
Beta

Notations

Traditional name

Beta function 

Traditional notation

BHa, bL
Mathematica StandardForm notation

Beta@a, bD

Primary definition
06.18.02.0001.01

BHa, bL �
GHaL GHbL
GHa + bL

Specific values

Specialized values

For fixed a

06.18.03.0001.01

BHa, 0L � ¥�

06.18.03.0007.01

BHa, a + 1L �
1

a Ha + 1L Ca

For fixed b

06.18.03.0002.01

BH0, bL � ¥�

For rational variables ||| For rational variables

06.18.03.0003.01

BHm, nL �
Hm - 1L ! Hn - 1L !

Hm + n - 1L !
�; m Î N+ ì n Î N+



06.18.03.0004.01

B m +
p

q
, n +

r

s
�

qn sm IÛk=1
m Hp - q + k qL Ûk=1

n Hr - s + k sLM
Ûk=1

m+n Hq r + p s - q s + k q sL  B
p

q
,

r

s
�;

m Î Z ì n Î Z ì p Î N+ ì q Î N+ ì r Î N+ ì s Î N+ ì p < q ì r < s

06.18.03.0005.01

B
p

q
- m,

r

s
- n �

q-n s-m Ûk=1
m+n H-q r - p s + k q sL

IÛk=1
m Hq k - pLM Ûk=1

n Hs k - rL  B
p

q
,

r

s
�;

m Î Z ì n Î Z ì p Î N+ ì q Î N+ ì r Î N+ ì s Î N+ ì p < q ì r < s

Values at fixed points

06.18.03.0006.01

BH1, 1L � 1

General characteristics

Domain and analyticity

BHa, bL is an analytical function of a and b which is defined in C2  with the exception of countably many points

a = -k �; k Î N and b = -l �; l Î N.

06.18.04.0001.01Ha * bL �BHa, bL � HC Ä CL �C

Symmetries and periodicities

Mirror symmetry

06.18.04.0002.01

BIa, bM � BHa, bL
Permutation symmetry

06.18.04.0003.01

BHb, aL � BHa, bL
Periodicity

No periodicity

Poles and essential singularities

With respect to a

For fixed b Hb ¹ -a - m �; m Î NL, the function BHa, bL has an infinite set of singular points:

a) a � -k �; k Î N, are the simple poles with residues H-1Lk  GHbL
k! GHb-kL ;

b) a � ¥�  is the point of convergence of poles,  which is similar to considering ¥�  as an essential singular point.

06.18.04.0004.01

SingaHBHa, bLL � 888-k, 1< �; k Î N<, 8¥� , ¥<<
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06.18.04.0005.01

resaHBHa, bLL H-kL �
H-1Lk GHbL
k ! GHb - kL �; k Î N ì b - k ¹ -m �; m Î N

With respect to b

For fixed a Ha ¹ -b - m �; m Î NL, the function BHa, bL has an infinite set of singular points:

a) b � -k �; k Î N, are the simple poles with residues H-1Lk  GHaL
k! GHa-kL ;

b) b � ¥�  is the point of convergence of poles,  which is similar to considering ¥�  as an essential singular point.

06.18.04.0006.01

SingbHBHa, bLL � 888-k, 1< �; k Î N<, 8¥� , ¥<<
06.18.04.0007.01

resbHBHa, bLL H-kL �
H-1Lk GHaL
k ! GHa - kL �; k Î N ì a - k ¹ -m �; m Î N

Branch points

With respect to a

The function BHa, bL does not have branch points with respect to a.

06.18.04.0008.01

BPaHBHa, bLL � 8<
With respect to b

The function BHa, bL does not have branch points with respect to b.

06.18.04.0009.01

BPbHBHa, bLL � 8<
Branch cuts

With respect to a

The function BHa, bL does not have branch cuts with respect to a.

06.18.04.0010.01

BCaHBHa, bLL � 8<
With respect to b

The function BHa, bL does not have branch cuts with respect to b.

06.18.04.0011.01

BCbHBHa, bLL � 8<
Series representations

Generalized power series
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Expansions at generic point a � a0

For the function itself

06.18.06.0008.01

BHa, bL µ BHa0, bL 1 + HΨHa0L - ΨHb + a0LL Ha - a0L +
1

2
IHΨHa0L - ΨHb + a0LL2 + ΨH1LHa0L - ΨH1LHb + a0LM Ha - a0L2 + ¼ �; Ha ® a0L

06.18.06.0009.01

BHa, bL µ BHa0, bL 1 + HΨHa0L - ΨHb + a0LL Ha - a0L +
1

2
IHΨHa0L - ΨHb + a0LL2 + ΨH1LHa0L - ΨH1LHb + a0LM Ha - a0L2 + OIHa - a0L3M

06.18.06.0010.01

BHa, bL � â
k=0

¥ H-1Lk GHa0Lk+1
k+2F

�
k+1H1 - b, c1, c2, ¼, ck+1; c1 + 1, c2 + 1, ¼, ck+1 + 1; 1L Ha - a0Lk �;

c1 � c2 � ¼ � ck+1 � a0 ì k Î N

06.18.06.0011.01

BHa, bL µ BHa0, bL H1 + OHa - a0LL
Expansions at a � 0

06.18.06.0001.01

BHa, bL �
1

a
- Hb - 1L â

j=0

¥ â
k=0

¥ H-1L j H2 - bLk a j

k ! Hk + 1L j+2
�;  a¤ < 1 ì ReHbL > 0

06.18.06.0002.01

BHa, bL �
1

a
- Hb - 1L â

j=0

¥ H-1L j  j+3F j+2I2 - b, a1, a2, ¼, a j+2; a1 + 1, a2 + 1, ¼, a j+2 + 1; 1M a j �;
a1 � a2 � ¼ � a j+2 � 1 ì  a¤ < 1 ì ReHbL > 0

Expansions at generic point b � b0

For the function itself

06.18.06.0012.01

BHa, bL µ BHa, b0L 1 + HΨHb0L - ΨHa + b0LL Hb - b0L +
1

2
IHΨHb0L - ΨHa + b0LL2 + ΨH1LHb0L - ΨH1LHa + b0LM Hb - b0L2 + ¼ �; Hb ® b0L

06.18.06.0013.01

BHa, bL µ BHa, b0L 1 + HΨHb0L - ΨHa + b0LL Hb - b0L +
1

2
IHΨHb0L - ΨHa + b0LL2 + ΨH1LHb0L - ΨH1LHa + b0LM Hb - b0L2 + OIHb - b0L3M

06.18.06.0014.01

BHa, bL � â
k=0

¥ H-1Lk GHb0Lk+1
k+2F

�
k+1H1 - a, c1, c2, ¼, ck+1; c1 + 1, c2 + 1, ¼, ck+1 + 1; 1L Hb - b0Lk �;

c1 � c2 � ¼ � ck+1 � a0 ì k Î N

06.18.06.0015.01

BHa, bL µ BHa, b0L H1 + OHb - b0LL
Expansions at b � 0
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06.18.06.0003.01

BHa, bL �
1

b
- Ha - 1L â

j=0

¥ â
k=0

¥ IH-1L j H2 - aLkM b j

k ! Hk + 1L j+2
�;  b¤ < 1 ì ReHaL > 0

06.18.06.0004.01

BHa, bL �
1

b
- Ha - 1L â

j=0

¥ H-1L j
j+3F j+2I2 - a, a1, a2, ¼, a j+2; a1 + 1, a2 + 1, ¼, a j+2 + 1; 1M b j �;

a1 � a2 � ¼ � a j+2 � 1 ì  b¤ < 1 ì ReHaL > 0

Asymptotic series expansions

06.18.06.0005.01

BHa, bL µ GHbL a-b â
k=0

¥ H-1Lk HbLk BHk, 1 - b, 0L a-k

k !
�; BHn, Α, zL � n! @tnD 

tΑ ãt z

Hãt - 1LΑ
í  argHaL¤ < Π í H a¤ ® ¥L

06.18.06.0006.01

BHa, bL µ GHbL a-b 1 -
b Hb - 1L

2 a
 1 + O

1

a
�;  argHaL¤ < Π ì H a¤ ® ¥L

Other series representations

06.18.06.0007.01

BHa, bL � â
k=0

¥ H1 - bLk

Ha + kL k !
�; ReHaL > 0 ì ReHbL > 0

Integral representations

On the real axis

Of the direct function

06.18.07.0001.01

BHa, bL � à
0

1

ta-1 H1 - tLb-1 â t �; ReHaL > 0 ì ReHbL > 0

06.18.07.0002.01

BHa, bL � 2 à
0

Π

2
sin2 a-1HtL cos2 b-1HtL â t �; ReHaL > 0 ì ReHbL > 0

Product representations
06.18.08.0001.01

BHa, bL �
1

a + b - 1
 ä
k=1

¥ k Ha + b + k - 2L
Ha + k - 1L Hb + k - 1L

Transformations

Transformations and argument simplifications
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Argument involving basic arithmetic operations

06.18.16.0001.01

BHa + 1, bL �
a BHa, bL

a + b

06.18.16.0002.01

BHa - 1, bL �
a + b - 1

a - 1
BHa, bL

06.18.16.0003.01

BHa + n, bL �
HaLn

Ha + bLn

 BHa, bL �; n Î N

06.18.16.0004.01

BHa - n, bL �
Ha + b - nLnHa - nLn

BHa, bL �; n Î N

Multiple arguments

06.18.16.0005.01

BH2 a, 2 bL �
2-2 b BHa, bL BJa + 1

2
, bN

BHb, bL
06.18.16.0006.01

BHn a, n bL �
n-n b Ûk=0

n-1 BJa + k

n
, bN

Ûj=1
n-1 BH j b, bL �; n Î N+

Identities

Recurrence identities

Consecutive neighbors

06.18.17.0001.01

BHa, bL �
a + b

a
BHa + 1, bL

06.18.17.0002.01

BHa, bL �
a - 1

a + b - 1
 BHa - 1, bL

06.18.17.0003.01

BHa, bL � BHa + 1, bL + BHa, b + 1L
Distant neighbors

06.18.17.0004.01

BHa, bL �
Ha + bLnHaLn

BHa + n, bL �; n Î N
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06.18.17.0005.01

BHa, bL �
H1 - aLn

H1 - a - bLn

 BHa - n, bL �; n Î N

Functional identities

Relations of special kind

06.18.17.0006.01

BHa, bL BHa + b, cL � BHb, cL BHb + c, aL
Differentiation

Low-order differentiation

With respect to a

06.18.20.0001.01

¶BHa, bL
¶a

� BHa, bL HΨHaL - ΨHa + bLL
06.18.20.0002.01

¶2 BHa, bL
¶a2

� BHa, bL IHΨHaL - ΨHa + bLL2 + ΨH1LHaL - ΨH1LHa + bLM
With respect to b

06.18.20.0003.01

¶BHa, bL
¶b

� BHa, bL HΨHbL - ΨHa + bLL
06.18.20.0004.01

¶2 BHa, bL
¶b2

� BHa, bL IHΨHbL - ΨHa + bLL2 + ΨH1LHbL - ΨH1LHa + bLM
Symbolic differentiation 

With respect to a

06.18.20.0005.02

¶n BHa, bL
¶an

� H-1Ln n! GHaLn+1
n+2F

�
n+1H1 - b, a1, a2, ¼, an+1; a1 + 1, a2 + 1, ¼, an+1 + 1; 1L �;

a1 � a2 � ¼ � an+1 � a ì n Î N

With respect to b

06.18.20.0006.02

¶n BHa, bL
¶bn

� H-1Ln n! GHbLn+1
n+2F

�
n+1H1 - a, a1, a2, ¼, an+1; a1 + 1, a2 + 1, ¼, an+1 + 1; 1L �;

a1 � a2 � ¼ � an+1 � b ì n Î N

Fractional integro-differentiation
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With respect to a

06.18.20.0007.01

¶Α BHa, bL
¶aΑ

� a-Α à
0

1

ta-1 H1 - tLb-1 Ha logHtLLΑ QH-Α, 0, a logHtLL â t �; ReHaL > 0 ì ReHbL > 0

06.18.20.0008.01

¶Α BHa, bL
¶aΑ

� FCexp
HΑL Ha, -1L a-Α-1 + â

j=0

¥ â
k=0

¥ H-1L j H1 - bLk+1 j ! a j-Α

Hk + 1L j+2 k ! GH j - Α + 1L �;  a¤ < 1 ì ReHbL > 0

06.18.20.0009.01

¶Α BHa, bL
¶aΑ

� FCexp
HΑL Ha, -1L a-Α-1 + a-Α â

k=0

¥ H1 - bLk+1

Hk + 1L2 k !
2F

�
1 1, 1; 1 - Α; -

a

k + 1
�; ReHbL > 0

With respect to b

06.18.20.0010.01

¶Α BHa, bL
¶bΑ

� b-Α à
0

1

tb-1 H1 - tLa-1 Hb logHtLLΑ QH-Α, 0, b logHtLL â t �; ReHaL > 0 ì ReHbL > 0

06.18.20.0011.01

¶Α BHa, bL
¶bΑ

� FCexp
HΑL Hb, -1L b-Α-1 + â

j=0

¥ â
k=0

¥ H-1L j H1 - aLk+1 j ! b j-Α

Hk + 1L j+2 k ! GH j - Α + 1L �;  b¤ < 1 ì ReHaL > 0

06.18.20.0012.01

¶Α BHa, bL
¶bΑ

� FCexp
HΑL Hb, -1L b-Α-1 + b-Α â

k=0

¥ H1 - aLk+1

Hk + 1L2 k !
2F

�
1 1, 1; 1 - Α; -

b

k + 1
�; ReHaL > 0

Integration

Indefinite integration

Involving only one direct function with respect to a

06.18.21.0001.01

à BHa, bL â a � à
0

1 ta-1 H1 - tLb-1

logHtL  â t �; ReHaL > 0 ì ReHbL > 1

06.18.21.0002.01

à BHa, bL â a � logHaL + â
k=0

¥ H1 - bLk+1

Hk + 1L !
log 1 +

a

k + 1
�; ReHbL > 0

Involving one direct function and elementary functions with respect to a

Involving power function

06.18.21.0003.01

à aΑ-1 BHa, bL â a �
aΑ-1

Α - 1
-

Hb - 1L aΑ

Α
 â
k=0

¥ H2 - bLk

Hk + 1L Hk + 1L !
 2F1 Α, 1; Α + 1; -

a

k + 1
�; ReHbL > 0

Involving only one direct function with respect to b
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06.18.21.0004.01

à BHa, bL â b � à
0

1 tb-1 H1 - tLa-1

logHtL  â t �; ReHbL > 0 ì ReHaL > 1

06.18.21.0005.01

à BHa, bL â b � logHbL + â
k=0

¥ H1 - aLk+1

Hk + 1L !
log 1 +

b

k + 1
�; ReHaL > 0

Involving one direct function and elementary functions with respect  to b

Involving power function

06.18.21.0006.01

à bΑ-1 BHa, bL â b �
bΑ-1

Α - 1
-

Ha - 1L bΑ

Α
 â
k=0

¥ H2 - aLk

Hk + 1L Hk + 1L !
 2F1 Α, 1; Α + 1; -

b

k + 1
�; ReHaL > 0

Representations through more general functions

Through other functions

Involving some hypergeometric-type functions

06.18.26.0001.01

BHa, bL � B1Ha, bL �; ReHbL > 0

Representations through equivalent functions

With related functions

06.18.27.0001.01

BHa, bL �
GHaL GHbL
GHa + bL

06.18.27.0002.01

BHa, bL �
Ha - 1L ! Hb - 1L !

Ha + b - 1L !

06.18.27.0003.01

BHa, bL � 2
1

4
HcosH2 a ΠL+cosH2 b ΠL-cosH2 Ha+bL ΠL+3L Π

1

2
Isin2Ha ΠL+sin2Hb ΠL-sin2HHa+bL ΠLM 

H2 a - 2L !! H2 b - 2L !!

H2 a + 2 b - 2L !!

Zeros
06.18.30.0001.01

BHa, bL � 0 �; a + b � -k ì k Î N

Theorems

Transcendentality of the beta function
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 For all positive rational noninteger Α and Β,  the value of B(Α, Β) is transcendental.

The determinant of one matrix with beta functions

The determinant of the matrix A = 9ai j=1£i, j£n
 with entries ai j = 1 � BHi, jL is GHnL.

History

– J. Wallis (1655); L. Euler (1730); J. Stirling (1730)

– A. M. Legendre  (1826) used the name "Euler function"

– P. M. Binet (1839) used the name "Beta function"

– J. J. Schönholzer (1877) derived a contour integral representation

– U. Bigler (1888) found integral representations for complex arguments
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