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Notations

Traditional name

Binomial coefficient

Traditional notation
n
()
Mathematica StandardForm notation

Bi nom al [n, k]

Primary definition
06.03.02.0001.01
n I'(n+1) n!
(k)'_ Ik+ DI(n—k+1) k!'(n—k!

i(=(neZANkeZ ANk=n<0)

For v = n, k == k negative integers with k < n, the binomial coefficient (Z) cannot be uniquely defined by a limiting proce-

dure based on the above definition because the two variables v, k can approach negative integers n, k with k < n at different
speeds. For negative integers with k < n we define:

06.03.02.0002.01

(E)::O/;nez/\kel/\ksn<0

Specific values

Specialized values

For fixed n

06.03.03.0001.01
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06.03.03.0003.01

HE

06.03.03.0004.01

n (n-1n
(2): 2

06.03.03.0005.01

ny (M-2(m-1n
( 3 ) = —6
06.03.03.0006.01

n n-3)y(n=-2)(n-21)n
(4)" 24

06.03.03.0007.01

06.03.03.0008.01

(nil):o

06.03.03.0009.01
n +
=0/;k—-neN
k
06.03.03.0011.01

n n! sin(r k)
( )=_—/;neN/\—|keZ

s (—k)n+l

Values at fixed points

06.03.03.0010.01

o)

General characteristics
Domain and analyticity
( E) isan analytical function of n and k which is defined over C2.

06.03.04.0001.01

(n*k)—>(n)::(C®C)—>C

k

Symmetries and periodicities

Mirror symmetry
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06.03.04.0002.01
m ()
[ k) - ( k)
Periodicity

No periodicity

Poles and essential singularities

With respect to k

n

For fixed n, the function ( K

) has only one singular point at k = . It isan essential singular point.

06.03.04.0003.01

n
sing{(  )) = l1. ol

With respect ton

n
For fixed k, the function ( k) has an infinite set of singular points:
a) n==—j/; j e N* arethe simple poles with residues ﬁ K& Z,;

b) n == & isthe point of convergence of poles, which is an essential singular point.
06.03.04.0004.01

Singn(( E)) = (-, 1 /5 | €NV, (2, o))

06.03.04.0005.01

ny . (-1 ,
resn((k))(— y=—"""———/]jeN"Ake¢Z
Tkl (=j=Kk!

Branch points

With respect to k

n

The function ( K

) does not have branch points with respect to k.

06.03.04.0006.01

(7)o

With respect ton

n

The function ( K

) does not have branch points with respect to n.

06.03.04.0007.01

N
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Branch cuts

With respect to k

n

The function ( K

) does not have branch cuts with respect to k.

06.03.04.0008.01

o)

With respect ton

n
The function ( K ) does not have branch cuts with respect to n.

06.03.04.0009.01

sl ()=»

Series representations

Generalized power series

Expansions at generic point n == ng

For the function itself
06.03.06.0008.01
n No 1 2 I 1) 2 . +
(k)oc( k) 1+(Hn0-Hno,k)(n-n0)+E((Hno-Hno,k) +yD(ng+1) -y (no—k+1))(n—n0) oo AkeN

06.03.06.0009.01
M K DS (ng—k+ D) in-ny) (i -Di)n-np)?
( ) o« » 1+ +

+...]/; (n->ny) AkeN*

= No-k+1  2(ny—k+1)>°

06.03.06.0010.01
n n 1
(1) () (1 (o = Fo ) =10 (i, = Foy 7 + 0900+ -0t - e 1) (0= o+ Oftn = ) 1 kg

06.03.06.0011.01
Ny & DS (g —k+1) i(n-ng) (1)) (n—ng)?
( ) [ " 1+ +

_ a3 .
=1 No-k+1  2(ng—k+1)> Hoe nO))]/'kEN

06.03.06.0012.01

ny sink) & .

( X ) = D ED™ (M + D™ o (@, g, o A, K+ LA+ 1, 8+ 1, B + 5 D (1= 10)"
Vs

m=0

a1==a2==...==am+1==no+l/\k$N+
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06.03.06.0013.01
( n) o k_ (=1)i*k sﬁ) (i—m+ 1)y g —k+ 1™

::ZZ — (N=ny)"/; ke N*

06.03.06.0014.01

" ™)140 ke N*
BEREE

Expansions at generic point k == ko

For the function itself

06.03.06.0015.01
—2T(ky — )% = 27 cot(rr (N — ko)) T(Ko — N) + 72

n
(E)OC(ko)[l"'(cos(ﬂ'(n—ko))r(n—k0+1)—1)(Hk0—H—n+ko—l)(k—ko)—

AT (Ky - n)°
((Hko ~Hong1) = 0Ok + 1) + yV(ko - n)) K-k’ +...|/; (k> ko)

06.03.06.0016.01

n n
(k)«(%)[1+«man0r—%»rm—4@+1)—D(m%—H_mwﬂﬂk—Kﬂ—

—2T(ky — )% = 27 cot(rr (N — ko)) (kg — N) + 72

- ((Hip = Honuigoa)” ~ 0P tko + 1) + 0 Pko — 1) (k— ko)? + Ok~ ko)?)
4T (Ky — n)
06.03.06.0017.01

Rl ¢

m-1 m i
n my . m-—| . ~
( )::I“(ko—n)z Z( . )sn(ﬂ(——n+ko)]J!W2Fm1(a1, a, ..,amnu N+l a+l ...,an+1L 1
k mo mt ol 2

T

Tko—m)Y i
[- ] (k—-ko)" /;ap==ap=="...==8am1 ==kg— N

06.03.06.0018.01

(e[ eosero

Asymptotic series expansions

Expansionsat n == oo
06.03.06.0002.01
(n) nk & (=) (-k); B(j, k+1, Hn)
o
k)" Tk+1) 13 j!

/; (Il - o) /\ B(n, @, 1) = n! [[t”]

)/\ largin+ )| <7

et
(e - 1"
06.03.06.0003.01

n nk 1-kk 1
( )oc (1+ +O[—]) /i (Inf > o) Alargin+ )| <m
k) Tk+1 2n n?

Expansionsat k == oo
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06.03.06.0004.01
( n) r(n+ Lsini (k—n) k™t & (D) (n+1);)B(j, —n, —n k!

- /i
T 20 j!

t gtz

a)/\ largk—n)| <7
D

(K - o) \ B, @, 2 = n! [[t“]

(e' -
06.03.06.0005.01

ny T+ sin(r(k—n) k™1 n+1n

( ) oC 1+

k 2k

T

Expansionsat n == 2k == oo
06.03.06.0019.01

2k 4K 1 1 5 21 1
( )OC (1——+ + - +O(—]]/; (Kl > c0)
k)" yac U 8k 128Kk 1024k 32768k \IKS

Residue representations

06.03.06.0006.01

M) = res(z L 2+ ") (0 /i ke Z z
=z @+ )" ke ZAne

06.03.06.0007.01

(E): res(Z"z+ D" (0) ke ZAnezZ

Other series representations

06.03.06.0001.01

271 2n jr(n-2k
(E): ZCOS"[J—H)COS{M)/;neN*/\keN*/\k<n
: n
j=1

n n

Integral representations

On the real axis
06.03.07.0002.01

n 1 T N
( )::—fe"kt(l+e”) dt/;keRk>-1AneR
-

Contour integral representations

06.03.07.0001.01

n 1
( )::—f (z+1D"z%1dz
k 27i Jiz=1

Identities

Recurrence identities

1
+ O(k_Z]] /i (Kl = co) Alargk—n)| < 7
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Consecutive neighbors

06.03.17.0010.01
(W=7)
k)™ n-k k
06.03.17.0011.01
(n) n—k+1(n+1)
k)" n+1 k
06.03.17.0012.01

06.03.17.0013.01
n k+1 n
(W)= 7l

Distant neighbors

06.03.17.0014.01
(n) (n—-m+ 1), (n—m)
k)" n-m+1,\ k
06.03.17.0015.01

(n)__ (ﬂ—k+1)m(m+n)
k G k

06.03.17.0016.01
(n) (n_k+1)m( n )
k)" (k-m+1), \k-m
06.03.17.0017.01
(n) K+ D ( n )
k] (n-m-k+1), \k+m
Functional identities

Consecutive neighbors

06.03.17.0018.01

()=l

06.03.17.0019.01

(=)

06.03.17.0020.01
(n) n—k+l(n+1)
k n+1 k
06.03.17.0021.01

(==
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Distant neighbors

06.03.17.0022.01

(n) (_1)m(k+1)m( n )/ N
= , me
k (k=) k+m
06.03.17.0023.01
n (n —k+ 1)m n
(D), e
k] (k-m+1), \k-m
06.03.17.0024.01
(n) (n—k+1)m(m+n)/ .
= — ym
k N+, k <

06.03.17.0025.01
(n) (n-m+1), (n—m

. +
K K )/,meN

) (n—k-m+1),

Additional relations between contiguous functions

06.03.17.0001.01
(n) n n+1
=+ ==
k ( k+ 1) ( k+1 )
Relations of special kind

06.03.17.0002.01

06.03.17.0003.01
(21—22)(21—23)(21—22—23) (21—22)(21—23)(21—22—23)
-2 74} - 23 2 - 23 -2
06.03.17.0004.01
k

7SR e e e oo

06.03.17.0005.01
1

(Zk): (-4)k(_5]/; keN
K k
06.03.17.0006.01

ny 1k k-n-1)\
[k)“(l)( k )/’kEZ

06.03.17.0009.01
z 1 K FWHZV (2] W) & (+z

== — k 1 —l] . - —4] ,k Z
() z—k[( r2e 2 3 - ) ) JZO( )(k—j)/ ©

i=0

Identities involving determinants
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06.03.17.0007.01

(1 ak+l+x ) (nﬂ) n (@k+x)! 1, (k+l1-Da+x+y+1)
_ —=a 2
k! (ak—l+y) gf‘l‘fn DO @k+y!2k+x-y!
<l<n
06.03.17.0008.01
1 [”+l) n (2k+x-y)!@k-n+W!T, (K+1-1)a+x+y+1)
- ::(_a) 2 l_[
k'(ak+l+x) ko0 (ak+n+x)!
' ak_|+y O<k=n
O=<l=n

Differentiation

Low-order differentiation

With respect ton

()

06.03.20.0001.01

::(E)(w(n+ 1) -y(-k+n+1)

an
06.03.20.0002.01
*(,)
an': = ( E ) (W + D —y@-k+m)?+yPn+ 1) —yPA—k+n)

With respect to k

06.03.20.0003.01

—= ::(E)(¢(l—k+n)—¢r(k+l))

06.03.20.0004.01

62

= ( E ) (Wk+1) -y —k+n)* —yP(k+1) -y P2 - k+n)

Symbolic differentiation

With respect ton

06.03.20.0005.02
()
k -D)™Im!sinrk) & (k+ 1)
== /imeNAngN
on™ n Q! +n+ ™t
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06.03.20.0006.02

(1)
k (=)™ sin@r k) m! 5
e T+ D™ oFima(@, @, - Bma, K+ L+ 1 8+ 1 o B + 1 D)/,
n b4
y=a=..=anu1=nN+1AmeNAkegN*
06.03.20.0007.02
()
k
k 1 i ) j-m
=Y (g (j-m+ 1), A-k+n) ™/ meNAke N
on™ ki3

With respect to k

06.03.20.0008.02

n
am(
= 71"k -n)
okm
m m m—j ~
(j)sin(n( > +k—n))j!,m2Fm+1(a1, A, ..., dm, —Mag+1,a+1,
j=0
& ==a==..=ap1==k-nAmeN
Summation

Finite summation

06.03.23.0001.01

06.03.23.0002.01
n

Z(—l)k(rk])::O/;neN*

k=0

06.03.23.0012.01
n

AR

i=k

06.03.23.0013.01
n

Z(T)(_l)jfk(lj():%k/?neN/\keN

j=k
06.03.23.0014.01
EDE iy j-k-1y L (]
7 - +(—1)”)/;neN/\keN
;0 k+1 (k)( n-k ) j+1((n+1)
06.03.23.0015.01

D ken y(2ky _ (n-1)
kzc;k+1(2k+m)(k]:(m—l)/’ner\]/\keN

I'k—n)
ce @1 + 1 1)[—

j
)/;
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06.03.23.0011.01

S (g e

+r

o n \(k+n+r n n-r n-r
_24(( )( ):: —1"‘2’2"‘( ) ;neN/\reN —eZ/\Mm=——
kZ:(;( "k k b m)nENATENA ez Am=

Infinite summation

06.03.23.0017.01

i 1 2n
k=1 ) 3 9\/—
06.03.23.0018.01
© 2n
Z—:: — +
3 9v3

v

k=1 (
k
06.03.23.0019.01
K 4 107

) 5+27«/§

06.03.23.0020.01
K3 10 TAn

+
81V3

k# 32 238n
— +

© K5 9387
Z — =42+
a1 (2K ) 81V3
k
06.03.23.0023.01
© Ko 131307
Z — =19+
pacy ( 2 k) 2433
k

06.03.23.0024.01
K 3170 23594 rn

g(zk): 3 a3
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06.03.23.0025.01
k8 19384 1298462n
+

2 2k 3 7293

06.03.23.0026.01
K® 132550 266371667

= +
Z 2k 3 2187V3

06.03.23.0027.01
© K0 1002212 2014039307

+
pacy (ZK) 3 21873

06.03.23.0028.01

SRt 5005052234 7
> —— =2767310+ —————
i (2K 6561V 3
k
06.03.23.0029.01
© K12 135226271914 7
> —— =24922352+ ——————
pacy (2 k 19683V3
k

06.03.23.0030.01
2k 1 8 COt_l(ﬁ)

iz—kf;*T
k

06.03.23.0031.01
i 2-kk 12 40C0t71(\/7)
- =
i (2K ) 49 N7

06.03.23.0032.01
2k 2 128 296 COt_l(ﬁ)
+ _—

3437

06.03.23.0033.01
okid 290 AT200t (VT )

E@%+ 343V7

06.03.23.0034.01
2k 4 3256 7064 COt_l(ﬁ)

== +
2(2") 2401 2401V7
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06.03.23.0035.01
|6 59348 129880cot (V7 )

+
( ) 16807 16807 V7
k

06.03.23.0036.01
o ok |6 1288944 2822168 COtfl(ﬁ)

+
pacy (2k) 117649 1176497
k

06.03.23.0037.01
© 2I0 32385804 70856152 cot (V7 )

Z - +
pacy ( ) 823543 8235437
k

06.03.23.0038.01
kK8 923030312 2019098264 COt_l(ﬁ)

+
1[2k) 5764801 5764801V 7
k

e

=
I

06.03.23.0039.01
K 20423171140 64364670040 cot H(V7 )

== +
Z;‘ ( ) 40353607 40353607V 7
k

06.03.23.0040.01
2 KO 148182746272 324165551144 cot {(V7 )

+
pacy ( ) 40353607 40353607V7

06.03.23.0041.01
2K 5724192868004 12522296655976 cot{(V7 )

= +
kzll ( ) 282475249 2824752497
k

06.03.23.0042.01
w ok k12 240 432226362024 525970525309 352 COt_l(ﬁ)

+
= ( 2k ) 1977326743 1977326 743V7
k

06.03.23.0043.01
© 2k 2 11r 6log2)

— + —_——
o (3k) 25 250 125
k

06.03.23.0044.01
2%k 797 18log(2)

Z;(Sk)“ 625 3125 3125

k
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06.03.23.0045.01
i 2Kk2 561 6737 42log(2)
= =+ +
e ( 3k ) 3125 31250 15625
k

06.03.23.0046.01
27%Kk® 20517 21331z 774l09(2)

= + +
é ( 3k ) 78125 781250 390625
k

06.03.23.0056.01

i 10k? +9k+1 s "
kzlk(2k-1)(2k+1)2(2kk) V3

G.Huvent (2006)

Infinite summation

06.03.23.0003.01

N

=0

~

06.03.23.0004.01

n __»on-1
(k)k“z A

Me

=
I
o

06.03.23.0005.01

20"

=0

K

06.03.23.0006.01

(=)

=0

F3

06.03.23.0007.01

Z(n)(kfm)(—l)k:(jTn)csc(n(j—n))sin(nj)/; jeNAmeNAneN

06.03.23.0008.01

(N (m-k K (m-ny . o . ,
Z( )( )(—1) ::(m_j)sm(]n)sn((m—n)n)csc(mn)csc((J—n)zr)/;JeN/\meN/\neN

k=0 k l
06.03.23.0009.01
Yoo M PX Lmy
[Z' ) ]modp::[]_[( N )]modp/; pePAmceNANnReNAM<pAn<p
k=0 "k P k=0

06.03.23.0010.01

() - )7 =] o arsons
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Multiple sums

06.03.23.0047.01
n k

ZZ(?)::(n+2)2”‘l/;neN

k=0 j=0

06.03.23.0048.01
2

n k
n 1 (2n
Z Z( . ) =(+2)22"1_ —n( )/; neN
4 J 2 n
k=01j=0
06.03.23.0049.01
3

(T) ::(n+2)23”‘l—32”‘2n(2nn)/;neN

K
k=0\ j=0

06.03.23.0050.01
k-1 n (- l)j+m—1

2.2,

m=0 j=k

2

(m)(}) =S m) =i sinen Ak anzicen

j—m \mJ{] =

06.03.23.0051.01

ii(_l)m(E)(T)(krl)zénm/;neN/\meN

k=0 1=0

06.03.23.0052.01
!

na el (D n my( m 2n!
> (k)( )( )(m_l)B(—k—|+m+n+1,k+|+1)==5n,m ineNAmeN

- 2
k=0 1=0 n-kJi1 n!

06.03.23.0053.01

Zn:zm:(—l)k”(n+a)(n+ﬁ)(m+a)(m+ﬁ)B(—k—l+m+n+a/+1, kK+l+B8+1) ==

A k n-k I m-—|

1 Bn+a+1,n+B5+1)

On, ineNAmeN

'm2n+a+ﬁ+1 Bn+1,n+a+pB+1)

06.03.23.0054.01

(-D (n)(m)(Zn—Zk)(Zm—Zl)__5 220 FneNAmeN
—~m+n-2k-21+1\k/UI n m "Maons1”

NE]
N3

=~

=0 |
06.03.23.0055.01
( 2k-1 )
j 2 H

ii ==—(H2n—?n)/;neN*

10 22t @j-D(j-k-n+3) N

R. Lyons, P. Paule, A. Riese: A Computer Proof of a Series Evaluation in Terms of Harmonic Numbers Applicable
Algebrain Engineering, Communication and Computing 13, 327-333 (2002)

Representations through more general functions

Through other functions
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I nvolving some hyper geometric-type functions

06.03.26.0001.01

") - nin—k K
(¢)=mn-k

Representations through equivalent functions

With related functions

06.03.27.0001.01

n n!
(k)"(n_mzm

06.03.27.0002.01
( n ) I'h+1)
k) I'k+ )HIrd-k+n)

06.03.27.0003.01
( n ) (k + 1)n—k
k) TA-k+n)
06.03.27.0004.01
n ) (L-K+n)
( k) rk+d
06.03.27.0005.01
(n) (=D*(=n)

::7;k Z
k k! ke

06.03.27.0006.01

(W)
k) kB n—k+1)
06.03.27.0007.01

22
( ; ):(z+1)CZ

Inequalities

06.03.29.0001.01

n-n2-N

n n nik n"(n=1)2) w2
ﬂ(k!(k)) <|— keNAneNAN=2
k=1

n"-n

06.03.29.0002.01
r-r.‘n—l) m+1 1

mn _t
( )z—n 2/ineNAneNAn=1Am=2
n (m_l)(m—l)(n—l)
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06.03.29.0003.01

n k( )
dn(a + B+ Q)
kzc; de(a@ + B)

Z”: nk(a+?t) 2

k=0 dk(ﬁ)

n— k(ﬁ+k) J

k
ZJ - | S[kzc; de(@)

di(@) ==(k+i_l)/\ae[R*/\ﬁe[R*/\Ae[R/\AzO/\max(l{al, 3, ..., anl) > 0 /\ max(l{by, by, ..., ba}) > O

Generalized Cauchy—Schwarzinequality. A = 0 gives the Cauchy—Schwarzinequality.

06.03.29.0004.01

Ao ()
2dn(y+/l+y+v)z «

k
Uj Vi—j Xi Yk-
o PR
& O k(A +) 0 Oyi(A + ) & Oy +4+) 3 k(7+?t+u)
B S tiien paoien pairin
kV

k=0 dk(7 + /J) k=0 dk()’ + V) k=0 dk(/-l) k=0

dk(ar)zz(k+i_l)/\ye[R*/\ve[R*O/\ye[R/\yzO/\AefR/\/\zO/\max(l{ul, Up, -y Unl) > 0 /\

MaxX({Vy, Va, ..., Vall) > 0 /\ max(l{xq, %o, ..., Xal) > 0 /\ max(liys, ¥z, ..., Yol > O

06.03.29.0005.01
th(@ + B +7y) d(@) dj(@) d_j_gen(y) < djsil@ + B) dy_j(@ +y) dr k(B +7) /;

dk(a)zz(k+i_l)/\ae[R+/\,Be[R+/\ye[R+/\jeN/\keN/\neN*/\j+ksn

Zeros

06.03.30.0001.01

[E)::O/;k::—j/\jewm—nem*

06.03.30.0002.01

(E)::O/;n::k—j/\jeN*/\—nezl\ﬁ

Theorems

The binomial expansions

n

(@a+b)" = Z(E) akp K,

k=0

n
(a+hb)" ::Z(E)a(a_ k2" (b+k2"*/neNt,a%0
k=0

The derivative of products

a"(f(z)g(z)) Z( )akf<z) M *g2
k=0 a7k
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Representations of polynomials in Bezier form
Every polynomial pn(X) can be represented in Bezier form, that is, as pn(X) == Yi_ Bk Br(X),

where the Bernstein polynomials By(x) are given as Bi(x) == ( E) XK(1 - x)”_k.

Inversion of the Hilbert matrix
The inverse A~* of the Hilbert matrix A = {a; j}lsi <n with entries g = |++-1 has the entries
2

D i1 nN+i—1\/n+j-1\(i+j-2
e -n (" 50 (E)LT)

Generalized binomial theorem

n

A% Yo Py @) = 71Kt G4 X Ay ik X Y, =1, @)

k=0

n

n
An(X, ¥, P, O) ==Z(k)(k+X)k+p(n—k+y)”‘k+q/\neN/\ pgez
k=0

Weyl ordering

The Weyl ordering of the operator product (q“ f)m)w of the operators ¢ and p is given by
(N k k

AN A M - AN=K M A

(qp)wzzr‘Z(k)q Py

History

—Chia Hsien(1050), a-Kargji (about 1100), Omar al-Khayyami (1080), Bhaskara Acharya (1150), al-Samaw'al

(1175), Yang Hui (1261), Tshu shi Kih (1303), Shih-Chieh Chu (1303), M. Stifel (1544), Cardano (1545), Scheu-

bel (1545), Peletier (1549), Tartaglia (1556), Cardan (1570), Stevin (1585), Faulhaber (1615), Girard (1629),

Oughtred (1631), Briggs (1633), Mersenne (1636), Fermat (1636), Wallis (1656), Montmort (1708), De Moivre

(1730)

- B. Pascal (1653) gave arecursion relation

—I. Newton (1676) studied cases with fractional arguments

—G.W. Leibniz (1695)

— L. Euler (1774, 1781) used notations with parentheses

—C. F. Gauss (1812)

—A. von Ettinghausen (1826) introduced the binomial symbol

—Fo6rstemann (1835) gave combinatorical interpretation of binomial coefficient
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