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Notations

Traditional name

Bessel function of the second kind

Traditional notation

Yy(2)

Mathematica StandardForm notation

Bessel Y[v, z]

Primary definition

03.03.02.0001.01
Yy(2) = cse(rr v) (cos(v m) 3y(D) — (D) /s v £ Z

03.03.02.0002.01
Y,@=limY,(2d/,veZ
Hu-v

Specific values

Specialized values

For fixed v

03.03.03.0001.01
Yy(0) ==& /; Re(v) # 0

03.03.03.0002.01
Y,(0)=¢/,Re(v) ==0Av 0

For fixed z

Explicit rational v



http: //functions.wolfram.com

03.03.03.0013.01
1 97 3\? 3\
Y u@=-—"|1760V2 |97R3|1- ——||Ai -(-] 2B ++/3 Bi -(—) 2R -
e 81 356 7143 110 2 2

(3) 1z - 432022+14080)( ( (2)2/322/3)+\/§Bi'( (2 )2/322/3))

1760

03.03.03.0014.01

2 (5z(27-21)cos(2) + (' - 452 + 105) sin(2))
Y@= n 22

03.03.03.0015.01

1 3123 3,23
Y 52 = (nzox/_ NERYE) [1— —] V3 AP [—) 22/3) - 3Bi'[—(—] 22/3]] 2B+
-3 27 35/6 Z13/3 2 2
24 Z2 2/3 2/3
2[£ a +1||Ai -(E) 22/3] -V3 Bi -[E) 22/3)]]]
4480 2 2

03.03.03.0016.01

Y 1(2=
3 27 35/ 6 71173

SRR IR O
o b "o G

2 z(Z-15)cos(2) +3(5-27)sin(2)
Y_Z(Z) = — —
2 Ve

272

80\/—( (92 -32)

03.03.03.0018.01
Y 10(2) == —

o 935/6210/3[ \/—(\/_x/_{l——][\/—m[ (2)2/322/3]—3Bi’[—(§]2/322/3]]22/3+

S LG el G )

03.03.03.0019.01

1
Y 62 =— [5\/32
3 0356 3

(% (97 - 40) [Ai’[—(g)% 22/3] +V3 Bi’[—@)z/3 z2/3]J [g)% +977 (Ai[—(g)m 22/3] +V3 Bi[—(g)Z/3 22/3]]]]

03.03.03.0020.01

2 3zcos2) +(Z -3)sin@
Ys@=-/-
"2 big 22
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03.03.03.0021.01

3,

Y 7(2) ==
-3 335/6 713

[W@@

V3 APl

Ai

T I

_G]z/s 22/3]_\/§Bi[_[g)2/3 22/3]]]
03.03.03.0022.01
Y 5(2) =

1 3 2/3 3 2/3 s 3 2/3 3 2/3
7[924/3[Ai —(—] 22/3]+«/§Bi[—(—) 22/3J]—4«/732/3[Ai’[—(—) z2/3]+«/§Bi’[—(—) 22/3]]]
3023 35/6 53 2 2 2 2

03.03.03.0023.01

2 zcos(z)—sin(2)
Y@= - ————
"2 n 72

03.03.03.0024.01

Y_i(z) ==
1 3— 6 3\ 3\ 3,23 3,23
_—[ﬁﬁ V3 A _[_) 22/3)—3Bi’[-(—) 22/3]]22/3+2 A _(_] 22/3]—\/§Bi[—(—) 22/3]]]
22/3 35/6 A/3 2 2 2 2
03.03.03.0009.01
1 3 2/3 3 2/3
Y@= ——|AV —(—) 22/3]+\/?Bi'[—(—) 22/3]]
S JzVE e 2 2

03.03.03.0003.01

/ 2 sin(2
Y l(Z == —
-3 P \/;

03.03.03.0007.01

SCE _t [«/? Ai[—@Z/3 22/3] _3 Bi[—(g)% 22/3]]

2°V3 V7
V3 Ai(—(g]Z/3 22/3] +3 Bi[_(g)Z/3 22/3]]

03.03.03.0006.01

Y@= —————
e

03.03.03.0004.01

/ 2 cos(2)
Yl (Z) == — —
2 T o\z

03.03.03.0008.01

Y2(2) = Al

iz

e ol )
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03.03.03.0025.01

Yi(z) ==
3
1 s— 6 3% 3,23 3,23 3\23
|z vE|vE A _[_) 25|+ 387 _(_) 25|| 2% 4 2| ai _(_] 25|47 Bi _(_) 20
22/3 35/6 A3 2 2 2 2
03.03.03.0026.01
; (cos(2) + zSin(2)
Y3 (Z) == -
2 22
03.03.03.0027.01
YE(Z) ==
3

_ Wl%z% [9 [Ai[—(g)m 22/3] -3 Bi[—@)z/3 22/3]] A3 4\77 32/3 [\/3 Bi’[_[g)Z/3 22/3J _ Ai’[—@)% 22/3]]]

03.03.03.0028.01

Y (2) = — [4 V2
3 335/6 77/3
3 6 3 213 3 23 922 3 2/3 3 2/3
(\/?\/?[x/?Ai’[—(—) 22/3]+38i'[—[—) 22/3])22/3+2[1- — | Ai —(—) 22/3J+«/?Bi[—(—) 22/3]]]]
2 2 16 2 2
03.03.03.0029.01
2 ((Z2-3)cos(2-3zsin(2))
Ys(2)= .| —
2 Vg 22
03.03.03.0030.01
Ye(2) == — [5 V2
3 9.35/6 /3
3 2/3 3 2/3 1/3 2/3 3 2/3 3 2/3
(92“’3 A _(_) 22/3J—\/? Bi[-(_) 22/3]]_ _(_) (02 - 40) [ﬁ Bi'[-[_) 22/3)—Ai'[—(—) 22/3]]]]
2 2 512 2 2
03.03.03.0031.01
o 3— s 97 3\ 3\
i~ _foodz (77 5 - 22 v {3 2| om ) ) -
3 935/6 71073 112 2 2
97 3\ 3\
2[1— —] (Ai -(-] z2/3]+x/§Bi[-(—) 22/3]]]]
14 2 2
03.03.03.0032.01
2 (3(2Z-5)cos(d) +z(Z - 15)sin(2)
Y72 =,| —
> T Z7/2
03.03.03.0033.01
1 s 97 3\ 3\%3
Yu(2) ==—7[80\/7[924/3 [1— — | Ai —(—) 22/3]—x/§|3i(—(—) 22/3])—
3 27 356 7113 160 2 2

2/3

%(g)% (92-32) [x/? Bi’[—(g) 23

- Al

)
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03.03.03.0034.01

1 s a6 97 3\28 3\%3
Yls(Z)::_i[nZO\/?[\/?\/?[l——][\/?Ai’[—(—) 22/3]+3Br[_(_) 22/3]]22/3+
3 27 35/6 7133 80 2 2
3 2/3 3 2/3
Ai[—(—) 22/3]+ﬁsi[_[_) 22/)]]]
2 2
03.03.03.0035.01

[8124 277 ]
2 ((z-452+105)cos(2) + 52(21 - 27 sin(2))

2| — - —+1
4480

Yg (Z) = - -
2 n 22
03.03.03.0036.01
l 922 3 2/3 3 2/3
Y (2) = _—[1760\3/7[9(1- —J 7B [Ai —(—) 22/3]—x/§Bi[_(_) 22/3]]+
3 81 35/6 71473 110 2 2

[ 5)2/3 (817 - 43202 + 14080) [ N Bi,[_(g)% 22/3] _ Ai’{—(g)% 22/3]]]]

2 1760

Symbolic rational v

03.03.03.0005.01
1
2 D' (nm 1
Y@= .| — sm[— (v + —) + z)
TNz 2 2

“Cleni(Me2j+ eyt 1

x l
cos(g(v+%)+z) Z /;V—EEZ

i (2j+1)!(|v|—2j—§)z

lZM—l

ol 0 M+ 2i-2)r@o

o ei(m-2j-3)!

03.03.03.0010.01
1

(12 SO (-3)

oM-2 ~m (1
o z"r(-3)

3IrA-v)

3:23 3,23 "’"% (lvl—k— %)! 2 k
) ] g
sail-(5) 2)rse () 2o 2, Kt (- 2k 4)1(2) @- ’

V2 V3

328 320 s (m-k-2)r 2 1
2|Ail-|=| 2B x/?B'[— - 22/3] v) [—] Y E—
[ I[ (2] ]+ | (2) e k%; k!(|v|—2k—%)!(%)k(l—h/l)k 357
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03.03.03.0011.01
1

2 7
(=12 IO (M-3) -3

2 Mp(—2
‘o Fziir(-5)

33511 -|v)

23 23 -3 v-k=2) K
93 [Ai[—(g)/ 22/3]—sgn(v)«/§8i[—(g)/ 22/3]] Z (l o 3) [i] — 472 323

@ Ko (p1-2k=2)1(3), a-pi \ 4
23 23 -3 M-k-2) “
Al _(5)/ gxs]_sgn(y)ﬁai’[_(f)/ 22/3)] Z (V 3) [i] i v - 2 ez
2 2 0 k(v -2k=3)1(3), a-pn |4 3

Values at fixed points
03.03.03.0012.01
Yo(0) = —c0
Values at infinities
03.03.03.0037.01
limVY,(x)=0
X—=00
03.03.03.0038.01

lim Y,(0 =0
X——00

03.03.03.0039.01

. 0 A=0VaA=
yy(woo)={50 Tre VA= imay =0

03.03.03.0040.01
Y, (c0) =0

03.03.03.0041.01
Yy(-00) =0

General characteristics

Domain and analyticity

Y,(2) isan analytical function of v and zwhich is defined on C2.

03.03.04.0001.01
v+2)—Y,(2:: (CRC)—C

Symmetries and periodicities

Parity

03.03.04.0002.01
Ya@=(-D"Ya@/;nezZ

Mirror symmetry
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03.03.04.0003.01
YH(2) =Y,(2) [; ¢ (=00, 0)

Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed v, the function Y,,(2) has an essential singularity at z== co. At the same time, the point z== co is a branch
point.

03.03.04.0004.01
Sing (Y,(2)) = {{&, co}}

With respect to v
For fixed z, the function Y, (z) has only one singular point at v = . Itisan essentia singular point.
03.03.04.0005.01

Sing, (Y,(2)) = {0, eo}}

Branch points
With respect to z

For fixed v, the function Y,(2) has two branch points; z== 0, z== co. At the same time, the point z== co is an essential
singularity.

03.03.04.0006.01
BP,(Y,(2) = {0, &}

03.03.04.0007.01
R(Y,(2),0)=log/; v ¢ Q

03.03.04.0008.01

‘RZ(YE(Z), O) =q/;peZ/Nq-1eN" Agced(p, g =1
q

03.03.04.0009.01
R(Y,(2), ) =log/;v&Q

03.03.04.0010.01
RZ(YB(Z). 60) =q/,peZAq-1eN" Aged(p, g)==1
q
With respect tov
For fixed z, the function Y,,(2) does not have branch points.
03.03.04.0011.01

pr(Yv(Z)) ={}

Branch cuts
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With respect to z

For fixed v, the function Y,,(2) has one infinitely long branch cut. For fixed v, the function Y, (2) is asingle-valued function
on the z-plane cut along the interval (—oco, 0), whereit is continuous from above.
03.03.04.0012.01
BCAYy(2) == {{(—00, 0), —i}}
03.03.04.0013.01
lim Y,(x+ie)=Y,(X) /; xeRAXx<0

e—>+0

03.03.04.0014.01
lim Y, (x—i€) == cot(v ) e 2" J,(X) — csc(v 1) €>™ Y I_,(X) ; vE Z AXeR Ax< 0

e>+0

03.03.04.0017.01
lim Y,(x—i€) = e*™" Y,(x) — 4i cot(mv) J,(X) /; XxERAX <0
e—>+0

03.03.04.0015.01
limY,x-i€e)=VY,(X)-4iJ,(X)/;veZAXeRAX<O0

e->+0
With respect tov
For fixed z, the function Y, (2) is an entire function of v and does not have branch cuts.

03.03.04.0016.01
BC,(Y,(2) = {}

Series representations

Generalized power series

Expansionsat v == £n

03.03.06.0019.01

1 z\-n1 1 Z\k 7
Y, (2) « Yn(2) + —n!(—) Z Yk(z)(—) - —h@|v=-m+.../;vonAneN
2 2/ 12 (h=Kk! 2 2

Expansions at generic point z== z

For the function itself
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03.03.06.0020.01
8'g(Ho)J [HQ(Ho)
4

2n

1\ 2
Yy(2) o« Y, (Z9) [—] l A J +4i J,(2p) cOS (7 v) {
%

afg(Z—Zo)J rfg(zoﬂﬂ
+
2n

T

arg(z- ) arg(z—
1 1 ‘Vl znzo J ‘V[ g(znZO)J ) agz—zy) || ag(zg) +
= | (Vy-1(Z0) — Yy41(20)) (—] r4) +4i (J,-1(20) — J,41(20)) COS( v) { J { (z-29)+
2 Z bis 2n
rs(zsz)J re(HO)
1 INY| "z | 27
- (YV—Z(ZO) -2 YV(ZO) + Yv+2(20)) [_) Zo +
8 2
, ag(z—2o) || a9Y(z) + 7 )
4i (J,-2(20) = 23,(Z0) + J,12(20)) COS( v) { J { > (z-20)+... [, (- 29)
Ve Vs
03.03.06.0021.01
I G I )
R ‘V[ . arg(z—20) | | arg(zo) + 7
Yy (2) o< Yy (Z9) | — z +4i J,(z) coSX(n v) { J { +
7 bis 2
||| aden)
1 N2 | e . ag(z-2z) || aY(Zo) +7
= | (Vy-1(20) = Yy11(20)) [—] z +4i (3,_1(Z) - J,41(20)) COS( V) { J { (z-29) +
2 7y bis 2n
) rg(uo) J larg(z—z()) J
1 1 v 2n - 2n
= | (Vy2(20) = 2Y,(20) + Yy42(%0)) [—) z +
8 P4
, ag(z-2) || aY(z) + 7 \ ,
4i(J,-2(20) ~ 23,(Z0) + Jy42(2)) COS* (1 V) { J { 5 J (z- 20"+ Oz~ 2)°)
w T
03.03.06.0022.01
& (@)
Y@= @20 /; lag(zo)] < 7
k=0

03.03.06.0023.01
7 1
2’2

ko ktr+l
2’72

v-k k+v 1 k+v+1
70202073

[

1
Y@ =), G

k=0 ™*

& _
2

z-20)/; larg(zo)l <
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03.03.06.0024.01

Y, =22" V1 7" csc(nv)

o 2Kz ¥ 1 -V[ag(:o)J *Vlmt%)J (1-v v 1 1 z
Z —16V[—J 2 FA-v),Fg —, 1— —; = (-k—v+1), —(-k—v+2),1-v; —— |+
k! % 2 2 2 2 4
| 220)| | (7))
v i l 2 J l 2n J
z 2 cos(nv) T(v + 1)
Z
v+l v+2 1 1
oF3 , i —(-k+v+1), —(-k+v+2, v+ -—||@z-)/ivez
2 2 2 2 4

03.03.06.0025.01
YY(Z) =

e | 4[“9(”0)

o ok k " arg(z— o)

T

Lk 1\
ZFZ(‘DH( j) Y2;+k+v<20>(g] [ Z J+4er21+kw(zO>cos2(nv>{
k=0 "* j=0

03.03.06.0026.01

o0 Zak
Y@=~

oo k!

m - (—1) 22 (), iy (V)

k it i—j-1!
>0 ) _ by D
fovars m s (m-i)! 2 D iMi-2]-DI=i-v+Djja

i
Z-2)* /; larg(zo)l < 7

Yu(2)

2 (i~ %

j=0

03.03.06.0027.01
aQ(Z*ZQ)J [arg(z—zd
— -V

2n

1 - 2n
Yv(Z)OCYv(Zo)[—] [ 7 J+4iJv(Zo) cosz(m{
Z

arg(z—-2) || ag(z) + 7
J { (1+0(z~-2zy)

2n

s

Expansions on branch cuts

For the function itself

03.03.06.0028.01

arg(z-x)

Y,(2) e’Z‘”V[TJ Y, (X) + 4 J,(X) co(m v) {

arg(z— x) J

T

2

1 —ZMV[ﬂJ arg(z— X)
[@ 20 1 (Y200 = Y,2100) = 4 (3,_1(X) — J,4.1(X)) COS* (7 v) { 2 J) (Z=-X+
v/

— 2i

)J co(rv)+e

{ agz-x)

1 arg(
s [4i (Jy-200) = 23,(X) + J,1.2(X)) {

o iZo>XAXxeRAX<0

2(2) J
—1Y,_
[ 2 ] 1(20) +

= (Y,_2(X) = 2 Y, () + Yv+2(x>>) Z-x%+
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03.03.06.0029.01

arg(z-x)

Y,(2) e‘“’”{ = Y, (X) + 4i J,(x) co( v) {

argz-x J

s

2

1 pipy|2920 arg(z—x
[e 2 [ 2n J (Y10 = Y,_1(X) = 41 (J,_1(X) = J,11(X) COSZ(ﬂ' V) \‘ 9(2 )J] (z—x) +
Vs
_ 2

X —ZInV
)Jcosz(nv)+e

{ arg(z-x)

TJ (Y200 = 2Y,(x) + Yv+2(X)))

1 arg(
s [4i (Jy—2(¥) = 23,(X) + J,.2(X)) {
Z-%*++0(z-%*/; xeRAXx<0

03.03.06.0030.01
Y,(2) =22V X cscrv)

oo 2kX—k —Zx‘nvrrg(z_X)J . 1—vy vy 1 1 X2
Z -16"¢ 2r IT(1-v),F, J1- = —(-k=v+1), —(-k-v+2),1-v;—— |+
= k! 2 22 2 4

257%@J _(v+1 v+2 1 1 X2
NS 2r Jcos(mv) T(v + 1) ,F3 T ;5(—k+v+1),5(—k+v+2),v+1;—z zZ-XX/veZ

03.03.06.0031.01

) 2—k k (K
Y@ =), D D ( i )[4:2 g (X {
' A

k=0

arg(z-x)

arg(z—Xx 2vmi| ——
X )Jcosz(nv)+Y_2j+k+v(x)e 2 { 2r J)(Z—X)k/;xe[R/\x<0

03.03.06.0032.01

agz-x)

z{_J , {arg(Z—X)J
Y, (2 « e 2t 1Y, (X) + 4i J,(X) cOS2(m v) 1+0(z-x)/;xeRAXx<0

Expansionsat z==0

For the function itself

General case

03.03.06.0001.02

cos(mv)[(=v) [zyv Z z T(v) ;z\~ Z z
v —- S (2 F S B PR s
b 2 4v+1) RW+DHv+2) T \2 4(1-v) 32A-v)(2-v)
z-0AveZ
03.03.06.0033.01
co (- v Z z
Y,(2 ::—M(E) {1— + —O(ze)]—
b 2 4v+1) RW+DHv+2)
r Z\-v Z z
v (-) [1- + -0(26)] LveZ
x \2 41-v) 3R1A-v)2-v)
03.03.06.0034.01
z\2k-v Z\2k+v
rov) &, (-DF(3) T(=v)cosiv ) &, (=D (%)
V@)= — = - S —2—vez

& A-vk! n S v+ k!
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03.03.06.0002.01

o (=1)K Z\2ksy (=D)K 7\ 2k-v
(@) == esalmy) COS(WT)Zr(k+v+1)kv (_) er(k y+1)k! (_) ]/;v¢z

03.03.06.0035.01

v cos(wr)va' 1.22 1 Z_YF'l 2 S
(@) = ey r(v+1)(5) TRy _r(l—v)(i) R By | e

03.03.06.0003.01

7? 7?
Y,(2) =277 2 cot(r v) Olfl(; v+1; - Z] - 2" 77V cse(nv) olfl[; 1-v;— Z] liveZ

03.03.06.0006.01

2'r 27 -
Y e o) - IO o) fivez

/4

Y, (2) « —

03.03.06.0036.01

m ( 1)k( )2k+v m ( 1)k( )2k_
Y,(2) = Fo(z V) /; ||Fm(z v) = €O
(2 z v/ (2, v) = csc(mv) S(Vﬂ)ér(k_'_v_,_l)kv Z;F(k v+1Dk!

YV(Z) -

(- 1)m cse(rr v) 2—2 my-2 ZZrTFv+2 ZZ
1F2 -

Im+2, m—-v+2, ——
(m+1)! 'm-v+2) 4

2—2 m-v-2 22m+v+2 cos( v)

LveZ
Irm+v+2)

2
1F2[1; m+2 m+v+2 _Z]]]/\mEN

Summed form of the truncated series expansion.

Logarithmic cases
03.03.06.0037.01

Y, 2|212224 1(212222132%)-0
0(2)——; Og(g) —Z+a+... - — |- ’)Y+Z(— + ')V) +&( — 'j/) + ... /,(Z—> )

/e

03.03.06.0038.01

v z|212224 2221152221(102]24 200
1(2)0(; Og(E) —§+E+... ———2—(— Y+ +§[—E+ ’)Y] +—|——2Y +...)/,(Z—> )

03.03.06.0039.01

m\2 12\ 6

Yz(Z)oc—;(E—zy—i(E—zy]zz i(£—2y}f'+...) —i[1+§]+;|og(f)[1—i+i+

nZ 2 12 384

/e

(z-0)

s
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03.03.06.0040.01

-1! 1 1 -n
Yn(z)oc—(n ) (1+ 2+ z4+)(f) —
n 4(n-1) 32nN-1)(n-2) 2

ant\2 4(n+1) T RniDn+2)

1 ,zyn Wn+2)—y+1) 2 (l//(n+3)+§—av)2“
( ) y(n+1)—y— +

2 Z\ /Z\D 2 z
—|09(—)(—) 1- + +...| /i z>0AN-3eN
an! 2/\2 4n+1) 32N+ (n+2)

03.03.06.0041.01

Y2 = ; D3 [_G)"V' Sk (2"

<o k! 2
Zy (M D6z 2\ (D Wk + D)+ gk + v+ 1) (Z2y2K)
ZIOQ(E)(E) kZ‘Ok!(k+|v|)!(5) _(5) é k! (k+ [v)! (5) ]/'VEZ
03.03.06.0004.01
i
Y,(2) =
s

v )5 x5

03.03.06.0042.01

@ :_E(E)*”“i“‘—"_—”’(i)zﬁ

=1 (v - k- 1)! 2k @ =DKWk + 1) + YK+ V] + 1)) [ Zy\2ksb
- live”l
pay ! ( ) k; k! (K+ [vD! (2)

n ok 2
Iog(;)(z)ngk'((ki)n)' (Z)Zk_ ;(g)ng(—1)k(w(kk+!(1k):r:]p)(!k+n+1)) (g)zk/; .

03.03.06.0005.01

o Dy ) e AU S T

Y, 2 @) (Z) >
2= —J(2)log[ |- -
(8= L H @102 rE k2 n & Kt (k+n)! 2

03.03.06.0007.01
v-»

=D =

Iv|—

L—k+ | =D! [z\2k-]
— (5) (1+0(2)

Y, (@ o« [2 |og(§) oy (1+0(Z)) - LveZ

T

=~
]

0

03.03.06.0043.01

Yo(2) = ; Iog(g) 1+o2)+ 21+ o2)

e

03.03.06.0044.01

Yi(@) ; Iog(g) (1+0(2) - — (1+02)

nz

03.03.06.0045.01

4 7? z
Yo@) o« - — (1+0(Z)) + — |og(§) (1+0(2)) /: 2 0)

i 4n
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03.03.06.0046.01

n=1)! ,z\-n 2 z
Ya@ e - — (5) (1+0(2) + mlog(z
03.03.06.0047.01
Yo = Fu(z, ) /;

1ot (—ken-DIEHT"

Fn(z 1) = Iog( ) »--3

T =0

(- 1)m 2—2 m-n-1 Z2 m+n+2
Yn(2) -

aMmM+D!Mm+n+1)!

2
G Gg:é[ 7

k!

ol |

n n 1
m+5+1,m+5+1,—5(n+1)

n n n
m+§+1,m+§+1, i

Summed form of the truncated series expansion.

Generic formulas for main term

03.03.06.0048.01

0

2 log(2)+ ?2 y =
1 - z\-IVl
V(@) o« —;((—1> = v-0Y)(3)
_r(TV) (g)—"_ COS(”V;N_V) (g)v True

Asymptotic series expansions

Expansionsinside Stokes sectors

Expansions containing z - oo

In exponential form ||| In exponentia form

03.03.06.0049.01

9-40v2 + 16v*

n
51

T

1
—E(n+1)

veZAv+0/,(z-0)

G2

ILm+2, m+n+2, ——

2

—)(g)n (1+0(Z)) /in-3eN

n m (=1)f(-2log(7) +¢(k+ 1) +y(k+n+1)

k=0

Z

)

]/\neN Amen

s 2
Y,(2) 1 [e—iz+%in(2v+3) [l— ”( 1+4y )
V2rz 8z
-1+4v?%)

128 72

9-40v2 + 16v*

1. i
exz—zsn(2v+3) 1+ (
8z

03.03.06.0050.01

1

Y, (2) «

—E Z+— Mr(2 v+3) Z

2nz

n
EZ——E”(2V+3) Z

k=0

o (v 1)(1

1287

+ ]J /i larg@)| <x A (12| - o)

1
Zn+1

)+

/i 1arg@l <m A (12 - eo)

k!(k+ny!
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03.03.06.0051.01

1 11 i 1. 11 i
Y, (2) [e’“*ﬂﬂz”?’) ZFO(V+ - ==V —) +e'Taim@d zFo(V+ — ==V ——)) flarg@| <m A2 - o)
Vornz 2 2 2z 2 2 2z
03.03.06.0052.01
—'z+£' (2v+3) 1 'z—l' (2v+3) 1
Y,(2) « (e trginey (1+O(EJ)+H atrtey (1+o(;])) /i larg@)| <7 A\ (|12 = o)

2nz

In trigonometric form ||| In trigonometric form

03.03.06.0053.01

/ 16v4 - 40v2+9  16(2v?(8(v? - 21)v? + 987) — 3229)»2 + 11025
Y(Z)oc— smz————) 1- + +.. |+
1287 983047
4y - von 164 —40v2+9 16(2v?(8(v? - 21)v? + 987) — 3229) v2 + 11025
os(z— — - —) 1+ + L larg(
8z 4 1287 983047

Dl <aA(Z - )

03.03.06.0054.01

1 2
Y (2 «c — | —

v

(a-2v) (36-2v) (;@v+1) (;@v+3) 1\ 1 4021 o
) Ao

1 9 n+2 8z 2_7_
() ?

| & (%(3_2‘/))1((%(S_ZV))k(%(2V+3))k(%(2V+5))k 1Y O
Z) o (§) k! [__] i [
2Jk

35

1
—] /i lag@l <m A (12 - o)

22 22n+2

03.03.06.0008.01

2 1 (. A+2v)nm 1 v3 vv 1v 31 1
YW@ o | - — sm(Z— 7)4F1[———‘———,—+—,—+—; —:——]
Tz 4 4 24 22 42 42

4y2-1 1+2v)7 3 v 5
cofa- E2) (20 2
8z 4 4 24

2
v v 3 v 53 A
—EE'FZE"'ZE ]/|arg(2)|<77 (12 - o)

03.03.06.0009.01
2 1 [ A+2v)n 1 42 -1 A+2vn 1
Y2 | — — sin(z— 7] (1+ O(—]) + cos(z— 7) (1+ O(—)) /i larg@| < A (12 = o)
Vr 7 4 2 8z 4 2

Expansions containing z - —oo

In exponential form ||| In exponential form
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03.03.06.0055.01

Y. 1 [e—s'z+%(ni)(2v+l) [1 _
-2nz

i(-1+4v%)  9-40+2+16v* ]
- + .|+

8z 1287

1, _ i(-1+4v?) 9-40v2+ 16V

T (24 214 ( ) +.. || 0<ag@ =7 A1Z - )
8z 1287

03.03.06.0056.01

n
Y,(2) « 1 €—$Z+%(Jri)(2v+l) [Z k\2
v
k!

-2nz

1. )
Aty (2+ ez””’) ;0<ag2 <nA(Z - )

03.03.06.0057.01
i

1 N 11 N _ 11 i
Y,(2) oc ———— (e—EZ+Z(ﬂE)(2V+l) ZFO(V+ — _)+esz—zsﬂ(2v—3) (2+€257TV) ZFO(V+ — ==V )) /;
Nerrss 22 2z 22
O<ag@ <nA(Z - )
03.03.06.0058.01

Y,(2) ; (@—§Z+%(ns')(2v+l) (1 . O(
-2nz

1 iz=tin@v-3) ; 1
—))+e 3 (2+&*7™) (1+ O(—))) /;0<arg2 <Az - )
z z

In trigonometric form ||| In trigonometric form

03.03.06.0059.01

V2 cse(ny) Q2v+1) 7(1=2v)
Y, (2) ¢ ——— ((—1)y cos(v m) cos{f + z) -7 cos(f + z))

-z

+
1287 983047

1-4y?2 (m(2v+1]) S (m(1-2v) 225-136v2 + 16v*
(caresmsn ™22 ) Cara 22 ) o :
8z 4 4 3847
893025 — 656 784 v + 137824 v* — 10496 V6 + 25618
4915207

[1 9-40v2+16v* 11025-51664v2 + 31584 v* — 53761 + 2568 ]
— + ...+

+ )] /;0<ag@ < A2 - )
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03.03.06.0060.01

V2 cse(rv) T2v+1) 7(1-2v)
Y, (2) ¢ ———— ((—1)V cos(v ) cos( 2 + z] -1 cos( 2 + z))

A

>

k=0 (%)k k!

(zlt(l_ZV))k(%(S_ZV))k(%(2V+1))k(%(zv+3))k( l)k ( 1 ]
+0

_; Z2n+2

1-4+2 T72v+1) 7(1-2v)
((—1)“ cos(v i) sin( + z) -0 sin[ + z))
8z 4 4
n (%(3—21/))'((%(5—2V))k(%(2v+3))k(%(2v+5))k 1 1
(——) +O( ] /;0<ag@ <aA(Z - o)
k=0 (g)kk! Z 22
03.03.06.0061.01
V2 cse(nv)
Y () ¢ ———
-nz
[ r(2v+1) 7(1-2v) 1-2yv 3-2v 2v+1 2v+3 1 1
((—1)V cos(vn)cos( +z)—(—1)‘vcos( +Z))4F1[ , , ) et Eatd
4 4 4 4 4 4 2 2
1-4v2

72v+1) 7(1-2v)
((—1)V cos(v m) sin( + z) - sin[ + z))
8z 4 4
(3—21/ 5-2v 2v+3 2v+5. 3_ 1
471

, , , ,—,——)]/;0<arg(2)s:r/\(|2|—>oo)
4 4 4 4 20 R

03.03.06.0062.01

V2 cse(rv) T2v+1) 7(1-2v) 1
Y, (2) ¢ ———— ((—1)V cos(v m) cos( 2 + z] -1 cos( 2 + z)) (l + O[—]] +

-z 2
T2v+1) T(1-2v) 1
((—1)V cos(v m) sin( + z) - sin[ + z)) [1 + O[—]]
4 4 2

Expansionsfor any zin exponential form

1-4y2
8z

0<ag@=nA(Z - o)

Using exponential function with branch cut-containing arguments

03.03.06.0063.01

; - v , i(1-4v?) 9-40v2+16v*
Y, (2) « o) exp(z—i\/;)(eT zV(ZZ) 2cognv)—e 2 z‘V(ZZ) /2) 1+ l( )— il +]
m@ 4 8\/? 1287
oo -7 N7 )(¢F 22 oo - 7 (2)")

[1 i(1-4?) 9-4012+16/*

_8\/;_ 12872

+...]]/; (l1Z»>c0)AveZ
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03.03.06.0064.01
Y, (2)

N R B o

exp(—% +i \/?) (e’% z (22)‘2 cos(rv) — ez 7 (Zz)y/z)

k

1
+O[—] d->c)A\veZ

Zn+1

i

22

+

csc(mv) niv 11 i

eV (5 @ a0 (f)v/z)zm[” 22 "

iny

exp(—% +i \/?) («f%v z (22)_2 cosmv)—ez2 (zz)y/z) ZFO[V+ % % -V - 2\;;

i(d->0)AveZ

03.03.06.0011.01

| iny v miv 1
Y@ o (exp(T NP )(n 2 (Z) Fcosan)-¢ = 2 ()] (1 s o(—]) .
V2rn \4/ 2 4 z
i niv 4 inv 1
oo - +iVZ (% 2 (@) Feosnn - 2 (@)% (1402 ))) 2o nvez
z

Using exponential function with branch cut-free arguments
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03.03.06.0065.01

v)
Y, (2) [[cos(wr)[( i (12 7% et Vi +1] e P Lt P
2V2n
vV 2 1 L in \/ z
[(—iz) (277700 ‘Z[— +1|+ (-2 2 e T T 1o ——
z z
) i(-1+4?) 9—40v2+16v
8z 1287
1 . in \, 22
[cos(wr) [(—iz)v (27 z‘ie”*f(”‘“[ + 1] e P Cas PR
z
1. in \ Z \ 2
PRI T T2 T tane MY ae PR L R
z z
i(-1+4v%) 9-4012+16v*
1+ o - - +...01/0zd>c0)Avez
03.03.06.0066.01
) i
Y,(2) « [cos(vn)[( i2' (272 : o'a Orrb-iz +1] +(-2 " re T @ 1
2V 2r

vz

[(—iz) (uz)szw(”V’ ‘Z[ +1
z
i(y+%)k(%_v)k(i)k o 1

by

iz+%r 2v-1)

[cos(v ) [(—12 2" @27 z"% e

(2v+l) ‘ZZ
+1

[( i2702"z Ze

+1

1 i V2
+ (_Z)V—E Z_y e—xz—;(l—Zv) 1-
z
+( Z) = yeEZ+ (2v+1) 1— \ 22
z
\Z

5z+i7” (1-2v)

1
+(-2"22%e¢ 1-

1
—] [i(d—> ) AveZ
Zn+1

NEY

z

vz

4
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03.03.06.0067.01

V) 1 ._inm V 22
Y, () costym)|(i2) (127" 77 o5 OV +1|+(-2" 2T @ 2|1 -
2V2n z
vV 2 1 . in Y z
A T P kias] MY S P () P ZFO(V+ — ==V
z z 2 2
1 . _in \[ 22 V 22
[cos(wr) [(—iz)v (2772 e‘z*f(z”)[ +1] R P PR |
4 z
1 ._in \, Z2 1 in V 22
[(—iz)‘V (2072 e‘z‘f(z”l)[ +1|+ (-2 2T .
V4 z

F( 11 n’). ez
20V+515_V11_£ /,(lZI—)OO) V&

03.03.06.0068.01
v 1

V_1 7-1(2) 2 4 . .
Y, (2) A (e—i‘(nv—Z) ([‘ ez (,;'+ BMV) Z—iez (—i +einv) \/? _

2V 2n
inv . 1 ari (Z) inv . 1 ar (Z) 11 i
2t (o o o [Tl 2 )
Fis 2 bis 2 2 2z

iny

e—n’ (z+7v) (2@7 z 1 arg(z)

(1+IL€MV) ei’;_y \/;(1+L-,@Mv)+€% (1—L7€iﬂv)2+
/e

inv ) 1 ag2 11 i
2¢7 (i+e™)iVZ |-~ )F( —,——:;—)); - z
e (u+e )n {2 - J 2 0V+2 > % > /; (2 YAV ¢

03.03.06.0069.01

: [[cos(yn) [( i2) (2772 &,4 L 6vl)-iz

2V2nm
VZ
[( iV (i Z 307 067" ”[—+

Csc(mv

vz

4

[2oof)-

[( i

[+l

Y, (2) «

1-

+1] +( Z) —y—= —xz——(2v+l) 7

[EnY

z

xz+ (2v 1)[@ + 1]
z

z

1 L_ im
+ (-2 e T [1 -

,, sz+ (2v+1)[ \/?]
z

5

+(-2"

[COS(V ) [(—i 2V (@27 272

2 2
G Z)V Z 2 e (2v+1)[\/7 + 1] + (- Z) 7 €£Z+ - ZV)[l J
z z

A=) Avez
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03.03.06.0070.01

in . inv in . inv

i
51 4 2 5'34 2

ag2 <0
\/ 2n \/— V2n \/?
V(D) i iny ir _inv ir _ 3inv /(12 = o)
IHZ—T > —Tﬁ‘uT y i -
=L - ¢ - ¢ True

Vrz Var vz Wer vz

Expansionsfor any zin trigonometric form

Using trigonometric functions with branch cut-containing arguments

03.03.06.0071.01
2 2w 142 1o

Y,(2) | — Z*V(zz) 4 cse(mv) (ZZVCOS(ﬂv)cos( ( + V)?T)_ cos(\/_ ( V)ﬂ'))
/e

[1 9-40v2+16v* 11025-51664v2 + 31584 v* — 537615 + 2568 ]
— +...|—

+
1287 98304 7

{7 22 a7 -2

225-136v2 +16v* 893025 — 656784 v2 + 1378244 — 10496 v° + 25618
1- + +..([hds0)Avez
3847 4915207

03.03.06.0072.01

2 2y+1 142 1o
Y@« |- 2" (Z) ¢ csenv) (szcos(ﬂv)cos(r a+ V)”)_ cos(x/i ( V)ﬂ))
T

2

N (%(l—2v))k(%(3—2v))k(%(2v+1))k(%(2v+3))k 1 1
k; (3), k! ( ) +O(22n+2] }

(av2 - 1)(z2Vcos(m)sin[\/§_ (1+2V)”)_(22)vsin[\/;_ (1—2v)ﬂ]]

4 4

N

; (%(3—2v))k(45(5—2v))k(§(2v+3))k(§(ZV+5))k[ 1]k [ 1

Q ] Ld—>c)AveEZ
(2)k 22
2)k
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03.03.06.0012.01

2 2v+l
Y@« |- 2" (Z) * csony)
T

1 1 1 1 101
4F1(—(1—2v), ~(3-2v), —@v+1), —@v+3); - ——)—
4 4 4 4 2" 2

[(4V2_1)(szcos(ﬂv)sm(\/;_(1+jv)ﬂ)_(22)vsin(\/;_(l—2v)7r)]

4

(szcos(ﬂv)cos(r (1+2v)7r)_ COS(\/7 a- 2v)7r))

8V 2
1 1 1 1 3 1
4F1[—(3—2V), -(5-2v), = (2v+3), - (2v+5); -; ——])]/; (Zd->c0)Avez
4 4 4 4 20 2

03.03.06.0013.01

2 2v+1
YD |- 27 (Z) 4 cse(n)
/e

‘;V\Z/; (zzvcos(nv)sjn(\/;— (1+jV)H)—(22)Vsjn(\/?— (1_jV)n))[1+O[%]]

(zzvcos(nv)cos(r (1+2V)ﬂ)— cos(\/7 a- ZV)F))[ +O[212]]

Li(d—>0)AveZ

Using trigonometric functions with branch cut-free arguments
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03.03.06.0073.01

csc(n v) sz(z” v _22) T@v+1) (Z_i v _22) r@v+1)
Y, (2) « cos(rrv) cos{z+ )+ cos{z— 7) +
Van (-2°? 4 72 4
ewrv(z+i\/ —22) S( 71(1—21/)) (Z—i\/ —22) S( 71(2v—1))
cog z+ - coyz+ ——
(_2)3/2 4 22 4
1 9-40v%2+16v* 11025-51664v2 + 31584 v* — 537615 + 25618 ]
- + + ... |+
128 72 983047
WZ Z” ) TQ2v+1) (Z‘i v ‘22) TQ2v+1)
cos(rrv) sin(z+ )+ sin(z——) +
( 2)5/2 4 23/2 4
(”VZ+L f ( r(1- 2”) &—iV—f).( ﬂQV—D)
— SN z+
(_2)3/2 4 22 4
225-136v2 +16v* 893025 — 656 784 v2 + 137824 v* — 10496 v + 25618
1- + +. 4 (d > 0)AveZ
3847 49152072

03.03.06.0074.01

1.
A—i)ye 27?7 (1-4)2) [
eZiz

2V-#

-1

(-1’iv -2

Y, (2) « +

4 Z

16Vr (2%

(1 B=-2M2v+3)(2v+5 (-2v) 256v8 —104961° + 137824 v* — 656784 v2 + 893025 )
- + +.. =
3847 4915207

i(-1) \/ -7

4

1.
(1+n.)€—55(7rv+22) v 2 [_22
et -
2Vn -z z

(1 1-2v2v+1)(2v+3)(3-2v) 256v% —5376v°+ 31584v* — 516641 + 11025
- +
1287 983047

+...]/; (|2 > 0)AveZ
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03.03.06.0075.01

csc(nv e“”z(zw\/;) (z—i\/;)

) n(2v+1) n(2v+1)
Y, (2) « cos(rrv) cos{z+ )+ cos{z— ) +
V2n (-2%2 4 A2 4
¢ (Z”V 22) S( ﬂ(l—ZV)) (Z IV 22) S( 71(2\/—1))
coq z+ - coq z+
(—2)32 4 72 4

Z

(3 (1—2v)) (1(3—2v)) (1(2v+1)) (%(2v+3))k( 1)k+ ( 1 ]

n
kZ: 1 9 Z2n+2

e ”” Z+E r(1=2v) (Z—i\/ -7 )

n(z + ) - s n(z +
(—2)¥2 4 A2 4

L(d—>)AveZ

0 (3@-2v) (6-2v) (F@v+3) (3@v+5) 1 1
gl ol g

03.03.06.0076.01
i((—l)” V-2 )

z

s (mv+22)

1+ie 2

vz |

Y, (2) « —

.| 2V -7 e
z

G (L G e
2k

J2v-72

V4

(-1 iy -2

+

-1
z

1

. —=i(rv+22) _ 2

(1-ie (1-4+?) 2
16Vr (-2%*

/(12> ) AveZ

[n fo-20) [f-2) (ferea) Gers) (2]
Z +O[ ]
o Z2n+
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03.03.06.0014.02

Csc(mv)
Y, (2)
V2nr
«z””Z(ZH’\/ —22] A@vel) (z—i\/ —22] A@vel) e‘””(z+zz\/ —22)
cos(m v) cos(z+ )+ cos(z— ) +
(_2)5/2 4 23/2 4 ( 2)3/2
n(1-2v) (Z‘”"Zz) 7@2v-1) 1 v3 vy 1v 31 1
cos(z+ )— cos(z+7) F[——— ——— e —, —+ — — ——)
4 22 4 4 24 22 42 42 2R
WZ Z” ) 7@2v+1) (Z‘”"Zz) 7@2v+1)
co(rr v) sin(z+ )+ Sin(z— ) +
)52 4 22 4
e’”” Z+E Z2 . ( r(1- 2V)) (Z—i\/ —22) . ( 7r(2v—1))
- sin|z+
(=) 4 22 4
3 v5 vv 3v 53 1
F(——— ———,—+—,—+—;—;——] L{d=>co)AveZ
4 24 22 42 42 2R
03.03.06.0077.01
y (L+i)e 2 22 L2V -2 (-1 -2 . 1 v3 vy 1v 31 1
R = i T “(2‘5'2‘5’5 a2 a2 2)
(1-i)e 2'™?(1-45?) a2V -2 ~1iy -2
e°t? —i|+
16V7 (—2%? z z
3 v5 vv 3v 53 1
[——————,—+—,—+——— ]/(|z|—>oo)/\veZ
4 24 22 42 42 R
03.03.06.0015.02
eso(nv) e"’”z(zw\/—zz)cos(z+%7r(2v+l)) (z—i\/—zz)cos(z—%n(bwl))
Y, (2) o + cos(rv) +

Var (-2 72

e*"”(z+i\/;)cos(z+ %n(l—Zv)) (z—i\/;)COS(ZJr %n(Zv—l))

1
- (1+O(—))/; (lZ>0)AvegZ
(-2)%2 732 z
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03.03.06.0078.01

\/? : v on
ﬁﬁsn(z—;—z) ag2 <0 -
Y, (2) i _ /3 (12 — o)
2 v o izv
—\m\/7(co:s(z—?+z)+ez+ 232 cos(;rv)) True

Residue representations

03.03.06.0016.02

® COS(ﬂV)(%)V (g)_v 2%
Y,(2 = cs(n v) ) res|T(s) cosix ) - (— —] Divez
= Tl+v-s) TA-v-9]||l 4

03.03.06.0017.01

v z

= r(s+2) (3" NI r(s-3) (%)
o= Z&*[ o) (2o tfs- 5)] (-i+3) +Zr$5[r(s ) (2 e

03.03.06.0018.02

In-1 I(s+ = (2)725 (il &
Ya(2) = Zr%[r( eTp )F(s— %)](%—J)+Zr&ss[r(s_ 1

i=0

ne”Z

Integral representations

On the real axis

Of thedirect function

03.03.07.0001.01
2v+1 zv o 1 1
Y,(2) = —7f (t-1)""2 cos(zty dt /; Re)| < - [\ 2> 0
\/;l—‘(% —V) 1 2

03.03.07.0002.01

1 pn 1 e . n
Y, (2) == —f sin(zsin(t) —tv) dt — —f e 280 (g™ cos(v ) + ') dt /; arg(2) < —
7 Jo nJo 2

03.03.07.0003.01

T

4 r
Yo(2) == - f cos(zcos(t)) (log(2 zsi nz(t)) +y)dt
s JO

03.03.07.0004.01

2 00
Yo(X) == —— f cos(xcosh(t))dt/; x>0
nJo

Contour integral representations
03.03.07.0005.01
1 fm-m (s+2)T(s-3) (X
' )

-2s 1 3
Yy () = —— —) ds/;x>0/\ ZRew) <y < -
27 Jy-ico F(S— %)F(%—S 2 2 4
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03.03.07.0006.01

w2 1 f I(s+3)T(s-3)
Lr

Y, 2=z"(7)" —

2ni ni

S) [;]_SJS—TV @7 () - 2) cotny) Zifﬁr(z(j—JZ)s)[éJ_sds/;

v¢rz

Limit representations

03.03.09.0001.01

2 z
Y, (2) = ——lim oY Q;V(cos(—))
T Ao A

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

03.03.13.0001.01
W@ Z+W (@ z+(Z -V )WD) =0/, W2) = ¢; J,(D) + C; V(D)

03.03.13.0002.01

2
WZ(JV(Z)v Yv(z)) =
nz

03.03.13.0003.01

2vVa e 2vVa w2
W@ +aw@ ' =0/, W2 =Vz|cJ: z2 [+ Y, Z2

n+2 m2|l N+2

n2

03.03.13.0004.01

[Zx/gzn;_z] 2\/321_2]] n+2

W,

Vz .

n+2

Nz Y

n+2 2 n+2

03.03.13.0005.01

V\/’(z)+(mz— %(vz— %)]w(z =0/, W(2) = cp/?JV[\/? z)+c2\/?Yv(\/¥ z)

03.03.13.0006.01
o o -

03.03.13.0007.01

W/(Z)+(f— VZ_l)W(Z) =0/, W2 == clx/?Jy(\/? \/7)+ CZ\EYV(\/? \/?)
4z 472

03.03.13.0008.01

03.03.13.0009.01

2v-1
w’(2) - —V W (2) + MW@ =0/; W@ = ¢, 2 J,(M2) + ¢, 2’ Y,(M2)
z
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03.03.13.0010.01
2
W2’ 3,(m2), 2’ Y,(m2)) = — Z2"*
Ve
03.03.13.0013.01
W (2) + (P e?* = v?)W(2) == 0 /; W(D) = ¢; J,(Me?) + ¢, Y,(Me?)
03.03.13.0014.01
2
W,(J,(me?), Y,(me?)) == —
/e
03.03.13.0015.01

0J,(2 Y, (2
+ C
0z

(Z-V) 2w @+ (Z-3V)zW (@) + ((22 - vz)z -Z- vz) W(2) =0/, W2 = ¢

03.03.13.0016.01

0J,(2 9Y,(2 1
Wz[ ; ) =—@4-71v3u@Y, 1@ +7vI,_1(DY,1(2)
0z 0z 2nz

03.03.13.0020.01

, 9@ J@ V2 L,
w’(2) —( - ]W @-[——=-1|d@" W2 =0/, W2 = ¢ J,(9(2) +¢,Y,(92)
g@ 9@ 9(2?
03.03.13.0021.01
29'(2
W;(3,(9(2), Y,(9(2)) =
792

03.03.13.0022.01
( g@ 2r©@ g"(Z)) ( V2 ] , "29@ hoho-20re* Nog'®
w'@--—+ + wW@-||—-1|d@ + + -
92 h@ J@ 9(2? 92h@ h(2)? h(2 g2
W(2) = ¢ h(2) J,(9(2)) + ¢2 "(2) Y,(9(2)

03.03.13.0023.01

2h2° g2
W(h(2) 3,(9(2), h@) Yy(g (@) = —————
792

03.03.13.0011.01
ZW (@2 +(1-29zW @+ (@222 -2+ )w@ =0/, W(2) = ¢, 22 J,(aZ) + ¢, Y, (aZ)

03.03.13.0012.01
2r2s1

T

Wy(ZJ,(aZ), ZY,(aZ)) =

03.03.13.0024.01
W'(2) - 2log(9) W (2) + (a2 1?2~ v2) log’(r) + log’(8)) W(2) = 0 /; W(2) = ¢; & J,(@r?) + ¢, & Y, (ar?)

03.03.13.0025.01

25°Zlog(r)
Wy(s*J,(ar?), Y, (ar?) = ———
Vs

Involving related functions

w2 =0/,
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03.03.13.0017.01

z

k=1 k=1

[lki![ )] W(2) - ,u + v2) [ﬁ [Z di)] w(2) + (v2 - 2 W(z) +47 [[ﬁ[ ]] W2 +2wW2) + 3 zv\/(z)] =0/

W(2) == €1 J,(2) J(2) + C2 3(2) Yu(D) + C3 J(2) Yy (D) + C4 Yu(D) Yo (D)

03.03.13.0018.01

8 d
[1_[ [z d—)] W(2) +4(Z =) ZW (@ +4ZW2) =0/; W2 = ¢; J,(2* + C2 Y,(2) J(D) + C3 Y, (D)?
k=1\ 02

03.03.13.0019.01
2WI@) + (42 -4V +1)z2W (@) + 4V - 1)W(@) = 0/; W(2) = €1 23,(D° + ¢ 2Y,(D) J,(2) + C3 2V, (2)?

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations
03.03.16.0001.01
YW(=2=ZY(2 (2" +(-2" 7" - (=27 2) (g cot(nV) ;v ¢ Z

03.03.16.0002.01

2
Y, (-2 = (-1’ (YV(Z) - —(log(2) - log(~2) JV(Z)) LveZ
Vs

03.03.16.0003.01
27 (i 2) co( v) z
(2 + ( - )Csc(nv)lv(z) Live”Z

z’ (i2)”

Yy(i2) = -

(i2)
03.03.16.0004.01

2 24"
Y(i2)=-—K,2)+ = (logi 9~ 10g@) 1@ /i v € Z
Ty T

03.03.16.0005.01

27 (=i 2)" cos(r v) z
Yy(=i2) = - v(2) + [ - )C&:(HV”V(Z) Live”l
n(-iz) z (-i2)
03.03.16.0006.01
2 2(=i)”
Y(-i2)=— Kv(2 + (log(-i2) - log2) 1,2 /;veZ
m(—i) b4
03.03.16.0007.01
(cdmznny cdzm™” (cdmzmny”
Y (c(dZ)™) = ————Y,(cd™Z™) + cot(rv) - - —|3cd"Z™) ;2meZ A\v ¢ Z
(cdzm)™ cd™Z™”  (cdz)™)

03.03.16.0008.01
myv

d
Y,(c(dzH™ ==[;mzri ] (Y (cdmzm”)+—(log(c(dz”) ) —log(cd™Z™)) J, (cdmzm”))/;ZmeZ/\veZ

03.03.16.0013.01

Yv(\/? ) =7 (zz)‘g Y,(2) + cot(rr v) (z*v A" -2 (Zz)—é) I@ ivez
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03.03.16.0014.01

' 2 (1og[V Z ) - 1oat2)

Y,(2) + J@|/ivez.
n

e

Addition formulas

03.03.16.0009.01

Yz -2) = ) Vi@ W) ;| =) <1
k=—co 1
03.03.16.0010.01
V@ +z) = ) Yok@) k@) /|~ <1
1

k=—c0

Multiple arguments

03.03.16.0011.01

& (-1)f 2\
Yan =2~ —(@- 1 Y@ (5] i lE-1 <1
k=0 .

03.03.16.0012.01

ENCE) Zy\k
Yaw=7") Yoz (2) 1 [B-1 <1
4 2

Identities

Recurrence identities

Consecutive neighbors

03.03.17.0001.01

2(v+1)

Y,(2) = Yy11(2) = Y,12(2)
03.03.17.0002.01
2(v-1)

YV(Z == Yv—l(z) - YV—Z(Z)

Distant neighbors

Increasing
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03.03.17.0003.01

2] (n-K)! 2\
Y, 2=2"17"v+ 1), 1 |2(n+V) Z [—] Yniy(2) —
S (n-2K)! (~n-v)y v+ D | 4

k

n-1
12 (n-k-1)!
Z Yoos1@ | sneEN

2),

S KI(N-2k=D! (-n—v+ 1) (v + 1),

03.03.17.0014.01

l1-nn n
Y,(2=2"1z"(v+ D1 (2(n+ v)3F4(1, T 5 —5; 1,-n,-n-v,v+1 —22) Y (2 —

1-n n
23F4(1, - 1- E; 1,1-n-n—v+1v+1; —22) Yn+v+1(z)) sineN

03.03.17.0006.01
Ao+D)(+2D-2)Y,2d-220+ 1) Y,.3(2)

zZ

Y,(2) =

03.03.17.0007.01
Av+2)20+D+3)-B) 3@ +2(Z -4+ D) (v +2)) Y,.a(2)

Pa

Yv(z =

03.03.17.0008.01

1
Y,(2) == " (Z-120+2(v+3Z+16(v+ D (v+2 v+ (v + D) Y,a(D + 42+ 2) (Z -2+ D (v + 3)) Y,45(2)

03.03.17.0009.01

1
Y,(2) == ;(2(v+3)(324—16(v+2)(v+4)22+16(v+ D+ (v+4 (1 +5) Y52 -

2(Z-120+2Q(v+3IZ+16(r+ D v+ (v +3) (v + D) Y,.6(D)

03.03.17.0015.01
Yy(2) == Cn(v, 2 Yy4n(2 — Cn1(v, 2 Yv+n+l(z) /s

2(v+1) 2(n+v)
/\ Cn(V, Z) ==

Cov,2=1/\Cr(v, 2 = Cra(r, D= Caa(v, 2 [\neN

z

03.03.17.0016.01

1-n n
Y,(2 = Cn(v, 2 Yy4n(D = Cn1 (Vs 2) Yyins1(@ /; Cr(v, 2 = 2"Z " (v + 1), st(T, - 5; v+1, -n,-n-v; —22] /\ neN*

Decreasing

03.03.17.0004.01

lZ] (n—k-1)! 2\
Y@= (1" 2" 2" (-2 )] —| 1@ +
S (n-2k-1)! A-v) (v -n+1) | 4
H (n-Kk)! 2\
2(n-v) (—] Yy-n@|/ineN
o KIN=2K! A -v) (v-n) | 4
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03.03.17.0017.01
1-n n
Y,2=D" 2" 7" A -v)y (2 n-v) 3F4(1, - 5; 1,-nl-v,v—n; —22) Y,_n(2) +

1-n n
23F4(1, - 1- E; 1,1-n1-v,v—n+1; —zz)vv,n,l(z)) /ineN

03.03.17.0010.01
2z0v-1DY, 3@ +(Z-40-2(v-1)Y,»(2)

Z

YY(Z) == -

03.03.17.0011.01
2(Z-40-2(v-D)Y,.4@-4(Z-20v-3) (v- 1)) (v -2 Y,3(2)

z

Y,(2) =

03.03.17.0012.01

1
Y, (2) = ” (4z(Z2-200-3)(v-D) (-2 Y, 5@ +(Z - 1200 -3 (v-2Z +16(v =D (v= ) (v-2) (v = 1)) Y,_4(D)

03.03.17.0013.01

1
Y, (2) = > (z2(Z-1200-3)(v=-2 2 +16(v-H (-3 (v-2) (v- 1)) Y,_6(2) -

2BZ2-16(v-H(v-2Z+16(v-5 (- (-2 (v- 1) (v-3) Y,_5(2)

03.03.17.0018.01
Y,(2) = Cn(v, 2 Y,-n(D = Cn-a(V, D Yyona (@
2v-1

2(-n+v)
Cov, =1\ Citv, 2 = NGl 9= ——"Coa(, D~ Coav, 9 [\ neN*
z

z

03.038.17.0019.01

1-n n
Y,(2) = Cn(v, D Yy-n(2) = Cno1(V, D Yyon1(2) /;Ca(v, 2= (=" 2" (1-v), ZFS(T‘ . E; 1-v,-nv-n —22) /\ neN*

Functional identities

Relations between contiguous functions
03.03.17.0005.01

z
YY(Z) == (Yv—l(z) + Yv+1(z))
2y

Differentiation

Low-order differentiation

With respect to v

03.03.20.0001.01
YH0(2) = csc(nv)

zyv & (DK (gpk-v+1) z\2k  cos(mv) Yk +v+1)  z\2kev
-aY_,2+_,(2+3,(2 cos(zrv))log(—)—z ( (—) + (—) ] live”Z
2/ 13 k! ATk-v+1) \2 F'k+v+1) 2
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03.03.20.0002.01
1,0 __
YO (2) =

22 2V cse( v) 0><l><2[ 11, 1-v; Z ZZJ 272 2+2 cot(n v) oviva[ 1L L1+ 2z 7
7

T w-Dre-v) oY 22-vi2-v; 4 4

R -—,
v+ DTv+2) 20N 22+vi2+v; 4’ 4

7TV CSC3( v) + cot(xr v)
(J,(9) cot(rr v) + I_,(2) cscnr v)) (l0g(2) - log(2) + ¥(v)) — I iveZ
4

03.03.20.0003.01

1 z\-n -1 1 Z\k 7
Y02 = —n!- Y@|=] ~=h@/ineN
10 2”(2) é(n_k)k! k<z)(2) W@ fine

03.03.20.0017.01

-yt ozt 1 z\k (=D
Y30(2) = D (—) > Yk(z)(_) LT h@ /ineN
2 2/ & n-kk! 2
03.03.20.0018.01
202"
Y@ =-73 1@+ 2¢o *
"3 "2 nvVr
3] n 1 1 2(22)3*"
Z(—l)k 22'<( )(Zn— 2k)! (cos(z) ((//[k+ —) - l//(k— n+ —)) +c0os(2) Ci(22) + sin(2) Si(2 z)) 2K+
e 2k 2 2 nvr
&) ko2k( N 3 ) : - - K
é (-D*2 (2k+ 1)(—2k+ 2n-1)! ((zﬁ(k+ 5)—w(k— n+ 5))sm(z)+ C|(22)sm(z)—cos(z)5|(22))z2 /ineN

Brychkov Yu.A. (2005)
03.03.20.0019.01

1 n-1
-)"2292" e
YL @ =-nd 1@ - ———— ) (D2
2

)(—2k+2n—1)!
2 nvr k=0

( n
2k+1

2

3 1 (-1)"222 "2
[cos(z) (¢(k+ —) - w(k— n+ —)J —cos(2) Ci(22) - sin(2) Si(2 z)) o S
2 2 vV
{EJ 1 1
n
Z(—l)k 22k(2k)(2n—2k)! ((lp(m 5)—w[k— n+ E))sin(z) - Ci(22 sin(2) +cos(z)Si(2z))22k/; neN

k=0
Brychkov Yu.A. (2005)

With respect to z

03.03.20.0004.01
Y, (2

0z

v
=Y, --Y(2
V4

03.03.20.0005.01
Y, (2

0z

v
=-Y,(2 - Yv+l(z)
z
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03.03.20.0006.01
Y, (2

==,-12-Y,.1(z
P 2( 12 1(2)

03.03.20.0007.01
0 Yo(Z)

=-Y1(2
0z

03.03.20.0008.01
9(z' Y\(2)

97 =27'Y,.1(2
03.03.20.0009.01
(" Y,(2)
——=-7"Y,(
0z
03.03.20.0010.01
82 YV(z)
= - (Yv 22 =2Y,(2 + Y,.2(2)
V¥

Symbolic differentiation

With respect tov

03.03.20.0011.02

o (11K
vrog=3 "

Z)Zk (3m(CSC(7Tv)( o) (Z)V L

Z\—V
Tko+D) \2) 7 Tkorv+D) (5) ))
/imeNAveZ
= ki \2 oy™m
With respect to z
03.03.20.0020.01
Y2

(=D}t 22km(—m) )
—nz( l)mm( )( Vi mz 2(m-k) (Vk

(m-k)!
z k1 k-j-1! 2
P rrmry

(k- ! 2\
(—] Y, 12 - Z : —| Y@|/ineN
SN K=2]-D!A-k=v); ()1 | 4 it k=2)!A-k=v); )
03.03.20.0012.02
3"Y,(2) _(v+1 v+2 v-n+1 v-n+2 2
. Vr 7™ cso(nv) | 2Y cosrv) T + 1) 5F5 , : , vl —— |-
07" 2 2 2 4
_(1-v 2—v 1-n-v 2-n-v Z
16" T(1-v)5F3 , ; , J1-vi——|l/iveZ AneN
2 2 2 4
03.03.20.0013.02
M@ Lz 1 e
=G| =, = /ineN
o7 P2 2 v-n n+y 1 0 n+v+1
2 2 2 2
03.03.20.0014.02
a" V(Z)

=2" Z( V(1) Yacn@ finen
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Fractional integro-differentiation

With respect to z

03.03.20.0015.01
Y, (2)

0z

_(v+1 v+2 1 1 Z
= 2072\t 7% cso(n v) | 2 costrv) T(v + 1) 5F 3 = ;E(—a/+v+l), E(—a’+v+2),v+1;—z -

2

(1-v v 1 1 Z
16" T(1-v)5sF3 J1-—1-v, —(—a-v+1), —(—a—v+2);,——||/;ve”Z
2 2 2 2 4

03.03.20.0021.01

Y, 1 M-l (v — k=D TQRK= ]+ 1) z\2k
=Sy | Y (—) ‘
0z bis " KITCk—a—-1v|+1) 2
k={TJ+1

E
20 (W =k=D!(og2) - ¥(2k - a = V| + 1) + (v - 2k)) (E)2k+

{
(=1 2M Z-a= Z

i Kt(v|-2k-D'!'TRk-a—-|v|+ 1 2
o (~DKFC(z, 2k+ ) , 712k o —D*T@K+ v+ 1 z\2k
21- zlvl—az log (_) _ 2l log(2) Zlv\—az DI M ) (_) _
= k! (k+[v])! 2 Sk (k+ M) T@k—a+ v +1) \2
© (—DXTRK+ V] + 1) Wk+ 1)+ y(k+ vl + 1) ;zy2k
o1 ZM_QZ( ) I'( v+ 1) (( )+ y(k+[v[+ 1)) (_) rvez
p KI(K+ VD! TCk—a+|v|+1) 2

03.03.20.0016.01

Y, (2 22T+ 27 szy (v 1 v a v 1 a v zZ
og( )2F3—+—,—+1;——+—+—,——+—+1,v+1;—— -

2 2 2 2 2 2 4

oz Vr

v-1

70 1 (y_K—1)12k=n)! (Z)Zk—y lTJ(v-k—l)z?cg;;(z,2k—v)22k-<’-v

Z -
e

2 par 22k k!
79 2 (-DQk+v)! Wk+D)+yk+v+1)—20@RKk+v+1) +202k—a +v+1)) ;z\2kv _ N
s KU(K+v)! T2K=a +v+1) (_) five

s KITRk—a-v+1)

T o

Integration

Indefinite integration

Involving only one direct function

03.03.21.0001.01

f Y (@az2)dz==2""z(az)” csc(nv)

) v+1y _(v+1 v+312 1 vy _(1 v 31/12
((az)vcos(nv)l“( 5 )1F2(T;V+l, S8 22)—4VI“(———)1F2(———;1—V,——;—Za f))/;vsél
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03.03.21.0002.01

M2 ool Z 1 ,—% v+1
f Vodz= (-1 5 6=~ :

[, —€e”Z
1 1 vl
0, 5(1— v, §(|V|+1)‘ -3 2

03.03.21.0003.01
vl

z 1
Y, (2dz=G>} -, =
f 242" 2

- ]/ -
;- €

1 1 vl ’

La-mh ta+n,0 -] 2

03.03.21.0004.01

f Yo(@dz== ; nZ(Yo(2 H_1(2) + Y1(2) Ho(2)
03.03.21.0005.01

[H@dz=-vo
03.03.21.0006.01

212 1 1L-1
Yo(2)dz=G;,| —, —
IZ() 2"‘(2 2‘ -3 g,—l,o]

03.03.21.0131.01

1
sz(z) dz= E (=22Y5(2) +1z2Y1(2 Ho(2) + (1 2Y2(2) — 271 Y1(2)) H1(2)

03.03.21.0132.01

f Y32 dz= -Yo(2) - 2Y>(2)

03.03.21.0133.01

f —2(zY3(2) + Ya(2) 2 - 37 (2Ya(2) — 6 Y3(2) H1(2) 2+ 37 ((Z — 24) Y3(2) + 4 2Y4(D) Ho(2)
Yi(2dz=
6z

03.03.21.0134.01
f Ye@ dz= ~Yo(2) — 22— 2Y4(2)
03.03.21.0135.01

n-1

1
f Yan(2dz= 57 Z(Yo(2) H_1(2) + Y1(2) Ho(2) ~ 2ZY2 k(2 /;neN
k=0

03.03.21.0136.01

n
[Yena@az=-Yo@-2) Yas@ inen

k=1

Involving one direct function and elementary functions

Involving power function
Involving power

Linear arguments
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03.03.21.0007.01

a+vy _ (a+V 1 1
le‘lYV(az)alz:2‘V‘1z"(az)‘Vcsc(nv)[(az)zvcos(nv)l“( . )1F2(T;v+l,5(a+v+2);—za222)—

a-vy _ (a—-V 1 1
4Vr( )1F2(—;l—v,—(cx—v+2);——a222))/;vezl
2 2 2 4

03.03.21.0008.01
fz‘”l Y, (2 dz=

2 7 cse(n v) [a/—v a-v ZZJ 27V 2 cot(n v) [a+v a+v Z

1F i 1-v, +1,—-— |+ 1F2
v—a)T(1—v) 2 2 4] (@+)T+1)

03.03.21.0009.01

1 z a a 27 a a Z
fz‘" Yo@dz=—|aYo(@F|1; —+1, — ——|+zY1(D.F;|1; —+1, —+1;, ——
2 2 2 4 2 2 4

[0
03.03.21.0010.01

f 27Y, (D dz=-J,_1(2) cot(r v) ™ — Ji_,(2) csc(m v) 2

03.03.21.0011.01

2¥ csc(nv) 2427 1 3 2\ 27Vcot(nrv)z 13 Z
fz’VYV(z)d’z:: — -V 1l-v, -y, —— [+ ——— F)| = =, v+ 1, ——
@v-1DTId-v) 2 2 4 T(v+1) 2 2 4

03.03.21.0012.01

f 23Y, (2 dz=

V)
(20, 2@T(=v) 272+ 3, 1@ T(=v) 2*3 = J,,3(2) COS(m V) T(=v) 2*3 + 23 4. 27%3 )

2(v+1)J,,2(2) cot(nv) 22 +
I'(-v

03.03.21.0013.01

f 2D dz=J,,1(D cot(n v) 2t + (21 I,_1(D) el v)

03.03.21.0014.01

1\ _ 1 3 Z _(1 3 Z
szYV(z)dz: 2L zese(nv) ZZVCOS(FV)F(V+ —) Bolve —ivelve - —— |-V B = 1-v, - ——
2 2 2 4 2 2 4
03.03.21.0015.01
f zYo(2dz==2Y,(2)
03.03.21.0137.01
Y2n(2) 1 1t
f d’ZZ——(Yo(Z)+Y2n(Z))——Zsz(Z) /;neN*
z 2n nia

03.03.21.0138.01

Yon:1(2) 1 1 -t
f dz= ~Yon41(2) + = (12 Yo(D H_1(2) + Y1(2 Ho(2) - 22Y2k+1(2) /ineN
z 2n+1 2 <o
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03.03.21.0139.01

Y2n(2) Yan(2) 1 1 1 n-2
f PRl + =5 Yen1@+ 2 (12 (Yo H1(2) + Y2(2 Ho(@) - Yarn@ |-

z 2n-1| 2 k=0
1 1 1 n-1
il 2 Yon1(2 + " (m2) Yo(2 H_1(2) + Y1(2) Ho(2) - ng 1@ |/ineN*

03.03.21.0140.01

Y2n.1(2 Yo@ +Yoni2(@d  Yo@+Yon(@d Yonu(@ 1 2 1 n .
f dz= - - ——Zsz(ZH Zsz(Z)/;neN
il 4(n+1) 4n z 2ni3 2n+1) i3

03.03.21.0141.01

Y, (2 1 1 Yy(2)
dz= f— ~Y,-1@d-Y,;12)dz— ——— /ymeZAm>1
il 2m-1)J 1 (m-1)7Z™1

Power arguments

03.03.21.0016.01

fz”’l Y (aZ)dz==

1 a+rvy _ (a+rv a+riv+2 1 a—-rvy
(Z‘V‘lz”(az’)‘v cse(n ) ((az’)zvcos(nv) r( 5 )1F2[ v+, ;——a222r)—4v r( )
r

r 2r 2r 4
_(a—-rv l/a 1
1F2( ;l—v,—(——v+2);—— 22”)))
2r 2\r 4

Involving exponential function

Involving exp

Linear arguments

03.03.21.0017.01
f@’“"z Y (a2 dz=

27V z(az) cot(nrv) 1 2" z(a2)” cse(nrv) 1
—ze(V+ - v+1Lv+22v+1; —2u‘az)— —2':2(— -v,1-v;1-2v,2-v; —Ziaz]
rov+2 2 re-v) 2

03.03.21.0018.01

fe”'aZYy(az)clz:
27V z(az) cot(rv) 1 2" z(a2)™ csc(mrv) 1
—ZFZ(V+ - v+1v+22v+1; Ziaz)— —ze(— v, 1-v;1-2v,2-v; Zziaz)
r(v+2) 2 re-v 2

Power arguments
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03.03.21.0019.01

ay 2V zese(nv) (@Z)™” 1 1 1
f@‘“" Y,aZ)dz== —————— 2(— v, —=v;1-2v,—-v+—+1; —2u‘az‘]+
rv-1)Ird-v 2 r r
27V zcot(nv)(@Z)” 1 1 1
e Fz(v+—,v+—;v+—+l, 2v+1; —Ziaz’)
rv+1)I'(v+1 2 r r
03.03.21.0020.01
) 2V zese(nv) (@Z)™” 1 1 1
f@“’"f Y,(aZ)dz== —2':2(— v, —=v;1-2v,-v+ —+1; 2ia2’)+
rv-1r@a-v 2 r r
27V zcot(nv)(@Z)” 1 1 1
—ze(v+—,v+—;V+—+l, 2v+1;2u‘az“)
rv+1)I'(v+1 2 r r

Involving exponential function and a power function

Involving exp and power

Linear arguments

03.03.21.0021.01

fz"‘le‘ﬁ'aZYv(az)zﬂz: 5—v,a—v;1—2v,a—v+1; -2ia

Ve V—a

27V 2 (az)™ [4V () 1
2F2[ Z) -

(a2)?” cos(r v) ['(-v)

ze(v+—,a+v;a+v+l,2v+1; —Ziaz)
a+v 2

03.03.21.0022.01

. 1 .
fz’v e'**Y(agndz= ——— (2’” et 77 cse(nv)
a@v-1Tw)

(27aizd (@ T(v)+2'az) (a2 T(v) —icos(nv) (2¢'?*(@2) - 2" azd, 1(@2) I(v) -i2 azd,(@2) I(1)))
03.03.21.0023.01

) 1
sz e'??Y (azgdz=

av+1DTI(-v)
(e"' az2"(az)™ cse(rrv) (azz' zJ_,_1@zT'(-v)(@z¥-azd_(@a2I'(-v)(az”’+azl,(az)cosxv)I['(-v) (a2 +

aizJ,; @z cosrv)T(-v) (@2) + 21 2% (-i)))

03.03.21.0024.01

) 27V @z
fz‘"l &Y, (adz= ———
T
4T 1 (@2?” cos(r v) ['(-v) 1
2F2(— -v,a-v;1-2v,a-v+1, Ziaz)— ZFZ(V+ —a+v,a+v+1 2v+1, Ziaz)
V—a 2 a+v 2
03.03.21.0025.01
. 1 .
f 77, (a)dz==———— (27 2V cso(nv) (2" @€' ? (-i) 2y, (@D (V) +
av-1)rw

2’ae'®z) (a2 T(v) +icosnv)(2(@2’ - 2" ae'®*zJ,1(@2) T(v) + 2’ ae'?*izl, (a2 I(v))))
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03.03.21.0026.01
sz €3, (az)dz=
1

av+1)I(-v)
zJ,(az)cos(nv)I'(-v) (@2)’ —iae'??zJ,,1(a2) cos(m v) T(-v) (@2 + 2"*1 i)

(Z (@2 cse(nv) (—iae®*zd, 4(@2) T(-v) (@2’ —ae'**zJ (a2 T(-v) (a2)’ +ae'??

Power arguments

03.03.21.0027.01
fz“‘l e?? Y (aZ)dz=
1 « a

(Z’Vz”(az')_V Csc(zrv)((rv—a)cos(nv)F(l—v)ze(v+ 5 —+4v; —+v+1 2v+1; —2iaz’)(az’)2v+
r r

1
4”(a/+rv)l“(v+1)2F2(£—v, g—1/;1—21/, g—v+l; —2iaz')))/((rv—a/)(a/+rv)F(l—v)F(v+1))
r r

03.03.21.0028.01
fz‘"l 2 Y, (@az)dz=

1
(Z’VZ"(az')_vcsc(nv)((rv—a)cos(nv)F(l—v)ze(v+E, g-i—v; g+v+ 1,2v+ 1;2iaz')(az')2v+
r r

1
4V(a+rv)F(v+1)2F2(£—v, g—v;l—Zv, g—v+1;2u'azj))/((rv—a)(a+rv)l"(l—v)l"(v+1))
r r

Involving trigonometric functions
Involving sin

Linear arguments

03.03.21.0029.01

. 27 z(a2)"** cot(n v) v 3 v v 53 v 3
fsn(az)Yv(az)dz:: W=+ - 4L -+ — -, 42, v+l v+ — a2 2|+
v+2T'(v+1 2 4 2 2 4 2
2" z(a2)'™ csc(nv) 3 v v 5 v 3 3 %
—————————F| - -l o o ey -y, 2o @7
v-2I'A-v) 4 2 2 4 2 2 2
03.03.21.0030.01
4" azcogb) csc(rr v) 3 v v 5 v 3 3 v
fsin(b+az)YV(az)clz== 2 z(az)™” Pl ——-=1—-— ——— = 1-v, ——v,2- —; -2 Z|-
v-2I'1-v) 4 2 2 4 2 2 2 2
4" csc(nrv) sin(b) 1 v1 v 3 v 11 3 v
— 4(———, = --i == 1o, ———;—a222)+
re-v 4 22 24 2 2 2 2 2
1 v 3 v v 53 v 3
7[(az)zvcot(nv) [azcos(b)F(v+2)3F4[—+ — =41, —+— =, 42, v+1, v+ —; —a222]+
rv+HT(v+3) 2 4 2 2 4 2 2 2

v 1 v 1v 31v 3 1
(v+2)F(v+1)3F4(—+—, —t— == =+ =, V=, v+ ] —azzz]sin(b)
2 42 22 422 2 2
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Power arguments

03.03.21.0031.01

fsin(az’)YV(azr)dz:
(@z)?’ cot(xrv) vy 3v 5y 1 1 3 v 3 1 3
27 z@Z)"” 3F4[— ,—+—,—+—+—;—,—+—+—,v+1,v+—;—a222']+
vr+r+HIrev+1 2 42 42 2 2r 22 2 2r
4 csc(nv) 3 v5 v v 1 1 3 3 vy 3 1
Pyl -—= - ——+ -+ — =1V, — =V, ——+ —+ — —& L'
rov-)-Hra-»- a4 24 2" 2 2 2r' 2 2 2 2 2r
03.03.21.0032.01
fsin(az“ +b)Y,(aZ)dz=
4" aZ cos(b) csc(nv) 3 v5 v v 1 1 3 3 y 3 1
27V z@z)” Pl - = - == =+ =+ —; -, , ==V, —+ —; —a? 22" |+
rv-1)-1HIrad-v 4 24 2 2 2 2r 2 2 2 2 2r
4" csc(nrv) sin(b) 1 v3 v 1 v11 vy 1
_— 4(———,———,———,— ——v,1-v,——+—+1 —azzer+
rv-1Ir@d-v 4 24 2 2r 2 2 2r
aZz cosb) vy 3v 5v 1 1 3 v 3 1
@2y cotry)| ————aFs| =+ — —F = =+ —+ — =, —+ —+ —, v+ 1L v+ — —a2 P |+
rv+1 vi+r+1 2 42 42 2 2r 22 2 2r
sin(b) v 1 v 3 v 1 1v 1
3F4(—+—,—+—,—+—;—,— —+1,v+—,v+1;—a222r) ))
rv+1 2 42 42 2r 2 2 2r
Involving cos
Linear arguments
03.03.21.0033.01
27V z(az)’ cot(rv) v 1 v 1v 31v 3
fcos(az)YV(az)d’z:—g 4(—+—,—+— == =+ —, v+ —,v+1 a2 )—
rov+2) 2 42 22 422 2
2" z(a2)™ cso(mrv) 1 v1 v 3 v11 3
— 3 4(———,———,———;—,—— ) Vi - T T 222)
re2-v 4 22 24 222 2

03.03.21.0034.01

(a2)? cos(b) cot(rr v) v 1
3 4( +—
2 4

fcos(b +az2VY,(az)dz=2"z(az2)” [

T(v+2)
4" cos(b) csc(rr v) 1 v 1 v 3
—_— 3F4(

11
——— ===, == —,——v,l—v,———;—a222)+
re-v 2 2 2 2

4
4 2'2 2'a 2

4 TW) 3 v
az 3F4(——— 1-

5 3 3 %
—— == 1-v,——v,2- —; -a?Z|-
4 2 2 2

Vv 4
2n—nv 4 27 2 2’
3

(@2?” (v + 1) cot(r v) [v
242 T2 422

% v 53 v 3
—+—, —+1 —+—'—,—+2,v+1,v+—;—a222] sin(b)
v +3) 2

Power arguments
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03.03.21.0035.01
27V z(az)’ cot(mv)

1

v 1 v 3 v 1 1vy 1
fcos(az’)Yv(azr)dz: F[— o =, = —; —,—+—+1,v+—,v+1;—a222r)+
rv+1)I'v+1 2 42 4 2 2r 2 2 2r 2
2Vz(@z)” cc(nv) 1 v3 v 1 v 11 v 1
Zeazyosry (L v S v L v b L )
rv-1)Ir'd-v 4 2'a4 2'2r 222 2 2r
03.03.21.0036.01
fcos(azr +b)Y,(aZ)dz=
4” cos(b) csc(rr v) 1 v3 v 1 v 11 vy 1
2Vz@?)"| —m—m—mm — (———,———,——— —,——v,l—v,——+—+1;—a222r)+
rv-1I'(1- v) 4 2 4 2 2 2 2 2 2 2r
) v 1 v 3 v 1 1v 1
@z) Vcot(nv) — =t =, —+ — —,—+—+1,v+—,v+1;—a222r)—
rv+1 2 4’ 2 4’2 2r'2'2 2r 2
aZz sin(b) v 3 v 5v 1 1 3 v 3 1 3
—— Ry -+ - — - = — = —+—+ —, v+ L v+ —; -2 2"||-
vi+r+1 2 42 42 2 2r'2'2 2 2r 2
4" aZ cse(nrv) sin(b) 3 v5 v v 1 1 3 3 vy 3 1
——— == =+ =+ — —V, — =V, ——+ —+ — - '
(r(v—l)—l)F(l—v) 14 274 20 272 212 2 2 2 2r

Involving trigonometric functions and a power function

Involving sin and power

Linear arguments

03.08.21.0037.01

3
fz‘"l sn@zY,@z2dz=2"2\r @2 ((az)ZV cot(r v) F(v + E)

1 _ (1 1 1
F[—(oz+v+1))3F4(—(2v+3), —(2v+5), —(a+v+l);
2 4 4

3 1 3
4"(:30(771/)1"(5—V)F(E(cx—v+1))3li4( (3-2v), —(5 2v), E(a v+l)

03.03.21.0038.01

fz“’lsjn(b+az) Y,(a2)dz==

1
‘2
1

3
(@+v+3),v+1, v+5 —azzz)

3
-V, -

1
-, 5(a—v+3); —azzz))

3y (1 (1 1
272\ @™ ((aZ)zvcot(fr V) (azcos(b) F[v+ E)F(E (@+v+ 1))3F4([—1 @v+3), 7 @v+5),

1 31 3
—(@+v+1); —, —(a+v+3),v+1,v+—;—a222)+21"(
2 2 2 2

CY+V

2

(1 1
3F4(—(2V+1), —(2V+3),
4 4

3 1
F(E—V)F[E(a—v+l))3|§4( 3-2v), —(5 2v),

1

I(:

a—-Vv

g

(1
L) tas2n Seoan,
V)s 4(4( v) 4( V)

a—-Vv

2

3
(a v+1);, =, 1-v, ——v, —(@a—v+3), —
2 2 2

11
"2' 2

a+v

J2)

11 1
5 5(oz+v+2) v+5 v+1; —a zz)sin(b))—4ycsc(nv)(azcos(b)

3 1

22]+

1
-v,1-v, —(@-v+2);
2

7))
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Power arguments

03.03.21.0039.01

fz‘”l sn@z)Y,(az)dz= —[ZV # @) cscnv)

v 3 v 5 a v 13 a v 3 )
Wr=r—a)cosmVIA-VgFg| =+ =, =+ =, —+ =+ =} —, —+ —+—, v+ 1, v+ —; a2 |@z)”
2 42 4'2r 2 2'2'2r 2 2

3 v5 v a v 13 3 a v
BEr+r+) T+ -—— ——=, ———+ = = 1-v, ——v, — — —+ —, a2 72" /((—v
4 24 2 2r 2 22 2 2r 2

r$r+a)(vr+r+a)I'(l-v)Ir'(v+1))
03.03.21.0040.01

fz‘”lsin(az’ +b)Y,(az)dz=

az)?"* cos(b) cot
2‘Vz“(az‘)y[( y_cotyetny) (

vr+r+a)I'(v+1)

(@z)?’ cot(r v) (v 1v 3
2 4271

@+rTw+1) > \2

I\J|Q
N <=
NI
N
-
N

4 csc(rv) F(l v 3 v a Vv

1
(@-rTa-»-Na 24 2'2r 22
1
2

4 aZ cos(b) csc(rr v) 3 v5 v a v
+
4 24 2'2r 2

1

2

3 3 a v 3

= l-v, — =y, —— —+ —; & 7'
(—vr+r+a)l"(1—v) 2
Involving cos and power

Linear arguments

03.03.21.0041.01

27V 2 (a2) cot(rmv) v 1 v 3 aa v 1a v 1
fz"’lcos(az)YV(az)dz: (— — ==, ===, —+ =+ v+ —, v+ 1 —a222)+
(@+VTv+1) 2 42 42 222 2 2
22 (@)™ cse(nrv) 1 v3 va v 11 a v
(——— —_—— === ==V, 1=y, — == —a222)
v-a)T'd-v) 4 24 22 222 2 2
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03.03.21.0042.01
f Zlcosb+az Y, (a2dz=2"2Vr @™

a+v

1
((az)zvcot(nv) (Zcos(b) F(v+ E)F( )3ﬁ4( 2v+1), —
3\ (1
azl“[v+ —) F(— (x+v+ l))
2/ \2

1 31
3F4(—(2V+3) —(2V+5) (G’+V+1) 5 E(O’

a—-v

1 1
(Zcos(b) F[E_V)F( )3|54(Z(1—2v), Z(3—2v),

r(l 1)ﬁ(132 152 !
E(G—V"' ) |3 42( - V),Z( - V)yg(a’—

Power arguments

03.03.21.0043.01

fz‘"l cosaz)Y,(@z)dz==

a/+vll

(2v+3) — —(cx+v+2),v+—,v+l;—a222
"2' 2 2

)_

3
+v+3),v+1, v+2 - Zzz)sin(b))—ﬂcsc(nv)
3

——v

a—-Vv

2
3 3 1
v+1); E 1-v, E—V, E(a—v+3); —azzz)sin(b)))

—a? 22) - azr(

11 1
o=V lov, —(@—v+2);
2 2 2

v 1 v 3 a v 1 a v 1
(2’”z”(az')"'Csc(ﬂv)((rv—a)cos(frv)l"(l—v)3F4(—+— —t =, — ==, —+—+ L v+ —, v+ —a2z2')
2 2 4 2r 2 2 2r 2 2
) 1 v3 v a v 11 a v
@z) V+4V(a+rv)r(v+1)3l=4(——— ————— = = ——v, 1, ———+1 —a? )))/((r
4 2'4 2'2r 2'2°2 2r
v—a)(a+rv)IA-v)I'(v+1))
03.03.21.0044.01
fz‘”l cosaZ +h)Y,(az)dz=
4Y cse(rrv) 3 v5 v a v 13 3 a v 3
27V @z)”’|a L e - = ==y, ———+ —; a2 2" |-
(=vr+r+a)T(1-v) 4 2'4 2'2r 2 22 2 2r 2 2
(@az)? cot(rv) v 3 v 5 a v 13 a v 3 3
aFal =+ — =4, —+—+— =, —+—+—, v+ 1, v+ —; -a22"||snb) Z +
vr+r+a)T(v+1) 2 42 4 2r 2 2°2'2r 2 2 2
(aZ)?¥ cos(b) cot(r v) v 1v 3 a vi1a v 1
3F4[—+—,—+— — —,—+—+1,v+—,v+1;—a222r)—
(@+rv)T(v+1) 2 4 2 4 2 22 2r 2 2
4" cos(b) csc(rr v) 1 v3 v a v 11 a v
—F(———————————— 1—v,———+1;—a222r)
(a-rv)TA-v) 4 24 2 2r 22 2 2r 2

I nvolving functions of the direct function

Involving elementary functions of the direct function

Involving powers of the direct function

Linear arguments

)
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03.03.21.0045.01

1
fYV(az)2 dz=-

(42 - 1T -/’ T(v + 1)?

113
(4-V z(a)™® et v) (22V+1 (4v2-1)cot(r ) T(L-»)T(v + 1) ZFB(E’ PPy 1-v,v+1;-a? zz] @z2? -

1 1 3
(2v — 1) cos(m v) cot(n v) F(l—v)22F3(v+ > v+ E; v+1, v+ > 2v+1; —a® 22) @2* +

1

1 3
(24"*1v+ 16V) cse(nv) T(v + 1)2 ZFS(E -, E —v;1-2v,1-v, E —v; —a? 22]))

03.03.21.0046.01
1

fYV(z)2 dz=-
(42 - 1)TA-v)*T(v + 1)?

113
(4’y 2727 csc(n v) (22”1 (4v2 - 1) cot(mv)T(A-v)T(v + 1)22"2F3(E, 5; E, 1-v,v+1,; —22) -

1 1 3
(2v — 1) cos(m v) cot(x v) F(l—v)224V2F3[v+ > v+ E; v+l v+ > 2v+1; —22)+

1

1 3
(2**1v +16") escmv) T(v + 1) st[E “v S mvl=2nloy ooy —22)))

Power arguments

03.03.21.0047.01

fYV(az’)zdz:
11 1
-(4-V z(aZ) ™" cso(m v) (22V+1 (4r2v? - 1) cot(r ) T(L-v) T(v + 1)2F3(5, PR RS AR —azzzr) @z)y”” -
r r
11 1
2rv-1)cos(nv) COt(ﬂv)F(l—v)22F3(v+ E, v+ 2—; v+1, v+ 2— +1,2v+1; _a222r)(azr)4v +
r r

1 1 1
(24”1rv+ 16V) csc(rv) T(v + 1) 2F3(5 -, 2— —v;1-2v,1-v,—v+ 2— +1; _a222r))]/((4
r r

r2v2 - 1)T(L- v T+ 1)?)
Involving products of the direct function

Linear arguments
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03.03.21.0048.01

fYﬂ(az) Y,(az)dz=

(a2)?# cos(m )
2747V z(a2) "™ cso(n ) ) @2 cot(ry)| ——M8M8 F(

Hu
3ha| —F
Tv+1 wu+v+1)T(u+1) 2

+

N[ -
N=
N <

N <

v 1
_+_
2 2
u v 3 4
'u+1,—+—+—,v+l,u+v+1;—8222)+—
2 2 2 (=v-HId-p

% u v 3
-+ Ly, ——+—+—,v+1, —;1+v+1;—a222) +
2 2 2 2

M
2
u v 1 u v 1 u v u v 3
(4V(az)2“Cos(nu)csc(ﬂv)3F4(———+—,———+—,———+1;y+l,l—v,y—v+l,———+—;—a222]]/
2 2 22 2 22 2 2 2 2
Y ese(rrv)

(H+v-DIrad-mrad-v
(u v 1 wu v 1 u v

u v 3
= N S T DR v —v+1,————+—;—a222)
¥ 2 272" 2 2 2 2 2 K H 2 2 2

u v 1 u v 1
3F4(——+—+—,——+—+—,—
2 2 2 2 2 2

(~p+v =D+ HTA-v) -

03.03.21.0049.01

f Y, @2V, @a2dz= —(4-“ (@a2)™%¥ esc(nv) esc(rr (v + 1))
(Cos(n WI(=v) (n @22V ycos(rv)T'(1-v) ng(v +1, v+ ;; V+2,v+2,2v+2 -a° ) -
T(v+1) (4V a23F4(1, 1, g; 2,2, 1-v,v+2,-& 22) v+ +TA-»IE+2)snry) 2+
223y (v+)TA-»TI(v+2) log@z sinix v))) @2+ v+ DI+ DT +2)

1
ZFS[E —v,=v;1-v,1-v, =2y, -& 22)))/(&71 v+ DTA -V I TEy+1T(v+2)
03.03.21.0050.01

Yo(az)?

fYo(az) Yi(@agdz==-
2a

Power arguments
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03.03.21.0051.01

fYﬂ(az')Yv(az')dz:
) 1 ) u v 1 u v
270V z@Z)y * csc(nu)( [(az’) Vcot(nv)[ [(az‘) “cos(ny)3F4(— +—+—, —+—+1,
rv+1 ru+m+1HT(u+1) 2 2 22 2
y 1 v 1 1
E+—+—;,u+1,ﬁ+—+—+1,v+1,,u+v+1;—a222r))+ [4”3F4
2 2 2r 2 2 2r ru-rv-1rlad-p

u v 1 u v u v 1 u v 1
(——+—+—,——+—+1,——+—+—;1—,u,——+—+—+1,v+1, —,u+v+1;—a222r)) +
2 2 2 2 2 2 2 2r 2 2 2r

(4V(az')2"cos( ) Csc( )F(# V+1'u ik V+1 +1,1 +1
U nv — -+ -+, ———+—pu+11-v,u-v+1,
N2 2722 2 72 2 2r
u v 1
———+—+1;—a222’)/((—ru+rv—1)F(u+1)F(1—v))—
2 2 2r
u v 1 u v u v 1 u v 1
(4“+"CS(:(7TV)3F4(————+—,————+1,————+—;1—/1,l—v,—y—v+1,————+—+1;—a222r))/
2 2 2 2 2 2 2 2r 2 2 2r

(r(u+»-HIrd-mIad-v)

S

03.03.21.0052.01

fYV(a\/?) Y, (bVz ) dz=

2Vz

a? - b?

(bY,s(bVZ)Yo(aVZ ) -aY,4(aVZ ) ¥,(bVZ )
Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions
Involving powers of the direct function and a power function

Linear arguments

03.03.21.0053.01

fz‘"l Y, (az2?dz==

1 a a
[4’Vz“(az)’zvcsc(7rv) [22“1 (4v* - a?)cot(rv) T(L- V) T(v + 1)2F3(5, E; > +1,1-v,v+1;-a° 22) (@2?’ +

1 a @
a[(16va+24”1v) Csc(zrv)l"(v+1)22F3(§ -, E -v;1-2v,1-v, E -v+1; —azzz)—(az)4v(2v—a)cos(7rv)

1
cot(r v) ['(1 - v)? 2F3[v+ 5 g+v; v+1, %+v+ 1,2v+1-& 22))))/((03 -4da vz) IA-v?T(v+ 1)2)
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03.03.21.0054.01
le‘z" Y, (a2l dz=
1

———————— (2217 (4cot’(nv) (@2)? - 4" a® 7 J,1(a2)” cot’(mv) T(v)? — 4" & 7 J,(a2)” cot’(m v) T (v)? —

a22v-1TIw)?
42723 @z’ csEav)T(v)? -4 a2 I (az? cs(rv)T(v)? -4 a2 2 J,_»(az) J_(az) cot(x v) csc(nr v) [(v)? —
22*1azl, 1@z (azd;_,(@z) - (v - 1) J_,(a2)) cot(r v) csc(r v) T(v)? —
az(2?"(v-1J;,(@2 +4 azl, ,(a2)J,(@2) cot(r v) csc(r v) [(v)?))

03.03.21.0055.01
szV” Y, (az?dz==
1

T . (7" (@2™%'(-2az(azd (@2 -vJ.,_1(a2) J,(a2) cot(r v) csc(r v) [(-v)* (a2)*” -
a-2v+1I(-v)

az(azJd,_,(@z +2vJ_(a2)J,.1(az) cot(x v) cscxr v) [(-v)? (a2’ +
J,(@2)? cot’(mv) ['(-v)? (@2)?"*V + J,,1(@2)? cot?(n v) [ (=v)? (a2? "D — cs(n v)
(-3.,-1@22T(-v)? (@2*"* - J_,(@2? T(-v)? (@2*"*? + J_,_1(a2) J,_1(22) cos(m v) T (-v)? (222 "+ + 47+1)))

03.03.21.0056.01
1
f zY, (a2’ dz== 3 Z(Y,(a2?-Y,.1(a2) Y,.1(a2)
03.03.21.0057.01
1
f zYo(@z? dz= 5 Z (Yo(@a2? + Y1(a2)?)
03.03.21.0058.01

1 nJ,(az)
f dz=-
zY,(a2)? 2Y, (a2

03.03.21.0059.01

Y, (a2?
f dz==
VA

1 [ [ZHV cot(rv) (az?”
— | cot(rrv)
vI(v + 1)?

1 5 3
2F3(V, v+ E; v+l v+12v+1; -a2 22)+csc(ﬂv) [a23F4[1, 1, 5; 2—-v,v+2,

3 8log(z
2.2 ‘3222)22+azs'54(1, 1L =v+2,2-v,22 —azzz)zz— $]]_
2 rA-»rev+1

F E—V, —vi1-2v,1-v,1-v;-a% 7

22v+1 (a2)72Y csc2(nv) ( 1 )]
vI(A-v)? :
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03.03.21.0060.01

Y,(a2?
f dz=
2

2a2J,_1(@a2?cot’(nv) +2azd,_1(az) (2azd_,(a2) + J_,(a2) — J,(a2) cos(n v)) csc(xr v) Cot(mr v) +

z@%—n(
1
3 csc(nv) (4@ J,-p(a2) (J-,(a2) — J,(a2) cos(n v)) cot(m v) Z +

(4a%J., 42?2 -482J., ,(a2) )@ 2 +4a° ), (a2 J @z cosirv) Z - 4al_, 1(a2) (a2 z—-
4ald,_(az)J,(@azcosnv)z+4vI_(@a2?+2J (a2’ -2vI(a2?+ (a2’ +

8vJ_,(a2) J,(az) cos(rv) - 4J_,(a2) J,(az) cos(x v) - 2v J,(a2)* cos(2 7 v) + J,(22) o2 v)) CSC( v)))

Power arguments

03.03.21.0061.01

fz‘”l Y, (aZ)’dz=

1 o «
(4-V Z (@Z)*” cso(nv) (22V+1 (4r2v? —a?) cotr ) T - T(v + 1) 2F3[5, PP A -a’ zzf) @z’ +
r r

1 a 1%
a((16va+24"+1rv)csc(7rv)l"(v+1)22F3(——v, — —v;1-2v,1-v, — —v+1; —azzzr)—
2 2r 2r
@) (2rv-a)cos(nv) cot(r v) T(1 - v)2
1 «a a
ng(v+ E, 2—+v; v+1, 2—+v+l, 2v+1, —azzzr])))/((as—4rzav2)F(l—v)2F(v+ 1)2)
r r

Involving products of the direct function and a power function

Linear arguments

03.03.21.0062.01

fz"‘l Y.(a2 Y, (a2 dz==

1 u v 1 u v a u v
2H A (az)’”( [(az)zv cot(rr v) [— ((az)Z/‘ cot(r 1) 3F4(— tot o, =+l —+ =+
'v+1 (@+u+v)T(u+21 2 2 2 2 2 2 2
a u v 1
p+l, —+—+—+L v+l p+v+1;, -a ])——(4“030(71;1)
2 2 2 (a-pu+v)IQ-p

u v 1 u v a v o u a v o u
3F4(——+—+—,——+—+1, —+——— 1y, —+———+1,v+1, —;1+v+1;—a222))))—
2 2 2 2 2 2 2 2 2 2

. u v 1 u v a u v a u v )
AV esc(rp)ese(nv) sFyl-——— -+ -, - — == +1, —— —— — l-w,1-v,—pu-v+1, —— —— — +1,-a’ 7
2 2 2 2 2 2 2 2 2 2 2

(ca+p+nTA-WId-v)-

u v 1 u v a u v a u v
(4V(az)2“cot(np)csc(zrv)3F4(———+—, —— =+l - === u+L v, u-v+1, —+———+1 —azzz))/
2 2 2 2 2 2 2

2 2 2

((@+p-MTE+HIra- V)))
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03.03.21.0063.01
f 2 Y (a2 Yy (az dz==
u v 1 u v
(2_”_"_1 ZH V(@™ ( 4 @2 ese(m p) ese(n v) T2 — ) T(u) T + D T2 - v) T T(v + 1) 2F3[— 575 + > 7375 +1

1-p, 1-v, —pu—-v+2; —a ZZ)ZZ—F(l—u)F(l—v) (4V (u +v — 1) cot(rr ) cso(m v) T(2 — p) T(w) T(v)

v 1 %
l"(v+l)2F3(———+— ﬁ--+1 U+l 2-v,u-v+1, - 22)(az)2("+1)+cot(7rv)csc(7ry)l"(y+l)
2 2 22 2
u v 1 u v
F(2—v)(4cos(nu)r(2—ﬂ)F(V+1)(2F3[—+———, — = WV MY — 222) ](az)21‘+4*‘azz2
2 2 22 2
1) () T( F(” TP Y 1 22]]( 2]))/
+ —— -+, ——+—+ + +v+1, -a az’
(.UV)#)V)2322222 MY —H+v )

(@ u+v-DIA-@WI@- W+ HTA-»T2-» T +1)
03.03.21.0064.01

f 1Y, (a2 Y, (azdz==
(2_“_"_1 " (azg* [—4" (w+v+Dcot(rwyescav) TA—- W'+ )T Tv+1) Ty +2)

u v 1 u v
F(——— — — =+ L u+2,1-v, u-v+1; azz)(az)z(“”)—
S PRI S He

I'u+2)T(1-v) (4“ w+v+cotrvyescr ) I'(—w) T+ HI(-v)T(v+1)

uov 1 o u v
2F3(——+— — =t =+ L1, v+ 2, —pu v+l azz)(az)z(”l)Jr
2 2 2 2 2

Fl-pwIlv+2) (4/“”1 esc(r ) ese(r v) T + ) T(v + 1) — (@22 D cot(r ) cot(r v) T(— ) T(—v)

u v 1 u v
2F3(2+5+5 5+5+1 U+Lv+1, p+v+2; azzz)))+4“+V+lcsc(7ry)csc(7rv)r(1—u)

u v 1 u v
r nr 2T r nr ) oFal—— — — — — L _ _ _ _ _222)))
(ﬂ+)(#+)(V)(V+)(V+)23[22222##VV /
(@2 (u+v+DT(A= @) T(=) T+ 1) T+ 2) L =) T(=y) T(v + ) T(v + 2))
03.03.21.0065.01

fz Y,(a2) Y, (b2)dz=

z
T (bY,_1(b2Y,(a2)-aY,_1(a2 Y,(b2)
a —_

03.03.21.0066.01
fY#(a 2Y, (a2 1

dz= (azY,_1(@2) Y(a2) - Y,(a2) (@zY,1(a2) + (u - v) Y,(a2)
Z /JZ _ VZ

03.03.21.0067.01
f((a2 -b?) 2 - 12 +v?) Y, (a2 Y,(b2)

z

dz=Y,(@2 (bzY,.1(b2+u-»Y,(b2)-azY, (a2 Y,(b2
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03.03.21.0068.01
Y., (a2 Y, (a2
f ——————dz=2""a(@ay**!
(@2)** cot(x ) v o1 y
(az)z"cot(zrv) —ﬂz 3(ﬁ - — = ﬁ+—+1 u+1l,v+1, pu+v+1; -a 22)
rv+1 w+v-1)T(u+1) 2 2 22 2
A+ cse(rr ) v 1 v
—ﬂz 3(—5 ———,—ﬁ+—+l;l—p,v+l,—u+v+l;—a222) +
wu-v+1HTA-p 2 2 2 2 2
4’ (a2)?* cot(rr ) csc(n v) vy 1
a 23(ﬁ————,ﬁ——+1y+11 v, u—-v+1; azz)—
(—u+v+DT(u+HTA-v) 2 2 22 2
A cse(mr p) eSe(rr v) uov 1 u
2F3( —————— ,————+11 wl-v, —u—-v+1; azzz)
(H+v+DTA-wIA-v) 2 2 2 2 2
Power arguments
03.03.21.0069.01
fz‘"l Y,@z)Y,(az)dz=
1 5 1 5 u v 1 u v
2“2"(a2’)‘”‘ycsc(7ru)[ ((aZ') Vcot(nv)( [(az’) ”cos(nu)3F4(—+ —+ -, -+ -+
Irov+1 (@+ru+v)T(u+1) 2 2 22 2
107 v a % 1
—+ﬁ+—;,u+l—+ﬁ+—+lv+l,u+v+l azz))—
2r 2 2 2r 2 2 (@-ru+rvifQ-p)
u v 1 u v a vV o u a vV u
(4“3F4(——+—+—,——+—+1,—+———;1—p,—+———+1,v+1,—,u+v+1;—a222r))))+
2 2 2 2 2 2r 2 2 2r 2 2
v 1 v a % a %
(4ﬂ+Vcsc(nv)3F4(—ﬁ—— RN ——ﬁ——;l—u,l—v, —pu-v+1, LE T —aZZZfD/
2 2 2 2 2 2r 2 2 2r 2 2
((@=ru+vyIA-wprad-v)-
) v 1 pu v a u v
(4V(az') “cos(:r,u)csc(:rv);;&(——— — ———+1, —+———u+1,1-v,
2 2 22 2 2r 2 2
a p
u-v+1, 2_+§__+l 22))/((CHry—rv)r(y+1)r(1—v))]
r
03.03.21.0070.01
f 2y, @)Y, (@aZ)dz=
1 1 21-2Y (aZ)?¥ cos(r v) 1 « 1 @ 1
——ZcsE(nv)|-—|22" costnv) 2F3(v+— — +v——2v,v+1, —+v+—;—a222r]+
2 a (@+r2v-1)TWTIv+1 2 2r 2r
sin(r v) 1 « 1 a 1 4 @)+
(— — - — —,1—v,v;—a222') +
n(r—a) 2'2r 2'2r 2 (“2vr+r+a)TA-v)I'2-v)
3 1% 1 1% 3 2 cot(rv)
2F3(——v,——v+—;2—2v,2—v,——v+—;—a222r)+
2r 2 2r 2 (a-nNr+a)IrR-vIrv+1

3 a 1 a 3 ]
(ar2F3(— — = —+—,2-v,v+1 & zzr)sm(nv)z’+7r(r+a)(v—1)vJ1,v(az’)JV(az’))
2 2r 2 2r 2
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03.038.21.0071.01

fz’-l Y_,@Z)Y,(aZ)dz=

1 @z)*

1 «

|+

a
—Z* csc(nv) [21‘2V(a2')‘zvcot(7rv)[—2F3(v+ - —+v;v+1l —+v+1 2v+1; —azzzr)+
2 (@+2rv)T(v + 1) 2 2r 2r
16” 1 a a
—2F3(——v,——v;l—2v,1—v,——v+1;—a222’)]—
(@=2rv)T(1-v)? 2 2r 2r
(cos(2mv) + 3) 1 o «
725(—, — — 4L 1y, v+ 1 —azzz’)
Tav 2 2r 2r
Involving direct function and Bessel-type functions
Involving Bessel functions
Involving Bessel J
Linear arguments
03.03.21.0072.01
1
f\]y(az) Y,(az)dz=
Fu+1)
(a2)?¥ cot(rnv) pu v g v 1 pu v u v 3
27F z(at ™ —3F4(—+—+—,—+—+—,—+—+l;;z+l,—+—+—,v+1,,u+v+l;—a222
wu+v+1HI(v+1) 2 2 22 2 22 2 2 2 2
4 cse(rrv) uov 1 g v 1 u v u v 3
34(———+—,——— —,———+l;,u+l,1—v,,u—v+l,———+—;—a222]
(—u+v-1I'(1-v) 2 2 22 2 22 2 2 2 2
03.03.21.0073.01
z 47V (a2)®¥ cot(n v) 1 1 3
fJV(az)YV(az)a?z:: 2F3[v+—,v+—;v+1,v+—,2v+1; —-a? )—
20(v + 1)? y+§ 2 2 2
2csc(rv)T(v+1) 113
—2F3(—, — = 1-v,v+1 -a 22)
ra-v 2 22
03.03.21.0074.01
4
fJ_V(az) Y,(a2dz== —
r(l-v7?
4 csc(nv) (@)Y 1 cot(m v) T(1—v) 113
—2F3(——v,——v;1—2v,1—v,——v;—a222)+72F3(—, — —,1—v,v+1;—a222)
2v-1 2 2 rv+1 2 2 2

Power arguments
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03.038.21.0075.01

fJ”(az’)YV(az')alz:
1 u v 1 u v u v 1
27+ z(@Z " [(aZr)ZVCO'[(ﬂV)3F4(— ot ==+l - —;
T(u+1) r(u+v)+ )T +1) 2 2 2'2 2 T2 2 2r
u v 1 1
,u+1,—+—+—+1,v+1,p+v+1;—aZZZ’D+
2 2r rv-w-DTA-v)
u v 1 ou v u v 1 u v 1
(4”CSC(7TV)3F4(———+—,———+1,———+—;p+1,l—v,u—v+l,———+—+1;—a222'])
2 2 22 2 2 2 2r 2 2 2r
03.03.21.0076.01
47 (aZ)?” cot(nv) 1 1 1
fJV(az')YV(az')clz: 2F3(v+—,v+—;v+1,v+—+1,2v+1;—a222r)—
(v + 1)? 2rv+1 2 2r 2r
csc(rv)I'(v+1) 1 1 1
— > 3(—, — 1+ —,1-v,v+1 —azzzr)
2 2r 2r

rd-v)
03.03.21.0077.01

fJ,V(az‘)YV(az’)dz::

1

@rv-)TA-v’T(r+1)
11 1
(z(az’)’zvcsc(nv) ((er— 1) cos(r v) r(1—v)2|:3(5, o 1+ o 1-v,v+1; —azzzr)(az’)zv +
r r

1 1 1
4VF(V+1)2F3(——V, — —v;1-2v,1—v, —v+ — +1; —azzzr)))
2 2r 2r

03.03.21.0078.01

va(a\/?) Y, (bVZ ) dz=

all (b3/(aVz)Y,a(bVZ ) -2l a(aVZ)Yi(bVZ))

a? - b?
03.03.21.0079.01

fJ_V(a\/?) Y,(bVZ)dz=

2z (a J(a \/?) Y,(b \/?) +bd,(a \/?) (Jl_v(b \/?) +J,.4(b \/7) cos(t v)) cse(n v))

a2

Involving Bessel J and power

Linear arguments

03.03.21.0080.01

fz“‘l J.@2Y,(@2dz= 27K A (@t

F(p+1
(a2)?” cot(nv) % a u v a g v
— +—+1,—+—+—;;1+1,—+—+—+1,v+1,,u+v+1;—a222)—
(@+u+v)T(v+1) 2 2 2 2 2

v 1p
F4(—+—+—,—
2 2 22
4" csc(mrv) u v 1y v a u v a u v
4[———+—, —+1, ———;,u+1,1—v,,u—v+1,—+———+1;—a222)
2 2 2 2 2 2

u
@+p-nra-n>N2 27 2"2°
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03.03.21.0081.01

z 21-2v (a2)?” cot(n v) 1 « o
fz‘”lJv(az)Yv(az)dz:: 5 (v+ — —+Viv+l —+v+1 2v+1; —azzz]—
2T (v + 1) a+2v 2 2 2

2csc(rv)T'(v+1) 1 a a
_ ( —+1,1-v,v+1 -a 22)
al(l-v) 2 2 2
03.03.21.0082.01
z cot(rv)I'(L—v) 1l a a
fz“‘lJ_v(az)Yy(az)clz: (— ——+1,1-vy,v+1 -a 22)
[(1-v)? al'(v+1) 2'2' 2

4" (a2)"?” cse(n v) 1 @ a
—ng(——v, ——vil-2v,1-v, ——v+1; —azzz)
2v—a 2 2 2
03.03.21.0083.01
fz"”*l J.@2Y,(andz=

u v 1 u v
(2**”*1 72 (a2~ cso(n v) ((az)zv(u +1)cos(zv)T(1- V)ZFS[E + > + 52 + > +Lpu+L v+l p+v+2-a 22) -

4 ( HI(v+1),F Y LR Lu+21- 1, -a’ 7
Y(uw+v+ )T (v+1) (——— +—-, ===+ + v, v+1, -a )))/
H 232 5 55 5 M M=

(u+D(u+v+ DT+ TA-v) T +1)
03.03.21.0084.01

le’”’v J.(@2Y,(@zdz=

uov 1 opu v
[2le-W(az)ﬂVcsc(nv)(4V 222(y+v—1)F(v+1)2F3(§—5+5 §_§+l U+l 2—v, u—-v+1; azz)

R S S LIE R
4@2? u(v-1)veosnv) I v)(zF(2+2 5 3 2,,u,v u+v,—a?z /

@@-Du+v-DI+DHTA-»T(+1)
03.03.21.0085.01

fz J.(@2)Y,(bzdz=

z
(b (a2, 1(bz-al,_1(a2Y,(bz)
a?—h?

03.03.21.0086.01
fz J,(@zY,(azdz=

1
2 Z(-2cosnv) J,(@2?+23 @2 J(@2 +J.,1@2J,1(@2 + J_,(@2 J,;1(a2) + 2J,_4(a2) J,,1(a2) cos(r v)) csc(rr v)

03.03.21.0087.01

fz J,@2Y,(b2adz=

z
5 5 (a Jl—v(a Z) Yv(b Z) + b J—v(a Z) (‘]l—v(b Z) + Jv—l(b Z) Cos(ﬂ V)) C&(ﬂ' V))
a“-b

03.03.21.0088.01

V4
fZJo(aZ) Yo(b 2)dz=

o2 (aJl(aZ) Yo(b 2) — b Jo(aZ) Yl(b 2))
a —

03.03.21.0089.01

fJﬂ(aZ) Y, (a2

1
dz== (azd,1@2) V(@) - Ju(@2) (azY,1(@2) + (u—v) Y,(a2)
Z 'uz _ VZ
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03.03.21.0090.01
f\]v(a 2Y, (a2

4

dz=

1

1
(4"’_1 [ZJT(aZ)ZV (v2 - l) cot(rrv) 2F3(V, v+ —v+1,v+1, 2v+1; & 22) -4
1=V v+ T)? 2

3
V2T (v)? (az 3F4(1, 1, E: 2,2,2—v,v+2 -a 22) 2+ 4(1/2 - 1) Iog(z))))

03.03.21.0091.01
f((a2 -b?) 2+ 2 -1?)J(b2) Y, (a2)

z

dz=bzJ, 1(b2)Y, (a2 - I, (b2 (@zY,1(a2 + (u-v)Y,(a2)

03.03.21.0092.01

f @d,2+bY,(2)dz==2""1

v+1y _ (v+1 v+3 2 1 vy _(1 v 3 v Z
zV*l(a+bcot(nv))r( 5 )1F2 v+ 1, ;—Z —4Vbzl‘Vcsc(7rv)l"(£——)1F2 ———1l-y, —— = ——

2 2 2 2 2 "2 2' 4

03.03.21.0093.01

a+vy _ (a+v 1 z
fz‘"l(aJV(z)+va(z))dz==2‘V‘l z“*v(a+bcot(7rv))l"( . )1F2 5 ;v+l,5(a/+v+2);—z -

a-vy _ [(a-v 1 z
4Vbz“‘ycsc(nv)r( )1F2 l-v, —(@-v+2); ——
2 2 2 4

03.03.21.0094.01

f #1@d@+bY,(2)’dz=

1
—(4-V paat (22V+1 b(4v* - a?)(a+bcot(rv)) csc(mv) (1 - v) T(v + 1) 2F3(E, : g +1,1-v,v+1; —22) 2+

1
a(b2(16"a+24"+1v)cscz(7rv)l"(v+ 1)22F3(£—v, %—v; 1-2v,1-v, ;—v+ 1; —22)—
2V (2v - a) @+ bcot(r v))* T(1 - v)?
1
2F3(v+ E, %4—1/; v+1, % +v+1,2v+1,; —ZZ)]))/((4CL’V2 —a3) I“(l—v)2 v+ 1)2)

03.03.21.0095.01
f 22" @, (2 +bY,(2)’dz=-

1
— (272172 (482 2" + 4b% cot’(nv) 27 + 8abeot(nv) 27 — 4" b* (2% e (n v) T() 2 -
2v-1TI(v)

4?3, (2% csP(nv) T()? 2 - J,_1(2)% (4 @® + 22" beot(m v) a+ 4" b? cot’(wv)) T(v)? Z -

J,(2? (4" & + 22" beot(n v) a+ 4" b? cot?(n v)) T(v)* 2 — 4" ab J,»(2) J_,(2) csc(n v) T(v)? 2 —

41023, 5(2) I_,(2) cot(nv) esc(nr v) T(V)? 22 — 2271 b J,_1(2) (21, (2) — (v — 1) I_,(2) (@ + b cot(r v))
cscr V) T2 2= b (227 (v = 1) 31, (2) + 4 23,_,(2)) J,(2) (a+ b cot(r v)) e v) T(v)? 2))
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03.03.21.0096.01
1

fZZM @l,@+bY,27%dz= ——
22v+1)T(-v)?
(3,22 @+ beot(r ) T2 20 + 3,1 @+ beot(r )’ Ty 20+ = 2b(20.,@) - v 3,-12) @
(a+beot(r v)) cse(m ) T(=v)? 2" = b(231_,(2) + 2v I_,(2) J,41(2) (@+ b cot(r v)) el v) T(—v)? 27! - besc(w v)
(-0 3, 1@ 0?20 + 1,42 1@ T(-»)? (boos(r v) + asinGrv) 20 + b (4 = 200 1,27 T(-)?)))
03.03.21.0097.01
f(aJV(Z) +bY,(2)>? p
4

1
[2-2V-1 2 (ZZV (a+bcot(r v) T(-v)? (7122" (v* - 1) (a+ beot(rv)) 2Fg[v, vigivlyel 2vel —22) -
3
4" V2T (v)? [3F4(1, 1, E; 2,2,2-v,v+2 —22) Z+4(v2-1) Iog(z))) -

1
16" b* 7 (v? - 1) csc?(mv) T (v)? ng(E -, = 1-2v,1-v,1-v; —22)))/(71 =DV v+ DT(=v?T()?)

03.03.21.0098.01
@2 +bY,(2)? 1
f________¢p=
2 (42 -1)TA-v)*T(v + 1)?

1
(4-V 72t (22V+1 b(4v* - 1) (a+ bcot(rv)) csc(rv) (1 - v) (v + 1) 1F2(— E; 1-v,v+1; —22) 2+
1
2v+1) (a+bcot(rv)> T(L - v)? 1F2(v— E; v+1,2v+1; —zz)z‘” +

1
b? (16v -2t v) cs(rv) T(v + 1)? 1F2(—v - E; 1-2v,1-v; —22))]

03.03.21.0099.01

f 771232 +bY,(2) (@ 3,2 + by V(D) dz=

1 u v 1 u v a u v
27 Y ——— 4 ese(nr ) | - (4" bcsc(np)3F4(————+—,————+l, ————— 11—
rd-v (—a+u+v)rd-p 2 2 2 2 2 2 2 2
u 1
wl-v,—pu—-v+1 —— ——— + —22))— (ZZ“(a+bCOt(7ry))
(@+p-»Tp+l)
u v 1 u v a v a u Vv
34(——— - ———+1,—+———;;1+1,1—v,;1—v+1,—+———+l;—22)) by |+
2 2 22 2 2 2 2 2 2 2
1 u v 1 u v a u v
(22(’”") (a+ bcot(7r,u))3F4(—+ — -, =+ —+1, —+—+—;
(@+pu+v)T(u+HI+1) 2 2 2 2 2 2 2
a v
u+1,E+E+E+1,v+1,,u+v+1;—22)(a1+cot(ﬂv)b1))—
1 uov 1 o u v a v u
(4”bzzvcso(ﬂ,u)3F4(——+—+—,——+—+1,—+———'
(@a-pu+v)TA-wl+1) 2 2 2 2 2 2 2 2

a v u
1-y, 5+£—§+1,v+ 1, -—p+v+1; —22](al+cot(7rv)b1))]
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03.08.21.0100.01

f 2@, +bY,(2)(J(Da + Y, () by)dz=
- — (e v) (b7 I-,-1(2) -1 22 + 2b7 I_ (D) (2 Z + b7 1_,(2) J,41(2) Z — 2b 7 I, (2)? cos(n v) Z +
Ve
2bnd,1(2) .12 cos(nv) 2 - 2an I, (27 Sin(xv) 2 + 2an J,_1(2) J,41(2) Sin(x v) Z + 4bvsin(r v)) ag +
(and, 1@ 1@ Z+2and.,(2 I, Z +andi_ (2 3,11 Z - 2an J,(D? cos(n v) Z +
2and, .12 J,.1(@ cos(nv) 22 - 2bn Yy (22 Sin(rv) Z + 2071 Y,_1(2) Y12 Sin(rv) Z + 4av sin(r v)) by )
03.03.21.0101.01
f(aJﬂ(z) +bY,(2) (@1 3,(2) + by Y,(2)

dz==
z

1

7( S ((—aszl(Z) J@+ad,@D(u-)(D+2,.2D)+ b(zJHl(z) Y.(2 + 3,2 ((/1 - Y2 - ZYerl(Z)))) a +
H=v)

(~a23,1@ Y,@ +23,@ (= V) V(@ + 2Y,1(D) + b (Y@ (1 =) Yo(@) + 2Y,11(2) — 2Y,1(D) V() by

03.03.21.0102.01
f(aJv(az) +bY,(a2)(a; J,(a2) +b; Y,(@2) P 1

z vI(1=v)2T (v + 1)

(4*“1 (a2 (2 (a+becot(rv)) T(L-v)? 2F3(V, v+ %; v+1l,v+12v+1; -a2 22) (ay + cot(m v) by) @2)*” +
4 csP(rv)T(v+ 1) (—4 bvI(1-v)log(@sinv)a; @2 +vI(L-v)°T(v+1)
3ﬁ4(1, 1, Z; v+2,2-v,2 2 -a 22) (bsin@r v) a; + (bcos(rv) + asin(r v)) by) (az?+Y -
(22“1 bIrov+ 1)2F3G —v,=v;1-2v,1-v,1-v; —a° 22) -@2%vrad-v (az bZ cos(zv)T(1-v)

3 3
rv+1) 3F4(1, 1, E; 2-v,v+22 2 -a 22] —4log(z) (2bcos(rv) +asin(r v)))] le)]

03.03.21.0103.01
1 1 Y,(2)
fidz::—nlog( )
23,29 Y, (2 2 J,(2

Power arguments

03.03.21.0104.01

fz’-l J.@z)Y,@z)dz=

u v 1 u v a u v
((aZr)ZVCOt(ﬂV)3F4[—+—+ - =+ —+1 — 4+ —+ -
2 2 2 2 2 2r 2 2

e wer|
I'u+1) (@+ruw+v)rev+1)

1
(@+ru-v)Ird-v

a u v
pu+l, —+—+—+1Lv+1 pu+v+1; —aZZZ’D—
2r 2 2

a u v a %

v p
-—+1 —+———;u+1,l—v,u—v+1,—+———+l;—a222'))
2 2 2

wov o 1lopu
(4” CSC(NV)3F4(— ——+o = :
2 2 22 2r 2 2 2r
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03.038.21.0105.01

z 21-2v(aZ)?” cot(n v) 1 «a o
5 3[v+—, —+viv+l, —+v+1,2v+ 1 —azzzr)—

fz‘”l J@z)Y,@az)dz=
2T (v + 1) a+2ry 2r 2r

2cc(zv)I(v+1) 1 o «
—st(—, — —+1,1-v,v+1; —azzzr]
all(1-v) 2 2r 2r

03.03.21.0106.01

f 213,..@d)Y,@az)dz=

1 21-2vr (azZ)>"*! cos(r v) 3 a 1 a 3
SC(7r V) 2 3( +E,—+v+—;v+2,—+v+5,2v+2;—a222’)+
r

4rT(v+2) Qvr+r+a)T'(v+1) 2r

1
(r—a)(r+a)C(1-v)

(4 I csc(rrv)

3 «a 1 a 3
(n(r+a/)v(v+1)J_V(azr)Jv+1(az’)—arz’2F3(—, — = —+—, 1=V, v+2 —azzzr)sin(nv))))]
2 2r 2 2r 2

03.03.21.0107.01

fz‘"l J@z)Y@z)dz=

z cot(rv)I'(L—v) 1 o «a
ng(—, — —+1,1-v,v+1, —azzzr)+
[(1-v)3? al(v+1) 2 2r 2r

- =y, —

4 (az) 2" csc(nv) 1 @ @
—ng( —v;l—Zv,l—v,——v+1;—a222')
2 2r 2r

2rv—a

03.03.21.0108.01

23 1 0 %'1_2“7’_%
fz‘"l Jo@az)Yy@z)dz= Gyslaz, = L .
2Vnr 2 010,—510‘0,—;
Involving Bessel |
Linear arguments
03.03.21.0109.01
1 3
1 az 1 17
flv(az)Yv(az)aYzzz-—\/726212 . — . V4 f L
4 2v2 4|03 5 253

03.03.21.0110.01

! 2v-1), ; (1-2v)
fl_V(aZ) Yazdz= Zﬁngj%[ : 7

(_
2 33 (2v=1), 3(1-2v), 3

QD
N
NP

03.03.21.0111.01

1 az 1
flo(az)YO(az)alz::—Zﬁngjg[ "

Power arguments
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03.038.21.0112.01

Nmz 4, az 1
flv(azr)Yv(az’)aZz:— G37 , =
4r ' 4

03.03.21.0113.01

Viz ,(az 1 1- % 3(-2v-1,:@-2v)
fl,v(az')YV(az’)dz:: — G35 , — T, 1 L ,
4r 2\/? 410, 5,—5,—3,Z(—ZV—]-),Z(]-—ZV),§
03.03.21.0114.01
Vr z az 1 1-4.3.2
flo(az’)Yo(az')dz:——ng% , = PR
ar 2v2 4|003.057 -5

03.038.21.0115.01

f|v(ax/?)vv(b\/?)dz== 2Vz

> (alua(@VZ)%(bVZ) +b1,(aVZ ) Y,a(b V7))

a+

03.03.21.0116.01

fl_v(a«/?)vv(bﬁ)dz:

2Vz

a? +b?
Involving Bessel | and power

Linear arguments

03.038.21.0117.01

1 a4 az 1 1- %, %, %
fz"‘lIv(az)Yy(az)dz:z——\/72"63'7 . —
4 “layz 4|03 223 2~
T Tt T Tt
03.03.21.0118.01
1 az 1 1-2, 2(-2v-1), 2(1-2v)
fz”’ll,v(az)YV(az)d’z:: “Vr G . t )
4 242 410, E’_E’_Z’Z(_Zv_l)’z(l_zv)’i
03.03.21.0119.01
a 1 3
1 az 1 1-%, 2,3
fz“-l|O(az)Yo(az)dz==__\/72“G§;% = Lo 0]
4 2\/? 4 0,0, E‘O' i

03.03.21.0120.01

lev(bz) Y, (az)dz=

o (bl,1(b2 Y, (@D +al, (b2, 1(a2)
as +

03.038.21.0121.01

fZI—v(bZ) Y.(az)dz==

a?+b?

Power arguments

(ali(aVZ) V(b VZ ) - b1,(aVZ ) (3s(bVZ ) + 3,a(b VZ ) cosin v)) csctn )

(bl (b)Y, (a2 -al (b2 (J-,(a2) + J,_1(a2) cos(n v)) cSC(r v))
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03.038.21.0122.01

NEw: az 1 1-2,2 3
fz“‘llv(az’)Yv(az')clz:— " Gyy e PR
r 2V2 0, 3212 a2
03.03.21.0123.01
Vi 2 az 1 1- 24, 2(-2v-1), ;(1-2)
fz"’ll,v(az’)YV(az')d’z:: G337 , - L ar Q4 L 4 L ,
ar 2v2 410, E,—E,—ElZ(—ZV—l)yz(l—ZV),z
03.03.21.0124.01
Vi az 1 1-2,2,3
fz*l|0(az')Yo(az')dz==——G§;% , = R
ar 2v2 4[00 303 3 -5

Definite integration

For thedirect function itself

03.038.21.0125.01

o0 V%
f Y, (t) dt = —tan(—) /i IRe(v)| < 1
0 2

03.03.21.0126.01

o0 201 1 a-v\ (a+v 3
f o1 Y,(t)dt = — COS(— m(a— V)) F( )F(—) /; Re(a) > |Re(v)| /\ Re(a) < —
0 Vg 2 2 2 2

Involving the direct function

03.038.21.0127.01

00 log(4
f Y, ()2 dt == 9
0 2n

03.03.21.0128.01

1 1 1
+tan(rv) — —(//(v+ —) /; IReW)| < =
T 2 2

00 1 @ 1 1 @ 14 b/g 1 «
f 1Y, )% dt == — r(— +v) COS{—n(a—Zv)) r(—)r(— —v)— r[— - —) /;
0 232 \2 F("—”) 2 2 2 ar(_%)r(_% +v+ 1) 2 2

2
Re(a) > 2|Re(v)| ARe(a) < 2
03.03.21.0129.01

00 6(a-b)
f Z,(at,ap) Z,(bt,bptdt= /i
B

a

2,0 yy == SOV AN A\ver \perR/A\B=0/\acR AbeR

V 32+ Y, (y)?

A. Grosberg

03.03.21.0130.01

00 o(r—s YY) = (X) Yy
f 2B Z s A = 2 J 7,00,y == TR0 (y)/\ve[R/\ﬁe[R/\re[R/\se[R
0 r

vV W2+ Yo(y)?

A. Grosberg
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Integral transforms

Fourier cos transforms

03.03.22.0001.01

2_V_% v 1 v y 1 v+1l v+2 1
FalY, (D] (D = - seC(—)Z‘V‘l [4V ZZVZFl[_ -=1-—1-v —) + COS(ﬂ'V)zFl[ , v+ 1, —)] /;
N 2 2 2 2 2 2 Z

= 2
IRe(v)| < 1

Fourier sin transforms

03.03.22.0002.01
1

272 v v+1l v+2 1 1 v % 1
Fs[Y, (D] (2 = 771 cq{—) [cos(nv)zFl[ , v+ 1 —] N 2F1[— - = 1-=;1-v; —]] /i
NS 2 2 2 z 2 2 2 2

IRe(v)] <2

Laplace transforms

03.03.22.0003.01
v+l v+2 v v

LY, 0] (@=2"2""1 [Cot(n V) 2F1[
2 2

2

Mellin transforms

03.03.22.0004.01

21 7@Z-V)\ (Z-V\ (Z+V 3
MIY] @ = - cos( )r(—) (=~ Re2 > IRl /\ Retz) < >
Vg 2 2 2 2

Hankel transforms

03.03.22.0005.01

V2 1
7’[t;;4 [Yv(t)] (Z) = -

T

1 1 1 1
—r(—(Zﬂ—2V+3)]2F1[—(—2;1—2v+3), Z@u-2v+3);1-v; —]+ SR
r(§(2ﬂ+2v+1)) 4 4 F(%(Zy—2v+1))

2'T() cos(mv) T'(—v)

r(lz 2 3)F12 2 312 2v+3 11 R 3/\R 3
- +2v+ —(-2u+2v+3), — +2v+3);,v+1 — ||/ -V)>—— + -—
4( u+2v+3)|2 1[4( u+2v )4( Hu+2v+3)v )/ (1 —v) > e(u+v) > >

Representations through more general functions

Through hypergeometric functions

Involving oF;

1 1 1
v+ 1 ——)—4V22"csc(7rv)2F1[—— —1-—1-vy; ——]]/; IRe)| < 1
2 2 2 Z
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03.03.26.0001.02

b 2
Y,(2) = 27V 2’ cot(v ) olfl(; v+1 - Z] - 277 ¢csc(v ) Olfl(; 1-v; - Z] LiveZ

Involving oF 1

03.03.26.0002.01

27" T(v) [ 22) 27V 2 cos(y 1) ['(-v)
N o _

Yy (2) = - Pl-vi——
4

[ 22]
oFi;v+L,——|/ivez
n 4

I nvolving hyper geometric U

03.03.26.0089.01

4

z 1 2
Y, (2= — [—2”1 e\ U(v + > 2v+1,2i z) (i2* - 27 (2 cosimv) - (i ") F(—v)oFl[; v+1; _Z]] LiveZ
/e

03.03.26.0090.01

WV

27 , 1 3 zZ
Y, (2 = —— [(—1)V 2\ U(v+ > 2v+1, 2172) +27 OFl[; v+ 1 _Z] (log(i 2) - Iog(z))] livezZ
/e

Involving 1F;

03.03.26.0091.01

27V cox(vn) [(-v) e i22 1
Yy(2) = - 1F1(v+5;2v+1;2iz)—
T

2TWZ e i? 1
71F1(5—v; 1-2v; 2iz)/; veZ
v/

Through Meijer G

Classical casesfor thedirect function itself

03.03.26.0003.01

2| -s0+D
w(VZ)=asl,
4 E‘_E’_E(V+1)
03.03.26.0004.01
2| —;0+D .

n@zfﬁwﬁﬂz

] -27(2) 7 ((Z) - 2")cot(nv) Géjg[é

;—%ﬂviz

03.03.26.0005.01

—%(V‘Fl) s n
/2—5 <ag2d = —

N

Z
Y, (2) = Gig[Z

v v 1
5 5,—§(V+1)

03.03.26.0006.01

03.03.26.0092.01

YL(VZ)+ Y (VZ)=-2 co{ﬂ—;) G5

|
Nl <
NP
N <
Nl
N ———
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03.03.26.0093.01

YV(\/Y) - Y,V(\/;) = —Zsin(g) Gig[E

Classical casesinvolving cos

03.03.26.0007.01

1 13
2,2 4’ 4’ 2
COS(\/?)YV(\/;) = G3'52 v v v+l 1-v v+l]
V2 T2 2 2
Classical casesinvolving sin
03.03.26.0008.01
1 13 v
: _ 22 4’4 2
sn(\/;)Yv(\/?)__—G&;,z i i vy 1]
V2 27 2" 2" 2'2

Classical casesfor powersof Y

03.03.26.0009.01

2 2 30 % %_V 11 -

Yy(«/?) = — Gz . |r—ocliz| 2
Vi 0, -v,v, 57V Pe v, 0, —v
03.03.26.0094.01
11

2 2 4cos(nv) > s 2cos(mv) 1o

YL(Vz) +Y(Vz) =———Gflz| *° 2az| 7
p 110 -v v, % NES “U]v,-v,00

03.03.26.0095.01

2 2 2sin(mv) 1 4sin(rv) 1
LVZf vz ) = —Gig[z : )_ S0 caof | 3

NS ' v, -v, 0 N ’ -v,» 0

Classical casesfor productsof Y

03.03.26.0010.01

2 3,0 %' % 1 11 =
Y, (V2 )Y, (V2 )= — 63z +—GMlz| 2
vr o 0,—v,v,% Z U0 vy

03.03.26.0096.01

Y,a(Vz)Y,(Vz —2 G39 01y Gt 0
H(VZ)%(Vz) = 7 U sev-n -k tasan1-y)” W% L@v-1, -1 ta-2y)

03.03.26.0011.01

v (VZ)Y,(Vz)= % Gg;g[z

03.03.26.0012.01

2 . 0, %,2( u-v+1 1, 0,%
(VZ)W(Vz)=—=Gz| ., o e e G4 2| yov uv veu e | TH-V-1EN
'\/7 Tl Tv Tv _Tv T n 71 Tv Tl _T
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03.03.26.0097.01

1 n
csc(v ) 0= -+1
an—v—1<\/?) Yv(\/?) = ngé[z 1 n+1 2n ’ n+l 1 +
\/7 —E(n+1)—V, T,E+1,T+V,—E(n+1)
cot(v ) (=) 22 0,3 S+v+l
- 3:5 z _
NS “;—1,“;—1+v,—%(n+1)—v,—%(n+1),g+v+1
2] el B (o ne 2]+ 2 1K+ |2))
2cot’(vm) L2 2173 2001
neN
Vi & KIT(k—n—v)T(k+v+1)
03.03.26.0098.01
Yoa(Vz ) Y,(Vz ) =
1
2 cos(r v) cot(rr v) . csc(v 1) 2, 031 . cot(rv) ,, 05 v+1
17 35 14 101 35 1 1 1 1
Vo B TIE TR R G T n VvVt Voo TV
03.03.26.0099.01
Yo (VZ)W(Vz)=
1 3 1
4 (v + 1) cosS(n v) cot(rr v) . s 5, , 033 cotry) ., 0,5, v+3
- 35 - 35
2 NES —v-1,1,3,v+1,-1) 7z Lv+1l-v-1,-1v+3
03.03.26.0100.01
Yo (Vz ) Y,(Vz ) +Y,(Vz ) Y,(Vz ) _

1 11 1 1
4005(27r(/1+v)) ool 0, >3 +2005(27r(,u+v)) - 5,0
—— G35 w 2.4 e

Vr s, S E3 s, R

03.03.26.0101.01

Y(VZ)N(VZ) - V(2 )Y (VZ) =
4sin(% m(u+ v))

Vo

40
G35z

Classical casesinvolving Bessel J

03.03.26.0013.01

cos(an)J, (\/?) +sin(an)y, (‘/?) = Gig z

03.03.26.0102.01

cos(an)J, (\/;)— sn@n, (‘/7) =Gi3 i

03.03.26.0019.01
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03.03.26.0020.01

V)= = e;;z[z

03.03.26.0021.01

1 o %’0
Jv+l(VZ)YV(VZ)::—G2:4Z 11
vr VvVt =537V

03.03.26.0022.01

32 (V)Y (VZ ) = % &2 03 ]

N

1,v+1, -1, -v-1

03.03.26.0023.01

1 0 1 pu—v+1l
2,2 12’ 2 )
Jﬂ(\/;)YV(\/?)::——GSYSZ o V_”]/, —p—v-1¢N
n 222 T2
03.03.26.0103.01
" 0, 5, 0iyv+1
Voa(VZ)a(a)= e o -
NS s 4y, s+ D -y, =3 (n+ 1), T+v+1
n k+ﬂ 2k-n-1 n 1 n
2 cot(v x) 5] D 525 r(k_n+lEJ+E)(l_k+[§J)n_[gJ
Z /ineN
Vi oo KITk—=n-vT'(k+v+1

03.03.26.0104.01

1
2cos(rv) 1 03 v+l
nyfl( Z)JV( Z)= Ril— nggz 1 1 21 1
T T e b b b

03.03.26.0105.01
4(v+1)cos(nv) 1

22 05743
Y—v-z(‘/;) Jv(\/;) = F G3:5[z ]

nz e Lv+l -1, -v-1v+3
03.03.26.0024.01

Jy(ﬁ)vv(ﬁ)uy(ﬁ)vvw)::—%eig(z 5]

03.03.26.0025.01

sin2nv) 1
(V2 (V2 (Ve ve) = T e e
72 0,v,-v
03.03.26.0026.01
2 a0 0, %
JV (\/;) Yf‘ (\/?) + ‘]ﬂ (\/7) YV (\/;) — G2:4 z ptv o op—v o v—p H+v
n ERErRiraiary
03.03.26.0027.01
sin(r (v — ) 0,2
J, (‘/?) Yu (\/?) —Jdu (‘/;) Yy (ﬁ) T 2 Ggﬁ[z oy vz—y pv
m ERArRArEiar s
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03.03.26.0014.01

2cos 1
L(VE) v (V2] = 2 Gié[z‘ ; ]
/2 0, -v,v
03.03.26.0015.01
2 2 G-
L(Vz) -V, (Vz) =-—¢gz| *? |
T 0, -v,v, >V
03.03.26.0016.01
) 11
L (Vz), (Vz)-Y (V2 )Y, (Vz)=-—¢Gglz| ** |
Ve 0 =V, V, E
03.03.26.0017.01
0 1 l-p—v
VZ)4 (VZ) -V, (VZ) Y, (VZ ) = - —— G2 2
Jﬂ( Z)Jv( Z) Y’u( Z)YV( Z)__ G35 HHy o op-vo ov—p p+v l-pu—v
d 22 2T T2 2
03.03.26.0018.01
J#(\/;)Jv(\/?)+Yﬂ(\/7)YV(\/7)::
1 1
cos () 0,3 cos(mv) 0,3
o2 Gg;i[z py V-_ﬂ]+ e Gg;i[z prv ey v | IV EL
27 27 27" 2 2 27 2 2
Classical casesinvolving cos, sin, J
03.03.26.0028.01
13
sin(x/?)Jy(\/;)+cos(\/?)YV(\/?) ::—ﬁegﬁ[z ) V4 y:ll 1_v]
22 202
03.03.26.0029.01
13
cos(\/?)Jy(\/?)—sin(\/?)Yv(\/?):\/762:2z - V4 Vil V]
22
03.03.26.0030.01
cos(v ) 13
cos(\/?)Jv(\/?)+sjn(\/?)YV(\/?)== ngi[z - V4 Vil V]
V2 222z
03.03.26.0031.01
cos(v ) 13
sin(\/?)Jy(\/?)—cos(\/?)Yv(\/?):: Ggﬁ[z , V4 Vfl l—v]
V2 2722
03.03.26.0032.01
cosrn) 131y e
v el
s'n(a+\/7)\]v(\/;)—cos(a+\/?)Yy(ﬁ):: Gszlz 1: 4v il . .
V2 2% 2 s x
03.03.26.0106.01
COS( ) 1 3 a 1%
V8% 2'2' . o
cos(a+\/?)JV(\/?)+sin(a+\/?)Yy(\/?) = G;‘:g[z - 4V 4V o 2a y]
V2 ERE T
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Classical casesinvolving Bessel |

13
z|
64 1 v13 v

03.03.26.0033.01

L (V2)% (V7) = v 63

03.03.26.0034.01

2v+1 1-2v
z - y T,
4 4=\ 30 2 4 4
I_V( Z)Yv( Z)__ T GZ,G 64| 0 1 v v 12y _1+2v]
Vo1 T a0 2
03.03.26.0107.01
1 1
z -=2v+1),>-(1-2v)
WVzw(z)=vresg o S
64 | 0, 31 T 5,2(1—2‘/)1—2(21/"'1)

Classical casesinvolving Bessel K

03.03.26.0038.01

1-v

z v
K (VZ)Y,(VZ) = -——G{ Sl
4\/; 0, 513 T3

03.03.26.0108.01
, vl
K(VZ) Y, (VZ)=-——=Gif =

g 1 v v v+l
aNrn 6410, 3 2T o

03.03.26.0035.01

Ko(ﬁ)—gYo(\A/?):: 56313( 2 100 : %)

2 ° 256

03.03.26.0036.01

V2] Sl ot

256

03.03.26.0037.01

2-n
4 d o=\ T 30 ? T ,
Kn(ﬁ)_EY”(\/—)"_GH’ﬁ non on2 2-n 2n]/’nEN
vy i
Classical casesinvolving Struve H
03.03.26.0039.01
cos(v ) 21l Z %
Y, (VZ)-H,(Vz)=- i
2 Pla| Lo vy
2 2'2
Classical casesinvolving oF;
03.03.26.0040.01
2 2b-1T (b e
Yy (Z) OFl(; b, _Z] = G%;é 22 vy v 1-v ? v2 2 v /’
ﬂ' _E,E,T,_b_5+1,_b+5+1

Ve Ve
—b—veEN/\v—be,t_N/\—§<arg(z)sE
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03.08.26.0109.01
22]

Y,(2) OFl(; v-n 7

g ot El A 3] 5 ke 13,

Vr

+1
2

nEJ

2csc(v )
k=0

Y 22
y(z) ; 1 Vi
4

(_ l)n Ggé[zz v v 3v
n+s+1L-s,n+5+1 5, =
03.03.26.0111.01
2\ 2o, -1 = 27V csc(vr) 7r
Y@ oFi|ivi——| = ezl o Tz 12T T D caggs -
4 N 1_5, 5'1_7’_5 Ir'd-v) 2 2
03.03.26.0112.01
v 3-v
I'v-1) 1-5, = 477 cse(nv) P d P d
Yv(Z)OFl(;V_l;_Z]— V_z[i gi[zz vy v ’ 231/ v~ 1 /;__<arg(Z)SE
Vr 2-5.5:2-5.—3 d-»
03.03.26.0113.01
2\ 27Ir(-y) rloy x r
Y,(2) oF1|; —v; - — | = ————|coszv) 2 + V1 G532 21 23 [i-—<ag® =< —
n : _v v v 3y . 2 2
272" 22
03.03.26.0114.01
2 2cotrv) . T(=v) JAS A n n
Y@ oFy s —vi - | =27 | 2 L I =5 <@ =7
v+h v 22 et
03.03.26.0115.01
2 47 cotrv) T(-v-1) p2 ol Ly n
YV(Z) OFl ;_V_l; _Z] = 2_V_2[ r 1 - G%:é 22 y vjl 1—21/ % 23V /’ _E < arg(z) =
v+ Vr 22 a2t
03.03.26.0041.01
l__V 3__V T T
Y, (z)OFl(;v+ L, —|=022Vr T+ 1) Gog — o 41_V 43_V L [i-—<ag® =< —
4 64 1A o T,—Z(3V) 2 2
03.03.26.0042.01
z —I+1, = Pis by
Y, @oFi|; 1-v; —|=22Vr T(1-»GY — 4 4 fi——<ag@ < —
4 Pleg | _y v vz 1v 3v 1 1 2 2
a2+

271 (-n-v)

1 1 1-v
5(n+v+l), E(n+v+2), >

KIT(k=v+1)T(K=-n+v)

o (_1)k+l”£—1Jzzkr(k_n+[gJ+g))(l_k+[gj)

2017V Ty ) szz[zz l-v+D, tn-v+2,n-
35 v v 3v v
n_5+1, E, n—?"rl,—z, n_

v

Ve /e
/;neN/\—E<arg(z)sE

3]

2cot(vm) 2 Z
T k=0

v 1-v

KIT(k—=n-v)T(k+v+1)

T T
; N/\ -— < —
]/ne /\ 2<arg(z) >

+

T

N
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03.03.26.0116.01
Zb—lrb l;b’l_E,l’_"
Yv(z\/;)OFl(;b;—Z)::——UG§:§[4Z‘ LB |i-b-veNA-b+veN
&3 ~31 3 0 1-b-31-b+s
03.03.26.0117.01
zfnflz‘gr(y_n) 3(n—v+1),1(n—v+2),n—1+1
YV(Z\/;)OFl(;v—n; -7 = 222 G4z 2 , , 2 . ) ZV 21 -
\/; n—§+1,§,n—7+1,—5,n—5+§
n ke| 22 1
2] -1 ﬂzJ4"zkr(k—n+[gj+5)(1—k+[gJ)n_2
2csc(wr)z /ineN
o KIT(k—v+DT(K=n+v)
03.03.26.0118.01
n k+[EJ k K n 1 n
2] )= 4 r(k_n+[5J+5)(1_k+bj)mlgJ
+
KIT(k—n—v)T(k+v+1)

27"v-17(—n-v)
— |2*'cot(vn) 27? Z

Y, (2 \/?) oF1G-n—-v; -2 =
Vr k=0

- %(n+v+1),%(n+v+2),7
n 5
(-1 63’5 4z , , 3, L1 /ineN
n+5+1,—2,n+7+1, 5, T
03.03.26.0119.01
vy 1-v Y
2711r(y) 1-5, =5 Z z cso(v )
Y(2VZ)oF v - = ——— G35 B
\/; 1—5, 5,1—?1—5 F1-v)
03.03.26.0120.01
v 3 Y
22T (v-1) 1-5,5-3 Z 2 cse(nv)
YV(Z\/?)OFl(;v—l;—z)z7623,4 , Vz 2 3V2 AT
Vr 2-532-5.-3) A=y
03.03.26.0121.01
1 1-v
2—v—1 r(_v) i’ il
YV(Z\/?)OFl(; v, - =-— |2 costnv) 272+ V7 G3|4z 21 23
. ' _roy Ly 3y g
2" 2 2 2
03.03.26.0122.01
1-v
cot(rv) 22 271I(-v) = s =
YV(Z\/;)OFl(; -V, -2) = -l + gg 4z V+22 172V sty
v+1) v 2222t
03.03.26.0123.01
v+2 v+3 1-v
22cot(nv) 27 2T(-v-1) ML Ay nd
Y2VZ)oFsG v L= —— - CH42| s Lo,
v+1) v 2T 2%23
03.03.26.0124.01
2 3_v 1_v 7
Y(2VZ)oFiGv+ L2 =-22Vr T+ DG — | | AR <A <
4|y _rro2_Yo2_ Y _2(3y)
2 4’ 4’ 47 4 4’ 4 4’ 4

i
2
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03.03.26.0125.01
1 1-v
Z(=v=-1, =— s n
. . v, 3,0 4 4 X
YV(Z\/;)OFl('l_V’ Z):2/2\/71"(1_‘/)62'6[Z vi2 v v 1 3y 1_V]/,—E<arg(z)55
T g g Cv=D), =5, =
22 234 2' 4
Classical casesinvolving gF1
03.03.26.0043.01
_ 7 b-1 1;b,1_9,ﬂ b4 b4
Y, (2 oF4f; by —— ==——G§’§z2 2 2 2 /;—b—veN/\v—beN/\——<arg(z)s—
4 N _rv g p_Y1_ptl 2 2
n 2'2' 2! 2’ 2
03.03.26.0126.01
) 2\ 2mv-lgy Sin-v+1, t(n-v+2,n-L+2
Y@ oF|;v-n-—|= ——— |2 G 72| ? 2 272 [
4 NES ' n—Z+1, L n-241 -Ln-2L42
n 2 2 Y 22

n L n n
2] -1 1% JszF(k—n+[5J+ %)(1—k+[§J)n,ng P n
/;ner\i/\—5<arg(2)S >

2csc
(Wr)kzzc‘j KITk—-v+1D)T(k—n+v)

12] (_1)"*{%J zZKF(k— n+ [gJ + %)) (1-k+ [gJ)n_[gJ

ZZ 2—n—v—l 2
Y, (@ oF4|; —-n-v;——|= 2cotvm 2’ ) +
4 . & KIT(k—-n—-v)T(k+v+1)
1 1 1-v
S(n+v+1),>(h+v+2), — T T
2 2 2
(-1)" Gg:é[zz , , o , l—v] /ineN /\_E <arg2) < 3
n+s+1L-s,n+5+1 5, =
03.03.26.0128.01
Z A 1-4, = 2 s bis
- 2" 2
Yv(z)oFl;v;—z]:—ngz2 . I /:—E<arg(Z)SE
& =32l-%73) 7
03.03.26.0129.01
. 2 1-2, % 477 (v-1) P s s
Y, (2 of|;v-1,-—|=2"2 —ngzz 22 ——|/i——<ay@ = —
4 o_ L Y o 3 v n 2 2
0 2' 2! 2’ 2
03.03.26.0130.01
_ 22 2—v—l ﬂ, ﬂ T T
Y, (2 of|; -vi—-—|=- cos(rv) 2 +Vr Goj| 2 2 23 [i——<ag®) < —
4 n ' vy ol 3y g 2 2
272" 22
03.03.26.0131.01
2 1 AR A 227’ cos(mv) bd n
- - 2 2 2
YV(Z) OFl{: -V _Z] =2 l[— Gg:é[zz ‘ v v+2 1l-v v 3v ]_ 7] /' _E < arg(z) = E
Vo 232 222t g
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03.03.26.0132.01

zZ 47" (v+1)co 1 A il
YV(Z)OE[; -v_l;__]zz—v—z rboosry L ool 22 2 T g
4 0 v ' +2 2 2

03.03.26.0044.01

72 v z Ly n n
= |. . T 30 47 4 L0 -
Y, @ oF1|; 1+v; " =272Vr Gyq | _r v v o /i 2<arg(2)s 5
4 4 4" 4 4 4
03.03.26.0045.01
_ 2 2 =z n
Y, @oFy|; 1-v; — | =272 V7 G| — U o <A = -
4 64| _r v w2 1w 3y _w1|" o
4’ 4" 47 4 4’ 4
03.03.26.0133.01
= 2 22 %b’l_g’%
YV(Z\/?)OFl(;b;—z)==——G3;5 4z ° , | -b-veNA-b+veN
n 33 T,l—b—i,l—b+§

03.03.26.0134.01

. 2—n—l Z‘% -
Y,(2 \/;)oFl(; v-n -2 =———|2"27 Gz 4z
Vs

1 1 v 1
E(n—V"'l), E(n—v+2),n—5+5 ]_

v v 3v v v 1
n—§+1, E,n—7+l,—§,n—z+§

2 ol E e r(one 2]+ ) -k |2)),

ZCSC(WT)Z /ineN
e KIT(k=v+1)T(K=n+v)

03.03.26.0135.01

- 2] 0l (k- ne [ 2+ ) (- ke 2 Do
YV(Z \/?)olil(; -n-v;-2= — | 2*Y cot(v ) ZV/ZZ >+
NES = KIT(k—n—v)T(k+v+1)

Lin+v+D), tn+v+2, 2
n ~22 2 2 .
(-1)"G35|4z , , 3, L1 /ineN
n+5+1,—§,n+?+1,5,7

03.03.26.0136.01

. 21/—1
Y, (2 \/?) of1GV; - = — 6311[42
T

03.03.26.0137.01

. 2v—2
Y,(2 \/?) oFiGv-1-2)= — 6311[42

T

03.03.26.0138.01
2—v—l

Y,(2 \/;)Olil(; —-v,-7)=-

s

[ZV cosav) 22 +Vrn Gﬁ:i

v+l 1-v
2 2
4z
v v 1-v 3v
313 =, > +1
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03.03.26.0139.01

271/71 ﬂ' E' v ZV/Z cos(m v)
E o _ 2,2 2 2 2 _
Y(2VZ)oF 1 -v; -2 = G542 o 1 v T
T 2' 2 2722
03.03.26.0140.01
272 (v + 1) cos(ny) 272 LA s
= /. . 2,2 2 2 2
YV(Z\/;)OF]'(’ -5 9= T B G3'5 v+4 v 3v 2 v 1-v
T 2 Ty 3 ta
03.03.26.0141.01
2 3_vr1_v» x
= Coy o 30 < 4 44 4 .0 -
Yy(zx/?)oFl(,Hl,z)_ 22Vr G Tl v rairay 1 = <@g <
2 4’ 4’ 4’ 4 4’ 4 4’ 4( V)
03.03.26.0142.01
1 1-v
Z(=v=1, — s T
E e o2 30 4 4 Ll ~
Y(2VZ)oF1G 1-v 9 =22V Gi e i n e 1= <agd =
474 44 v 47 4
Generalized casesfor the direct function itself
03.03.26.0085.01
oz 1] 30+
Y,,(Z) == Gljg S5y y 1
22 51—5,—5(""'1)
03.03.26.0143.01
Y@+ Y. ) S(RV)GZOZ 1 %
(@ +Y, (2 =-2cod — |GTa| =, —
2) M2 2| _r vt
2'2'2
03.03.26.0144.01
(VY o021 0
Yy(z)—Y_V(z)=—25|n(—)Gly3 P IR
2 22| ~3 3
Generalized casesinvolving cos
03.03.26.0046.01
1 3 1
1 1 s (+1)
s Yy (2) ==_G§:§ z v v4 41 ’ 1-v v+l
V2 2 —3 D, =, =
03.03.26.0086.01
1 13a+v COS( ) 1 1 3 1-v a
_1_1; > mTyY _1_1__;
cos(a+2) Y,(2) = — G2z, - aar 2 S o A pae
Sl2| oyl v o lvoa v 27 | 2| -y ki ntily 2
2 2" 2" 2" 2'x "' 2 0 2" 2'2" 2" 2 x
Generalized casesinvolving sin
03.03.26.0047.01
1 3 v
1 1 TS
: . 22, = 44’ 2
sin@Y, (9= —Ggs|z Sl v v vy
2 2 27 2’ 2’ 2



http: //functions.wolfram.com

03.03.26.0087.01

13 13 1(2
| cosry) f 1| 2Eiv3 I I 1
sin(@a+2) Y,(2) == 25| 2, — - —G35|z -
2 2| Ly vt a vl LG W
2 2T 2 T3 >3 3073
Generalized casesfor powersof Y
03.03.26.0048.01
11
30 27277 11 >
%Qf:———Gﬂz, + Grslz 2
) 1 2 _
= 2 0, —v,v, 5~V = v, 0, -v
03.03.26.0145.01
11
4cos(nv) 1 > s 2.cos(m v) 1 1o
Y22+ Y, (22 = ——— Goylz — 22 e oz = 2’
\/; 2|0, v, v, 5 \/; 2(v,-v,0,0
03.03.26.0146.01
2sin(rv) 1 4sin(rv) 1
Yo(2? - Yo (2 = —G%S(z, - 2 |[-———cfz-| =2
\/7 ' 2(v,-v,0 \/7 ' 2| -v,v,0
Generalized casesfor products of Y
03.03.26.0049.01
2 1 E l 1 1
Y., @Y, (2 =—— Gg’g z, — 2’2 = Gié[z, - 2 )
Vo L 2|0-vv 3] vz U 2]0-vy
03.03.26.0147.01
v v 2 G30 1 0,1-v 1 Git 1 0
@Y (2= —Gu|z — _ z
@A == Gl % 2| Lav-, -1 tasan -y s R 2| by, -
03.03.26.0050.01
1 1
2 1 0, > 1 1 0,5
_ 30[ = 12| 2
Yl_y @Y (2= G242 2 11 1 1]+ G242 2|1 _1 11 ]
2 n 22 VYT ea) Vx i TRt i
03.03.26.0051.01
2 4,0 O' %' 1727V 1 1,2 1 0' %
Yp @Yy (9= — G3,5 Z E gy vep ey ey +— G2,4 Z E YV Vv oy
T 2' 2 2" 2 2 m 2 2 2 2
03.03.26.0148.01
csony) Lo 1 o,;,g+1
Y12 Yy (2 = ———G35| 2, - ni 1 +
P ——(n+1) +1 =+, ——(n+1)
cotvm) (1" [ 1 o,; 2+v+1
——G35|2 -
N 2 ”%1”%1 ——(n+1) v——(n+1) —+v+l

2 cot?(v 7)

g Rl et ne 5] 5) (ke ), o
/ineN

;; KIT(k—=n-v)T(k+v+1)

—(1—2VJ
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03.03.26.0149.01
Y1 Y (2 =

[EnY

cot(rv)

i ]
2’ 2,2,
+ ez, —
11 101 3:5[’2
oy pbvtzoz) Vx

N
N

2cos(rv)cot(rv)  csc(mv) ool 1
+ 35| % =
nz o

03.03.26.0150.01
Y, 2@ Y, (2 =

4(v+Dcosiv)cottny)  osc(ny) 2[ 1
. :

cotry) Lo 1
354 = - G3s|z =
Vs 22 A4

1 3
O, E’V+E
2

2 Lv+l-v-1,-1v+3

03.03.26.0151.01
YD YD+ YD V(D) =

4005(%7r(y+v)) o 1 o%% 2005(%77(;4+V)) a1 %,0
TG“[Z" e, ] Vr GZ“‘[Z’E L fwen, —]
03.03.26.0152.01
YD Y (D= Y_u(2 Y (2 =
4sin(%n(u+v)) o 1 o,o,% Zsjn(%n(,mv)) a1 o1
Vi 35['5 Tma e %0]_ v 624[2,— T T 7“]

Generalized casesinvolving Bessel J

03.03.26.0052.01

. 20[2 1 _a_%
J, (@ cos(am) +Y, (zsin(an) = G5 =, = vy y
12 2| -5, -,—a-:
2’ 2 2
03.03.26.0153.01
: 202 1 a—%
cosan) J,(2) —sin(@an) Y,(2) =G5 =, — vy v
12 -5 ;a—3
2' 2 2
03.03.26.0053.01
1 20 1 1
L@Y,@=-—0Cilz, —| 2
z U 2/0v-v
03.03.26.0054.01
1 o 1 %’ V- %
I, @Y, (@=—Gyylz - 1
P 0, -v,—v— >V

03.03.26.0055.01

1 2,1
31 @Y, (2= —— Gyl z
w

NP

03.03.26.0056.01

1 2,1
J2 @Y, (2 = — Gyl Z
n

N -
L
<
+
=
L
PN
|
<
|
=
N —
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03.03.26.0057.01

O, 1’ pu—v+1l
J (Z)YV(Z)==—LGZ'2 b E 27 2 f—p—v—1¢&N
/4 L e s
4 2' 2' 2 'T 22
03.03.26.0154.01
Loy D" of 1 0,3 2+v+l
,(2) —n—v—l(z) = 3:5 Z - -
7 2 %,”%1+v,—%(n+1)—v,—%(n+1),g+v+1

sty OB e ne (8 k(2 o

D 2 sineN
— I TkK—n—=-v)I'(k+v+1)
s k! T'(k k 1
03.03.26.0155.01
2c0smv) 1 L[ 1 0,5, v+1
@Y, 10 = ——+—G35|z =
nz B B RSV S S |
b3 > > T >
03.03.26.0156.01
4v+Dcosmy) 1 L 1 0 5. v+3
IV, 20 =————F——-—G35|z = 3
e NEy 2| Lv+1, -1, -v-1Lv+3
03.03.26.0058.01
2 L 1| ¢t
Jv 2 Y—v 2+ J—v 2 Yv 2=-—— G113 z, — 2
P 2|v,-v,0
03.03.26.0059.01
sn@rv) o, 1 1
@Y, @2-,@Y,@=—"7— G1:3 zZ, — 2
o2 2|10v,-v
03.03.26.0060.01
2 a9 1 0, %
3 @Y, (2 +J, (z)YV(z)::——GZ’4 Z, E v ey v ey
4 2 2 2" 2
03.03.26.0061.01
snrov-w) [ 1 0,3
@Y, 2-3, @Y, 2= — Gyalz = pv ven v [i—u—-v-1¢N
o2 2| — =, —, -
2’ 2 2 2
03.03.26.0062.01
2cos(nv) 1 1
J,2%+Y, (2% = —"~ Gf‘%[z, — 2
o2 ' 2|10 -v,v
03.03.26.0063.01
2 1| 2.3-v
3 @Y, @P=-—Cflz = ** |
P 200 -v,v, 5V
03.03.26.0088.01
2008°(nv) Lo 1 1
‘]—V(Z) ‘]V(Z) + Y—V(Z) YV(Z) = G1:3 zZ, — 2
79/2 210 -v,v
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03.03.26.0064.01

2 oo 1 %3
Jv (Z) \]—v (Z) _Yv (Z) Y—v (Z) = - G2:4 Z, — 1
n 210 -v,v, 5
2
03.03.26.0065.01
1-pu-v
0 7,
1@ @D-Y,. @Y, 2 ==—iG4'° z ! 22
e e S P e T T e
4 2' 2" 2' 2' "2
03.03.26.0066.01
@23 @2+Y, @Y, (2=
1 1
CoS(rr 1) 32 1 0,3 cos(rv) o2 1 0,3 .
R P R ] R R ] UL
a 2 27 27 2 a 2 27 2" 2
Generalized casesinvolving cos, sin, J
03.03.26.0067.01
1 13
: 30 4" 4
SN@J,@+cos@Y, @ =-V2 Gy 2>1 ) “]
222 2
03.03.26.0068.01
1 13
: . 3,0 - 4’ 4
c0s(2J,@-sn@Y,@=V2 G|z S o —KJ
272" 27 2
03.03.26.0069.01
] cos(v ) 32 1 %,%
sin@J,@-cos®@VY,(2=——— G2:4 zZ, — 11
272 2|y y vl 1y
2’ 2 2 2
03.03.26.0070.01
. cosvm o 1 i
cos(2)J, @D+ sSin@Y, (9 =——Gy4|z =
22 T 2 lv oy vl v
0 272" 2 2
03.03.26.0071.01
1 3 —
. cos(y) [ 1 Rt
sin(@+2J,(2-cos(@a+2Y,(2-=-= 25| Z =
22 2| vy v vy vl 1v_a
4 2" 2'2" 2 2 &«
03.03.26.0157.01
1 3 v
3 ) V(2 — cos(rrv) 542 1 v —3— 5
cosa+2J,(2 + sin@a+2Y, (2= L I R
2 20 222" 2 o 2
Generalized casesinvolving Bessel |
03.03.26.0072.01
z 1 %. %

L@Y,@=-Vnr Gg’g _ =
d 1 v 13 v
2v2 4]0, AV
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03.03.26.0073.01

L, @Y, @=Vr G3§

03.03.26.0158.01

z 1
L@ Y,@=Vr G| —

2y2 4]0 % -
Generalized casesinvolving Bessel K

03.03.26.0074.01

Kv 2 Yv 2=-—— 61:5 y T 1y
avr 2v2 4|0, 515~
03.03.26.0159.01
1 o, z 1 ==
KV(Z) Y—V(Z) = G1:5 y 1y
4n 2v2 410, 37T
03.03.26.0075.01
T T z 1
Ko@-=Yo(@= —GZO[—, ~lo0 3 i)
R s VA 2" 2
03.03.26.0076.01
n
b T 30| 2 1 2
@t g @ = a%[z' 2| zn 0 mz o
44 4 4
03.03.26.0077.01
-n
n T30 z 1 7
Kn(z)—EYn(Z)--EGl,S Z'Z non m2 20 2-n
4’ 4’ 4 4
Generalized casesinvolving Struve H
03.03.26.0078.01
cos(vm) 4|z 1 %
Yy (Z)_HV(Z) == - 5 Glyg E, E vl vy
T 2' 22

Generalized casesinvolving gF 1

03.03.26.0080.01

z

Yv (Z) OFJ_ yV+ 1, Z == —275 \/7 r (V-‘r 1) Gg:g[

03.03.26.0081.01

z
Y, (@ oFi|; 1-v; Z =22\ I(1-v) ngg[

1+2v

v
51

1
4

1-2v

IN

1 1
—3@v+1), ;(A-2v) ]

(1-2v), -3 @v+1)

3
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03.08.26.0079.01

Z
by ——

3

03.03.26.0160.01

Y, (2 OFl(

3 v

21T (b 1 -2
—Ggé Z,E . 1—12/ 2 VZ , /i-b-v¢NAv-beN
Vo 33 T,l—b—i,l—b+§
1 1 1
217V [(y - n) GZZ[ZE SM=v+1), 3 (N-v+2,n-%+ ]_
35~ v v 3v v v 1
\/7 2 n—§+1,5,n—7+1,—5,n—5+§

%JZZKF(k—n+|_

n

Ak %) (1-k+ LgJ)n_[EJ

2
Y,(2) 0F1(§ v-n —z] =
ZCSC(ViT)Z

k=0

03.03.26.0161.01

Z
p—N—v;——

Yv(z) OFl[ 4

|

1
-)"G3glz -
3,5 2

03.03.26.0162.01

/ineN
KITk-v+DT(k-n+v)

n+1
2

2717 (—n-v)

o R 2R (ko 5]+ ) -k [3)),

2 cot(vm) 2 Z

e KITk-=n-v)T(K+v+1)

T

1 1 1-v
s+v+D), s(N+v+2), >

v v 3y
n+§+l,—§,n+7+

2 27ty L 1 1-3 5 277 cso(v m)
YV(Z)OFl Vi — | = 762:4 z - v v 3y vIT T oy
4 T 2 1-2, 5 1=, -3 rd-v
03.03.26.0163.01
2 rv-1 L[ 1 1-5.5-5 477 Cse(v)
Y,@oFif;v-1-—|=2"2 Gyalz - s -
4 p 212-%,5,2-5, -3 -
03.03.26.0164.01
2 21T (—y) 1 iy
Y, (D oF4|; -v; ——|=——————|cOS(m V) zV+\/FG§;11 zZ, — 22
n o2y g
2" 2" 2 T2
03.03.26.0165.01
2 200t 2 T(=v) L[ 1 o=
YV(Z) OFl TV — | = 2_V_1 r( + 1) + G3:5 Z, 5 v+2 v 3v v 1-v
y v ERRETC Ty
03.03.26.0166.01
2 47 cot(rv) T(-v-1 L f 1 nE o
Yy(@oFq|; —v -1 4 =z rv+1 B 35| % 2| s _v 3y y 1-v
v+1) v 2 T2t

Generalized casesinvolving oF;
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03.03.26.0083.01

= z -2 30| 2 1 %'%
Yy @oFq|;v+1 —|[=-2 2\/7G2'6 , —
4 ' 2\/? 4| _v 2v v 1wv 3v  3v
24y a4 g
03.03.26.0084.01
~ z z 1 R
Yy (@ oFaf;1-v; Z] = zy/z‘/;Gg:g "4l vy v+24l—v43v Loy
2\/? Uit et ot B

03.03.26.0082.01

2y 21 1 2i-2 2
Yy(z)oFl;b;——]zz——ngé zZ, — sy 1 , , /i-b—ve¢eNAv-begN
4) x 2| -3 5 5 1-b-51-b+3
03.03.26.0167.01
. b 2=l v o 1 %(n—v+l),%(n—v+2),n—%+
YV(Z)OF]. ;b;_z = ZVG3:5 Z v v 3v v v
\/7 n_5+1, E,n_?"'l,_ayn_z

2] R E 2R (= n e 3]+ )2k 30y
2 "
csc(V”)kZ; KIT(k=v+DT(Kk-n+v) "

03.03.26.0168.01

2

2] <0l 2 (k- ne [ 2]+ ) (2-k+[2))

!

n

2

J

2cot(vm) Z Z

T k=0

22 2—n—v—l
Y, (2 0'31[; -v=n; - Z]

2ol 1 %(n+v+l),%(n+v+2),%
(-D" G35z - ineN
2 nelen—Lne g
2 ! 2’ 2 12 2
03.03.26.0169.01
N 2y 2t 1 1-2, % 2z
Y,@ oF|;vi-—|= — G5z = 22 -
4 = 721y r o v g
2' 2 2 2

03.03.26.0170.01

) 2 1] 1-%43-2 A7 (v-1)
Yv<z>oF1:v—1:——]=2V'2 — ¢z A
4 22 X 22 Y b
n 2' 2 2’ 2
03.03.26.0171.01
_ 22 2—v—l 1 ﬂ, i
Y,(2oE|; -vi-—|=- cosmv) 2 +Vr Goylz — 23 2 .
4 x A7 2] 2, —x 3y v
2 2" 2 2
03.03.26.0172.01
2 1 1 w2 = 27
V@l -y - Z| =21 22, > 3 5 ~ Z’ cos(rr v)
o LS |7 o | w2 v v gy 1w m
4 2 22 12 2

KITk—n—-v)I'k+v+1)

+
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03.08.26.0173.01

. 2 42 v+ Doosry) 1 o 1 nE e =
Y@ oF|;-v-L-——|=2"—- - —G3i|z -
4 T ’ 2 ﬂ _Y 3_V+2 Yy l—_V
T 27 202 12" 2

Representations through equivalent functions

With related functions

03.03.27.0001.01
Yy(2) = csc(mv) (cos(vm) J,(D) - I (2) /i v ¢ Z

03.03.27.0002.01
2
3,2 Yv+l(z) - Jv+1(z) Y, (2) = — _Z
T

03.03.27.0003.02

F =V

(
Y,(2) ==

z" (nesc(mv) (2 cosimv) = (i 277) 1,(i2) —=2(i2* K(i2) /i v & Z
03.03.27.0007.01
2
Y, (2 =—— " K(i2)+ (092 —log@) i L(i2) /;veZ
Ve
03.03.27.0004.01

TZV
Y,(2) =

(22 K,(-iD) (-i2) - n (2 cso(mv) (—i 2°” + n 227 I (D cot(mv)) /i v & Z

03.03.27.0008.01

2
Yy(d == (@@ K\(i2) +(log(i 2 - 109(2) J,(2) ;v € Z
Ve
03.03.27.0005.01
. Z _ 2
Y, (2) =277 2" cot(nv) oF4|; v + 1; —Z -2V csc(mrv) oF 4| 1-v; —Z liveZ

03.03.27.0006.01

27V 2’ cos(v ) [(—v) ( 22] 27V T()
o1 -

Y (2) = — Fi;v+1 ——
4

[ 22]
oF1;1-vi——|/hveZ
n 4

T
03.03.27.0009.01
Y,(2) = cso(r v) (e% I (-3 2)" (i bei, (- (~1)¥* 2) — ber_,(~(-DI* 2)) 2 +

iy

e+ (~(=1)¥* 2" costmv) (ber,(~(~1)%* 2) — i bei,(~(-1)* 2)) ZV) LveZ

03.08.27.0010.01

YV( V-1 z) — csc(ny) (QST ( V-1 z)v coS(r v) (ber,(2) — i bei, (2) 77 + e "¢ (\/“ _1 z)_v (ibei_,(2) — ber_,(2)) zV) LiveZ
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03.038.27.0011.01

v

" (et (- 1% 2)  keny (- 1% 2) +

YV(Z) =

(-1 (-4ilog(2) + 4ilog(—(-1)** 2) + x)
2n

(bei,(-(-1** 2) + i ber,(-(-1)¥*2)) /;ve Z

03.03.27.0012.01
v

Y,,(\/4 -1 z) = 2) (Rinber, (2 +4ikei, (2 —4ker,(2) + bei, (2 (ilog4) + 4ilog(2) —4ilog((l+i) 2 +7m) /;ve”Z
T

Zeros

When v isreal, the functions Y,,(2) and (a\gz(z)) each have an infinite number of real zeros, all of which are simple

with the possible exception of z= 0.

03.03.30.0001.01
Y,(2=0/;z=7 Ake NAveR ARe®Z) == %

03.03.30.0002.02

Yy (2
5 =0/;z=z ANkeNAveR ARe(z) == z
zZ
Theorems

Y-transformation

(o] (o] 1
ﬂ(y)::ff(xn/xy Y, (xy)dx e fx) ==fﬂ(y)\/xy H,(xy)dy /; Retr) = =
0 0

History

—C. G. Neumann (1867)

—J. Watson (1867) introduced the notation Y
—H. Hankel (1869)

—H. Weber (1873)

—L. Schi&fli (1875)
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