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Notations

Traditional name

Beta function

Traditional notation

B(a, b)

Mathematica StandardForm notation

Beta[a, b]

Primary definition

06.18.02.0001.01
I'(a) I'(b)

B(a, b) =
'@+ b

Specific values

Specialized values

For fixed a

06.18.03.0001.01
B(a, 0) = &

06.18.03.0007.01
1

B@aa+l)= —
a(@a+1)C,

For fixed b

06.18.03.0002.01
B(0, b) = &

For rational variables||| For rational variables

06.18.03.0003.01
(m-D!'(n-1)!
Bmn=————/meN* AneN"
(m+n-1)!
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06.18.03.0004.01
B[ p r] q”s'“(HE‘_1<p—q+kQ>HE_1<r—s+k5>)B[p r)/.

m+ —, N+ — - -
[Tl (ar + ps—gs+kqgs)

q S q s
meZAneZ ApeN"AgeN*AreN " AseN" Ap<qAr<s
06.18.03.0005.01
p r g"s™ [l (—qr-ps+kqs) (p r
R N avemral ik
a s (Hk:]_ (qk- P)) [Ties (SK=T) q s
meZAneZ ApeN"AgqeN* AreN " AseN* Ap<gAr<s

Values at fixed points

06.18.03.0006.01
Bl D=1

General characteristics

Domain and analyticity

B(a, b) is an analytical function of a and b which is defined in C? with the exception of countably many points
a=-k/;keNandb=-1/;1N.
06.18.04.0001.01

(axh)—B(a, b):: (C®C)—C

Symmetries and periodicities

Mirror symmetry

06.18.04.0002.01
B(a, b) = B(a, b)

Permutation symmetry

06.18.04.0003.01
B(b, @) = B(a, b)

Periodicity

No periodicity

Poles and essential singularities

With respect toa

For fixed b (b +# —a—m/; me N), the function B(a, b) has an infinite set of singular points:

1k
a) a== -k /; ke N, are the simple poles with residues (k,lr)(br_(g ;

b) a == s isthe point of convergence of poles, whichissimilar to considering o as an essentia singular point.

06.18.04.0004.01
Sing (B(a, b)) == {{{-k, 1} /; ke N}, {0, co}}
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06.18.04.0005.01

(-D¥T(b)
res,(B(a, b)) (-k)== ———— /;keNAb-k+-m/;meN
k! T'(b-k)

With respect tob

For fixeda (a+ —b—m/; me N), the function B(a, b) has an infinite set of singular points:

V@

a) b==-k/; ke N, are the simple poles with residues 1; Tah

b) b == co isthe point of convergence of poles, which issimilar to considering co as an essential singular point.

06.18.04.0006.01
Sing, (B(a, b)) = {{{-k, 1} /; ke N}, {, co}}
06.18.04.0007.01
(-D¥T(a)

res,(B(a, b)) (-k) == ——— ;keNAa-k#+-m/;meN
k!T(a-k)

Branch points
With respect to a

The function B(a, b) does not have branch points with respect to a.

06.18.04.0008.01
BPa(B(a, b)) = {}

With respect tob

The function B(a, b) does not have branch points with respect to b.

06.18.04.0009.01
BPy(B(a, b)) ={}

Branch cuts
With respect to a

The function B(a, b) does not have branch cuts with respect to a.

06.18.04.0010.01
BCa(B(a, b)) =={}

With respect tob

The function B(a, b) does not have branch cuts with respect to b.

06.18.04.0011.01
BCy(B(a, b)) = {}

Series representations

Generalized power series



http: //functions.wolfram.com

Expansionsat generic point a == ag

For the function itself
06.18.06.0008.01
B(a, b) « B(ag, b) (1 + (@) —Y(b+ag)) (a—ag) + % (o) - Wb+ ag))” + ¥ (ag) - V(b + ay)) (a— @) + ) /; (@ - ag)
06.18.06.0009.01

1
B(a, b) o« B(ap, b) (1 + (@0~ Y(b+2p) (a-a9) + - ((W(@o) - wib +ap))” + ¥ P(ag) -y V(b + &) (a - ao)z) +0((a-ap)*)

06.18.06.0010.01

)

B(@, b) = > (-DF (@) (oFies(1 =, €1, Gy oy Gt G+ L G+ 1, oy Gr + 15 D) (@— 9)/;
k=0

Cl ::C2:: F—— Ck+l ==ao/\k€N
06.18.06.0011.01
B(a, b) o B(ag, b) (1+O(a - ap))
Expansionsat a==0

06.18.06.0001.01
1 e & (-1 2-b)al
B@b=--(b-1)> > —————/la<1AReb)>0
a Toko K!'(k+1)*?
06.18.06.0002.01

1 o _
B@b=—-b-1 DD aFia(2-b 8y, 8, . ap & + 1 8o+ 1, L A+ 1 1)al
j=0

a=a=..=a,,=1Ala <1AReb) >0

Expansionsat generic point b == by

For the function itself
06.18.06.0012.01
B(a, b) < B(a, by) (1 + (W(bo) — ¥(a+ by)) (b — bg) + % (W(bo) - w(@+bg)? +y P (bg) — yP(@+ by)) (b - bp)* + ) /; (b by)
06.18.06.0013.01
B(a, b) « B(a, by) [1 + (o) - Y(@+ bg)) (b—bo) + g ((w(bo) — w(@+ b)) + ¥ P(bg) — y®(a+ b)) (b - bo)z) +0((b-bp)’)
06.18.06.0014.01

B(@, b) = > (-DFT(b) " koFies(1 -2, €1, Gy oy Gt G+ L, G+ 1, ooy g + 15 1) (b= bp)/;
k=0
C1::(}2:: e ::Ck+l=:ao/\k€N
06.18.06.0015.01
B(a, b) o« B(a, bo) (1+ O(b - by))

Expansionsat b==0
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06.18.06.0003.01

1 = & (D) (2~ ay) b
B(a,b)::——(a—l)ZZQ/;|b|<1/\Re(a)>0
b iTokco k! (k+1)*?

06.18.06.0004.01
1 ) ) )
B(a, b) = 0 (a- 1)21(—1)l waFe(2-a a3, . A+ L ap+ 1, ., 8+ 1L 1)b
j=0

a1::a2::._.::aj+2::1/\|b|<1/\Re(a)>0

Asymptotic series expansions

06.18.06.0005.01

® (=1 (b), Bk, 1L—b, 0)a*
B(a, b) « T'(b) a*bz X -

k=0

t etz
> 1)"]/\ larg@] <7 /\ (1al - o)
o

/:B(n, @, 2)==n! [[t”]

06.18.06.0006.01
bb-1)

2a

1
B(a b) « [(b)a™® (l - (1 + O(—)]] /i larg@)| < A (|al = o0)
a

Other series representations

06.18.06.0007.01

* (1-hy
B(a, b) = ;Re(@>0ARebb)>0
@ b) Z( ok | Re@ > 0AReb)

o @+

Integral representations

On the real axis
Of thedirect function
06.18.07.0001.01

1
B(a, b) = f 11—t dt /; Re@) > 0 A Re(b) > 0
0
06.18.07.0002.01

B(a b) =2 f Esinz“(t) cos?P(t) dt /; Re(a) > 0 A\ Re(b) > 0
0

Product representations

06.18.08.0001.01
© k(@+b+k-2)

B(a, b) =
( a+b—1g(a+k—1)(b+k—1)

Transformations

Transformations and argument simplifications
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Argument involving basic arithmetic operations

06.18.16.0001.01

aB(a, b)
B@+1,b)=

a+b

06.18.16.0002.01
a+b-1

B@-1,b)= B(a, b)

06.18.16.0003.01
(@)

B(@a+n, b) == B(@ b)/;neN

n
06.18.16.0004.01

@+b-ny,
B@a-n,bj==—B(a,b)/;neN

n

Multiple arguments

06.18.16.0005.01

2-2b B(a, b) B(a+ 3 b)
B(2a, 2b) ==

B(b, b)

06.18.16.0006.01
T, B(a + E b)
B(na, nb) = /ineN*
[T B(jb, b)

Identities

Recurrence identities
Consecutive neighbors
06.18.17.0001.01

a+b
B(a b)== ——B(a+1, b)
a

06.18.17.0002.01

B(a, b) =
a+b

B(@a-1,bh)
1

06.18.17.0003.01
B(a,b)==B(a+1,b)+B(a, b+1)

Distant neighbors

06.18.17.0004.01

(a+by,
B(a, b) =

B@+nb)/;neN

n
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06.18.17.0005.01
(1 - a)n
B@aby==——B@a-n,b)/;neN
(1 —a- b)n

Functional identities

Relations of special kind

06.18.17.0006.01
B(a, b)B(a+b, c)==B(b, ¢)B(b+c, a)

Differentiation

Low-order differentiation

With respect toa

06.18.20.0001.01
9B(a, b)

=B(a, b) (@) - ¢(a+b)

06.18.20.0002.01

9°B(a, b) _ o
= B(a, b) (W@ - y(@a+ b)) +yP@ -yP@+h))

da?

With respect tob

06.18.20.0003.01
9B(a, b)

=B(a b) (¥(b) - y(@a+b)

06.18.20.0004.01
9°B(a, b)

ah?

= B(a, b) (W(b) - ¥(@a+ b))’ + yP(b) - yP(@+ b))

Symbolic differentiation

With respect to a

06.18.20.0005.02

anB(a’ b) n n+1 =
oo ==D)"nr@"" hoFn1i(l-byag, a, .., anna+ L a+1, ..., 80+ 1) /;
g ==ay==..=ap1==afAneN

With respect tob

06.18.20.0006.02

9"B(a, b) N i =
PYe =(=D"n! F(b) n2Fnei(l—a, &, @, .., appan+ L+l a0+ D)/
a==a=..=ay1=bAneN

Fractional integro-differentiation
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With respect toa

06.18.20.0007.01

0*B(a, b)
—w f 21 (1 - 1Pt (alog(t)* Q(-a, 0, alog(t)) dt /; Re(a) > 0 A Re(b) > 0
aﬂ/

06.18.20.0008.01
0% B(a, b)

a a(Y

& (D) (L= b)eq jrae
- Fola —Darte Y Y J;lal < 1A\ Re(b) > 0
iTokco (K+ DI KIT(j—a+ 1)

06.18.20.0009.01
oB@b)

a
2F1(1x Ll-o ——) /: Re(b) >0
k+1

(@) —a-1 . (1 B b)kﬂ'
= Cop(@ —1)a +a )y ———
da ko (k+ 1% k!

With respect tob

06.18.20.0010.01
0"B(a, b)

1
P b= f 21 (1 -2 (blog(t))* Q(-a, 0, blog(t)) dt /; Re(@) > 0 A Re(b) > 0
¥ 0

06.18.20.0011.01

*B(a, b) w© © (=D (L-a),, j! b
b b Yy /; 1l < 1/\Re(a) > 0
o iDoko (k+ 1P KIT(j—a+1)

06.18.20.0012.01

8*B(a, b) & (-1 b
——— = FCe b, ~)b by 2F1(1: Lil-a- —) /;Re(@)>0
ob* koo (k+ 1) k! k+1
Integration

Indefinite integration

Involving only one direct function with respect to a

06.18.21.0001.01

1 tafl (1 _ t)b_l
fB(a, b)da::f —— dt/;Re(@>0AReb)>1
o log()

06.18.21.0002.01

_b)k+l a
fB(a, b)da == Iog(a)+z .y (+k+l)/;Re(b)>O

Involving one direct function and elementary functionswith respect to a

Involving power function

06.18.21.0003.01

) al b-Dar & (2-Db) a
fa"‘ B(a, byda== - Z 2F1(a, 1La+1; ——) /; Re(b) >0
a-1 a o (k+1) (k+1)! k+1

Involving only one direct function with respect tob
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06.18.21.0004.01

1 tb—l (1 _ t)a—l
fB(a, b)db= | —— dt/: Re(b) > 0\ Re(a) > 1
0 log(t)

06.18.21.0005.01
© (1-a)u1 b
fB(a, b)db=log(b) + )" log| 1+ /; Re(a) > 0
o (k+1)! k+1

Involving one direct function and elementary functionswith respect tob

Involving power function

06.18.21.0006.01
b1 (@a-1b* & (2-a)
f b*1B(a, b) db = - )
a— a o (k+1) (k+1)!

b
Fl[a, La+1; ——] /; Re(@) > 0
k+1

Representations through more general functions

Through other functions

I nvolving some hyper geometric-type functions

06.18.26.0001.01
B(a, b) = By(a, b) /; Re(b) > 0

Representations through equivalent functions

With related functions

06.18.27.0001.01

I'(a) T'(b)
B(a, b) =
Ta+b)
06.18.27.0002.01
@-n!'b-1n!
B(@, b)y== ———
(a+b-1)!
06.18.27.0003.01
Ba, b) = 2% (coS2ar)+cos2 bm)—cos(2 (a+b) 1)+3) ﬂ_% (sin(am)+sin(bm)-sin?((@+b) m) (2a-2!1'(2b-2N
(2a+2b-2)!!
Zeros

06.18.30.0001.01
B(a b)==0/;a+b=-kAkeN

Theorems

Transcendentality of the beta function
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For all positive rational noninteger @ and 8, the value of B(a, B) istranscendental.

The determinant of one matrix with beta functions

The determinant of the matrix A = {a j} with entriesa; j = 1/B(, j) isT(n).

1<i,j=n

History

—J. Wallis (1655); L. Euler (1730); J. Stirling (1730)

—A. M. Legendre (1826) used the name "Euler function"

—P. M. Binet (1839) used the name "Beta function”

—J. J. Schénhol zer (1877) derived a contour integral representation

—U. Bigler (1888) found integral representations for complex arguments
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