π
 à

0

Π

ã-z cosHtL IlogI2 z sin2HtLM + ýM â t

Contour integral representations

03.04.07.0011.01

KΝHzL �
1

4 Π ä
 à

Γ-ä ¥

Γ+ä ¥

GHsL GHs - ΝL K z

2
OΝ-2 s

 â s �; Γ > maxHReHΝL, 0L
03.04.07.0012.01

KΝHzL � z-Ν Iz2MΝ�2
 

1

4 Π ä
 à

L
G s +

Ν

2
G s -

Ν

2

z2

4

-s

 â s - Π H-zL-
Ν

2 z-
3 Ν

2 Iz2 Ν - Iz2MΝM cscHΠ ΝL 
1

4 Π ä
 à

L

GIs + Ν

2
M

GI1 + Ν

2
- sM -

z2

4

-s

 â s �;
Ν Ï Z

Limit representations
03.04.09.0001.01

KΝHzL � lim
Λ®¥

Λ-Ν ã-Ν Π ä QΛ
Ν cosh

z

Λ

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

03.04.13.0001.01

z2 w¢¢HzL + z w¢HzL - Iz2 + Ν2M wHzL � 0 �; wHzL � c1 IΝHzL + c2 KΝHzL
03.04.13.0002.01

WzHIΝHzL, KΝHzLL � -
1

z

03.04.13.0003.01

w¢¢HzL - a zn wHzL � 0 �; wHzL � z c1 I 1

n+2

2 a z
n+2

2

n + 2
+ c2 K 1

n+2

2 a z
n+2

2

n + 2

http://functions.wolfram.com 14



03.04.13.0004.01

Wz z I 1

n+2

2 a z
n+2

2

n + 2
, z K 1

n+2

2 a z
n+2

2

n + 2
� -

n

2
- 1

03.04.13.0005.01

w¢¢HzL - m2 +
1

z2
 Ν2 -

1

4
wHzL � 0 �; wHzL � c1 z IΝ m2 z + c2 z KΝ m2 z

03.04.13.0006.01

Wz z IΝ m2 z , z KΝ m2 z � -1

03.04.13.0007.01

w¢¢HzL -
m2

4 z
+

Ν2 - 1

4 z2
wHzL � 0 �; wHzL � c1 z IΝ m2 z + c2 z KΝ m2 z

03.04.13.0008.01

Wz z IΝ m2 z , z KΝ m2 z � -
1

2

03.04.13.0009.01

w¢¢HzL -
2 v - 1

z
 w¢HzL - wHzL m2 � 0 �; wHzL � c1 zΝ IΝHm zL + c2 zΝ KΝHm zL

03.04.13.0010.01

WzHzΝ IΝHm zL, zΝ KΝHm zLL � -z2 Ν-1

03.04.13.0011.01

z2 w¢¢HzL + H2 z + 1L z w¢HzL + Iz - Ν2M wHzL � 0 �; wHzL � c1 ã-z IΝHzL + c2 ã-z KΝHzL
03.04.13.0012.01

WzHã-z IΝHzL, ã-z KΝHzLL � -
ã-2 z

z

03.04.13.0013.01

z2 w¢¢HzL + H1 - 2 zL z w¢HzL - IΝ2 + zM wHzL � 0 �; wHzL � c1 ãz IΝHzL + c2 ãz KΝHzL
03.04.13.0014.01

WzHãz IΝHzL, ãz KΝHzLL � -
ã2 z

z

03.04.13.0015.01

Iz2 + Ν2M w¢¢HzL z2 + Iz2 + 3 Ν2M w¢HzL z - Jz2 - Ν2 + Iz2 + Ν2M2N wHzL � 0 �; wHzL � c1 
¶ IΝHzL

¶z
+ c2 

¶KΝHzL
¶z

03.04.13.0019.01

w¢¢HzL -
g¢¢HzL
g¢HzL -

g¢HzL
gHzL w¢HzL -

Ν2

gHzL2
+ 1 g¢HzL2 wHzL � 0 �; wHzL � c1 IΝHgHzLL + c2 KΝHgHzLL

03.04.13.0020.01

WzHIΝHgHzLL, KΝHg HzLLL � -
g¢HzL
gHzL
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03.04.13.0021.01

w¢¢HzL - -
g¢HzL
gHzL +

2 h¢HzL
hHzL +

g¢¢HzL
g¢HzL w¢HzL -

Ν2

gHzL2
+ 1 g¢HzL2 +

h¢HzL g¢HzL
gHzL hHzL +

hHzL h¢¢HzL - 2 h¢HzL2

hHzL2
-

h¢HzL g¢¢HzL
hHzL g¢HzL wHzL � 0 �;

wHzL � c1 hHzL IΝHgHzLL + c2 hHzL KΝHgHzLL
03.04.13.0022.01

WzHhHzL IΝHgHzLL, hHzL KΝHg HzLLL � -
hHzL2 g¢HzL

gHzL
03.04.13.0023.01

z2 w¢¢HzL + z H1 - 2 sL w¢HzL + Is2 - r2 Ia2 z2 r + Ν2MM wHzL � 0 �; wHzL � c1 zs IΝHa zrL + c2 zs KΝHa zrL
03.04.13.0024.01

WzHzs IΝHa zrL, zs KΝHa zrLL � -r z2 s-1

03.04.13.0025.01

w¢¢HzL - 2 logHsL w¢HzL - IIa2 r2 z + Ν2M log2HrL - log2HsLM wHzL � 0 �; wHzL � c1 sz IΝHa rzL + c2 sz KΝHa rzL
03.04.13.0026.01

WzHsz IΝHa rzL, sz KΝHa rzLL � -s2 z logHrL
Involving related functions

03.04.13.0016.01

ä
k=1

4

z 
d

d z
 wHzL - 2 IΜ2 + Ν2M ä

k=1

2

z 
d

d z
 wHzL + IΝ2 - Μ2M2

wHzL - 4 z2 ä
k=1

2

z 
d

d z
 wHzL + 2 wHzL + 3 z w¢HzL � 0 �;

wHzL � c1 IΜHzL IΝHzL + c2 IΝHzL KΜHzL + c3 IΜHzL KΝHzL + c4 KΜHzL KΝHzL
03.04.13.0017.01

ä
k=1

3

z 
d

d z
 wHzL - 4 Iz2 + Ν2M z

¶wHzL
¶z

- 4 z2 wHzL � 0 �; wHzL � c1 IΝHzL2 + c2 KΝHzL IΝHzL + c3 KΝHzL2

03.04.13.0018.01

z3 wH3LHzL - z I4 z2 + 4 Ν2 - 1M w¢HzL + I4 Ν2 - 1M wHzL � 0 �; wHzL � c1 z IΝHzL2 + c2 z KΝHzL IΝHzL + c3 z KΝHzL2

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

03.04.16.0001.01

KΝH-zL � zΝ KΝHzL H-zL-Ν +
Π

2
HH-zL-Ν zΝ - H-zLΝ z-ΝL IΝHzL cscHΠ ΝL �; Ν Ï Z

03.04.16.0002.01

KΝH-zL � H-1LΝ KΝHzL + HlogHzL - logH-zLL IΝHzL �; Ν Î Z

03.04.16.0003.01

KΝHä zL �
Π

2

zΝ cosHΠ ΝL
Hä zLΝ

-
Hä zLΝ

zΝ
cscHΠ ΝL JΝHzL -

Π zΝ

2 Hä zLΝ
 YΝHzL �; Ν Ï Z
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03.04.16.0004.01

KΝHä zL �
1

äΝ
 HlogHzL - logHä zLL JΝHzL -

Π

2 äΝ
 YΝHzL �; Ν Î Z

03.04.16.0005.01

KΝH-ä zL �
Π

2

zΝ cosHΠ ΝL
H-ä zLΝ

-
H-ä zLΝ

zΝ
cscHΠ ΝL JΝHzL -

Π zΝ

2 H-ä zLΝ
 YΝHzL �; Ν Ï Z

03.04.16.0006.01

KΝH-ä zL �
1

H-äLΝ
HlogHzL - logH-ä zLL JΝHzL -

Π

2 H-äLΝ
YΝHzL �; Ν Î Z

03.04.16.0007.01

KΝHc Hd znLmL �
Hc dm zm nLΝ

Hc Hd znLmLΝ
 KΝHc dm zm nL -

Π

2
 cscHΠ ΝL Hc Hd znLmLΝ

Hc dm zm nLΝ
-

Hc dm zm nLΝ

Hc Hd znLmLΝ
 IΝHc dm zm nL �; 2 m Î Z ì Ν Ï Z

03.04.16.0008.01

KΝHc Hd znLmL �
Hd znLm

dm zm n

Ν HKΝHc dm zm nL - H-1LΝ IΝHc dm zm nL HlogHc Hd znLmL - logHc dm zm nLLL �; 2 m Î Z ß Ν Î Z

03.04.16.0013.01

KΝ z2 � zΝ Iz2M-
Ν

2 KΝHzL -
Π cscHΠ ΝL

2
z-Ν Iz2MΝ�2

- zΝ Iz2M-
Ν

2 IΝHzL �; Ν Ï Z

03.04.16.0014.01

KΝ z2 �
z2

z

Ν

KΝHzL - H-1LΝ log z2 - logHzL  IΝHzL �; Ν Î Z

Addition formulas

03.04.16.0009.01

KΝHz1 - z2L � â
k=-¥

¥

Kk+ΝHz1L IkHz2L �; z2

z1

< 1

03.04.16.0010.01

KΝHz1 + z2L � â
k=-¥

¥ H-1Lk KΝ-kHz1L IkHz2L �; z2

z1

< 1

Multiple arguments

03.04.16.0011.01

KΝHz1 z2L � z1
Ν â

k=0

¥ H-1Lk

k !
Iz1

2 - 1Mk
Kk+ΝHz2L K z2

2
Ok �; ¡z1

2 - 1¥ < 1

03.04.16.0012.01

KΝHz1 z2L � z1
-Ν â

k=0

¥ H-1Lk Iz1
2 - 1Mk

k !
 KΝ-kHz2L K z2

2
Ok �; ¡z1

2 - 1¥ < 1 ë Ν Î Z

Identities
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Recurrence identities

Consecutive neighbors

03.04.17.0001.01

KΝHzL � KΝ+2HzL -
2 HΝ + 1L

z
 KΝ+1HzL

03.04.17.0002.01

KΝHzL � KΝ-2HzL +
2 HΝ - 1L

z
 KΝ-1HzL

Distant neighbors

Increasing

03.04.17.0003.01

KΝHzL � H-1Ln 2n-1 z-n HΝ + 1Ln-1 2 Hn + ΝL â
k=0

f n

2
v Hn - kL !

k ! Hn - 2 kL ! H-n - ΝLk HΝ + 1Lk

 -
z2

4

k

Kn+ΝHzL -

z â
k=0

f n-1

2
v Hn - k - 1L !

k ! Hn - 2 k - 1L ! H-n - Ν + 1Lk HΝ + 1Lk

 -
z2

4

k

Kn+Ν+1HzL �; n Î N

03.04.17.0014.01

KΝHzL � H-1Ln 2n-1 z-n HΝ + 1Ln-1 2 Hn + ΝL 3F4 1,
1 - n

2
, -

n

2
; 1, -n, -n - Ν, Ν + 1; z2  Kn+ΝHzL -

z 3F4 1,
1 - n

2
, 1 -

n

2
; 1, 1 - n, -n - Ν + 1, Ν + 1; z2  Kn+Ν+1HzL �; n Î N

03.04.17.0006.01

KΝHzL �
Iz2 + 4 HΝ + 1L HΝ + 2LM KΝ+2HzL - 2 z HΝ + 1L KΝ+3HzL

z2

03.04.17.0007.01

KΝHzL �
z Iz2 + 4 HΝ + 1L HΝ + 2LM KΝ+4HzL - 4 HΝ + 2L Iz2 + 2 HΝ + 1L HΝ + 3LM KΝ+3HzL

z3

03.04.17.0008.01

KΝHzL �
1

z4
 IIz4 + 12 HΝ + 2L HΝ + 3L z2 + 16 HΝ + 1L HΝ + 2L HΝ + 3L HΝ + 4LM KΝ+4HzL - 4 z HΝ + 2L Iz2 + 2 HΝ + 1L HΝ + 3LM KΝ+5HzLM

03.04.17.0009.01

KΝHzL � -
1

z5
 I2 HΝ + 3L I3 z4 + 16 HΝ + 2L HΝ + 4L z2 + 16 HΝ + 1L HΝ + 2L HΝ + 4L HΝ + 5LM KΝ+5HzL -

z Iz4 + 12 HΝ + 2L HΝ + 3L z2 + 16 HΝ + 1L HΝ + 2L HΝ + 3L HΝ + 4LM KΝ+6HzLM
03.04.17.0015.01

KΝHzL � CnHΝ, zL KΝ+nHzL + Cn-1HΝ, zL KΝ+n+1HzL �;
C0HΝ, zL � 1 í C1HΝ, zL � -

2 HΝ + 1L
z

í CnHΝ, zL � -
2 Hn + ΝL

z
 Cn-1HΝ, zL + Cn-2HΝ, zL í n Î N+
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03.04.17.0016.01

KΝHzL � CnHΝ, zL KΝ+nHzL + Cn-1HΝ, zL KΝ+n+1HzL �; CnHΝ, zL � H-2Ln z-n HΝ + 1Ln 2F3

1 - n

2
, -

n

2
; Ν + 1, -n, -n - Ν; z2 í n Î N+

Decreasing

03.04.17.0004.01

KΝHzL � H-1Ln 2n-1 z-n H1 - ΝLn-1 2 Hn - ΝL â
k=0

f n

2
v Hn - kL !

k ! Hn - 2 kL ! H1 - ΝLk HΝ - nLk

 -
z2

4

k

KΝ-nHzL -

z â
k=0

f n-1

2
v Hn - k - 1L !

k ! Hn - 2 k - 1L ! H1 - ΝLk HΝ - n + 1Lk

 -
z2

4

k

KΝ-n-1HzL �; n Î N

03.04.17.0017.01

KΝHzL � H-1Ln 2n-1 z-n H1 - ΝLn-1 2 Hn - ΝL 3F4 1,
1 - n

2
, -

n

2
; 1, -n, 1 - Ν, Ν - n; z2 KΝ-nHzL -

z 3F4 1,
1 - n

2
, 1 -

n

2
; 1, 1 - n, 1 - Ν, Ν - n + 1; z2 KΝ-n-1HzL �; n Î N

03.04.17.0010.01

KΝHzL �
2 z HΝ - 1L KΝ-3HzL + Iz2 + 4 HΝ - 2L HΝ - 1LM KΝ-2HzL

z2

03.04.17.0011.01

KΝHzL �
z Iz2 + 4 HΝ - 2L HΝ - 1LM KΝ-4HzL + 4 Iz2 + 2 HΝ - 3L HΝ - 1LM HΝ - 2L KΝ-3HzL

z3

03.04.17.0012.01

KΝHzL �
1

z4
 I4 z Iz2 + 2 HΝ - 3L HΝ - 1LM HΝ - 2L KΝ-5HzL + Iz4 + 12 HΝ - 3L HΝ - 2L z2 + 16 HΝ - 4L HΝ - 3L HΝ - 2L HΝ - 1LM KΝ-4HzLM

03.04.17.0013.01

KΝHzL �
1

z5
 Iz Iz4 + 12 HΝ - 3L HΝ - 2L z2 + 16 HΝ - 4L HΝ - 3L HΝ - 2L HΝ - 1LM KΝ-6HzL +

2 I3 z4 + 16 HΝ - 4L HΝ - 2L z2 + 16 HΝ - 5L HΝ - 4L HΝ - 2L HΝ - 1LM HΝ - 3L KΝ-5HzLM
03.04.17.0018.01

KΝHzL � CnHΝ, zL KΝ-nHzL + Cn-1HΝ, zL KΝ-n-1HzL �;
C0HΝ, zL � 1 í C1HΝ, zL �

2 HΝ - 1L
z

í CnHΝ, zL �
2 H-n + ΝL

z
 Cn-1HΝ, zL + Cn-2HΝ, zL í n Î N+

03.04.17.0019.01

KΝHzL � CnHΝ, zL KΝ-nHzL + Cn-1HΝ, zL KΝ-n-1HzL �; CnHΝ, zL � H-2Ln z-n H1 - ΝLn 2F3

1 - n

2
, -

n

2
; 1 - Ν, -n, Ν - n; z2 í n Î N+

Functional identities

Relations between contiguous functions
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03.04.17.0005.01

KΝHzL �
z

2 Ν
 HKΝ+1HzL - KΝ-1HzLL

Differentiation

Low-order differentiation

With respect to Ν

03.04.20.0001.01

KΝ
H1,0LHzL �

Π cscHΠ ΝL
2

-2 cosHΠ ΝL KΝHzL - logK z

2
O HI-ΝHzL + IΝHzLL + â

k=0

¥ 1

k !
 

ΨHk - Ν + 1L
GHk - Ν + 1L  K z

2
O2 k-Ν

+
ΨHk + Ν + 1L
GHk + Ν + 1L  K z

2
O2 k+Ν �;

Ν Ï Z

03.04.20.0002.01

KΝ
H1,0LHzL �

Π cscHΠ ΝL
2

HI-ΝHzL + IΝHzLL HlogH2L - logHzL + ΨHΝLL +
Π Ν cotHΠ ΝL + 1

Ν
 IΝHzL +

2Ν-3 z2-Ν GHΝ - 1L
v - 1

F2 ´ 0 ´ 1
0 ´ 1 ´ 2 ; 1; 1, 1 - Ν;

2, 2 - Ν;; 2 - Ν;
 
z2

4
,

z2

4
+

2-Ν-3 zΝ+2 GH-Ν - 1L
Ν + 1

 F2 ´ 0 ´ 1
0 ´ 1 ´ 2 ; 1; 1, 1 + Ν;

2, 2 + Ν;; 2 + Ν;
 
z2

4
,

z2

4
�; Ν Ï Z

03.04.20.0017.01

K0
H1,0LHzL � 0

03.04.20.0003.01

Kn
H1,0LHzL �

1

2
n! K z

2
O-n â

k=0

n-1 1

Hn - kL k !
 KkHzL K z

2
Ok �; n Î N

03.04.20.0018.01

Kn
H1,0LHzL �

1

2
sgnHnL  n¤! K z

2
O- n¤ â

k=0

 n¤-1 1

H n¤ - kL k !
 KkHzL K z

2
Ok �; n Î Z

03.04.20.0019.01

K
n+

1

2

H1,0LHzL �
H-1Ln+1 Π

2
HChiH2 zL - ShiH2 zLL I

n+
1

2

HzL + I
-n-

1

2

 HzL +
1

2
Hn + 1L ! â

k=0

n 1

k ! Hn - k + 1L  K z

2
Ok-n-1

K
k-

1

2

HzL +

H-1Ln Π z Hn + 1L !

2
â
k=1

n+1 1

Hn - k + 1L ! k
 -

2

z

k

I
n-k+

1

2

HzL + I
k-n-

1

2

HzL â
p=0

k-1 zp

p!
 K

p-
1

2

H2 zL �; n Î N

Brychkov Yu.A. (2005)

03.04.20.0020.01

K
-n-

1

2

H1,0L HzL �
H-1Ln Π

2
I
n+

1

2

HzL + I
-n-

1

2

HzL HChiH2 zL - ShiH2 zLL -
Hn + 1L !

2
â
k=0

n 1

k ! Hn - k + 1L  K z

2
Ok-n-1

K
k-

1

2

HzL -

H-1Ln Π z Hn + 1L !

2
â
k=1

n+1 1

Hn - k + 1L ! k
 -

2

z

k

I
n-k+

1

2

HzL + I
k-n-

1

2

HzL â
p=0

k-1 zp

p!
 K

p-
1

2

H2 zL �; n Î N

Brychkov Yu.A. (2005)
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With respect to z

03.04.20.0004.01

¶KΝHzL
¶z

� -KΝ-1HzL -
Ν

z
 KΝHzL

03.04.20.0005.01

¶KΝHzL
¶z

�
Ν

z
 KΝHzL - KΝ+1HzL

03.04.20.0006.01

¶KΝHzL
¶z

� -
1

2
HKΝ-1HzL + KΝ+1HzLL

03.04.20.0007.01

¶K0HzL
¶z

� -K1HzL
03.04.20.0008.01

¶HzΝ KΝHzLL
¶z

� -zΝ KΝ-1HzL
03.04.20.0009.01

¶Hz-Ν KΝHzLL
¶z

� -z-Ν KΝ+1HzL
03.04.20.0010.01

¶2 KΝHzL
¶z2

�
1

4
HKΝ-2HzL + 2 KΝHzL + KΝ+2HzLL

Symbolic differentiation 

With respect to Ν

03.04.20.0011.02

KΝ
Hm,0LHzL �

Π

2
â
k=0

¥ 1

k !
 K z

2
O2 k

 
¶m

¶Νm
 cscHΠ ΝL 1

GHk - Ν + 1L  K z

2
O-Ν

-
1

GHk + Ν + 1L  K z

2
OΝ �; m Î N ì Ν Ï Z

With respect to z

03.04.20.0021.01

¶n KΝHzL
¶zn

� z-n â
m=0

n H-1Lm+n n

m
H-ΝLn-m â

k=0

m H-1Lk 22 k-m H-mL2 Hm-kL HΝLk

Hm - kL !

z

2
â
j=0

k-1 Hk - j - 1L !

j ! Hk - 2 j - 1L ! H1 - k - ΝL j HΝL j+1

 -
z2

4

j

KΝ-1HzL + â
j=0

k Hk - jL !

j ! Hk - 2 jL ! H1 - k - ΝL j HΝL j

 -
z2

4

j

KΝHzL �; n Î N

03.04.20.0012.02

¶n KΝHzL
¶zn

� 2n-2 Ν-1 Π3�2 z-n-Ν cscHΠ ΝL 16Ν GH1 - ΝL 2F
�

3

1 - Ν

2
, 1 -

Ν

2
;

1 - Ν - n

2
,

2 - Ν - n

2
, 1 - Ν;

z2

4
-

z2 Ν GHΝ + 1L 2F
�

3

Ν + 1

2
,

Ν + 2

2
;

Ν - n + 1

2
,

Ν - n + 2

2
, Ν + 1;

z2

4
�; Ν Ï Z ì n Î N
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03.04.20.0013.02

¶n KΝHzL
¶zn

�
1

2
G2,4

2,2
z

2
,

1

2

1-n

2
, - n

2

Ν-n

2
, - 1

2
Hn + ΝL, 1

2
, 0

�; n Î N

03.04.20.0014.02

¶n KΝHzL
¶zn

� H-1Ln 2-n â
k=0

n n

k
K2 k-n+ΝHzL �; n Î N

Fractional integro-differentiation

With respect to z

03.04.20.0015.01

¶Α KΝHzL
¶zΑ

� 2Α-2 Ν-1 Π3�2 z-Α-Ν cscHΠ ΝL 16Ν GH1 - ΝL 2F
�

3

1 - Ν

2
, 1 -

Ν

2
; 1 - Ν,

1 - Α - Ν

2
, 1 -

Α + Ν

2
;

z2

4
-

z2 Ν GHΝ + 1L 2F
�

3

Ν + 1

2
,

Ν

2
+ 1; Ν + 1,

1 - Α + Ν

2
, 1 -

Α - Ν

2
;

z2

4
�; Ν Ï Z

03.04.20.0022.01

¶Α KΝHzL
¶zΑ

� 2 Ν¤-1 z-Α- Ν¤ â
k=f  Ν¤-1

2
v+1

 Ν¤-1 H-1Lk H Ν¤ - k - 1L ! GH2 k -  Ν¤ + 1L
k ! GH2 k - Α -  Ν¤ + 1L  K z

2
O2 k

+

H-1L Ν¤-1 2 Ν¤-1 z-Α- Ν¤ â
k=0

f  Ν¤-1

2
v H-1Lk H Ν¤ - k - 1L !

k ! H Ν¤ - 2 k - 1L ! GH2 k - Α -  Ν¤ + 1L  Hlog HzL - ΨH2 k - Α -  Ν¤ + 1L + ΨH Ν¤ - 2 kLL K z

2
O2 k

+

H-1LΝ-1 2- Ν¤ z Ν¤-Α â
k=0

¥ FClog
HΑL Hz, 2 k +  Ν¤L
k ! Hk +  Ν¤L !

 K z

2
O2 k

- H-1LΝ-1 logH2L 2- Ν¤ z Ν¤-Α â
k=0

¥ GH2 k +  Ν¤ + 1L
k ! Hk +  Ν¤L ! GH2 k - Α +  Ν¤ + 1L  K z

2
O2 k

+

H-1LΝ 2- Ν¤-1 z Ν¤-Α â
k=0

¥ GH2 k +  Ν¤ + 1L HΨHk + 1L + ΨHk +  Ν¤ + 1LL
k ! Hk +  Ν¤L ! GH2 k - Α +  Ν¤ + 1L  K z

2
O2 k �; Ν Î Z

03.04.20.0016.01

¶Α KΝHzL
¶zΑ

� H-1LΝ-1 2Α-2 Ν Π GHΝ + 1L 2F
�

3

Ν + 1

2
,

Ν + 2

2
;

1 - Α + Ν

2
,

2 - Α + Ν

2
, Ν + 1;

z2

4
logK z

2
O zΝ-Α +

1

2
z-Α â

k=f Ν+1

2
v

Ν-1 H-1Lk H-k + Ν - 1L ! H2 k - ΝL !

k ! GH2 k - Α - Ν + 1L  K z

2
O2 k-Ν

+ â
k=0

f Ν-1

2
v H-1Lk HΝ - k - 1L !

22 k-Ν+1 k !
FCexp

HΑL Hz, 2 k - ΝL z2 k-Α-Ν +

H-1LΝ

2
z-Α â

k=0

¥ H2 k + ΝL ! HΨHk + 1L + ΨHk + Ν + 1L - 2 ΨH2 k + Ν + 1L + 2 ΨH2 k - Α + Ν + 1LL
k ! Hk + ΝL ! GH2 k - Α + Ν + 1L  K z

2
O2 k+Ν �; Ν Î N

Integration

Indefinite integration

Involving only one direct function
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03.04.21.0001.01

à KΝHa zL â z � 2-Ν-2 Π z Ha zL-Ν cscHΠ ΝL
4Ν G

1

2
-

Ν

2
1F

�
2

1

2
-

Ν

2
; 1 - Ν,

3

2
-

Ν

2
;

a2 z2

4
- Ha zL2 Ν G

Ν + 1

2
1F

�
2

Ν + 1

2
; Ν + 1,

Ν + 3

2
;

a2 z2

4
�; Ν Ï Z

03.04.21.0002.01

à KΝHzL â z �
2Ν-1 Π z1-Ν cscHΠ ΝL

GH2 - ΝL 1F2

1 - Ν

2
; 1 - Ν,

3 - Ν

2
;

z2

4
-

2-Ν-1 Π zΝ+1 cscHΠ ΝL
GHΝ + 2L  1F2

Ν + 1

2
;

Ν + 3

2
, Ν + 1;

z2

4
�; Ν Ï Z

03.04.21.0003.01

à KΝHzL â z �
1

2
G1,3

2,1
z

2
,

1

2

1
1-Ν

2
, Ν+1

2
, 0

03.04.21.0004.01

à K0HzL â z �
Π z

2
HK0HzL L-1HzL + K1HzL L0HzLL

03.04.21.0005.01

à K1HzL â z � -K0HzL
03.04.21.0006.01

à K2HzL â z �
1

2
G1,3

2,1
z

2
,

1

2

1

- 1

2
, 3

2
, 0

03.04.21.0120.01

à K2HzL â z � -2 K1HzL -
1

2
Π z HK0HzL L-1HzL + K1HzL L0HzLL

03.04.21.0121.01

à K3HzL â z � K0HzL - 2 K2HzL
03.04.21.0122.01

à K4HzL â z � 2 HK1HzL - K3HzLL +
1

2
Π z HK0HzL L-1HzL + K1HzL L0HzLL

03.04.21.0123.01

à K5HzL â z � 2 HK2HzL - K4HzLL - K0HzL
03.04.21.0124.01

à K2 nHzL â z �
1

2
HH-1Ln Π zL HK0HzL L-1HzL + K1HzL L0HzLL + 2 â

k=0

n-1 H-1Lk+n K2 k+1HzL �; n Î N

03.04.21.0125.01

à K2 n+1HzL â z � 2 â
k=1

n H-1Lk+n-1 K2 kHzL - H-1Ln K0HzL �; n Î N

Involving one direct function and elementary functions

Involving power function
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Involving power

Linear arguments

03.04.21.0007.01

à zΑ-1 KΝHa zL â z � 2-Ν-2 Π zΑ Ha zL-Ν cscHΠ ΝL
4Ν G

Α - Ν

2
1F

�
2

Α - Ν

2
; 1 - Ν,

1

2
HΑ - Ν + 2L; a2 z2

4
- Ha zL2 Ν G

Α + Ν

2
1F

�
2

Α + Ν

2
; Ν + 1,

1

2
HΑ + Ν + 2L; a2 z2

4
�; Ν Ï Z

03.04.21.0008.01

à zΑ-1 KΝHzL â z �

-
2Ν-1 Π zΑ-Ν cscHΠ ΝL

HΝ - ΑL GH1 - ΝL  1F2

Α - Ν

2
; 1 - Ν,

Α - Ν

2
+ 1;

z2

4
-

2-Ν-1 Π zΑ+Ν cscHΠ ΝL
HΑ + ΝL GHΝ + 1L  1F2

Α + Ν

2
; Ν + 1,

Α + Ν

2
+ 1;

z2

4
�; Ν Ï Z

03.04.21.0009.01

à zΑ-1 K0HzL â z �
zΑ

Α
 K0HzL 1F2 1;

Α

2
+ 1,

Α

2
;

z2

4
+

z

Α
K1HzL 1F2 1;

Α

2
+ 1,

Α

2
+ 1;

z2

4

03.04.21.0010.01

à z1-Ν KΝHzL â z � -z1-Ν KΝ-1HzL
03.04.21.0011.01

à z-Ν KΝHzL â z � 2-Ν-1 Π z cscHΠ ΝL -
4Ν z-2 Ν

H2 Ν - 1L GH1 - ΝL 1F2

1

2
- Ν; 1 - Ν,

3

2
- Ν;

z2

4
-

1

GHΝ + 1L  1F2

1

2
;

3

2
, Ν + 1;

z2

4

03.04.21.0012.01

à zΝ+3 KΝHzL â z � -
1

2 GH-ΝL  IΠ cscHΠ ΝL I2 I-Ν-2HzL GH-ΝL zΝ+2 +

2 Ν IΝ+2HzL GH-ΝL zΝ+2 + 2 IΝ+2HzL GH-ΝL zΝ+2 - I-Ν-1HzL GH-ΝL zΝ+3 + IΝ+3HzL GH-ΝL zΝ+3 + 2Ν+3 + 2Ν+3 ΝMM
03.04.21.0013.01

à zΝ+1 KΝHzL â z � -zΝ+1 K-Ν-1HzL
03.04.21.0014.01

à zΝ KΝHzL â z � 2-Ν-2 Π z cscHΠ ΝL 4Ν Π 1F
�

2

1

2
; 1 - Ν,

3

2
;

z2

4
- z2 Ν G Ν +

1

2
1F

�
2 Ν +

1

2
; Ν + 1, Ν +

3

2
;

z2

4

03.04.21.0015.01

à z K0HzL â z � -z K1HzL
03.04.21.0126.01

à K2 nHzL
z

 â z � -
1

2 n
 H-1Ln K0HzL + K2 nHzL + 2 â

k=1

n-1 H-1Lk+n K2 kHzL �; n Î N+

03.04.21.0127.01

à K2 n+1HzL
z

 â z � -
1

2 n + 1
 K2 n+1HzL +

1

2
HH-1Ln Π zL HK0HzL L-1HzL + K1HzL L0HzLL + 2 â

k=0

n-1 H-1Lk+n K2 k+1HzL �; n Î N
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03.04.21.0128.01

à K2 nHzL
z2

 â z � -
K2 nHzL

z
+

1

2 H2 n + 1L  K2 n+1HzL +
1

2
HH-1Ln Π zL HK0HzL L-1HzL + K1HzL L0HzLL + 2 â

k=0

n-1 H-1Lk+n K2 k+1HzL +

1

2 H2 n - 1L  K2 n-1HzL -
1

2
HH-1Ln Π zL HK0HzL L-1HzL + K1HzL L0HzLL - 2 â

k=0

n-2 H-1Lk+n K2 k+1HzL �; n Î N+

03.04.21.0129.01

à K2 n+1HzL
z2

 â z �

H-1Ln K0HzL + K2 nHzL
4 n

+
K2 n+2HzL - H-1Ln K0HzL

4 Hn + 1L -
K2 n+1HzL

z
+

1

2 Hn + 1L  â
k=1

n H-1Lk+n-1 K2 kHzL +
1

2 n
 â
k=1

n-1 H-1Lk+n K2 kHzL �; n Î N+

03.04.21.0130.01

à KΝHzL
zm

 â z � -
KΝHzL

Hm - 1L zm-1
-

1

2 Hm - 1L  à 1

zm-1
 HKΝ-1HzL + KΝ+1HzLL â z �; m Î Z ß m > 1

Power arguments

03.04.21.0016.01

à zΑ-1 KΝHa zrL â z �
1

r
 2-Ν-2 Π zΑ Ha zrL-Ν cscHΠ ΝL 4Ν G

Α - r Ν

2 r
1F

�
2

Α - r Ν

2 r
; 1 - Ν,

1

2

Α

r
- Ν + 2 ;

1

4
a2 z2 r -

Ha zrL2 Ν G
Α + r Ν

2 r
1F

�
2

Α + r Ν

2 r
; Ν + 1,

Α + r HΝ + 2L
2 r

;
1

4
a2 z2 r

Involving exponential function

Involving exp

Linear arguments

03.04.21.0017.01

à ã-a z KΝHa zL â z � -2-Ν Π z Ha zL-Ν Ν cscHΠ ΝL
GH2 ΝL 2F

�
2 Ν +

1

2
, Ν + 1; Ν + 2, 2 Ν + 1; -2 a z Ha zL2 Ν + 4Ν GH-2 ΝL 2F

�
2

1

2
- Ν, 1 - Ν; 1 - 2 Ν, 2 - Ν; -2 a z

03.04.21.0018.01

à ãa z KΝHa zL â z � -2-Ν Π z Ha zL-Ν Ν cscHΠ ΝL
GH2 ΝL 2F

�
2 Ν +

1

2
, Ν + 1; Ν + 2, 2 Ν + 1; 2 a z Ha zL2 Ν + 4Ν GH-2 ΝL 2F

�
2

1

2
- Ν, 1 - Ν; 1 - 2 Ν, 2 - Ν; 2 a z

Power arguments
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03.04.21.0019.01

à ã-a zr
KΝHa zrL â z �

-
1

r2 Ν2 - 1
 2-Ν-1 z Ha zrL-Ν Hr GH1 - ΝL + GH-ΝLL 2F2 Ν +

1

2
, Ν +

1

r
; Ν +

1

r
+ 1, 2 Ν + 1; -2 a zr Ha zrL2 Ν + 4Ν

HGHΝL + r GHΝ + 1LL 2F2

1

2
- Ν,

1

r
- Ν; 1 - 2 Ν, -Ν +

1

r
+ 1; -2 a zr

03.04.21.0020.01

à ãa zr
KΝHa zrL â z � -

1

r2 Ν2 - 1
 2-Ν-1 z Ha zrL-Ν Hr GH1 - ΝL + GH-ΝLL 2F2 Ν +

1

2
, Ν +

1

r
; Ν +

1

r
+ 1, 2 Ν + 1; 2 a zr Ha zrL2 Ν +

4Ν HGHΝL + r GHΝ + 1LL 2F2

1

2
- Ν,

1

r
- Ν; 1 - 2 Ν, -Ν +

1

r
+ 1; 2 a zr

Involving exponential function and a power function

Involving exp and power

Linear arguments

03.04.21.0021.01

à zΑ-1 ã-a z KΝHa zL â z � 2-Ν-1 Π zΑ Ha zL-Ν cscHΠ ΝL G
1

2
- Ν GHΑ - ΝL 2F

�
2

1

2
- Ν, Α - Ν; 1 - 2 Ν, Α - Ν + 1; -2 a z -

4Ν Ha zL2 Ν G Ν +
1

2
GHΑ + ΝL 2F

�
2 Ν +

1

2
, Α + Ν; Α + Ν + 1, 2 Ν + 1; -2 a z

03.04.21.0022.01

à z-Ν ã-a z KΝHa zL â z �
2-Ν ã-a z z-Ν

a H2 Ν - 1L GHΝL  H2Ν a z HK1-ΝHa zL - KΝHa zLL GHΝL - ãa z Π Ha zLΝ cscHΠ ΝLL
03.04.21.0023.01

à zΝ ã-a z KΝHa zL â z �
zΝ

2 Ν + 1
 ã-a z z HKΝHa zL - K-Ν-1Ha zLL -

2Ν Π Ha zL-Ν cscHΠ ΝL
a GH-ΝL

03.04.21.0024.01

à zΑ-1 ãa z KΝHa zL â z � 2-Ν-1 Π zΑ Ha zL-Ν cscHΠ ΝL G
1

2
- Ν GHΑ - ΝL 2F

�
2

1

2
- Ν, Α - Ν; 1 - 2 Ν, Α - Ν + 1; 2 a z -

4Ν Ha zL2 Ν G Ν +
1

2
GHΑ + ΝL 2F

�
2 Ν +

1

2
, Α + Ν; Α + Ν + 1, 2 Ν + 1; 2 a z

03.04.21.0025.01

à z-Ν ãa z KΝHa zL â z �
2-Ν z-Ν

a H2 Ν - 1L GHΝL  HΠ Ha zLΝ cscHΠ ΝL - 2Ν a ãa z z HK1-ΝHa zL + KΝHa zLL GHΝLL
03.04.21.0026.01

à zΝ ãa z KΝHa zL â z �
zΝ Ha zL-Ν

a H2 Ν + 1L GH-ΝL  Ha ãa z z HK-Ν-1Ha zL + KΝHa zLL GH-ΝL Ha zLΝ + 2Ν Π cscHΠ ΝLL
Power arguments
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03.04.21.0027.01

à zΑ-1 ã-a zr
KΝHa zrL â z � 2-Ν-1 zΑ Ha zrL-Ν

GH-ΝL Ha zrL2 Ν

Α + r Ν
 2F2 Ν +

1

2
,

Α

r
+ Ν;

Α

r
+ Ν + 1, 2 Ν + 1; -2 a zr +

4Ν GHΝL
Α - r Ν

2F2

1

2
- Ν,

Α

r
- Ν; 1 - 2 Ν,

Α

r
- Ν + 1; -2 a zr

03.04.21.0028.01

à zΑ-1 ãa zr
KΝHa zrL â z � 2-Ν-1 zΑ Ha zrL-Ν

GH-ΝL Ha zrL2 Ν

Α + r Ν
 2F2 Ν +

1

2
,

Α

r
+ Ν;

Α

r
+ Ν + 1, 2 Ν + 1; 2 a zr +

4Ν GHΝL
Α - r Ν

 2F2

1

2
- Ν,

Α

r
- Ν; 1 - 2 Ν,

Α

r
- Ν + 1; 2 a zr

Involving hyperbolic functions

Involving sinh

Linear arguments

03.04.21.0029.01

à sinhHa zL KΝHa zL â z �

-
1

Ν2 - 4
 2-Ν-1 z Ha zL1-Ν HGH1 - ΝL + 2 GH-ΝLL 3F4

Ν

2
+

3

4
,

Ν

2
+ 1,

Ν

2
+

5

4
;

3

2
,

Ν

2
+ 2, Ν + 1, Ν +

3

2
; a2 z2 Ha zL2 Ν +

I22 Ν+1 GHΝL + 4Ν GHΝ + 1LM 3F4

3

4
-

Ν

2
, 1 -

Ν

2
,

5

4
-

Ν

2
;

3

2
, 1 - Ν,

3

2
- Ν, 2 -

Ν

2
; a2 z2

03.04.21.0030.01

à sinhHb + a zL KΝHa zL â z �

2-Ν-1 Π z Ha zL-Ν cscHΠ ΝL -
a z Ha zL2 Ν coshHbL

HΝ + 2L GHΝ + 1L  3F4

Ν

2
+

3

4
,

Ν

2
+ 1,

Ν

2
+

5

4
;

3

2
,

Ν

2
+ 2, Ν + 1, Ν +

3

2
; a2 z2 -

4Ν a z coshHbL
HΝ - 2L GH1 - ΝL 3F4

3

4
-

Ν

2
, 1 -

Ν

2
,

5

4
-

Ν

2
;

3

2
, 1 - Ν,

3

2
- Ν, 2 -

Ν

2
; a2 z2 +

4Ν

GH2 - ΝL  3F4

1

4
-

Ν

2
,

1

2
-

Ν

2
,

3

4
-

Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν,

3

2
-

Ν

2
; a2 z2 -

Ha zL2 Ν

GHΝ + 2L  3F4

Ν

2
+

1

4
,

Ν

2
+

1

2
,

Ν

2
+

3

4
;

1

2
,

Ν

2
+

3

2
, Ν +

1

2
, Ν + 1; a2 z2 sinhHbL

Power arguments
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03.04.21.0031.01

à sinhHa zrL KΝHa zrL â z � -
1

Hr HΝ - 1L - 1L HΝ r + r + 1L  

2-Ν-1 z Ha zrL1-Ν Hr GH1 - ΝL + Hr + 1L GH-ΝLL 3F4

Ν

2
+

3

4
,

Ν

2
+

5

4
,

Ν

2
+

1

2
+

1

2 r
;

3

2
,

Ν

2
+

3

2
+

1

2 r
, Ν + 1, Ν +

3

2
; a2 z2 r

Ha zrL2 Ν + 4Ν HHr + 1L GHΝL + r GHΝ + 1LL 3F4

3

4
-

Ν

2
,

5

4
-

Ν

2
, -

Ν

2
+

1

2
+

1

2 r
;

3

2
, 1 - Ν,

3

2
- Ν, -

Ν

2
+

3

2
+

1

2 r
; a2 z2 r

03.04.21.0032.01

à sinhHa zr + bL KΝHa zrL â z �

2-Ν-1 Π z Ha zrL-Ν cscHΠ ΝL -
4Ν sinhHbL

Hr Ν - 1L GH1 - ΝL 3F4

1

4
-

Ν

2
,

3

4
-

Ν

2
,

1

2 r
-

Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν, -

Ν

2
+

1

2 r
+ 1; a2 z2 r +

1

GHΝ + 1L  Ha zrL2 Ν -
a zr coshHbL
Ν r + r + 1

3F4

Ν

2
+

3

4
,

Ν

2
+

5

4
,

Ν

2
+

1

2
+

1

2 r
;

3

2
,

Ν

2
+

3

2
+

1

2 r
, Ν + 1, Ν +

3

2
; a2 z2 r -

sinhHbL
r Ν + 1

 3F4

Ν

2
+

1

4
,

Ν

2
+

3

4
,

Ν

2
+

1

2 r
;

1

2
,

Ν

2
+

1

2 r
+ 1, Ν +

1

2
, Ν + 1; a2 z2 r -

4Ν a zr coshHbL
Hr HΝ - 1L - 1L GH1 - ΝL 3F4

3

4
-

Ν

2
,

5

4
-

Ν

2
, -

Ν

2
+

1

2
+

1

2 r
;

3

2
, 1 - Ν,

3

2
- Ν, -

Ν

2
+

3

2
+

1

2 r
; a2 z2 r

Involving cosh

Linear arguments

03.04.21.0033.01

à coshHa zL KΝHa zL â z � 2-Ν-1 Π z Ha zL-Ν cscHΠ ΝL 4Ν

GH2 - ΝL  3F4

1

4
-

Ν

2
,

1

2
-

Ν

2
,

3

4
-

Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν,

3

2
-

Ν

2
; a2 z2 -

Ha zL2 Ν

GHΝ + 2L  3F4

Ν

2
+

1

4
,

Ν

2
+

1

2
,

Ν

2
+

3

4
;

1

2
,

Ν

2
+

3

2
, Ν +

1

2
, Ν + 1; a2 z2

03.04.21.0034.01

à coshHb + a zL KΝHa zL â z �

2-Ν-1 Π z Ha zL-Ν cscHΠ ΝL -
Ha zL2 Ν coshHbL

GHΝ + 2L 3F4

Ν

2
+

1

4
,

Ν

2
+

1

2
,

Ν

2
+

3

4
;

1

2
,

Ν

2
+

3

2
, Ν +

1

2
, Ν + 1; a2 z2 +

4Ν coshHbL
GH2 - ΝL  3F4

1

4
-

Ν

2
,

1

2
-

Ν

2
,

3

4
-

Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν,

3

2
-

Ν

2
; a2 z2 +

a z -
Ha zL2 Ν

HΝ + 2L GHΝ + 1L  3F4

Ν

2
+

3

4
,

Ν

2
+ 1,

Ν

2
+

5

4
;

3

2
,

Ν

2
+ 2, Ν + 1, Ν +

3

2
; a2 z2 -

4Ν

HΝ - 2L GH1 - ΝL  3F4

3

4
-

Ν

2
, 1 -

Ν

2
,

5

4
-

Ν

2
;

3

2
, 1 - Ν,

3

2
- Ν, 2 -

Ν

2
; a2 z2 sinhHbL

Power arguments
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03.04.21.0035.01

à coshHa zrL KΝHa zrL â z �

-
1

r2 Ν2 - 1
 2-Ν-1 z Ha zrL-Ν Hr GH1 - ΝL + GH-ΝLL 3F4

Ν

2
+

1

4
,

Ν

2
+

3

4
,

Ν

2
+

1

2 r
;

1

2
,

Ν

2
+

1

2 r
+ 1, Ν +

1

2
, Ν + 1; a2 z2 r Ha zrL2 Ν +

4Ν HGHΝL + r GHΝ + 1LL 3F4

1

4
-

Ν

2
,

3

4
-

Ν

2
,

1

2 r
-

Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν, -

Ν

2
+

1

2 r
+ 1; a2 z2 r

03.04.21.0036.01

à coshHa zr + bL KΝHa zrL â z �

2-Ν-1 Π z Ha zrL-Ν cscHΠ ΝL -
4Ν coshHbL

Hr Ν - 1L GH1 - ΝL 3F4

1

4
-

Ν

2
,

3

4
-

Ν

2
,

1

2 r
-

Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν, -

Ν

2
+

1

2 r
+ 1; a2 z2 r +

1

GHΝ + 1L  Ha zrL2 Ν -
coshHbL
r Ν + 1

 3F4

Ν

2
+

1

4
,

Ν

2
+

3

4
,

Ν

2
+

1

2 r
;

1

2
,

Ν

2
+

1

2 r
+ 1, Ν +

1

2
, Ν + 1; a2 z2 r -

a zr sinhHbL
Ν r + r + 1

 3F4

Ν

2
+

3

4
,

Ν

2
+

5

4
,

Ν

2
+

1

2
+

1

2 r
;

3

2
,

Ν

2
+

3

2
+

1

2 r
, Ν + 1, Ν +

3

2
; a2 z2 r -

4Ν a zr sinhHbL
Hr HΝ - 1L - 1L GH1 - ΝL 3F4

3

4
-

Ν

2
,

5

4
-

Ν

2
, -

Ν

2
+

1

2
+

1

2 r
;

3

2
, 1 - Ν,

3

2
- Ν, -

Ν

2
+

3

2
+

1

2 r
; a2 z2 r

Involving hyperbolic functions and a power function

Involving sinh and power

Linear arguments

03.04.21.0037.01

à zΑ-1 sinhHa zL KΝHa zL â z �
1

HΑ - Ν + 1L HΑ + Ν + 1L  

2-Ν-1 zΑ Ha zL1-Ν HGH1 - ΝL + HΑ + 1L GH-ΝLL 3F4

Ν

2
+

3

4
,

Ν

2
+

5

4
,

Α

2
+

Ν

2
+

1

2
;

3

2
,

Α

2
+

Ν

2
+

3

2
, Ν + 1, Ν +

3

2
; a2 z2 Ha zL2 Ν +

4Ν HHΑ + 1L GHΝL + GHΝ + 1LL 3F4

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Α

2
-

Ν

2
+

1

2
;

3

2
, 1 - Ν,

3

2
- Ν,

Α

2
-

Ν

2
+

3

2
; a2 z2

03.04.21.0038.01

à zΑ-1 sinhHb + a zL KΝHa zL â z � 2-Ν-3 Π3�2 zΑ Ha zL-Ν cscHΠ ΝL
- a z coshHbL G Ν +

3

2
G

1

2
HΑ + Ν + 1L 3F

�
4

1

4
H2 Ν + 3L, 1

4
H2 Ν + 5L, 1

2
HΑ + Ν + 1L; 3

2
,

1

2
HΑ + Ν + 3L, Ν + 1, Ν +

3

2
; a2 z2 +

2 G
Α + Ν

2
G Ν +

1

2
3F

�
4

1

4
H2 Ν + 1L, 1

4
H2 Ν + 3L, Α + Ν

2
;

1

2
,

1

2
HΑ + Ν + 2L, Ν +

1

2
, Ν + 1; a2 z2 sinhHbL Ha zL2 Ν +

4Ν a z coshHbL G
3

2
- Ν G

1

2
HΑ - Ν + 1L 3F

�
4

1

4
H3 - 2 ΝL, 1

4
H5 - 2 ΝL, 1

2
HΑ - Ν + 1L; 3

2
, 1 - Ν,

3

2
- Ν,

1

2
HΑ - Ν + 3L;

a2 z2 + 22 Ν+1 G
Α - Ν

2
G

1

2
- Ν 3F

�
4

1

4
H1 - 2 ΝL, 1

4
H3 - 2 ΝL, Α - Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν,

1

2
HΑ - Ν + 2L; a2 z2 sinhHbL
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Power arguments

03.04.21.0039.01

à zΑ-1 sinhHa zrL KΝHa zrL â z �

2-Ν-1 Π zΑ Ha zrL1-Ν cscHΠ ΝL 4Ν

H-Ν r + r + ΑL GH1 - ΝL  3F4

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Α

2 r
-

Ν

2
+

1

2
;

3

2
, 1 - Ν,

3

2
- Ν,

Α

2 r
-

Ν

2
+

3

2
; a2 z2 r -

Ha zrL2 Ν

HΝ r + r + ΑL GHΝ + 1L  3F4

Ν

2
+

3

4
,

Ν

2
+

5

4
,

Α

2 r
+

Ν

2
+

1

2
;

3

2
,

Α

2 r
+

Ν

2
+

3

2
, Ν + 1, Ν +

3

2
; a2 z2 r

03.04.21.0040.01

à zΑ-1 sinhHa zr + bL KΝHa zrL â z �

2-Ν-1 Π zΑ Ha zrL-Ν cscHΠ ΝL 4Ν a zr coshHbL
H-Ν r + r + ΑL GH1 - ΝL  3F4

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Α

2 r
-

Ν

2
+

1

2
;

3

2
, 1 - Ν,

3

2
- Ν,

Α

2 r
-

Ν

2
+

3

2
; a2 z2 r +

4Ν sinhHbL
HΑ - r ΝL GH1 - ΝL  3F4

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Α

2 r
-

Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν,

Α

2 r
-

Ν

2
+ 1; a2 z2 r +

1

GHΝ + 1L  Ha zrL2 Ν -
a zr coshHbL
Ν r + r + Α

 3F4

Ν

2
+

3

4
,

Ν

2
+

5

4
,

Α

2 r
+

Ν

2
+

1

2
;

3

2
,

Α

2 r
+

Ν

2
+

3

2
, Ν + 1, Ν +

3

2
; a2 z2 r -

sinhHbL
Α + r Ν

 3F4

Ν

2
+

1

4
,

Ν

2
+

3

4
,

Α

2 r
+

Ν

2
;

1

2
,

Α

2 r
+

Ν

2
+ 1, Ν +

1

2
, Ν + 1; a2 z2 r

Involving cosh and power

Linear arguments

03.04.21.0041.01

à zΑ-1 coshHa zL KΝHa zL â z �

-
1

HΝ - ΑL HΑ + ΝL  2-Ν-1 zΑ Ha zL-Ν HGH1 - ΝL + Α GH-ΝLL 3F4

Ν

2
+

1

4
,

Ν

2
+

3

4
,

Α

2
+

Ν

2
;

1

2
,

Α

2
+

Ν

2
+ 1, Ν +

1

2
, Ν + 1; a2 z2 Ha zL2 Ν +

4Ν HΑ GHΝL + GHΝ + 1LL 3F4

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Α

2
-

Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν,

Α

2
-

Ν

2
+ 1; a2 z2

03.04.21.0042.01

à zΑ-1 coshHb + a zL KΝHa zL â z � 2-Ν-3 Π3�2 zΑ Ha zL-Ν cscHΠ ΝL
- 2 coshHbL G

Α + Ν

2
G Ν +

1

2
3F

�
4

1

4
H2 Ν + 1L, 1

4
H2 Ν + 3L, Α + Ν

2
;

1

2
,

1

2
HΑ + Ν + 2L, Ν +

1

2
, Ν + 1; a2 z2 + a z G Ν +

3

2

G
1

2
HΑ + Ν + 1L 3F

�
4

1

4
H2 Ν + 3L, 1

4
H2 Ν + 5L, 1

2
HΑ + Ν + 1L; 3

2
,

1

2
HΑ + Ν + 3L, Ν + 1, Ν +

3

2
; a2 z2 sinhHbL

Ha zL2 Ν + 22 Ν+1 coshHbL G
Α - Ν

2
G

1

2
- Ν 3F

�
4

1

4
H1 - 2 ΝL, 1

4
H3 - 2 ΝL, Α - Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν,

1

2
HΑ - Ν + 2L; a2 z2 +

4Ν a z G
3

2
- Ν G

1

2
HΑ - Ν + 1L 3F

�
4

1

4
H3 - 2 ΝL, 1

4
H5 - 2 ΝL, 1

2
HΑ - Ν + 1L; 3

2
, 1 - Ν,

3

2
- Ν,

1

2
HΑ - Ν + 3L; a2 z2

sinhHbL
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Power arguments

03.04.21.0043.01

à zΑ-1 coshHa zrL KΝHa zrL â z �

2-Ν-1 zΑ Ha zrL-Ν
Ha zrL2 Ν GH-ΝL

Α + r Ν
3F4

Ν

2
+

1

4
,

Ν

2
+

3

4
,

Α

2 r
+

Ν

2
;

1

2
,

Α

2 r
+

Ν

2
+ 1, Ν +

1

2
, Ν + 1; a2 z2 r +

4Ν GHΝL
Α - r Ν

 3F4

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Α

2 r
-

Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν,

Α

2 r
-

Ν

2
+ 1; a2 z2 r

03.04.21.0044.01

à zΑ-1 coshHa zr + bL KΝHa zrL â z �

2-Ν-1 Π zΑ Ha zrL-Ν cscHΠ ΝL 4Ν coshHbL
HΑ - r ΝL GH1 - ΝL 3F4

1

4
-

Ν

2
,

3

4
-

Ν

2
,

Α

2 r
-

Ν

2
;

1

2
,

1

2
- Ν, 1 - Ν,

Α

2 r
-

Ν

2
+ 1; a2 z2 r +

4Ν a zr sinhHbL
H-Ν r + r + ΑL GH1 - ΝL  3F4

3

4
-

Ν

2
,

5

4
-

Ν

2
,

Α

2 r
-

Ν

2
+

1

2
;

3

2
, 1 - Ν,

3

2
- Ν,

Α

2 r
-

Ν

2
+

3

2
; a2 z2 r +

1

GHΝ + 1L  Ha zrL2 Ν -
coshHbL
Α + r Ν

3F4

Ν

2
+

1

4
,

Ν

2
+

3

4
,

Α

2 r
+

Ν

2
;

1

2
,

Α

2 r
+

Ν

2
+ 1, Ν +

1

2
, Ν + 1; a2 z2 r -

a zr sinhHbL
Ν r + r + Α

 3F4

Ν

2
+

3

4
,

Ν

2
+

5

4
,

Α

2 r
+

Ν

2
+

1

2
;

3

2
,

Α

2 r
+

Ν

2
+

3

2
, Ν + 1, Ν +

3

2
; a2 z2 r

Involving functions of the direct function

Involving elementary functions of the direct function

Involving powers of the direct function

Linear arguments

03.04.21.0045.01

à KΝHa zL2 â z � -
1

I4 Ν2 - 1M GH1 - ΝL2 GHΝ + 1L2
 

4-Ν-1 Π2 z Ha zL-2 Ν csc2HΠ ΝL 22 Ν+1 I4 Ν2 - 1M GH1 - ΝL GHΝ + 1L 2F3

1

2
,

1

2
;

3

2
, 1 - Ν, Ν + 1; a2 z2 Ha zL2 Ν -

H2 Ν - 1L GH1 - ΝL2
2F3 Ν +

1

2
, Ν +

1

2
; Ν + 1, Ν +

3

2
, 2 Ν + 1; a2 z2 Ha zL4 Ν +

I24 Ν+1 Ν + 16ΝM GHΝ + 1L2
2F3

1

2
- Ν,

1

2
- Ν; 1 - 2 Ν, 1 - Ν,

3

2
- Ν; a2 z2

http://functions.wolfram.com 31



03.04.21.0046.01

à KΝHzL2 â z �

-
4-Ν-1 Π2 z1-2 Ν csc2HΠ ΝL

I4 Ν2 - 1M GH1 - ΝL2 GHΝ + 1L2
 22 Ν+1 I4 Ν2 - 1M GH1 - ΝL GHΝ + 1L z2 Ν

2F3

1

2
,

1

2
;

3

2
, 1 - Ν, Ν + 1; z2 - H2 Ν - 1L GH1 - ΝL2 z4 Ν

2F3 Ν +
1

2
, Ν +

1

2
; Ν + 1, Ν +

3

2
, 2 Ν + 1; z2 + 24 Ν H1 + 2 ΝL GHΝ + 1L2

2F3

1

2
- Ν,

1

2
- Ν; 1 - 2 Ν, 1 - Ν,

3

2
- Ν; z2

Power arguments

03.04.21.0047.01

à KΝHa zrL2 â z �

- 4-Ν-1 Π2 z Ha zrL-2 Ν csc2HΠ ΝL 22 Ν+1 I4 r2 Ν2 - 1M GH1 - ΝL GHΝ + 1L 2F3

1

2
,

1

2 r
; 1 +

1

2 r
, 1 - Ν, Ν + 1; a2 z2 r Ha zrL2 Ν -

H2 r Ν - 1L GH1 - ΝL2
2F3 Ν +

1

2
, Ν +

1

2 r
; Ν + 1, Ν +

1

2 r
+ 1, 2 Ν + 1; a2 z2 r Ha zrL4 Ν + I24 Ν+1 r Ν + 16ΝM

GHΝ + 1L2
2F3

1

2
- Ν,

1

2 r
- Ν; 1 - 2 Ν, 1 - Ν, -Ν +

1

2 r
+ 1; a2 z2 r � II4 r2 Ν2 - 1M GH1 - ΝL2 GHΝ + 1L2M

Involving products of the direct function

Linear arguments

03.04.21.0048.01

à KΜHa zL KΝHa zL â z �

2-Μ-Ν-2 Π2 z Ha zL-Μ-Ν cscHΠ ΜL cscHΠ ΝL 1

GHΝ + 1L  Ha zL2 Ν
Ha zL2 Μ

HΜ + Ν + 1L GHΜ + 1L 3F4

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+ 1; Μ + 1,

Μ

2
+

Ν

2
+

3

2
, Ν + 1, Μ + Ν + 1; a2 z2 +

4Μ

HΜ - Ν - 1L GH1 - ΜL
3F4 -

Μ

2
+

Ν

2
+

1

2
, -

Μ

2
+

Ν

2
+

1

2
, -

Μ

2
+

Ν

2
+ 1; 1 - Μ, -

Μ

2
+

Ν

2
+

3

2
, Ν + 1, -Μ + Ν + 1; a2 z2 +

4Ν Ha zL2 Μ

H-Μ + Ν - 1L GHΜ + 1L GH1 - ΝL  3F4

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+ 1; Μ + 1, 1 - Ν, Μ - Ν + 1,

Μ

2
-

Ν

2
+

3

2
; a2 z2 -

4Μ+Ν

HΜ + Ν - 1L GH1 - ΜL GH1 - ΝL  

3F4 -
Μ

2
-

Ν

2
+

1

2
, -

Μ

2
-

Ν

2
+

1

2
, -

Μ

2
-

Ν

2
+ 1; 1 - Μ, 1 - Ν, -Μ - Ν + 1, -

Μ

2
-

Ν

2
+

3

2
; a2 z2
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03.04.21.0049.01

à KΝHa zL KΝ+1Ha zL â z �

2-Μ-Ν-4 Π2 z Ha zL-Μ-Ν-1 cscHΠ ΜL cscHΠ HΝ + 1LL 2
1

GHΝ + 2L  Ha zL2 HΝ+1L Ha zL2 Μ

HΜ + Ν + 2L GHΜ + 1L  3F4

Μ

2
+

Ν

2
+ 1,

Μ

2
+

Ν

2
+

1,
Μ

2
+

Ν

2
+

3

2
; Μ + 1,

Μ

2
+

Ν

2
+ 2, Ν + 2, Μ + Ν + 2; a2 z2 +

4Μ

HΜ - Ν - 2L GH1 - ΜL  

3F4 -
Μ

2
+

Ν

2
+ 1, -

Μ

2
+

Ν

2
+ 1, -

Μ

2
+

Ν

2
+

3

2
; 1 - Μ, -

Μ

2
+

Ν

2
+ 2, Ν + 2, -Μ + Ν + 2; a2 z2 +

4Ν+1 Ha zL2 Μ

HΝ - ΜL GHΜ + 1L GH-ΝL 3F4

Μ

2
-

Ν

2
,

Μ

2
-

Ν

2
,

Μ

2
-

Ν

2
+

1

2
; Μ + 1, Μ - Ν,

Μ

2
-

Ν

2
+ 1, -Ν; a2 z2 -

22 Μ+2 Ν+3

HΜ + ΝL GH1 - ΜL GH-ΝL 3F4 -
Μ

2
-

Ν

2
, -

Μ

2
-

Ν

2
, -

Μ

2
-

Ν

2
+

1

2
; 1 - Μ, -Μ - Ν, -

Μ

2
-

Ν

2
+ 1, -Ν; a2 z2

03.04.21.0050.01

à K0Ha zL K1Ha zL â z � -
K0Ha zL2

2 a

Power arguments

03.04.21.0051.01

à KΜHa zrL KΝHa zrL â z �

2-Μ-Ν-2 Π2 z Ha zrL-Μ-Ν cscHΠ ΜL cscHΠ ΝL 1

GHΝ + 1L  Ha zrL2 Ν
Ha zrL2 Μ

Hr HΜ + ΝL + 1L GHΜ + 1L  3F4

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+ 1,

Μ

2
+

Ν

2
+

1

2 r
; Μ + 1,

Μ

2
+

Ν

2
+

1

2 r
+ 1, Ν + 1, Μ + Ν + 1; a2 z2 r +

1

Hr Μ - r Ν - 1L GH1 - ΜL  

4Μ
3F4 -

Μ

2
+

Ν

2
+

1

2
, -

Μ

2
+

Ν

2
+ 1, -

Μ

2
+

Ν

2
+

1

2 r
; 1 - Μ, -

Μ

2
+

Ν

2
+

1

2 r
+ 1, Ν + 1, -Μ + Ν + 1; a2 z2 r +

4Ν Ha zrL2 Μ

H-r Μ + r Ν - 1L GHΜ + 1L GH1 - ΝL  3F4

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+ 1,

Μ

2
-

Ν

2
+

1

2 r
; Μ + 1, 1 - Ν, Μ - Ν + 1,

Μ

2
-

Ν

2
+

1

2 r
+ 1; a2 z2 r -

4Μ+Ν

Hr HΜ + ΝL - 1L GH1 - ΜL GH1 - ΝL  

3F4 -
Μ

2
-

Ν

2
+

1

2
, -

Μ

2
-

Ν

2
+ 1, -

Μ

2
-

Ν

2
+

1

2 r
; 1 - Μ, 1 - Ν, -Μ - Ν + 1, -

Μ

2
-

Ν

2
+

1

2 r
+ 1; a2 z2 r

03.04.21.0052.01

à KΝIa z N KΝIb z N â z �
2 z

a2 - b2
 Jb KΝ-1Ib z N KΝIa z N - a KΝ-1Ia z N KΝIb z NN

Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions
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Involving powers of the direct function and a power function

Linear arguments

03.04.21.0053.01

à zΑ-1 KΝHa zL2 â z �

1

4
Π zΑ cscHΠ ΝL 4Ν GHΝL Ha zL-2 Ν

HΑ - 2 ΝL GH1 - ΝL 2F3

1

2
- Ν,

Α

2
- Ν; 1 - 2 Ν, 1 - Ν,

Α

2
- Ν + 1; a2 z2 + 4-Ν GH1 - ΝL GH2 ΝL G

Α

2
+ Ν

2F
�

3 Ν +
1

2
,

Α

2
+ Ν; Ν + 1,

Α

2
+ Ν + 1, 2 Ν + 1; a2 z2 Ha zL2 Ν -

2

Α Ν
 2F3

1

2
,

Α

2
;

Α

2
+ 1, 1 - Ν, Ν + 1; a2 z2

03.04.21.0054.01

à z1-2 Ν KΝHa zL2 â z �
1

a2 H2 Ν - 1L GHΝL2
 I2-2 Ν-3 Π2 z-2 Ν csc2HΠ ΝL

Ia2 z2 I22 Ν+1 HI-ΝHa zL IΝHa zL - I1-ΝHa zL IΝ-1Ha zLL + 4Ν II1-ΝHa zL2 + IΝ-1Ha zL2 - I-ΝHa zL2 - IΝHa zL2MM GHΝL2 - 4 Ha zL2 ΝMM
03.04.21.0055.01

à z2 Ν+1 KΝHa zL2 â z �
1

8 a2 H2 Ν + 1L GH-ΝL2
 Π2 z2 Ν Ha zL-2 Ν csc2HΠ ΝL 22 HΝ+1L - a z Ha zL2 Ν GH-ΝL2

a z IΝ+1Ha zL2 - Ha z HI-Ν-1Ha zL + I1-ΝHa zLL - 2 Ν I-ΝHa zLL IΝ+1Ha zL + a I-Ν-1Ha zL2 -
4 KΝHa zL2 sin2HΠ ΝL

Π2
z

03.04.21.0056.01

à z KΝHa zL2 â z �
1

2
z2 IKΝHa zL2 - KΝ-1Ha zL KΝ+1Ha zLM

03.04.21.0057.01

à z K0Ha zL2 â z �
1

2
z2 IK0Ha zL2 - K1Ha zL2M

03.04.21.0058.01

à 1

z KΝHa zL2
 â z �

IΝHa zL
KΝHa zL

03.04.21.0059.01

à KΝHa zL2

z
 â z �

1

8
Π cscHΠ ΝL

4-Ν Π Ha zL-2 Ν cscHΠ ΝL 2 GH2 ΝL 2F
�

3 Ν, Ν +
1

2
; Ν + 1, Ν + 1, 2 Ν + 1; a2 z2 Ha zL4 Ν - 4Ν

3F
�

4 1, 1,
3

2
; 2, 2, 2 - Ν, Ν + 2; a2 z2

Ha zL2 HΝ+1L + 24 Ν+1 GH-2 ΝL 2F
�

3

1

2
- Ν, -Ν; 1 - 2 Ν, 1 - Ν, 1 - Ν; a2 z2 -

4 logHzL
Ν
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03.04.21.0060.01

à KΝHa zL2

z2
 â z �

1

4 z I4 Ν2 - 1M  

IΠ cscHΠ ΝL I4 a z Ha z IΝ-2Ha zL + IΝ-1Ha zLL KΝHa zL + Π I2 a2 I-Ν-1Ha zL2 z2 + 2 a2 IΝ-1Ha zL2 z2 - 2 a2 I-Ν-2Ha zL I-ΝHa zL z2 -

2 a I-Ν-1Ha zL I-ΝHa zL z + 2 a I1-ΝHa zL HIΝHa zL - 2 a z IΝ-1Ha zLL z + 2 Ν I-ΝHa zL2 +

I-ΝHa zL2 - H2 Ν - 1L IΝHa zL2 + 2 Ia2 I2-ΝHa zL z2 + H2 Ν - 1L I-ΝHa zLM IΝHa zLM cscHΠ ΝLMM
Power arguments

03.04.21.0061.01

à zΑ-1 KΝHa zrL2 â z �

4-Ν-1 Π2 zΑ Ha zrL-2 Ν csc2HΠ ΝL 22 Ν+1 I4 r2 Ν2 - Α2M GH1 - ΝL GHΝ + 1L 2F3

1

2
,

Α

2 r
;

Α

2 r
+ 1, 1 - Ν, Ν + 1; a2 z2 r Ha zrL2 Ν +

Α I16Ν Α + 24 Ν+1 r ΝM GHΝ + 1L2
2F3

1

2
- Ν,

Α

2 r
- Ν; 1 - 2 Ν, 1 - Ν,

Α

2 r
- Ν + 1; a2 z2 r - Ha zrL4 Ν H2 r Ν - ΑL GH1 - ΝL2

2F3 Ν +
1

2
,

Α

2 r
+ Ν; Ν + 1,

Α

2 r
+ Ν + 1, 2 Ν + 1; a2 z2 r � IIΑ3 - 4 r2 Α Ν2M GH1 - ΝL2 GHΝ + 1L2M

Involving products of the direct function and a power function

Linear arguments

03.04.21.0062.01

à zΑ-1 KΜHa zL KΝHa zL â z �

2-Μ-Ν-2 Π2 zΑ Ha zL-Μ-Ν cscHΠ ΜL cscHΠ ΝL 1

GHΝ + 1L  Ha zL2 Ν
Ha zL2 Μ

HΑ + Μ + ΝL GHΜ + 1L 3F4

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+ 1,

Α

2
+

Μ

2
+

Ν

2
; Μ + 1,

Α

2
+

Μ

2
+

Ν

2
+ 1, Ν + 1, Μ + Ν + 1; a2 z2 -

4Μ

HΑ - Μ + ΝL GH1 - ΜL
3F4 -

Μ

2
+

Ν

2
+

1

2
, -

Μ

2
+

Ν

2
+ 1,

Α

2
+

Ν

2
-

Μ

2
; 1 - Μ,

Α

2
+

Ν

2
-

Μ

2
+ 1, Ν + 1, -Μ + Ν + 1; a2 z2 -

4Μ+Ν

H-Α + Μ + ΝL GH1 - ΜL GH1 - ΝL  3F4 -
Μ

2
-

Ν

2
+

1

2
, -

Μ

2
-

Ν

2
+ 1,

Α

2
-

Μ

2
-

Ν

2
; 1 - Μ, 1 - Ν,

-Μ - Ν + 1,
Α

2
-

Μ

2
-

Ν

2
+ 1; a2 z2 -

4Ν Ha zL2 Μ

HΑ + Μ - ΝL GHΜ + 1L GH1 - ΝL  

3F4

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+ 1,

Α

2
+

Μ

2
-

Ν

2
; Μ + 1, 1 - Ν, Μ - Ν + 1,

Α

2
+

Μ

2
-

Ν

2
+ 1; a2 z2
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03.04.21.0063.01

à z1-Μ-Ν KΜHa zL KΝHa zL â z � 2-Μ-Ν-3 Π2 z-Μ-Ν Ha zL-Μ-Ν cscHΠ ΜL cscHΠ ΝL
4Ν z2 Ha zL2 Μ

HΝ - 1L GHΜ + 1L GH1 - ΝL  2F3

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+ 1; Μ + 1, 2 - Ν, Μ - Ν + 1; a2 z2 +

Ha zL2 Ν

GHΝ + 1L  
4 Μ Ν Ha zL2 Μ

a2 HΜ + Ν - 1L GHΜ + 1L  2F3

Μ

2
+

Ν

2
-

1

2
,

Μ

2
+

Ν

2
; Μ, Ν, Μ + Ν; a2 z2 - 1 +

4Μ z2

HΜ - 1L GH1 - ΜL  2F3 -
Μ

2
+

Ν

2
+

1

2
, -

Μ

2
+

Ν

2
+ 1; 2 - Μ, Ν + 1, -Μ + Ν + 1; a2 z2 -

4Μ+Ν z2

HΜ + Ν - 1L GH1 - ΜL GH1 - ΝL  2F3 -
Μ

2
-

Ν

2
+

1

2
, -

Μ

2
-

Ν

2
+ 1; 1 - Μ, 1 - Ν, -Μ - Ν + 2; a2 z2

03.04.21.0064.01

à zΜ+Ν+1 KΜHa zL KΝHa zL â z � 2-Μ-Ν-3 Π2 zΜ+Ν Ha zL-Μ-Ν cscHΠ ΜL cscHΠ ΝL
-

4Ν z2 Ha zL2 Μ

HΜ + 1L GHΜ + 1L GH1 - ΝL  2F3

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+ 1; Μ + 2, 1 - Ν, Μ - Ν + 1; a2 z2 -

4Μ z2 Ha zL2 Ν

HΝ + 1L GH1 - ΜL GHΝ + 1L 2F3 -
Μ

2
+

Ν

2
+

1

2
, -

Μ

2
+

Ν

2
+ 1; 1 - Μ, Ν + 2, -Μ + Ν + 1; a2 z2 +

z2 Ha zL2 HΜ+ΝL
HΜ + Ν + 1L GHΜ + 1L GHΝ + 1L 2F3

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+ 1; Μ + 1, Ν + 1, Μ + Ν + 2; a2 z2 -

4Μ+Ν+1 Μ Ν

a2 HΜ + Ν + 1L GH1 - ΜL GH1 - ΝL  2F3 -
Μ

2
-

Ν

2
-

1

2
, -

Μ

2
-

Ν

2
; -Μ, -Μ - Ν, -Ν; a2 z2 - 1

03.04.21.0065.01

à z KΝHa zL KΝHb zL â z �
z

a2 - b2
Hb KΝ-1Hb zL KΝHa zL - a KΝ-1Ha zL KΝHb zLL

03.04.21.0066.01

à KΜHa zL KΝHa zL
z

 â z �

2-Μ-Ν-2 Π2 Ha zL-Μ-Ν cscHΠ ΜL cscHΠ ΝL -4Ν GHΜ - ΝL 2F
�

3

Μ - Ν

2
,

1

2
HΜ - Ν + 1L; Μ + 1, 1 - Ν, Μ - Ν + 1; a2 z2 Ha zL2 Μ +

Ha zL2 Μ GHΜ + ΝL 2F
�

3

Μ + Ν

2
,

1

2
HΜ + Ν + 1L; Μ + 1, Ν + 1, Μ + Ν + 1; a2 z2 -

4Μ GHΝ - ΜL 2F
�

3

Ν - Μ

2
,

1

2
H-Μ + Ν + 1L; 1 - Μ, Ν + 1, -Μ + Ν + 1; a2 z2 Ha zL2 Ν +

4Μ+Ν GH-Μ - ΝL 2F
�

3

1

2
H-Μ - ΝL, 1

2
H-Μ - Ν + 1L; 1 - Μ, 1 - Ν, -Μ - Ν + 1; a2 z2
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03.04.21.0067.01

à KΜHa zL KΝHa zL
z2

 â z � 2-Μ-Ν-2 a Π2 Ha zL-Μ-Ν-1 cscHΠ ΜL cscHΠ ΝL
4Μ GH-Μ + Ν + 1L

Μ - Ν + 1
 2F

�
3

1

2
H-Μ + Ν - 1L, 1

2
H-Μ + Ν + 2L; 1 - Μ, Ν + 1, -Μ + Ν + 1; a2 z2 +

Ha zL2 Μ GHΜ + Ν + 1L
Μ + Ν - 1

 2F
�

3

1

2
HΜ + Ν - 1L, 1

2
HΜ + Ν + 2L; Μ + 1, Ν + 1, Μ + Ν + 1; a2 z2 Ha zL2 Ν -

4Μ+Ν GH-Μ - Ν + 1L
Μ + Ν + 1

2F
�

3

1

2
H-Μ - Ν - 1L, 1

2
H-Μ - Ν + 2L; 1 - Μ, 1 - Ν, -Μ - Ν + 1; a2 z2 +

4Ν Ha zL2 Μ GHΜ - Ν + 1L
-Μ + Ν + 1

 2F
�

3

1

2
HΜ - Ν - 1L, 1

2
HΜ - Ν + 2L; Μ + 1, 1 - Ν, Μ - Ν + 1; a2 z2

Power arguments

03.04.21.0068.01

à zΑ-1 KΜHa zrL KΝHa zrL â z �

2-Μ-Ν-2 Π2 zΑ Ha zrL-Μ-Ν cscHΠ ΜL cscHΠ ΝL 1

GHΝ + 1L  Ha zrL2 Ν
1

HΑ + r HΜ + ΝLL GHΜ + 1L  Ha zrL2 Μ
3F4

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+ 1,

Α

2 r
+

Μ

2
+

Ν

2
; Μ + 1,

Α

2 r
+

Μ

2
+

Ν

2
+ 1, Ν + 1, Μ + Ν + 1; a2 z2 r -

1

HΑ - r Μ + r ΝL GH1 - ΜL  

4Μ
3F4 -

Μ

2
+

Ν

2
+

1

2
, -

Μ

2
+

Ν

2
+ 1,

Α

2 r
+

Ν

2
-

Μ

2
; 1 - Μ,

Α

2 r
+

Ν

2
-

Μ

2
+ 1, Ν + 1, -Μ + Ν + 1; a2 z2 r +

4Μ+Ν

HΑ - r HΜ + ΝLL GH1 - ΜL GH1 - ΝL  3F4 -
Μ

2
-

Ν

2
+

1

2
, -

Μ

2
-

Ν

2
+ 1,

Α

2 r
-

Μ

2
-

Ν

2
; 1 - Μ, 1 - Ν,

-Μ - Ν + 1,
Α

2 r
-

Μ

2
-

Ν

2
+ 1; a2 z2 r -

4Ν Ha zrL2 Μ

HΑ + r Μ - r ΝL GHΜ + 1L GH1 - ΝL  

3F4

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+ 1,

Α

2 r
+

Μ

2
-

Ν

2
; Μ + 1, 1 - Ν, Μ - Ν + 1,

Α

2 r
+

Μ

2
-

Ν

2
+ 1; a2 z2 r

03.04.21.0069.01

à zΑ-1 KΝ-1Ha zrL KΝHa zrL â z � -
1

16
Π2 zΑ csc2HΠ ΝL 4 sinHΠ ΝL z-r

a Π Hr - ΑL  2F3

1

2
,

Α

2 r
-

1

2
;

Α

2 r
+

1

2
, 1 - Ν, Ν; a2 z2 r + 1 +

22 Ν+1 Ha zrL1-2 Ν

H-2 Ν r + r + ΑL GH1 - ΝL GH2 - ΝL  2F3

3

2
- Ν,

Α

2 r
- Ν +

1

2
; 2 - 2 Ν, 2 - Ν,

Α

2 r
- Ν +

3

2
; a2 z2 r +

23-2 Ν Ha zrL2 Ν-1

HΑ + r H2 Ν - 1LL GHΝL GHΝ + 1L  2F3 Ν +
1

2
,

Α

2 r
+ Ν -

1

2
; 2 Ν, Ν + 1,

Α

2 r
+ Ν +

1

2
; a2 z2 r -

4 cscHΠ ΝL
Hr - ΑL Hr + ΑL GH2 - ΝL GHΝ + 1L  

a r sinHΠ ΝL zr
2F3

3

2
,

Α

2 r
+

1

2
;

Α

2 r
+

3

2
, 2 - Ν, Ν + 1; a2 z2 r + Π Hr + ΑL HΝ - 1L Ν I1-ΝHa zrL IΝHa zrL

Involving direct function and Bessel-type functions
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Involving Bessel functions

Involving Bessel J

Linear arguments

03.04.21.0070.01

à JΝHa zL KΝHa zL â z �
z

16 Π
G1,5

3,1
a z

2 2
,

1

4

3

4

0, 1

2
, Ν

2
, - 1

4
, - Ν

2

03.04.21.0071.01

à J-ΝHa zL KΝHa zL â z �
z

16 Π
G1,5

3,1
a z

2 2
,

1

4

3

4

0, 1

2
, - Ν

2
, - 1

4
, Ν

2

Power arguments

03.04.21.0072.01

à JΝHa zrL KΝHa zrL â z �
z

16 Π r
G1,5

3,1
a zr

2 2
,

1

4

1 - 1

4 r

0, 1

2
, Ν

2
, - 1

4 r
, - Ν

2

03.04.21.0073.01

à J-ΝHa zrL KΝHa zrL â z �
z

16 Π r
G1,5

3,1
a zr

2 2
,

1

4

1 - 1

4 r

0, 1

2
, - Ν

2
, - 1

4 r
, Ν

2

03.04.21.0074.01

à JΝIa z N KΝIb z N â z �
2 z

a2 + b2
 Ja JΝ+1Ia z N KΝIb z N - b JΝIa z N KΝ+1Ib z NN

03.04.21.0075.01

à J-ΝIa z N KΝIb z N â z �
2 z

a2 + b2
 Ja J1-ΝIa z N KΝIb z N - b J-ΝIa z N K1-ΝIb z NN

Involving Bessel J and power

Linear arguments

03.04.21.0076.01

à zΑ-1 JΝHa zL KΝHa zL â z �
zΑ

16 Π
G1,5

3,1
a z

2 2
,

1

4

1 - Α

4

0, 1

2
, Ν

2
, - Α

4
, - Ν

2

03.04.21.0077.01

à zΑ-1 J-ΝHa zL KΝHa zL â z �
zΑ

16 Π
G1,5

3,1
a z

2 2
,

1

4

1 - Α

4

0, 1

2
, - Ν

2
, - Α

4
, Ν

2
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03.04.21.0078.01

à z JΝHa zL KΝHb zL â z �
z

a2 + b2
Ha JΝ+1Ha zL KΝHb zL - b JΝHa zL KΝ+1Hb zLL

03.04.21.0079.01

à z J-ΝHa zL KΝHb zL â z �
z

a2 + b2
 Ha J1-ΝHa zL KΝHb zL - b J-ΝHa zL K1-ΝHb zLL

Power arguments

03.04.21.0080.01

à zΑ-1 JΝHa zrL KΝHa zrL â z �
zΑ

16 Π r
 G1,5

3,1
a zr

2 2
,

1

4

1 - Α

4 r

0, 1

2
, Ν

2
, - Α

4 r
, - Ν

2

03.04.21.0081.01

à zΑ-1 J-ΝHa zrL KΝHa zrL â z �
zΑ

16 Π r
 G1,5

3,1
a zr

2 2
,

1

4

1 - Α

4 r

0, 1

2
, - Ν

2
, - Α

4 r
, Ν

2

Involving Bessel I

Linear arguments

03.04.21.0082.01

à IΜHa zL KΝHa zL â z �
1

GHΜ + 1L  2-Μ-Ν-2 Π z Ha zLΜ-Ν cscHΠ ΝL
-

2 Ha zL2 Ν

HΜ + Ν + 1L GHΝ + 1L 3F4

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+ 1; Μ + 1,

Μ

2
+

Ν

2
+

3

2
, Ν + 1, Μ + Ν + 1; a2 z2 -

22 Ν+1

H-Μ + Ν - 1L GH1 - ΝL 3F4

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+ 1; Μ + 1, 1 - Ν, Μ - Ν + 1,

Μ

2
-

Ν

2
+

3

2
; a2 z2

03.04.21.0083.01

à IΝHa zL KΝHa zL â z �

Π z cscHΠ ΝL
4 GHΝ + 1L2

 
2 GHΝ + 1L

GH1 - ΝL  2F3

1

2
,

1

2
;

3

2
, 1 - Ν, Ν + 1; a2 z2 -

4-Ν Ha zL2 Ν

Ν + 1

2

2F3 Ν +
1

2
, Ν +

1

2
; Ν + 1, Ν +

3

2
, 2 Ν + 1; a2 z2

03.04.21.0084.01

à I-ΝHa zL KΝHa zL â z �

Π z cscHΠ ΝL
2 GH1 - ΝL2

4Ν Ha zL-2 Ν

1 - 2 Ν
2F3

1

2
- Ν,

1

2
- Ν; 1 - 2 Ν, 1 - Ν,

3

2
- Ν; a2 z2 -

GH1 - ΝL
GHΝ + 1L 2F3

1

2
,

1

2
;

3

2
, 1 - Ν, Ν + 1; a2 z2

03.04.21.0085.01

à I0Ha zL K0Ha zL â z �
z

4 Π
 G2,4

2,2 a z,
1

2

1

2
, 1

2

0, 0, - 1

2
, 0
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Power arguments

03.04.21.0086.01

à IΜHa zrL KΝHa zrL â z �
1

GHΜ + 1L  2-Μ-Ν-1 Π z Ha zrLΜ-Ν cscHΠ ΝL
-

4Ν

Hr HΝ - ΜL - 1L GH1 - ΝL 3F4

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+ 1,

Μ

2
-

Ν

2
+

1

2 r
; Μ + 1, 1 - Ν, Μ - Ν + 1,

Μ

2
-

Ν

2
+

1

2 r
+ 1; a2 z2 r -

Ha zrL2 Ν

Hr HΜ + ΝL + 1L GHΝ + 1L 3F4

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+ 1,

Μ

2
+

Ν

2
+

1

2 r
; Μ + 1,

Μ

2
+

Ν

2
+

1

2 r
+ 1, Ν + 1, Μ + Ν + 1; a2 z2 r

03.04.21.0087.01

à IΝHa zrL KΝHa zrL â z �
Π z cscHΠ ΝL
2 GHΝ + 1L2

 

4-Ν Ha zrL2 Ν

-2 r Ν - 1
 2F3 Ν +

1

2
, Ν +

1

2 r
; Ν + 1, Ν +

1

2 r
+ 1, 2 Ν + 1; a2 z2 r +

GHΝ + 1L
GH1 - ΝL  2F3

1

2
,

1

2 r
; 1 +

1

2 r
, 1 - Ν, Ν + 1; a2 z2 r

03.04.21.0088.01

à I-ΝHa zrL KΝHa zrL â z �
Π z cscHΠ ΝL
2 GH1 - ΝL2

4Ν Ha zrL-2 Ν

1 - 2 r Ν
2F3

1

2
- Ν,

1

2 r
- Ν; 1 - 2 Ν, 1 - Ν, -Ν +

1

2 r
+ 1; a2 z2 r -

GH1 - ΝL
GHΝ + 1L  2F3

1

2
,

1

2 r
; 1 +

1

2 r
, 1 - Ν, Ν + 1; a2 z2 r

03.04.21.0089.01

à IΝIa z N KΝIb z N â z �
2 z

a2 - b2
 Ja IΝ+1Ia z N KΝIb z N + b IΝIa z N KΝ+1Ib z NN

03.04.21.0090.01

à I-ΝIa z N KΝIb z N â z �
2 z

a2 - b2
 Ja I1-ΝIa z N KΝIb z N + b I-ΝIa z N K1-ΝIb z NN

Involving Bessel I and power

Linear arguments

03.04.21.0091.01

à zΑ-1 IΜHa zL KΝHa zL â z �
1

GHΜ + 1L  2-Μ-Ν-2 Π zΑ Ha zLΜ-Ν cscHΠ ΝL
22 Ν+1

HΑ + Μ - ΝL GH1 - ΝL  3F4

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+ 1,

Α

2
+

Μ

2
-

Ν

2
; Μ + 1, 1 - Ν, Μ - Ν + 1,

Α

2
+

Μ

2
-

Ν

2
+ 1; a2 z2 -

2 Ha zL2 Ν

HΑ + Μ + ΝL GHΝ + 1L  3F4

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+ 1,

Α

2
+

Μ

2
+

Ν

2
; Μ + 1,

Α

2
+

Μ

2
+

Ν

2
+ 1, Ν + 1, Μ + Ν + 1; a2 z2
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03.04.21.0092.01

à zΑ-1 IΝHa zL KΝHa zL â z �
Π zΑ cscHΠ ΝL
2 GHΝ + 1L2

GHΝ + 1L
Α GH1 - ΝL 2F3

1

2
,

Α

2
;

Α

2
+ 1, 1 - Ν, Ν + 1; a2 z2 -

4-Ν Ha zL2 Ν

Α + 2 Ν
 2F3 Ν +

1

2
,

Α

2
+ Ν; Ν + 1,

Α

2
+ Ν + 1, 2 Ν + 1; a2 z2

03.04.21.0093.01

à zΑ-1 I-ΝHa zL KΝHa zL â z �
Π zΑ cscHΠ ΝL
4 GH1 - ΝL2

22 Ν+1 Ha zL-2 Ν

Α - 2 Ν
2F3

1

2
- Ν,

Α

2
- Ν; 1 - 2 Ν, 1 - Ν,

Α

2
- Ν + 1; a2 z2 -

2 GH1 - ΝL
Α GHΝ + 1L 2F3

1

2
,

Α

2
;

Α

2
+ 1, 1 - Ν, Ν + 1; a2 z2

03.04.21.0094.01

à zΑ-1 I0Ha zL K0Ha zL â z �
zΑ

4 Π
 G2,4

2,2 a z,
1

2

1

2
, 1 - Α

2

0, 0, 0, - Α

2

03.04.21.0095.01

à z IΝHa zL KΝHb zL â z �
z

a2 - b2
Ha IΝ+1Ha zL KΝHb zL + b IΝHa zL KΝ+1Hb zLL

03.04.21.0096.01

à z I-ΝHa zL KΝHb zL â z �
z

a2 - b2
 Hb I-ΝHa zL K1-ΝHb zL + a I1-ΝHa zL KΝHb zLL

03.04.21.0097.01

à z IΝHa zL KΝHa zL â z �

-
1

8 a2
 IcscHΠ ΝL I2 a2 Π IΝHa zL2 z2 + a2 Π I-Ν-1Ha zL IΝ-1Ha zL z2 - 2 a2 Π I-ΝHa zL IΝHa zL z2 + a2 Π I1-ΝHa zL IΝ+1Ha zL z2 -

2 a2 Π IΝ-1Ha zL IΝ+1Ha zL z2 + 4 Ν sinHΠ ΝLMM
03.04.21.0098.01

à IΜHa zL KΝHa zL
z

 â z � 2-Μ-Ν-1 Π Ha zLΜ-Ν cscHΠ ΝL 4Ν GHΜ - ΝL 2F
�

3

Μ - Ν

2
,

1

2
HΜ - Ν + 1L; Μ + 1, 1 - Ν, Μ - Ν + 1; a2 z2 -

Ha zL2 Ν GHΜ + ΝL 2F
�

3

Μ + Ν

2
,

1

2
HΜ + Ν + 1L; Μ + 1, Ν + 1, Μ + Ν + 1; a2 z2

03.04.21.0099.01

à 1

z IΝHa zL KΝHa zL  â z � log
IΝHa zL
KΝHa zL

Power arguments

http://functions.wolfram.com 41



03.04.21.0100.01

à zΑ-1 IΜHa zrL KΝHa zrL â z �
1

GHΜ + 1L  2-Μ-Ν-1 Π zΑ Ha zrLΜ-Ν cscHΠ ΝL
4Ν

HΑ + r HΜ - ΝLL GH1 - ΝL  3F4

Μ

2
-

Ν

2
+

1

2
,

Μ

2
-

Ν

2
+ 1,

Α

2 r
+

Μ

2
-

Ν

2
; Μ + 1, 1 - Ν, Μ - Ν + 1,

Α

2 r
+

Μ

2
-

Ν

2
+ 1; a2 z2 r -

Ha zrL2 Ν

HΑ + r HΜ + ΝLL GHΝ + 1L 3F4

Μ

2
+

Ν

2
+

1

2
,

Μ

2
+

Ν

2
+ 1,

Α

2 r
+

Μ

2
+

Ν

2
; Μ + 1,

Α

2 r
+

Μ

2
+

Ν

2
+ 1, Ν + 1, Μ + Ν + 1; a2 z2 r

03.04.21.0101.01

à zΑ-1 IΝHa zrL KΝHa zrL â z �
Π zΑ cscHΠ ΝL
2 GHΝ + 1L2

 

GHΝ + 1L
Α GH1 - ΝL  2F3

1

2
,

Α

2 r
;

Α

2 r
+ 1, 1 - Ν, Ν + 1; a2 z2 r -

4-Ν Ha zrL2 Ν

Α + 2 r Ν
 2F3 Ν +

1

2
,

Α

2 r
+ Ν; Ν + 1,

Α

2 r
+ Ν + 1, 2 Ν + 1; a2 z2 r

03.04.21.0102.01

à zΑ-1 I-ΝHa zrL KΝHa zrL â z �
Π zΑ cscHΠ ΝL
4 GH1 - ΝL2

22 Ν+1 Ha zrL-2 Ν

Α - 2 r Ν
 2F3

1

2
- Ν,

Α

2 r
- Ν; 1 - 2 Ν, 1 - Ν,

Α

2 r
- Ν + 1; a2 z2 r -

2 GH1 - ΝL
Α GHΝ + 1L 2F3

1

2
,

Α

2 r
;

Α

2 r
+ 1, 1 - Ν, Ν + 1; a2 z2 r

Involving Bessel Y

Linear arguments

03.04.21.0103.01

à YΝHa zL KΝHa zL â z � -
z

16 Π
G2,6

4,1
a z

2 2
,

1

4

3

4
, 1-Ν

2

0, 1

2
, - Ν

2
, Ν

2
, - 1

4
, 1-Ν

2

03.04.21.0104.01

à Y-ΝHa zL KΝHa zL â z � -
z

16 Π
G2,6

4,1
a z

2 2
,

1

4

3

4
, Ν+1

2

0, 1

2
, - Ν

2
, Ν

2
, - 1

4
, Ν+1

2

Power arguments

03.04.21.0105.01

à YΝHa zrL KΝHa zrL â z � -
z

16 Π r
 G2,6

4,1
a zr

2 2
,

1

4

1 - 1

4 r
, 1-Ν

2

0, 1

2
, - Ν

2
, Ν

2
, - 1

4 r
, 1-Ν

2

03.04.21.0106.01

à Y-ΝHa zrL KΝHa zrL â z � -
z

16 Π r
 G2,6

4,1
a zr

2 2
,

1

4

1 - 1

4 r
, Ν+1

2

0, 1

2
, - Ν

2
, Ν

2
, - 1

4 r
, Ν+1

2
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03.04.21.0107.01

à YΝIa z N KΝIb z N â z �
2 z

a2 + b2
 Ja KΝIb z N YΝ+1Ia z N - b KΝ+1Ib z N YΝIa z NN

03.04.21.0108.01

à Y-ΝIa z N KΝIb z N â z �
2 z

a2 + b2
 Ja KΝIb z N Y1-ΝIa z N - b K1-ΝIb z N Y-ΝIa z NN

Involving Bessel Y  and power

Linear arguments

03.04.21.0109.01

à zΑ-1 YΝHa zL KΝHa zL â z � -
zΑ

16 Π
 G2,6

4,1
a z

2 2
,

1

4

1 - Α

4
, 1-Ν

2

0, 1

2
, - Ν

2
, Ν

2
, - Α

4
, 1-Ν

2

03.04.21.0110.01

à zΑ-1 Y-ΝHa zL KΝHa zL â z � -
zΑ

16 Π
 G2,6

4,1
a z

2 2
,

1

4

1 - Α

4
, Ν+1

2

0, 1

2
, - Ν

2
, Ν

2
, - Α

4
, Ν+1

2

03.04.21.0111.01

à z YΝHa zL KΝHb zL â z �
z

a2 + b2
 Ha KΝHb zL YΝ+1Ha zL - b KΝ+1Hb zL YΝHa zLL

03.04.21.0112.01

à z Y-ΝHa zL KΝHb zL â z �
z

a2 + b2
 Ha KΝHb zL Y1-ΝHa zL - b K1-ΝHb zL Y-ΝHa zLL

Power arguments

03.04.21.0113.01

à zΑ-1 YΝHa zrL KΝHa zrL â z � -
zΑ

16 Π r
 G2,6

4,1
a zr

2 2
,

1

4

1 - Α

4 r
, 1-Ν

2

0, 1

2
, - Ν

2
, Ν

2
, - Α

4 r
, 1-Ν

2

03.04.21.0114.01

à zΑ-1 Y-ΝHa zrL KΝHa zrL â z � -
zΑ

16 Π r
 G2,6

4,1
a zr

2 2
,

1

4

1 - Α

4 r
, Ν+1

2

0, 1

2
, - Ν

2
, Ν

2
, - Α

4 r
, Ν+1

2

Definite integration

For the direct function itself

03.04.21.0115.01

à
0

¥

KΝHtL â t �
Π

2
 sec

Π Ν

2
�;  ReHΝL¤ < 1

03.04.21.0116.01

à
0

¥

tΑ-1 KΝHtL â t � 2Α-2 G
Α - Ν

2
G

Α + Ν

2
�; ReHΑL >  ReHΝL¤
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Involving the direct function

03.04.21.0117.01

à
0

¥

KΝHtL2 â t �
1

4
Π2 secHΠ ΝL �;  ReHΝL¤ <

1

2

03.04.21.0118.01

à
0

¥

tΑ-1 KΝHtL2 â t �
Π

4 GJ Α+1

2
N G

Α

2
G

Α

2
- Ν G

Α

2
+ Ν �; ReHΑL > 2  ReHΝL¤

03.04.21.0119.01

à
0

¥ 1

x
 ã-a x I0

b x

2
K0

b x

2
 â x � 2 

2

Π
 

a - a2 - b2

b
 sech2HΑL KIsech2HΑLM KItanh2HΑLM �;

ReHaL ³ ReHbL > 0 í cosh-1

b + 2 a2 - 2 a a2 - b2

2 b

Integral transforms

Fourier cos transforms

03.04.22.0001.01

Fct@KΝHtLD HzL �
Π

2
 

coshIΝ sinh-1HzLM
z2 + 1

 sec
Π Ν

2
�;  ReHΝL¤ < 1 ß z > 0

Fourier sin transforms

03.04.22.0002.01

Fst@KΝHtLD HzL �
Π

2
 

sinhIΝ sinh-1HzLM
z2 + 1

 csc
Π Ν

2
�;  ReHΝL¤ < 2 ß z > 0

Laplace transforms

03.04.22.0003.01

Lt@KΝHtLD HzL � 2-Ν-1 Π z-Ν-1 cscHΠ ΝL 4Ν z2 Ν
2F1

1

2
-

Ν

2
, 1 -

Ν

2
; 1 - Ν;

1

z2
- 2F1

Ν + 1

2
,

Ν + 2

2
; Ν + 1;

1

z2
�;

 ReHΝL¤ < 1 ß ReHzL > 0

Mellin transforms

03.04.22.0004.01

Mt@KΝHtLD HzL � 2z-2 G
z - Ν

2
G

z + Ν

2
�; ReHzL >  ReHΝL¤
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Hankel transforms

03.04.22.0005.01

Ht;Μ@KΝHtLD HzL �
zΜ+

1

2

2 GHΜ + 1L G
1

4
H2 Μ - 2 Ν + 3L G

1

4
H2 Μ + 2 Ν + 3L 2F1

1

4
H2 Μ - 2 Ν + 3L, 1

4
H2 Μ + 2 Ν + 3L; Μ + 1; -z2 �;

ReHΜ - ΝL > -
3

2
í ReHΜ + ΝL > -

3

2
í z > 0

Representations through more general functions

Through hypergeometric functions

Involving 0F
�

1

03.04.26.0001.01

KΝHzL � Π cscHΝ ΠL 2Ν-1 z-Ν
0F

�
1 ; 1 - Ν;

z2

4
- 2-Ν-1 zΝ

0F
�

1 ; Ν + 1;
z2

4
�; Ν Ï Z

Involving 0F1

03.04.26.0002.01

KΝHzL � 2Ν-1 GHΝL z-Ν 0F1 ; 1 - Ν;
z2

4
+ 2-Ν-1 GH-ΝL zΝ

0F1 ; Ν + 1;
z2

4
�; Ν Ï Z

Involving hypergeometric U

03.04.26.0003.01

KΝHzL � Π H2 zLΝ ã-z U Ν +
1

2
, 2 Ν + 1, 2 z

03.04.26.0004.01

KΝHzL � Π H2 zL-Ν ã-z U
1

2
- Ν, 1 - 2 Ν, 2 z

Involving 1F1

03.04.26.0005.01

KΝHzL � 2Ν-1 GHΝL z-Ν ã-z
1F1

1

2
- Ν; 1 - 2 Ν; 2 z + 2-Ν-1 GH-ΝL zΝ ã-z

1F1

1

2
+ Ν; 1 + 2 Ν; 2 z �; Ν Ï Z

Through Meijer G

Classical cases for the direct function itself

03.04.26.0006.01

KΝ z2 �
1

2
G0,2

2,0
z2

4

Ν

2
, - Ν

2

03.04.26.0007.01

KΝ HzL �
1

2
z-Ν Iz2MΝ�2

G0,2
2,0

z2

4

Ν

2
, - Ν

2 -
Π

2
 H-zL-

Ν

2 z-
3 Ν

2 Iz2 Ν - Iz2MΝM csc HΠ ΝL G0,2
1,0 -

z2

4

Ν

2
, - Ν

2 �; Ν Ï Z
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03.04.26.0008.01

KΝ HzL �
1

2
G0,2

2,0
z2

4

Ν

2
, - Ν

2 �; Re HzL > 0

03.04.26.0009.01

KΝ I z N �
1

2
G0,2

2,0K z

4
Ì Ν

2
, - Ν

2 O
Classical cases involving exp

03.04.26.0010.01

ã-z KΝ HzL � Π G1,2
2,0 2 z

1

2

-Ν, Ν

03.04.26.0011.01

ãz KΝ HzL �
cos HΠ ΝL

Π
G1,2

2,1 2 z
1

2

-Ν, Ν

Classical cases involving cosh

03.04.26.0012.01

cosh I z N KΝ I z N �
1

2 2
 G2,4

2,2 z

1

4
, 3

4

- Ν

2
, Ν

2
, 1-Ν

2
, Ν+1

2

Classical cases involving sinh

03.04.26.0013.01

sinh I z N KΝ I z N �
1

2 2
 G2,4

2,2 z

1

4
, 3

4

1-Ν

2
, Ν+1

2
, - Ν

2
, Ν

2

Classical cases for powers of Bessel K

03.04.26.0014.01

KΝ I z N2
�

Π

2
G1,3

3,0 z
1

2

0, -Ν, Ν

Classical cases for products of Bessel K

03.04.26.0015.01

KΝ-1 I z N KΝ I z N �
Π

2
G1,3

3,0 z
0

- 1

2
, Ν - 1

2
, 1

2
- Ν

03.04.26.0016.01

KΜ I z N KΝ I z N �
Π

2
 G2,4

4,0 z
0, 1

2
Μ+Ν

2
,

Μ-Ν

2
,

Ν-Μ

2
, -

Μ+Ν

2

03.04.26.0017.01

KΝ I- -z N KΝ I -z N �
cos HΝ ΠL
2 Π

G1,3
3,1 z

1

2

0, -Ν, Ν
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03.04.26.0018.01

KΝ J -z
4 N KΝ -

H-zL3�4
z

�
1

8 Π
 G0,4

4,0
z

64
0, 1

2
, - Ν

2
, Ν

2

Classical cases involving Bessel J

03.04.26.0019.01

JΝ J z
4 N KΝ J z

4 N �
1

4 Π
 G0,4

3,0
z

64
0, 1

2
, Ν

2
, - Ν

2

03.04.26.0068.01

J-Ν J z
4 N KΝ J z

4 N �
1

4 Π
 G0,4

3,0
z

64
0, 1

2
, - Ν

2
, Ν

2

03.04.26.0020.01

JJ-Ν J z
4 N + JΝ J z

4 NN KΝ J z
4 N �

1

2 Π
 cos 

Π Ν

2
G0,4

3,0
z

64

1

2
, - Ν

2
, Ν

2
, 0

03.04.26.0021.01

JJ-Ν J z
4 N - JΝ J z

4 NN KΝ J z
4 N �

1

2 Π
 sin 

Π Ν

2
G0,4

3,0
z

64
0, - Ν

2
, Ν

2
, 1

2

Classical cases involving Bessel I

03.04.26.0022.01

IΝ I z N KΝ I z N �
1

2 Π
 G1,3

2,1 z
1

2

0, Ν, -Ν

03.04.26.0069.01

I-ΝI z N KΝI z N �
1

2 Π
 G1,3

2,1 z
1

2

0, -Ν, Ν

03.04.26.0023.01

IΜ I z N KΝ I z N �
1

2 Π
 G2,4

2,2 z
0, 1

2
Μ-Ν

2
,

Μ+Ν

2
, -

Μ+Ν

2
,

Ν-Μ

2

�; -Μ - Ν - 1 Ï N ì Ν - Μ - 1 Ï N

03.04.26.0070.01

IΝI z N Kn+Ν+1I z N �
H-1Ln Π3�2 cscJ 1

4
Π H4 Ν + H-1LnLN
2

 G4,6
2,2 z

0, 1

2
, Ν + 3

4
, 1

4

n+1

2
, n+1

2
+ Ν, Ν + 3

4
, 1

4
, - 1

2
Hn + 1L, - 1

2
Hn + 1L - Ν

-

H-1Ln Π cscHΝ ΠL â
k=0

f n

2
v H-1Lf n+1

2
v z

1

2
H2 k-n-1L GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - n - ΝL GHk + Ν + 1L �; n Î N

03.04.26.0071.01

IΝI z N K-n-Ν-1I z N �
H-1Ln Π3�2 cscJ 1

4
Π H4 Ν + H-1LnLN
2

 G4,6
2,2 z

0, 1

2
, Ν + 3

4
, 1

4

n+1

2
, n+1

2
+ Ν, Ν + 3

4
, 1

4
, - 1

2
Hn + 1L, - 1

2
Hn + 1L - Ν

-

H-1Ln Π cscHΝ ΠL â
k=0

f n

2
v H-1Lf n+1

2
v z

1

2
H2 k-n-1L GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - n - ΝL GHk + Ν + 1L �; n Î N �; n Î N

http://functions.wolfram.com 47



03.04.26.0072.01

IΝI z N KΝ+1I z N �
Π3�2

cosHΠ ΝL + sinHΠ ΝL  G4,6
2,2 z

0, 1

2
, Ν + 3

4
, 1

4

1

2
, Ν + 1

2
, Ν + 3

4
, 1

4
, - 1

2
, -Ν - 1

2

+
1

z

03.04.26.0073.01

IΝI z N KΝ+2I z N �
2 HΝ + 1L

z
+

Π3�2 cscHΠ ΝL
cotHΠ ΝL - 1

 G4,6
2,2 z

0, 1

2
, Ν + 3

4
, 1

4

1, Ν + 1, Ν + 3

4
, 1

4
, -1, -Ν - 1

03.04.26.0024.01

JI-Ν I z N + IΝ I z NN KΝ I z N �
cos HΠ ΝL

Π
 G1,3

2,1 z
1

2

-Ν, Ν, 0

03.04.26.0074.01

JI-ΝI z N - IΝI z NN KΝI z N �
sinHΠ ΝL

Π
 G1,3

3,0 z
1

2

0, Ν, -Ν

03.04.26.0025.01

IΝ I z N KΜ I z N + IΜ I z N KΝ I z N �
1

Π
cos 

1

2
Π HΜ - ΝL  G2,4

3,1 z

1

2
, 0

Μ+Ν

2
,

Μ-Ν

2
,

Ν-Μ

2
, -

Μ+Ν

2

03.04.26.0026.01

IΝ I z N KΜ I z N - IΜ I z N KΝ I z N �
1

Π
 sin 

1

2
Π HΜ - ΝL G2,4

3,1 z
0, 1

2
Μ+Ν

2
,

Μ-Ν

2
,

Ν-Μ

2
, -

Μ+Ν

2

03.04.26.0075.01

IΝI z N2
-

1

Π2
 KΝI z N2

� -secHΠ ΝL Π G3,5
3,0 z

1

2
, 1

4
H1 - 2 ΝL, 1

4
H3 - 2 ΝL

0, -Ν, Ν, 1

4
H1 - 2 ΝL, 1

4
H3 - 2 ΝL

Classical cases involving Bessel Y

03.04.26.0027.01

KΝ J z
4 N YΝ J z

4 N � -
1

4 Π
 G1,5

4,0
z

64

1-Ν

2

0, 1

2
, Ν

2
, - Ν

2
, 1-Ν

2

03.04.26.0076.01

KΝJ z
4 N Y-ΝJ z

4 N � -
1

4 Π
 G1,5

4,0
z

64

Ν+1

2

0, 1

2
, Ν

2
, - Ν

2
, Ν+1

2

03.04.26.0028.01

K0 J z
4 N -

Π

2
 Y0 J z

4 N �
Π

2
 G0,4

2,0
z

256
0, 0, 1

2
, 1

2

03.04.26.0029.01

Kn J z
4 N +

Π

2
Yn J z

4 N �
Π

2
G1,5

3,0
z

256

- n

4

2-n

4
, n

4
, n+2

4
, - n

4
, - n

4

�; n Î N
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03.04.26.0030.01

Kn J z
4 N -

Π

2
Yn J z

4 N �
Π

2
G1,5

3,0
z

256

2-n

4

- n

4
, n

4
, n+2

4
, 2-n

4
, 2-n

4

�; n Î N

Classical cases involving 0F1

03.04.26.0031.01

KΝ HzL 0F1 ; b;
z2

4
�

2b-2 G HbL
Π

G2,4
2,2 z2

1-b

2
, 1 - b

2

- Ν

2
, Ν

2
, 1 - b - Ν

2
, 1 - b + Ν

2

�; -b - Ν Ï N í Ν - b Ï N í -
Π

2
< argHzL £

Π

2

03.04.26.0077.01

KΝHzL 0F1 ; -n - Ν;
z2

4
� 2-n-Ν-

3

2 Π GH-n - ΝL

Π csc
1

4
Π H4 Ν - H-1LnL G4,6

2,2 z2

1

2
Hn + Ν + 1L, 1

2
Hn + Ν + 2L, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L

n + Ν

2
+ 1, - Ν

2
, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L, Ν

2
, n + 3 Ν

2
+ 1

-

2

Π
cscHΝ ΠL â

k=0

f n

2
v H-1Lf n+1

2
v z2 k+Ν GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - n - ΝL GHk + Ν + 1L �; n Î N í -
Π

2
< argHzL £

Π

2

03.04.26.0078.01

KΝHzL 0F1 ; Ν - n;
z2

4
�

2-n+Ν-
3

2 Π GHΝ - nL 2

Π
cscHΝ ΠL â

k=0

f n

2
v H-1Lf n+1

2
v z2 k-Ν GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - n + ΝL GHk - Ν + 1L - Π csc
1

4
Π H4 Ν + H-1LnL

G4,6
2,2 z2

1

2
Hn - Ν + 1L, 1

2
Hn - Ν + 2L, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L

n - Ν

2
+ 1, Ν

2
, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L, - Ν

2
, n - 3 Ν

2
+ 1

�; n Î N í -
Π

2
< argHzL £

Π

2

03.04.26.0079.01

KΝHzL 0F1 ; Ν;
z2

4
� 2Ν-1 GHΝL z-Ν -

Π3�2 cscJ 1

4
H4 Ν + 1L ΠN
2

 G4,6
2,2 z2

1-Ν

2
, 1 - Ν

2
, 1

4
H3 - 2 ΝL, 1

4
H2 Ν + 1L

1 - Ν

2
, Ν

2
, 1

4
H3 - 2 ΝL, 1 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν + 1L �;

-
Π

2
< argHzL £

Π

2

03.04.26.0080.01

KΝHzL 0F1 ; Ν - 1;
z2

4
�

2Ν-2 GHΝ - 1L 2 HΝ - 1L z-Ν +
Π3�2 cscJΠ JΝ - 5

4
NN

2
 G4,6

2,2 z2

3-Ν

2
, 1 - Ν

2
, 1

4
H5 - 2 ΝL, 1

4
H2 Ν - 1L

2 - Ν

2
, Ν

2
, 1

4
H5 - 2 ΝL, 2 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν - 1L �; -

Π

2
< argHzL £

Π

2
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03.04.26.0081.01

KΝHzL 0F1 ; -Ν;
z2

4
� 2-Ν-1 GH-ΝL zΝ -

Π3�2 cscJ 1

4
Π H1 - 4 ΝLN
2

 G4,6
2,2 z2

Ν+1

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, 1

4
H2 Ν + 3L

- Ν

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, Ν

2
, 3 Ν

2
+ 1, 1

4
H2 Ν + 3L �;

-
Π

2
< argHzL £

Π

2

03.04.26.0082.01

KΝHzL 0F1 ; -Ν - 1;
z2

4
� 2-Ν-2 GH-Ν - 1L

Π3�2 cscJΠ JΝ + 1

4
NN

2
 G4,6

2,2 z2

Ν+2

2
, Ν+3

2
, 1

4
H-2 Ν - 1L, 1

4
H2 Ν + 5L

- Ν

2
, Ν+4

2
, 1

4
H-2 Ν - 1L, Ν

2
, 3 Ν

2
+ 2, 1

4
H2 Ν + 5L - 2 zΝ HΝ + 1L �; -

Π

2
< argHzL £

Π

2

03.04.26.0032.01

KΝ HzL 0F1 ; Ν + 1; -
z2

4
�

2-
Ν

2
-2 G HΝ + 1L

Π
G0,4

3,0
z4

64

2-Ν

4
, - Ν

4
, Ν

4
, - 3 Ν

4
�; -

Π

2
< argHzL £

Π

2

03.04.26.0033.01

KΝ HzL 0F1 ; 1 - Ν; -
z2

4
�

2
Ν

2
-2 G H1 - ΝL

Π
G0,4

3,0
z4

64

Ν+2

4
, - Ν

4
, Ν

4
, 3 Ν

4
�; -

Π

2
< argHzL £

Π

2

03.04.26.0083.01

KΝI2 z N 0F1H; b; zL �
2b-2 GHbL

Π
 G2,4

2,2 4 z

1-b

2
, 1 - b

2

- Ν

2
, Ν

2
, -b - Ν

2
+ 1, -b + Ν

2
+ 1

�; -b - Ν Ï N ì -b + Ν Ï N

03.04.26.0084.01

KΝI2 z N 0F1H; Ν - n; zL � 2-n-
3

2 Π z-
Ν

2 GHΝ - nL 2 cscHΝ ΠL â
k=0

f n

2
v H-1Lf n+1

2
v 4k zk GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - Ν + 1L GHk - n + ΝL -

2Ν Π zΝ�2 csc
1

4
Π H4 Ν + H-1LnL G4,6

2,2 4 z

1

2
Hn - Ν + 1L, 1

2
Hn - Ν + 2L, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L

n - Ν

2
+ 1, Ν

2
, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L, - Ν

2
, n - 3 Ν

2
+ 1

�; n Î N

03.04.26.0085.01

KΝI2 z N 0F1H; -n - Ν; zL � 2-n-
3

2 Π zΝ�2 GH-n - ΝL

2-Ν Π z-
Ν

2 csc
1

4
Π H4 Ν - H-1LnL G4,6

2,2 4 z

1

2
Hn + Ν + 1L, 1

2
Hn + Ν + 2L, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L

n + Ν

2
+ 1, - Ν

2
, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L, Ν

2
, n + 3 Ν

2
+ 1

-

2 cscHΝ ΠL â
k=0

f n

2
v H-1Lf n+1

2
v 4k zk GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk + Ν + 1L GHk - n - ΝL �; n Î N

http://functions.wolfram.com 50



03.04.26.0086.01

KΝI2 z N 0F1H; Ν; zL �
1

2
GHΝL z-

Ν

2 - 2Ν-
1

2 Π3�2 csc
1

4
H4 Ν + 1L Π G4,6

2,2 4 z

1-Ν

2
, 1 - Ν

2
, 1

4
H3 - 2 ΝL, 1

4
H2 Ν + 1L

1 - Ν

2
, Ν

2
, 1

4
H3 - 2 ΝL, 1 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν + 1L

03.04.26.0087.01

KΝI2 z N 0F1H; Ν - 1; zL �
GHΝ - 1L
4 2

 2 2 HΝ - 1L z-
Ν

2 + 2Ν Π3�2 csc Π Ν -
5

4
G4,6

2,2 4 z
1 - Ν

2
, 3

2
- Ν

2
, 5

4
- Ν

2
, Ν

2
- 1

4

2 - Ν

2
, Ν

2
, 2 - 3 Ν

2
, 5

4
- Ν

2
, - Ν

2
, Ν

2
- 1

4

03.04.26.0088.01

KΝI2 z N 0F1H; -Ν; zL �
1

2
GH-ΝL zΝ�2 + 2-Ν-

1

2 Π3�2 csc Π Ν -
1

4
G4,6

2,2 4 z

Ν+1

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, 1

4
H2 Ν + 3L

- Ν

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, Ν

2
, 3 Ν

2
+ 1, 1

4
H2 Ν + 3L

03.04.26.0089.01

KΝI2 z N 0F1H; -Ν - 1; zL �

-2-Ν-
5

2 GH-Ν - 1L 2Ν+
3

2 HΝ + 1L zΝ�2 + Π3�2 csc Π Ν +
5

4
G4,6

2,2 4 z

Ν+2

2
, Ν+3

2
, 1

4
H-2 Ν - 1L, 1

4
H2 Ν + 5L

- Ν

2
, Ν+4

2
, 1

4
H-2 Ν - 1L, Ν

2
, 3 Ν

2
+ 2, 1

4
H2 Ν + 5L

03.04.26.0090.01

KΝI2 z N 0F1H; Ν + 1; -zL �
2

1

2
H-Ν-4L GHΝ + 1L

Π
 G0,4

3,0
z2

4

2-Ν

4
, - Ν

4
, Ν

4
, - 1

4
H3 ΝL �; -

Π

2
< argHzL £

Π

2

03.04.26.0091.01

KΝI2 z N 0F1H; 1 - Ν; -zL �
2

Ν-4

2 GH1 - ΝL
Π

 G0,4
3,0

z2

4
- Ν

4
, Ν

4
, Ν+2

4
, 3 Ν

4
�; -

Π

2
< argHzL £

Π

2

Classical cases involving 0F
�

1

03.04.26.0034.01

KΝ HzL 0F
�

1 ; b;
z2

4
�

2b-2

Π
G2,4

2,2 z2

1-b

2
, 1 - b

2

- Ν

2
, Ν

2
, 1 - b - Ν

2
, 1 - b + Ν

2

�; -b - Ν Ï N í Ν - b Ï N í -
Π

2
< argHzL £

Π

2

03.04.26.0092.01

KΝHzL 0F
�

1 ; -n - Ν;
z2

4
�

2-n-Ν-
3

2 Π Π csc
1

4
Π H4 Ν - H-1LnL G4,6

2,2 z2

1

2
Hn + Ν + 1L, 1

2
Hn + Ν + 2L, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L

n + Ν

2
+ 1, - Ν

2
, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L, Ν

2
, n + 3 Ν

2
+ 1

-

2

Π
cscHΝ ΠL â

k=0

f n

2
v H-1Lf n+1

2
v z2 k+Ν GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - n - ΝL GHk + Ν + 1L �; n Î N í -
Π

2
< argHzL £

Π

2
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03.04.26.0093.01

KΝHzL 0F
�

1 ; Ν - n;
z2

4
�

2-n+Ν-
3

2 Π
2

Π
cscHΝ ΠL â

k=0

f n

2
v H-1Lf n+1

2
v z2 k-Ν GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - n + ΝL GHk - Ν + 1L - Π csc
1

4
Π H4 Ν + H-1LnL

G4,6
2,2 z2

1

2
Hn - Ν + 1L, 1

2
Hn - Ν + 2L, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L

n - Ν

2
+ 1, Ν

2
, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L, - Ν

2
, n - 3 Ν

2
+ 1

�; n Î N í -
Π

2
< argHzL £

Π

2

03.04.26.0094.01

KΝHzL 0F
�

1 ; Ν;
z2

4
� 2Ν-1 z-Ν -

Π3�2 cscJ 1

4
H4 Ν + 1L ΠN
2

 G4,6
2,2 z2

1-Ν

2
, 1 - Ν

2
, 1

4
H3 - 2 ΝL, 1

4
H2 Ν + 1L

1 - Ν

2
, Ν

2
, 1

4
H3 - 2 ΝL, 1 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν + 1L �;

-
Π

2
< argHzL £

Π

2

03.04.26.0095.01

KΝHzL 0F
�

1 ; Ν - 1;
z2

4
� 2Ν-2 2 HΝ - 1L z-Ν +

Π3�2 cscJΠ JΝ - 5

4
NN

2
 G4,6

2,2 z2

3-Ν

2
, 1 - Ν

2
, 1

4
H5 - 2 ΝL, 1

4
H2 Ν - 1L

2 - Ν

2
, Ν

2
, 1

4
H5 - 2 ΝL, 2 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν - 1L �;

-
Π

2
< argHzL £

Π

2

03.04.26.0096.01

KΝHzL 0F
�

1 ; -Ν;
z2

4
� 2-Ν-1 zΝ -

Π3�2 cscJ 1

4
Π H1 - 4 ΝLN
2

 G4,6
2,2 z2

Ν+1

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, 1

4
H2 Ν + 3L

- Ν

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, Ν

2
, 3 Ν

2
+ 1, 1

4
H2 Ν + 3L �;

-
Π

2
< argHzL £

Π

2

03.04.26.0097.01

KΝHzL 0F
�

1 ; -Ν - 1;
z2

4
� 2-Ν-2 

Π3�2 cscJΠ JΝ + 1

4
NN

2
 G4,6

2,2 z2

Ν+2

2
, Ν+3

2
, 1

4
H-2 Ν - 1L, 1

4
H2 Ν + 5L

- Ν

2
, Ν+4

2
, 1

4
H-2 Ν - 1L, Ν

2
, 3 Ν

2
+ 2, 1

4
H2 Ν + 5L - 2 zΝ HΝ + 1L �;

-
Π

2
< argHzL £

Π

2

03.04.26.0035.01

KΝ HzL 0F
�

1 ; Ν + 1; -
z2

4
�

2-
Ν

2
-2

Π
G0,4

3,0
z4

64

2-Ν

4
, - Ν

4
, Ν

4
, - 3 Ν

4
�; -

Π

2
< argHzL £

Π

2

03.04.26.0036.01

KΝ HzL 0F
�

1 ; 1 - Ν; -
z2

4
�

2
Ν

2
-2

Π
G0,4

3,0
z4

64

Ν+2

4
, - Ν

4
, Ν

4
, 3 Ν

4
�; -

Π

2
< argHzL £

Π

2
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03.04.26.0098.01

KΝI2 z N 0F
�

1H; b; zL �
2b-2

Π
 G2,4

2,2 4 z

1-b

2
, 1 - b

2

- Ν

2
, Ν

2
, -b - Ν

2
+ 1, -b + Ν

2
+ 1

�; -b - Ν Ï N ì -b + Ν Ï N

03.04.26.0099.01

KΝI2 z N 0F
�

1H; Ν - n; zL � 2-n-
3

2 Π z-
Ν

2 2 cscHΝ ΠL â
k=0

f n

2
v H-1Lf n+1

2
v 4k zk GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - Ν + 1L GHk - n + ΝL -

2Ν Π zΝ�2 csc
1

4
Π H4 Ν + H-1LnL G4,6

2,2 4 z

1

2
Hn - Ν + 1L, 1

2
Hn - Ν + 2L, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L

n - Ν

2
+ 1, Ν

2
, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L, - Ν

2
, n - 3 Ν

2
+ 1

�; n Î N

03.04.26.0100.01

KΝI2 z N 0F
�

1H; -n - Ν; zL � 2-n-
3

2 Π

zΝ�2 2-Ν Π z-
Ν

2 csc
1

4
Π H4 Ν - H-1LnL G4,6

2,2 4 z

1

2
Hn + Ν + 1L, 1

2
Hn + Ν + 2L, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L

n + Ν

2
+ 1, - Ν

2
, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L, Ν

2
, n + 3 Ν

2
+ 1

-

2 cscHΝ ΠL â
k=0

f n

2
v H-1Lf n+1

2
v 4k zk GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk + Ν + 1L GHk - n - ΝL �; n Î N

03.04.26.0101.01

KΝI2 z N 0F
�

1H; Ν; zL �
z-

Ν

2

2
- 2Ν-

3

2 Π3�2 csc
1

4
H4 Ν + 1L Π G4,6

2,2 4 z

1-Ν

2
, 1 - Ν

2
, 1

4
H3 - 2 ΝL, 1

4
H2 Ν + 1L

1 - Ν

2
, Ν

2
, 1

4
H3 - 2 ΝL, 1 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν + 1L

03.04.26.0102.01

KΝI2 z N 0F
�

1H; Ν - 1; zL �
1

2
HΝ - 1L z-

Ν

2 + 2Ν-
5

2 Π3�2 csc Π Ν -
5

4
G4,6

2,2 4 z

3-Ν

2
, 1 - Ν

2
, 1

4
H5 - 2 ΝL, 1

4
H2 Ν - 1L

2 - Ν

2
, Ν

2
, 1

4
H5 - 2 ΝL, 2 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν - 1L

03.04.26.0103.01

KΝI2 z N 0F
�

1H; -Ν; zL �
zΝ�2
2

+ 2-Ν-
3

2 Π3�2 csc Π Ν -
1

4
G4,6

2,2 4 z

Ν+1

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, 1

4
H2 Ν + 3L

- Ν

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, Ν

2
, 3 Ν

2
+ 1, 1

4
H2 Ν + 3L

03.04.26.0104.01

KΝI2 z N 0F
�

1H; -Ν - 1; -zL �

-
1

2
HΝ + 1L zΝ�2 - 2-Ν-

5

2 Π3�2 csc Π Ν +
5

4
G4,6

2,2 4 z

Ν+2

2
, Ν+3

2
, 1

4
H-2 Ν - 1L, 1

4
H2 Ν + 5L

- Ν

2
, Ν+4

2
, 1

4
H-2 Ν - 1L, Ν

2
, 3 Ν

2
+ 2, 1

4
H2 Ν + 5L

03.04.26.0105.01

KΝI2 z N 0F
�

1H; Ν + 1; -zL �
2

1

2
H-Ν-4L

Π
 G0,4

3,0
z2

4

2-Ν

4
, - Ν

4
, Ν

4
, - 1

4
H3 ΝL �; -

Π

2
< argHzL £

Π

2
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03.04.26.0106.01

KΝI2 z N 0F
�

1H; 1 - Ν; -zL �
2

Ν-4

2

Π
 G0,4

3,0
z2

4
- Ν

4
, Ν

4
, Ν+2

4
, 3 Ν

4
�; -

Π

2
< argHzL £

Π

2

Generalized cases for the direct function itself

03.04.26.0037.01

KΝ HzL �
1

2
G0,2

2,0
z

2
,

1

2

Ν

2
, - Ν

2

Generalized cases involving cosh

03.04.26.0038.01

cosh HzL KΝ HzL �
1

2 2
 G2,4

2,2 z,
1

2

1

4
, 3

4

- Ν

2
, Ν

2
, 1-Ν

2
, Ν+1

2

Generalized cases involving sinh

03.04.26.0039.01

sinh HzL KΝ HzL �
1

2 2
 G2,4

2,2 z,
1

2

1

4
, 3

4

1-Ν

2
, Ν+1

2
, - Ν

2
, Ν

2

Generalized cases involving Ai

03.04.26.0040.01

Ai 
3

2

2�3
z2�3 KΝHzL �

1

2 2
3

3
6

Π

 G2,4
4,0 z2�3,

1

3

1

6
, 2

3

- Ν

2
, 1

6
H2 - 3 ΝL, Ν

2
, 1

6
H3 Ν + 2L

03.04.26.0107.01

AiHzL KΝ

2 z3�2
3

�
1

2 2
3

3
6

Π

 G2,4
4,0

2

3

2�3
z,

1

3

1

6
, 2

3

- Ν

2
, 1

6
H2 - 3 ΝL, Ν

2
, 1

6
H3 Ν + 2L �; -

1

3
H2 ΠL < argHzL £

2 Π

3

Generalized cases involving Ai¢

03.04.26.0067.01

Ai¢
3

2

2�3
z2�3 KΝHzL � -

3
6

2 22�3 Π
 G2,4

4,0 z2�3,
1

3

1

3
, 5

6

Ν

2
, - Ν

2
, 1

6
H3 Ν + 4L, 1

6
H4 - 3 ΝL

03.04.26.0041.01

Ai¢ 
3

2

2�3
z2�3  KΝ HzL �

-
3

6
csc HΠ ΝL

4 22�3 Π
G2,4

2,2 z,
1

2

1

3
, 5

6

- Ν

2
, 1

6
H4 - 3 ΝL, Ν

2
, 1

6
H3 Ν + 4L - G2,4

2,2 z,
1

2

1

3
, 5

6

Ν

2
, 1

6
H3 Ν + 4L, - Ν

2
, 1

6
H4 - 3 ΝL

03.04.26.0108.01

Ai¢HzL KΝ

2 z3�2
3

� -
3

6

2 22�3 Π
 G2,4

4,0
2

3

2�3
z,

1

3

1

3
, 5

6

Ν

2
, - Ν

2
, 1

6
H3 Ν + 4L, 1

6
H4 - 3 ΝL �; -

1

3
H2 ΠL < argHzL £

2 Π

3
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Generalized cases involving Bi

03.04.26.0042.01

Bi 
3

2

2�3
z2�3 KΝ HzL �

Π3�2 csc HΠ ΝL
2

3
3

6
 G4,6

2,2 z,
1

2

1

6
, 2

3
, 1

6
H1 - 3 ΝL, 1

6
H4 - 3 ΝL

- Ν

2
, 1

6
H2 - 3 ΝL, 1

6
H1 - 3 ΝL, 1

6
H4 - 3 ΝL, Ν

2
, 1

6
H3 Ν + 2L -

G4,6
2,2 z,

1

2

1

6
, 2

3
, 1

6
H3 Ν + 1L, 1

6
H3 Ν + 4L

Ν

2
, 1

6
H3 Ν + 2L, - Ν

2
, 1

6
H2 - 3 ΝL, 1

6
H3 Ν + 1L, 1

6
H3 Ν + 4L

03.04.26.0109.01

Bi HzL KΝ 
2 z3�2

3
�

Π3�2 csc HΠ ΝL
2

3
3

6
 G4,6

2,2
2

3

2�3
z,

1

3

1

6
, 2

3
, 1

6
H1 - 3 ΝL, 1

6
H4 - 3 ΝL

- Ν

2
, 1

6
H2 - 3 ΝL, Ν

2
, 1

6
H3 Ν + 2L, 1

6
H1 - 3 ΝL, 1

6
H4 - 3 ΝL -

G4,6
2,2

2

3

2�3
z,

1

3

1

6
, 2

3
, 1

6
H3 Ν + 1L, 1

6
H3 Ν + 4L

Ν

2
, 1

6
H3 Ν + 2L, - Ν

2
, 1

6
H2 - 3 ΝL, 1

6
H3 Ν + 1L, 1

6
H3 Ν + 4L �; -

2 Π

3
< argHzL £

2 Π

3

Generalized cases involving Bi¢

03.04.26.0043.01

Bi¢ 
3

2

2�3
z2�3 KΝ HzL �

3
6

Π3�2 csc HΠ ΝL
22�3  G4,6

2,2 z2�3,
1

3

1

3
, 5

6
, 1

3
- Ν

2
, 5

6
- Ν

2

- Ν

2
, 2

3
- Ν

2
, 1

3
- Ν

2
, 5

6
- Ν

2
, Ν

2
, Ν

2
+ 2

3

- G4,6
2,2 z2�3,

1

3

1

3
, 5

6
, Ν

2
+ 1

3
, Ν

2
+ 5

6

Ν

2
, Ν

2
+ 2

3
, - Ν

2
, 2

3
- Ν

2
, Ν

2
+ 1

3
, Ν

2
+ 5

6

03.04.26.0110.01

Bi¢HzL KΝ 
2 z3�2

3
�

3
6

Π3�2 csc HΠ ΝL
22�3  G4,6

2,2
2

3

2�3
z,

1

3

1

3
, 5

6
, 1

3
- Ν

2
, 5

6
- Ν

2

- Ν

2
, 2

3
- Ν

2
, 1

3
- Ν

2
, 5

6
- Ν

2
, Ν

2
, Ν

2
+ 2

3

-

G4,6
2,2

2

3

2�3
z,

1

3

1

3
, 5

6
, Ν

2
+ 1

3
, Ν

2
+ 5

6

Ν

2
, Ν

2
+ 2

3
, - Ν

2
, 2

3
- Ν

2
, Ν

2
+ 1

3
, Ν

2
+ 5

6

�; -
2 Π

3
< argHzL £

2 Π

3

Generalized cases for powers of Bessel K

03.04.26.0044.01

KΝ HzL2 �
1

2
Π G1,3

3,0 z,
1

2

1

2

0, -Ν, Ν

Generalized cases for products of Bessel K

03.04.26.0045.01

KΝ-1 HzL KΝ HzL �
1

2
Π G1,3

3,0 z,
1

2

0

- 1

2
, Ν - 1

2
, 1

2
- Ν

03.04.26.0046.01

KΜ HzL KΝ HzL �
1

2
Π G2,4

4,0 z,
1

2

0, 1

2
Μ+Ν

2
,

Μ-Ν

2
,

Ν-Μ

2
, - 1

2
HΜ + ΝL
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03.04.26.0047.01

KΝ H-zL KΝ HzL �
cos HΝ ΠL
2 Π

G1,3
3,1 -z2 ,

1

2

1

2

0, -Ν, Ν

03.04.26.0048.01

KΝ HzL KΝ H-ä zL �
1

8 Π
 G0,4

4,0
ã-

Π ä

4 z

2 2
,

1

4
0, 1

2
, - Ν

2
, Ν

2
�; -

Π

2
< argHzL £ Π

Generalized cases involving Bessel J

03.04.26.0049.01

JΝ HzL KΝ HzL �
1

4 Π
 G0,4

3,0
z

2 2
,

1

4
0, 1

2
, Ν

2
, - Ν

2

03.04.26.0111.01

J-ΝHzL KΝHzL �
1

4 Π
 G0,4

3,0
z

2 2
,

1

4
0, 1

2
, - Ν

2
, Ν

2

03.04.26.0050.01

HJ-Ν HzL + JΝ HzLL KΝ HzL �
cos I Π Ν

2
M

2 Π
G0,4

3,0
z

2 2
,

1

4

1

2
, - Ν

2
, Ν

2
, 0

03.04.26.0051.01

HJ-Ν HzL - JΝ HzLL KΝ HzL �
sin I Π Ν

2
M

2 Π
G0,4

3,0
z

2 2
,

1

4
0, - Ν

2
, Ν

2
, 1

2

Generalized cases involving Bessel I

03.04.26.0052.01

IΝ HzL KΝ HzL �
1

2 Π
 G1,3

2,1 z,
1

2

1

2

0, Ν, -Ν

03.04.26.0112.01

I-Ν HzL KΝ HzL �
1

2 Π
 G1,3

2,1 z,
1

2

1

2

0, -Ν, Ν

03.04.26.0053.01

IΜ HzL KΝ HzL �
1

2 Π
 G2,4

2,2 z,
1

2

0, 1

2
Μ-Ν

2
,

Μ+Ν

2
, 1

2
H-Μ - ΝL, Ν-Μ

2

�; -Μ - Ν - 1 Ï N ì Ν - Μ - 1 Ï N

03.04.26.0113.01

IΝHzL Kn+Ν+1HzL �
1

2
 H-1Ln Π3�2 csc

1

4
Π H4 Ν + H-1LnL G4,6

2,2 z,
1

2

0, 1

2
, Ν + 3

4
, 1

4

n+1

2
, n+1

2
+ Ν, Ν + 3

4
, 1

4
, - 1

2
Hn + 1L, - 1

2
Hn + 1L - Ν

-

H-1Ln Π cscHΝ ΠL â
k=0

f n

2
v H-1Lf n+1

2
v z2 k-n-1 GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - n - ΝL GHk + Ν + 1L �; n Î N
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03.04.26.0114.01

IΝHzL K-n-Ν-1HzL �
1

2
 H-1Ln Π3�2 csc

1

4
Π H4 Ν + H-1LnL G4,6

2,2 z,
1

2

0, 1

2
, Ν + 3

4
, 1

4

n+1

2
, n+1

2
+ Ν, Ν + 3

4
, 1

4
, - 1

2
Hn + 1L, - 1

2
Hn + 1L - Ν

-

H-1Ln Π cscHΝ ΠL â
k=0

f n

2
v H-1Lf n+1

2
v z2 k-n-1 GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - n - ΝL GHk + Ν + 1L �; n Î N

03.04.26.0115.01

IΝHzL KΝ+1HzL �
Π3�2

cosHΠ ΝL + sinHΠ ΝL  G4,6
2,2 z,

1

2

0, 1

2
, Ν + 3

4
, 1

4

1

2
, Ν + 1

2
, Ν + 3

4
, 1

4
, - 1

2
, -Ν - 1

2

+
1

z

03.04.26.0116.01

IΝHzL KΝ+2HzL �
2 HΝ + 1L

z2
+

Π3�2 cscHΠ ΝL
cotHΠ ΝL - 1

 G4,6
2,2 z,

1

2

0, 1

2
, Ν + 3

4
, 1

4

1, Ν + 1, Ν + 3

4
, 1

4
, -1, -Ν - 1

03.04.26.0054.01

HI-Ν HzL + IΝ HzLL KΝ HzL �
cos HΠ ΝL

Π
G1,3

2,1 z,
1

2

1

2

-Ν, Ν, 0

03.04.26.0117.01

HI-ΝHzL - IΝHzLL KΝHzL �
sinHΠ ΝL

Π
 G1,3

3,0 z,
1

2

1

2

0, Ν, -Ν

03.04.26.0055.01

IΝ HzL KΜ HzL + IΜ HzL KΝ HzL �
cos J 1

2
Π HΜ - ΝLN

Π
G2,4

3,1 z,
1

2

1

2
, 0

Μ+Ν

2
,

Μ-Ν

2
,

Ν-Μ

2
, -

Μ+Ν

2

03.04.26.0056.01

IΝ HzL KΜ HzL - IΜ HzL KΝ HzL �
sin J 1

2
Π HΜ - ΝLN

Π
 G2,4

3,1 z,
1

2

0, 1

2
Μ+Ν

2
,

Μ-Ν

2
,

Ν-Μ

2
, -

Μ+Ν

2

03.04.26.0118.01

IΝHzL2 -
1

Π2
 KΝHzL2 � -secHΠ ΝL Π G3,5

3,0 z,
1

2

1

2
, 1

4
H1 - 2 ΝL, 1

4
H3 - 2 ΝL

0, -Ν, Ν, 1

4
H1 - 2 ΝL, 1

4
H3 - 2 ΝL

Generalized cases involving Bessel Y

03.04.26.0057.01

KΝ HzL YΝ HzL � -
1

4 Π
 G1,5

4,0
z

2 2
,

1

4

1-Ν

2

0, 1

2
, Ν

2
, - Ν

2
, 1-Ν

2

03.04.26.0119.01

KΝHzL Y-ΝHzL � -
1

4 Π
 G1,5

4,0
z

2 2
,

1

4

Ν+1

2

0, 1

2
, Ν

2
, - Ν

2
, Ν+1

2
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03.04.26.0058.01

K0 HzL -
Π

2
Y0 HzL �

Π

2
G0,4

2,0
z

4
,

1

4
0, 0, 1

2
, 1

2

03.04.26.0059.01

Kn HzL +
Π

2
Yn HzL �

Π

2
G1,5

3,0
z

4
,

1

4

- n

4

2-n

4
, n

4
, n+2

4
, - n

4
, - n

4

�; n Î N

03.04.26.0060.01

Kn HzL -
Π

2
Yn HzL �

Π

2
G1,5

3,0
z

4
,

1

4

2-n

4

- n

4
, n

4
, n+2

4
, 2-n

4
, 2-n

4

�; n Î N

Generalized cases involving 0F1

03.04.26.0062.01

KΝ HzL 0F1 ; Ν + 1; -
z2

4
�

2-
Ν

2
-2 G HΝ + 1L

Π
 G0,4

3,0
z

2 2
,

1

4

2-Ν

4
, - Ν

4
, Ν

4
, - 3 Ν

4

03.04.26.0063.01

KΝ HzL 0F1 ; 1 - Ν; -
z2

4
�

2
Ν

2
-2 G H1 - ΝL

Π
G0,4

3,0
z

2 2
,

1

4

Ν+2

4
, - Ν

4
, Ν

4
, 3 Ν

4

03.04.26.0061.01

KΝ HzL 0F1 ; b;
z2

4
�

2b-2 G HbL
Π

G2,4
2,2 z,

1

2

1-b

2
, 1 - b

2

- Ν

2
, Ν

2
, 1 - b - Ν

2
, 1 - b + Ν

2

�; -b - Ν Ï N ì Ν - b Ï N

03.04.26.0120.01

KΝHzL 0F1 ; Ν - n;
z2

4
� 2-n+Ν-

3

2 Π GHΝ - nL 2

Π
cscHΝ ΠL â

k=0

f n

2
v H-1Lf n+1

2
v z2 k-Ν GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - Ν + 1L GHk - n + ΝL -

Π csc
1

4
Π H4 Ν + H-1LnL G4,6

2,2 z,
1

2

1

2
Hn - Ν + 1L, 1

2
Hn - Ν + 2L, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L

n - Ν

2
+ 1, Ν

2
, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L, - Ν

2
, n - 3 Ν

2
+ 1

�; n Î N

03.04.26.0121.01

KΝHzL 0F1 ; -n - Ν;
z2

4
� 2-n-Ν-

3

2 Π GH-n - ΝL

Π csc
1

4
Π H4 Ν - H-1LnL G4,6

2,2 z,
1

2

1

2
Hn + Ν + 1L, 1

2
Hn + Ν + 2L, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L

n + Ν

2
+ 1, - Ν

2
, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L, Ν

2
, n + 3 Ν

2
+ 1

-

2

Π
cscHΝ ΠL â

k=0

f n

2
v H-1Lf n+1

2
v z2 k+Ν GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk + Ν + 1L GHk - n - ΝL �; n Î N
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03.04.26.0122.01

KΝHzL 0F1 ; Ν;
z2

4
� 2Ν-1 GHΝL z-Ν -

Π3�2 cscJ 1

4
H4 Ν + 1L ΠN
2

 G4,6
2,2 z,

1

2

1-Ν

2
, 1 - Ν

2
, 1

4
H3 - 2 ΝL, 1

4
H2 Ν + 1L

1 - Ν

2
, Ν

2
, 1

4
H3 - 2 ΝL, 1 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν + 1L

03.04.26.0123.01

KΝHzL 0F1 ; Ν - 1;
z2

4
�

2Ν-2 GHΝ - 1L 2 HΝ - 1L z-Ν +
Π3�2 cscJΠ JΝ - 5

4
NN

2
 G4,6

2,2 z,
1

2

3-Ν

2
, 1 - Ν

2
, 1

4
H5 - 2 ΝL, 1

4
H2 Ν - 1L

2 - Ν

2
, Ν

2
, 1

4
H5 - 2 ΝL, 2 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν - 1L

03.04.26.0124.01

KΝHzL 0F1 ; -Ν;
z2

4
� 2-Ν-1 GH-ΝL zΝ -

Π3�2 cscJ 1

4
Π H1 - 4 ΝLN
2

 G4,6
2,2 z,

1

2

Ν+1

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, 1

4
H2 Ν + 3L

- Ν

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, Ν

2
, 3 Ν

2
+ 1, 1

4
H2 Ν + 3L

03.04.26.0125.01

KΝHzL 0F1 ; -Ν - 1;
z2

4
�

2-Ν-2 GH-Ν - 1L Π3�2 cscJΠ JΝ + 1

4
NN

2
 G4,6

2,2 z,
1

2

Ν+2

2
, Ν+3

2
, 1

4
H-2 Ν - 1L, 1

4
H2 Ν + 5L

- Ν

2
, Ν+4

2
, 1

4
H-2 Ν - 1L, Ν

2
, 3 Ν

2
+ 2, 1

4
H2 Ν + 5L - 2 zΝ HΝ + 1L

Generalized cases involving 0F
�

1

03.04.26.0065.01

KΝ HzL 0F
�

1 ; Ν + 1; -
z2

4
�

2-
Ν

2
-2

Π
 G0,4

3,0
z

2 2
,

1

4

2-Ν

4
, - Ν

4
, Ν

4
, - 3 Ν

4

03.04.26.0066.01

KΝ HzL 0F
�

1 ; 1 - Ν; -
z2

4
�

2
Ν

2
-2

Π
 G0,4

3,0
z

2 2
,

1

4

Ν+2

4
, - Ν

4
, Ν

4
, 3 Ν

4

03.04.26.0064.01

KΝ HzL 0F
�

1 ; b;
z2

4
�

2b-2

Π
G2,4

2,2 z,
1

2

1-b

2
, 1 - b

2

- Ν

2
, Ν

2
, 1 - b - Ν

2
, 1 - b + Ν

2

�; -b - Ν Ï N ì Ν - b Ï N

03.04.26.0126.01

KΝHzL 0F
�

1 ; Ν - n;
z2

4
� 2-n+Ν-

3

2 Π
2

Π
cscHΝ ΠL â

k=0

f n

2
v H-1Lf n+1

2
v z2 k-Ν GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk - Ν + 1L GHk - n + ΝL -

Π csc
1

4
Π H4 Ν + H-1LnL G4,6

2,2 z,
1

2

1

2
Hn - Ν + 1L, 1

2
Hn - Ν + 2L, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L

n - Ν

2
+ 1, Ν

2
, 1

4
H-2 n + 2 Ν + 1L, 1

4
H2 n - 2 Ν + 3L, - Ν

2
, n - 3 Ν

2
+ 1

�; n Î N
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03.04.26.0127.01

KΝHzL 0F
�

1 ; -n - Ν;
z2

4
�

2-n-Ν-
3

2 Π Π csc
1

4
Π H4 Ν - H-1LnL G4,6

2,2 z,
1

2

1

2
Hn + Ν + 1L, 1

2
Hn + Ν + 2L, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L

n + Ν

2
+ 1, - Ν

2
, 1

4
H-2 n - 2 Ν + 1L, 1

4
H2 n + 2 Ν + 3L, Ν

2
, n + 3 Ν

2
+ 1

-

2

Π
cscHΝ ΠL â

k=0

f n

2
v H-1Lf n+1

2
v z2 k+Ν GJk - n + e n

2
u + 1

2
N I1 - k + e n

2
uM

n-f n

2
v

k ! GHk + Ν + 1L GHk - n - ΝL �; n Î N

03.04.26.0128.01

KΝHzL 0F
�

1 ; Ν;
z2

4
� 2Ν-1 z-Ν -

Π3�2 cscJ 1

4
H4 Ν + 1L ΠN
2

 G4,6
2,2 z,

1

2

1-Ν

2
, 1 - Ν

2
, 1

4
H3 - 2 ΝL, 1

4
H2 Ν + 1L

1 - Ν

2
, Ν

2
, 1

4
H3 - 2 ΝL, 1 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν + 1L

03.04.26.0129.01

KΝHzL 0F
�

1 ; Ν - 1;
z2

4
� 2Ν-2 2 HΝ - 1L z-Ν +

Π3�2 cscJΠ JΝ - 5

4
NN

2
 G4,6

2,2 z,
1

2

3-Ν

2
, 1 - Ν

2
, 1

4
H5 - 2 ΝL, 1

4
H2 Ν - 1L

2 - Ν

2
, Ν

2
, 1

4
H5 - 2 ΝL, 2 - 3 Ν

2
, - Ν

2
, 1

4
H2 Ν - 1L

03.04.26.0130.01

KΝHzL 0F
�

1 ; -Ν;
z2

4
� 2-Ν-1 zΝ -

Π3�2 cscJ 1

4
Π H1 - 4 ΝLN
2

 G4,6
2,2 z,

1

2

Ν+1

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, 1

4
H2 Ν + 3L

- Ν

2
, Ν+2

2
, 1

4
H1 - 2 ΝL, Ν

2
, 3 Ν

2
+ 1, 1

4
H2 Ν + 3L

03.04.26.0131.01

KΝHzL 0F
�

1 ; -Ν - 1;
z2

4
� 2-Ν-2

Π3�2 cscJΠ JΝ + 1

4
NN

2
 G4,6

2,2 z,
1

2

Ν+2

2
, Ν+3

2
, 1

4
H-2 Ν - 1L, 1

4
H2 Ν + 5L

- Ν

2
, Ν+4

2
, 1

4
H-2 Ν - 1L, Ν

2
, 3 Ν

2
+ 2, 1

4
H2 Ν + 5L - 2 zΝ HΝ + 1L

Representations through equivalent functions

With related functions

03.04.27.0001.01

KΝHzL �
Π

2
cscHΠ ΝL HI-ΝHzL - IΝHzLL �; Ν Ï Z

03.04.27.0002.01

IΝHzL KΝ+1HzL + IΝ+1HzL KΝHzL �
1

z

03.04.27.0003.01

KΝHzL �
Π

2

Hä zLΝ cosHΠ ΝL
zΝ

-
zΝ

Hä zLΝ
cscHΠ ΝL JΝHä zL -

Π Hä zLΝ

2 zΝ
 YΝHä zL �; Ν Ï Z

03.04.27.0006.01

KΝHzL � äΝ HlogHä zL - logHzLL JΝHä zL -
1

2
Π YΝHä zL �; Ν Î Z
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03.04.27.0007.01

KΝHzL �
Π

2

Hä zL2 Ν cosHΠ ΝL
z2 Ν

- 1 cscHΠ ΝL IΝHzL -
Π Hä zLΝ

2 zΝ
 YΝHä zL �; Ν Ï Z

03.04.27.0008.01

KΝHzL � -
1

2
Π äΝ YΝHä zL + H-1LΝ HlogHä zL - logHzLL IΝHzL �; Ν Î Z

03.04.27.0004.01

KΝHzL � 2Ν-1 Π z-Ν cscHΠ ΝL 0F
�

1 ; 1 - Ν;
z2

4
- 2-Ν-1 Π zΝ cscHΠ ΝL 0F

�
1 ; Ν + 1;

z2

4
�; Ν Ï Z

03.04.27.0005.01

KΝHzL � 2Ν-1 GHΝL z-Ν
0F1 ; 1 - Ν;

z2

4
+ 2-Ν-1 GH-ΝL zΝ

0F1 ; Ν + 1;
z2

4
�; Ν Ï Z

03.04.27.0009.01

KΝHzL �
1

2
Π cscHΠ ΝL ã

3 ä Π Ν

4 z-Ν I-H-1L3�4 zMΝ Iä bei-ΝI-H-1L3�4 zM + ber-ΝI-H-1L3�4 zMM -

ã
1

4
H-3L ä Π Ν zΝ I-H-1L3�4 zM-Ν Iä beiΝI-H-1L3�4 zM + berΝI-H-1L3�4 zMM �; Ν Ï Z

03.04.27.0010.01

KΝJ -1
4

zN �
1

2
Π cscHΠ ΝL ã

3 ä Π Ν

4 zΝ J -1
4

zN-Ν Hä bei-ΝHzL + ber-ΝHzLL - ã
1

4
H-3L ä Π Ν z-Ν J -1

4
zNΝ Hä beiΝHzL + berΝHzLL �; Ν Ï Z

03.04.27.0011.01

KΝHzL � äΝ IkerΝI-H-1L3�4 zM + ä keiΝI-H-1L3�4 zMM -

1

4
äΝ IbeiΝI-H-1L3�4 zM - ä berΝI-H-1L3�4 zMM I4 ä logHzL - 4 ä logI-H-1L3�4 zM + ΠM �; Ν Î Z

03.04.27.0012.01

KΝJ -1
4

zN � äΝ Hä keiΝHzL + kerΝHzLL -
1

4
äΝ HbeiΝHzL - ä berΝHzLL J-4 ä logHzL + 4 ä logJ -1

4
zN + ΠN �; Ν Î Z

Zeros

The function KΝHzL has no zeros in the region  ArgHzL¤ £ Π
2

 for any real Ν.

Theorems

Kontorovich-Lebedev transformation

f
ïHyL � à

0

¥

f HxL K ä yHxL â x � f HxL �
2

Π2 x
 à
0

¥

f
ïHyL y sinhHΠ yL K ä yHxL â y.

Meijer transformation

For Re HΝL ³ - 1
2

 the following identity holds:
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f Ν
ï HyL � à

0

¥

f  HxL x y  K Ν Hx yL â x � f  HxL �
1

Π ä
 à
Γ-ä ¥

Γ+ä ¥

f Ν
ï

 HyL x y  I Ν Hx yL â y

The Green's function of the time independent Schrödinger equation

The Green's function GHx¢, x; ¶L of the time–independent Schrödinger equation for a free particle in d dimensions

-D GHx¢, x; ¶L - ¶ GHx¢, x; ¶L � -ä ∆Hx¢ - xL is given by 

GHx¢, x; ¶L � -
ä I -¶ Md-2

H2 ΠLd�2
Kd�2-1 I -¶ É x¢ - x ÉM

I -¶ É x¢ - x ÉMd�2-1
.

The Newton-Wigner wave function

The  Newton-Wigner  wave  function  ΨNWHt, xL  is  related  to  the  covariant  wave  function  ΨHt, xL  by

ΨNWHt, xL � à Π
2

 J 2 ΛCÈx-yÈ N 5

4  K 5

4

J Èx-yÈ
ΛC

N ΨHt, yL â y,  where ΛC is the Compton wavelength.

Green's function of the Helmholtz operator

Green's  function  of  the  Helmholtz  operator  in  the  xy–plane  I¶x x +¶y y +k2M G Hx, yL � ∆ HxL  ∆ HyL  :

GHx, yL � - 1
2 Π

 K1K-ä k x2 + y2 O.

History

– H. M. MacDonald (1899)
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