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Notations

Traditional name

Chebyshev function of thefirst kind

Traditional notation

@

Mathematica StandardForm notation

ChebyshevT[v, z]

Primary definition

07.04.02.0001.01
T,(2) = cosv cos *(2))

Specific values

Specialized values

For fixed v

07.04.03.0001.01

V8%
7,0 = cof |
2

07.04.03.0002.01
(D=1

07.04.03.0003.01
T,(=1) == cos(n v)

For fixed z

07.04.03.0004.01

z+1
T l(Z == _—
T2 2

07.04.03.0005.01

[z+1
T1(Z) == —_—
2 2
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07.04.03.0006.01
To(@d=1

07.04.03.0007.01
Ti(2=z2

07.04.03.0008.01
T,(9=272-1

07.04.03.0009.01
T3(2 =47 -3z

07.04.03.0010.01
Ti2==82"-872+1

07.04.03.0011.01
Ts(2) =162 -202 +5z2

07.04.03.0012.01
Te(2=322-4872+1872 -1

07.04.03.0013.01
T(2)=647 -1122 +56 7 -7z

07.04.03.0014.01
Te(2) == 12872 - 256 2 + 1607' - 3272 + 1

07.04.03.0015.01
To(2) =256 2° - 5767’ +4322° - 1202 + 9z

07.04.03.0016.01
Ti0(2) ==5127° - 12807 + 11205 - 4002 + 502 - 1

07.04.03.0017.01

n

Soo N 3] (-DK(n—k-1! 2"k
T@=2"1"+ —+— /neN
2 k!(n-2k)!

k=1

07.04.03.0018.01

Vz+1
Ta(2) = (=1)" cos[Zns’nl[ o fineN

A

General characteristics

Domain and analyticity

T,(2) is an analytical function of v and z which is defined over C2. For fixed z the function T,(2) is an entire func-
tion of v. For integer v, T, (2) degenerates to a polynomial in z.

07.04.04.0001.01
vx2—T,(2:: (CRC)—C

Symmetries and periodicities

Parity
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07.04.04.0002.01
Ta(-2=(-D"Th@ /;neN

T,(2) isan even function with respect to its parameter.

07.04.04.0003.01
T,2=T,2

Mirror symmetry

07.04.04.0004.02
T:2=T,2/;2¢ (=0, =1)

Periodicity

No periodicity

Poles and essential singularities
With respect to z
For fixed v /; v ¢ Z, the function T, (2) does not have poles and essentia singularities.

07.04.04.0005.01
Sing (T,(@)={}/;v¢ Z

For integer v, the function T,(2) is polynomial and has pole of order |v| at z = .

07.04.04.0006.01
Sing (T,(2) = {{so, MY} v e Z

With respect to v
For fixed z, the function T,(2) has only one singular point at v = co. Itisan essential singular point. .
07.04.04.0007.01

Sing,(T,(2) == {{%, oo})

Branch points
With respect to z

For fixed noninteger v, the function T, (2) has two branch points: z== -1, z== co.

For fixed integer v, the function T, (2) does not have branch points.

07.04.04.0008.01
BP(T,(2) ={-1, &} /,ve”Z
07.04.04.0009.01
BP,(T,(2)={}/;ve”Z
07.04.04.0010.01
RATy(2, -D=2/,ve¢Z

07.04.04.0011.01
R(T,(2), ) =log/; v &€ Q
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07.04.04.0012.01

r
RAT\(2), &) =S/, v =~ /\{r, sl e Z/\s> 1/\gcd(r, S) =
S

With respect tov
For fixed z, the function T, (2) does hot have branch points.
07.04.04.0013.01

BP,(T,(2) = {}

Branch cuts
With respect to z
For fixed noninteger v, the function T, (2) is a single-valued function on the z-plane cut along the interval (—co, —1) where
it is continuous from above.

07.04.04.0014.01
BCAT1(2) = {{(=00, =1), =i}} ;v & Z

07.04.04.0015.01
BCTh(@)={}ineZ

07.04.04.0016.01
lim T,(Xx+i€)=T,(X)/; x< -1

e>+0

07.04.04.0017.01
lim T,(x—i€)=2cos(vn) T,(-X) = T,(X) /; x< -1
e—>+0

With respect to v
For fixed z, the function T,(2) does not have branch cuts.

07.04.04.0018.01
BCV(TV(Z)) ={}

Series representations

Generalized power series

Expansionsat generic point v == vg

For the function itself
07.04.06.0030.01
1
T,(2) o« cos(cos™(2) vp) — cos ™ (2) sin(cos™(2) vo) (v — vo) — 3 cos’l(z)2 cos(cos (2) vo) (v = vo)* + ... [; (v = vp)

07.04.06.0031.01

1
T« T, - V1-2 cosiz) U1 (v = vo) - 5 cos () To@ (0 =v0)2 + ... [; (v > vg)
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07.04.06.0032.01

1
T,(2) « cos(cos™(2) vg) — cos (2 sin(cos(2) vo) (v — vo) — 3 cos‘l(z)2 cos(cos(2) vo) (v — v0)? + O((v = v0)?)

07.04.06.0033.01

o (:os‘l(z)k k L .
T,(2 = Z _— cos[— + Vg COS~ (z)) v —vg)
o k! 2

07.04.06.0034.01
.1k
= Kcos1(z) (

T@=)

k=0

T, @ - (Tvo(z) —iy1-2 Uyo_l(z)) (kmod 2)) v =o)X

07.04.06.0035.01
Tv(D < Ty, (2 (L + O(v - vg))

Expansionsat v==0

For the function itself

07.04.06.0001.02

cos™! (2)? cos (2’
T,(2) c1- v+ V- (v 0)
2 24

07.04.06.0036.01

4
cos ! (2)? cos (2
T,(@«l- Vo + vt - 0(¥9)
2 24

07.04.06.0002.01

© (1) cosL(z) X2k

T@=) o001

k=0

07.04.06.0037.01
1 cosi(z?
T, = oF4|; =) —————V?
2 4

07.04.06.0003.02
T,(2) o 1+ O(?)

07.04.06.0038.01
T@=Fs(z W/

[[ 0| (-1 cos 12" 2K (-1)"Vr cosi)”"? y2ne2 3 cos‘l(z)zvz]] A N]
ne

Fn(z v) = =T,(Z FolLny - n+2, - ———
n(Z, V) kZ; 201 V(@ + o Pl Lin+ in+ "

Summed form of the truncated series expansion.

Expansions at generic point z== 7,

For the function itself



http: //functions.wolfram.com

07.04.06.0039.01

1| @) 1 | &l

o » J+(Zoil]2l gZ”ZOJ(ZOJrl)zl (zﬂZO)J N
] %
T I1-Z2 @0l Tl

vsin(nv)( 1 ]%r’g(;%)J 1[@

27
1_2(2) Zo+l

[g(:zo)J agz—z) ||agZp+ 1) +n
T,(2) « Ty(-2p) cos(nv) | -2 il " { H
agfz-7)
%l T

1
U,_1(=2p) sin(zv) ]
Zp+1

J Ty(-25) —vcos(nv) U,_1(—7)

. .rg(zz;ZO)J {arg(Z— zo)J {arg(zo +D)+7
—2ii
2n 2r

. [ 1 f rg(;%)J L [”‘*’20)

2" J Z-29)+.../;(Z~> Z)

07.04.06.0040.01

rg(fzc’) J agz-z) || agz+1) +7
T,(2) o Ty(=20) costv) | —2idl { J {
agz-z)

] ek
2n 27 JJF(ZO1+1]Zl i J(Zo+1)2[ 2”
e e
Uv_l(—zo)sin(nv)[m] @(204_1)2 2x

vsin(nv)[ 1 ]%[JQ(ZZ")J lﬂ

+

j Ty(=29) - veos(rv) U,_1(-2)

2..rg(:;zo)J ag(z-z) ||agzp+ D +7
- { 2n H 2n

1] e w7
1 2[ 27 J 1[ — J ) L,
* (- 20) + O((z- %)
07.04.06.0041.01

gz 7)) agfe
ysin@2rv) & 1 | wsectry) L (1 %[ : ZOJ g[—g‘zﬁ]J (11 3 7+l
T@=——) — (o +1)2 [—) (zp+1) 2F1(V+ - ==V, ==k ]—
2V k| V2 p+1 22 2 2

) afz-2)
-k . [ s || @920+ ) + 7 || arg(z—2o)
2Kk =) T(k+v)| -2 { J

1
1 2 2r
+
2n 2 ZO+1

sl

ok
> z-2z)

_ 1 zp+1
SFk=v, k+v; k+ —; )
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07.04.06.0042.01

arg(z— 1 arg(z—zo) 1 | &gz
[ Q(ZNZO]J agz-2z) || agz+ D +x 1 al o J 5[ g(zﬂz")J
T,(2) < cos(nv)|-2ii { 5 H 5 J+ 1 (zp+1) T, (—=2) +
T b Z+
1 grrg(zz‘zo)J 1 [arg(z—zo}J
snry) 1-7% [ﬁ) Z+D°L 7 U, 4(-20) +O(z-79)

Expansions on branch cuts

For the function itself

07.04.06.0043.01

0] | gz
TV(Z)occos(nv)[—zi,; 2 {
2m

e VQZ”J) T + V1@ &1 Lsingn Uyaoo +

. [ arg(z—x)

" ”J)le(—X)] @-% +

e 27 JTV(—X)—VCOS(TFV)(—ZE’A 2n e
2n

[vsin(n V) m-rg‘H) a'g<H)J {arg(z— X)
1-x2
o i@ZoXAXxeRAXx< -1

07.04.06.0044.01

T,(2) < COS(T V) (_Zi {7 rg(zz_ X)J * «ﬂyJ) T (%) +V 1-x e sin(rv) U,_4(-X) +
Ve

vSinGry) e gz | [
e 2r 1T,(=X) — v cos(nv) (—2”’ 2n { > +e 2n ) U,_1(=x)[(z=x) +
1-x2 d
O((z-%?) /;xeRAx< -1
07.04.06.0045.01
vsn2xv) &, 1 (xsec(rv) 1 ”[a’g‘H’J - 11 3 x+1
T@=—o -5 = x+ D2 e T2 2|=1[v+ B —]—Z’kl"(k—v) Tk +v)
ow Exl vz 2'2 2 2
rg(z—x) J agz—x) i rrgan)J . 1 x+1
[—zmz 2x { . J+e 2r )zFl(k—v,k+v;k+E; T] z-%/ixeRAXx< -1
T

07.04.06.0046.01

) | gz-
TV(Z)occos(nv)[—zi,; 2 {
2m

+e PQZ_X)J) T (=% +V 1- s SN U,_y(=X) +O@Z=x) /;

XeRAXx< -1

Expansionsat z==0

For the function itself

General case
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07.04.06.0004.02
2

V8% V8% )4 V8%
T,(2) ocCOS(—)+VSin(—)Z— —cos(—)z2 +../@2-0
2 2 2 2

07.04.06.0047.01
2

T,(2) « cos(g) + vsin(ﬂ) z- r cos(g) Z +0(2)
2 2 2 2
07.04.06.0005.01
o (=)jk Mk (~2)

T@=) ) —————/ld<1

j=0 k=0 (%)Hk jlk!2ik

07.04.06.0006.01
o= FfiSiS[_Vif’” . —5)
o 2 2
07.04.06.0048.01
venmv) & (-2) F(JE - %) F(JE + 1) Z

2
T(2=- , L1d<1
Ar o J!

07.04.06.0049.01

TV = (_1 (g)k v
Tv(z)::m{7)27£k+zvsin(—)

2
k=0 (1) k! 2 )% (g) k!
2)k k
07.04.06.0050.01

= ood 7)o
v(2) =co )R-

07.04.06.0051.01

1- 13
;22)+zvsin(%)2Fl( V, v D= 22)

N =
N =
N -

8%

V8%
T,(2) == cos(?) cos(v sin"l(z)) + sin( 5 ) sin(v sin"l(z))
07.04.06.0052.01
T,(2) = cos(g (n-2 s‘n’l(z)))
07.04.06.0007.02
V8%
T, (2 « cos(?) 1+ 0O(2)

07.04.06.0053.01
(@ =Fu(z )/,

ysin(rv) M (-2 F(% - %)F(% + %)

2M (~1)™1 ZM2y, §in(r ) r(% (m-v+ 2)) r(% (m+v+2))

m(m+2)!

2™1 2™y din(ry) r(% (m-v+ 1)) r(% (Mm+v+ 1))

Fn(z v) = — _ 2=T,2-
=0 It

m v m v m 3 m

3F2(1— —+1, —+—-+1 —+-, —+2 )+
2 2

m v 1 m v 1 m m 3
3F2[1,———+—,—+—+—,—+1,—+—;22) /\meN

2 2 22 2 22 2 2

a(m+1)!
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Summed form of the truncated series expansion.

Special cases

07.04.06.0008.01

n n[gJ —DK(n-k-1)! (22" 2k
Tn(z)==—'o+—z( 7 122 +2"17 ineN
25 k!(n—-2k)!

07.04.06.0009.01

@ o (- Dl2) (n2 2L (1+0(2)/; 2> 0 AneN?

Generic formulas for main term

07.04.06.0054.01
1 v=0

T,(2 « (—1)BJ (v z)V’ZH veZAv#0/,(z~0
cos(’%) True

Expansionsat z==1

For the function itself

General case

07.04.06.0010.02

) 1=-vv2(1+v) 5
T,(2Decl+vi(z—-1) - T(Z_l) +.../(z->1

07.04.06.0055.01

1-Mv2(1+
T l+v(z-1)- (V)‘l’% (z-1?+0(z- 1)

07.04.06.0011.01
0 (—v)k(v)k[l—ZJk 1-z

T@=) — | i|—<1
k=0 (%)kk! 2 2
07.04.06.0012.01

1 1-z

T,(2 = 2F1(—V- v, E; T]

07.04.06.0056.01
1 Vvi-z
T,(2 ==coqd2vsn
V2

07.04.06.0014.02
T,(2 c1+0(z-1)
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07.04.06.0057.01

m (v (12
T@=Fu@ W /i||Fu@n =) V”k[ Z]

1 2
k=0 (E)kk'
2™ (—V)meg Wiper (L =2™ 3 1-2
T,(2 - 1 3F2(1,m—v+1,m+v+1;m+—,m+2; —] /\meN
(3, T

Summed form of the truncated series expansion.

Special cases

07.04.06.0013.01
(= (N (1- 2\

(—) /ineN
k=0 (%)kk!

2
Expansionsat z==-1

For the function itself

General case

07.04.06.0015.02

A-vVv2A+v)
T, (2 ccosmv)|1-v2(z+ 1) - ———— ~ z+1°— ... |+
1/1 1 1/1 3 1 3
V2 Vz+1 vsin(nv)(1+—(——v)(—+v)(z+l)+—(——v)(——v)(—+v)(—+v)(z+1)2+...)/;(z—>—1)
3\2 2 3012 2 2 2

07.04.06.0058.01

@A-vv2A+v)

T,(2) « cos(m v) [1 -V (z+1)- (z+1?-0O(z+ 1)3)] +

1/1 1 171 3 1 3
V2 Vz+1 VSin(ﬂ'V)(l+ —(——v)(—+v)(z+1)+ —(——v)(——v)[—+v)(—+v](z+l)2+0((z+l)3))
3\2 2 301\2 2 2 2

07.04.06.0016.01

1 1

(=) (Vi (Z+ 1)K ”(Z_V) (V+E) z+ 1)K jz+1
T,(2 ::cos(vn)z X k(—) +V2 Vz+1 vsin(vn)z#(—) l—| <1

k=0 (1) k! 2 k=0 (E) k! 2 2

2) 2
07.04.06.0017.01
1 z+1 11 3 z+1

T,(2 = COS(V?T)zFl(—V, v; E; T]+\/7VZ+ 1 vsin(wr)zFl(v+ 5, E - E; T]

07.04.06.0059.01

-5 )
T,(2=codv|n—2sin
V2
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07.04.06.0018.02
T,(2) < cos(mv) (L+0z+ 1) +V2 vsinzv)Vz+1 (L+0@z+1)

07.04.06.0060.01

1
m(=y) (¥) 1 m“V)(”‘) 1\
T,@ = Fu@ W) /i ||Friz v = costvm) Y| Vkvk(i) +V2Z Vz+lvsinvm Y : (3; zk(Z; )
k=0 =] k!
2/

:o()-

2™ cos(m V) (—Vme1 Mimer 3 z+1
T2 - (z+1)"”13F2(1,m—v+1,m+v+1;m+—,m+2; —)—
(m+1)! (l) 2 2
2)/m+1
—m-i 1 1
2 zvsn(nv)(g—v)wl(v+ E)ml 3 3 5 z+1
(z+1) 23F2[1 M-v+—, M+v+—, M+2 M+ — —) /\meN
(m+1)! (§) 2' 2' 2" 2
2/me1
Summed form of the truncated series expansion.
Special cases
07.04.06.0019.01
n (=N (M (z+ 1)
Th(2 = (—1)"2 (—) /ineN
1
k=0 (E)k k!
07.04.06.0020.02
Th@ <« (-D"(1+0(z+1)/;neN
Expansionsat z == co
For the function itself
Expansionsinl/z
07.04.06.0061.01
v v+3)v % v-3)v
Ty(z)xZ‘V‘le[1+—+ +...]+2V‘lz“’(l——+ +...]/; (12 > )
47 Kr¥al 47 ¥ a
07.04.06.0062.01
v v+3)v 1 v v-3)v 1
T, «27t7 [1+ — 4 + o[—)] 2t [1— — + o[—]]
47 3R b 47 R4 Pl
07.04.06.0063.01
v v+l % 1-y
= (3 (—) o (-3) (%),
T,2=2"1z" +2"’1ZV272’2"/;|2|>1/\1/¢Z
k=0 (V+1)k k' k=0 (1—V)k k!
07.04.06.0064.01
v v+1 1 v 1 v 1
T@=2""2"F|-, —iv+1 —)+2V‘12”2F1 = ===1-vi—|/ize¢(-LOAveZ
2 2 2.2 2 72
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07.04.06.0065.01

4

1., L‘ +%z" @+1 LzE(-1L,0OAveZ

2.1 |
T,(2=—-2 +1
2 2

07.04.06.0066.01

Bl (), (-3) 7
Ta(@=2"12" Z - /neN*
o K@ -ny

07.04.06.0067.01
n 1-n 1
Th(2) == 2n712"|2|:1 -, ——1-n,—|/;n-2eN*
2 2 2

07.04.06.0024.02
1 1
T,(2) c 27772 Z’V[l + O(—)) +2717 (1 + O(—)) iveZ
z z
07.04.06.0026.02

1

T2 < 212" (1 + o(—)) /ineN*
VA
07.04.06.0028.02

1 1 1
T,(2) oc 2771 z"V'[l + O(—)) 421 z""(l + O[—)) iv-—€Z
z z 2

07.04.06.0068.01

v v+1 v 1-v
m (3 (5 n (5 (T
T,@0=F.zV/|Fnzv=2"1z"Y — —z2kyprlzp N 2%k
k=0 (V + 1)k k! k=0 (1 - V)k k!

272mv=3 772(MD~v y, F2m+ v + 2) v v 3 L
T(2) - P LMt oL Mt — b —imt 2 My 2 — |+
M+ 1)1 T(M+v+2) 2 2 2 z

v 3 1

272mv=3 2D y r2m—y + 2) y
3P| 1, m—5+1, m—5+5;m+2, m-v+2, ; /\meN /\vesz

m+DH!'T(M-v+2)

Summed form of the truncated series expansion.

Expansionsin1/(1- 2

07.04.06.0021.02

v v(3+2v) % v(3-2v)
TV(Z)o<2“"1(Z—1)“’[1+—+7+...] +2V—1(z—1)V[1———7—...] /(> ) A\2veZ
1-z  41-2? 1-z  41-27

07.04.06.0069.01
v v(3+2v) 1 v v(3-2v) 1
T2 «2tz-1) [1+ + 4+o[—)) +27 1t (z-1y [1— _ 7—0(—)) i N2veZ
1-z2  41-22 z 1-z 41-22 z
07.04.06.0022.01
o O+ 3) 2 o )2 1z
Tv(z)==2‘v‘1(z—l)‘VZ—(—) +21 (z—1)VZ [ ) ) p— >1/\2v$Z
@v+kt \1-2 = 1-2vk! \1-z
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07.04.06.0023.01

1 2 1 2
T,@=2"1z-1)" zFl[v, v+ 5; 2v+1; 1—) +27 1 (z- 1)V2F1(—v, . v;1-2v; 1—) [iz¢ (—00, DA2v & Z
z

07.04.06.0070.01

2y
z+1

T,2=2"1z-1)" [1 + i ] +27z-1y [1 + 1 ] fiz¢ (-1, 1)

07.04.06.0071.01

n (_n)k(%_n)k 2
Ta(@ =21 (z- 1)“2 S — (—) /i neN*
K@ -2n),
07.04.06.0072.01

2'Vr z-D)" M @2n—k=D!(=n) [ 2 K
(—) /ineN*
h-! X k!l"(—k+n+%)

Tn(Z) ==
1-z

07.04.06.0073.01

1 2
To(2) = 2" (z—l)“zFl(—n, ——n1-2n; —) /in—-1leN*
2 1-z

07.04.06.0027.01

1(1
1 2 -3 (3 = ), (e
T,@=2"@z-n™M 2F1(|V|, M+ =2 +1; —) + 2 -y

2 1-z &Kkl -2v)

2 1
[ ) iv—-—€e”Z
1-z 2
07.04.06.0074.01
m Mk (V + %)k 2 K m (=) (% - V)k 2
T =Fu@ W) /i |[Faz ) =2"" -1 ) ———— (—) +270 -y ———— (—) =
v+ 1k \1-2 @-2vk! \1-z

2 )" O (v 4 3),, @D

3
3F2(1, m+v+1l m+v+ E; m+2 m+2v+2 —) +

M+ 2v+ D) 1-2z

2" (D™ (3-v) | (Mma @- D
T,(2 +

M+ D! (L= 2V

3 2
3F2[1, m-v+1, m—v+5;m+2, m-2v+2; 1—)/\meN /\—|2veZ
-z

Summed form of the truncated series expansion.

Generic formulas for main term

07.04.06.0075.01
v-lz Re(v) >0
T,(2) c{ 27717V Re(v) <0 /; (12 — o)
27177+ 2712 True
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Asymptotic series expansions
Expansionsat v == oo
07.04.06.0076.01
1 ivcosi
Se @ -n < arg(vcos(2) <0
T,(2) % P I P arg(veos(@) <m /i (V= o)
cog(vcos(z) True
Other series representations
07.04.06.0029.01
Hony
Tn(z)==2(2k)z“ (Z-1) /ineN
k=0
Residue representations
General case
Expansions at z ==
07.04.06.0077.01
l—v v+1 =S v y -s
Cavsnan & (M5 - -9 vsna & (TS T3 -9(-2) |
T2 = Z res - (s |(-))- res - 0 |(-)) /
4\ =0 F(E_) A4V n =0 F(E_)
IZ<1

07.04.06.0078.01

2

1\~

o [reT(-s-3)(-3

(— ZZ)V/Z v v z
T,(2) == cos( ?) +

l"(—s— g) {s, i- g

} _

[(-s—v+1)

I
{

(-2) 2y . , N (s r(ﬂ -
cos(—)— sm(—) es
aVrn 2 \/; 2/
o rer(3- )(_%)’ i1
resy (
I'-s+v+1 2

IS
i5-s

I'(-s+v+1)

v+l _
—s], {s,1+7} L1d<1A2veéZ
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07.04.06.0079.01

—ZZ)V/2 v

4aNr

Expansions at z ==

wf 5 )+ Tz |

07.04.06.0080.01

z1\"S
ysingy) & [T=9 F(—s—v)(T)
TV(Z) = resy
T j=0 F(

07.04.06.0081.01

2 -1y
T@=——

Vr

|
w
|
N <
—
—
—
N <
|
(2]
|
|
»
—
~
k2
—_—
—
|
=
—_—
|

1
2

P

20

Vr

[]i ress[ (s r(—s— v+ %) (é

[(-s—2v+1)

=

F(S)](—j)/; z-1<2

F(—s—v)](j —v)+ ) res

“ [(-s-2v+1)

‘20

- [F(s) v —-s) (Zf—l)fs
r

I'-s+2v+1)

21z e F(s)l"(—s+v+%)(é
i ' I'-s+2v+1)

{

) F(v—s)](j+v)+

1 1
—s+v+£)](j+v+5)]/; lz-1<2A2ve¢Z

o [F(s) I(=s—v) (Zf—l)_s
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07.04.06.0082.01

e L L (A
e L [ N

j=0

veoy ) sin(ry) (=
([
T j=0

i=0

s -

)(1 - 22)_5) F(s)) =)+

1
]/; [1-7Z|<1

Syl -2 -

07.04.06.0083.01
in? 0 1 1 1\(1-
T,(2 = M Vz+1 Zreﬁ_{(r(s+ —] F[—s— v+ —) F(—s+v+ —) [—Z
ﬁﬂa/z i 2 2 2
s{[riarsove gJrlsr )5 el )3
jz(;re%[[ (s —s—v+£ —s+v+5 T ) s+£) —1—5 -
vcosi(mv)sin(v) [ & 1 -z .
- - Zre&((r(s-r —JF(—S—V)F(V—S)(—) )F(S)](—])+
32 s 2 2
o 1-2z\° 1 1
Zress[(l“(s) I'(-s—v) F(v—s)(—) )F(s+ —)] [—j - —) hIl-2<2
P 2 2
07.04.06.0084.01
z-1\"S
oz 1)y 1 ye  [Tes-nro-9(Z)
1= 2"Sin(7rv)(—) Zr&ss FEe|=p+
n - j=0 F(% - s)
s 1 y% oo F(—s—v+ %) l"(—s+v+ %)(%)_S
272 cos(nv)[ 1) Zress . rEe|-=p|-
27 -9
2L (z_ 1"y 1\ o (Tes-nro-9(5)
G 2(—) s > res : re |-
z-1 j=0 F(E —S)

Vr

1

F(—s—v+ %) F(—s+v+ %)( >

z-1

1\ 2 o
1) cos(nrv) Z r&[

i=0

Expansions at z==-1

f(z-9

) I”(S)] (—J)] flz=1<2

] ]F(S)) =D+
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07.04.06.0085.01

o= Vz+1 vsn@2nv) iress F(—S—V+ %)r(_s+v+%)(_%)is re|-j) -
2@ =0 F(g— )
ysn2ryv) & r(_s_v)r(v_s)(_zz_l)"s
— ) resy Tr@|=D/ilz+1<2
PRVE S F(%— )

07.04.06.0086.01

T ysin2nv) | & 1 z+1\® .
y = F — F— - F - — F -
(z gress([ (s+ 2) (-s—-WT s)[ 5 ) ] (S))( D+

27(3/2 i
© z+1\S) (1 1
Zress((l"(s)I“(—s—v)l"(v—s)(—) )r(-+s]](-j--] Lilz+1 <2
“ 2 2 2

07.04.06.0087.01

T vsin2nrv) | & I“( 1]1_ r (z+1]‘5r )
(D) = - ——— Zress([ s+ |Ts=nI-9| — ] (s))<—1>+

3/2
271'/ j=0

ol z+1\° 1 1
Zreg[(r(s) I(-s—»)T(- s)(—) )F(s+ —)] (—j - —)] [ilz+1 <2
2 2 2

i=0

Expansions at z == oo

07.04.06.0088.01
_1\—S
Vsm(m)[m [F(—s—v)F(s)(Zz—l)
resy
J

r(3-s

T,(2 =

g j=0 j=0

- [F(v —9T© (%)75

r(v—s)](v+j)+2rees - r(—v—s)](—v+j)] /
;-9

Z-1>2\2ve¢Z
07.04.06.0089.01
1\( 28
2Lz y @ F(v—s)F(—s+v+ E)(E) |
ress I |-

T i=0 I'(-s+2v+1)

2—\/—1 (Z—l)vl/ o0 [F(—s—v)l"(—s—v+ %)(:_l
_— r

) F(S)](—j)/; lz-1>2A\2ve¢Z

N = r(-s-2v+1)
07.04.06.0090.01
_r v y+1 1\°S
(-2)zv v z | & F(E_S)F(T_s)(_g) _
T,(2) = cos(?)— sm(?) Zr&es fos D rE-=n-
N /—_22 par —S+v+
N 1-v v 1\78
(-2) 2y v z avy| & F(T_ )F(—s— 5)(_§)
cos(—)+ sin(—) S res, re|-hsid>1A2vez
e 20 ‘23 F(-s—v+1)
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07.04.06.0091.01

ysnew (& (TOT(-s-2)(-2)" v oy & [rerE-9(-B)7 N
S T3 S )
zZvsin(rv) [gr%s[l"(s)r(ﬂ— )( 22)—3 I—(l_v—s]](j+ 1—1/)+

¥ =

ireg[r(S) F(rz g__ ))(_ZZ)S F(V; 1 —s)] (j N v;l)] s 1AreZ

j=0

T,(2 =

4N

07.04.06.0092.01

- « (rere-s(=)” w  (reTCs-n(Z)"
r= S el 2 (%) Fes—n|G-n+ Sres| — n(5) ro-9|G+n |/
T j=0 F(%— ) j=0 F(%— )

lz-1>2A\2ve¢Z

07.04.06.0093.01
z+1

© (9T - S)(—?) o (9 T(-s— v)(—T)
Dresy F(=s-w)|(j -+ resy ro-9|G+n|-
j=0 F(%—s) j=0 F(%— )

o F(s)r(—s+v+%)(—zz—1)_ | 1
res F(—s—v+—) [J—V+—)+
g r(3-9 ’ i
o (TET(-s-v+i)(-2L)°

m&[ S ( s Z+z)( 2) F(_s+y+%]](j+v+%]]/;|Z+1|>2/\2V¢Z
-9

vsin(2xv)

TV(Z) =

2V

vsin2rv)Vvz+1
2V2n j

i=0

07.04.06.0094.01

. vcos( ) sin(rv) [ire&[(l‘(s) F(s+ %) F(—s— g)(l—zz)_s) r(g B )) (j N E)Jf

4732 J

S(rorfe )5 -Ju-27)e--3)0- )

S e oo )

e I I

07.04.06.0095.01

vsin2nrv)

: rorfss Hro—s (23] Jres-n]o
@)= —— Zr&s{( @ T{s+ > |ro-9|— ) (—s—v)](1—v)+

v

© 1 z+1\S
Zress((l“(s) I“(s+ E) I'(-s-v) (T) )F(v— s)] (j+ v)] /ilz+1>2

j=0



http: //functions.wolfram.com

07.04.06.0096.01

vcosz(nv)sin(nv)["" 1 1-7\S
9= Zreg[[l"(s) F(S+ —)T(V—S) [—) ]F(—S— V)] (-v+
2 2

3/2
7T/ j=0

o0 1 1-2z\°
Zr%[[F(S) F(s+ 5)r(—s—v)(T) )F(v— s)] G + v)J -

=0

Vz+1 cosnv)sini(ny) (& 1 1\(1-2\S 1V\( 1
Zr&[[r(s) r[s+ —)F(—S+v+ —](—) ]F(—s—v+ —)](J —v+ —)+
V2 532 i 2 2 2 2

Sl s Y o o B aoa

j=0

07.04.06.0097.01

vcos(%)
TY(Z) ===
4N r
v v+1 1\°8 % 1-v 1\°S
Lo [TE-9TE -9 -2) T Ltk e L), |
(-2) ZZress I\ +(-2) ress rol-jpl-
P —_— V — — _V
20 [(-s+v+1) e I'(-s-v+1)
v 1-v 1\
o | e (TEsRT(F -9 (-3) |
i) |27 Yres re |-
N 2 “ [(-s—v+1)
v v+ -S
e [TG-9T(F-9(-3)
(-2)77 D res re|p|iE>1Avez
o0 I'(-s+v+1)
07.04.06.0098.01
o (To-9T(-s+v+ %)(é)_s
T2 = - 2'@-17 ) res |-+
2V i [(-s+2v+1)

o [(T(=s=nT(-s—v+2)(Z)"°
2 (2 1) gress[ r(_(s_ — 12)) =) r(s)] (—j)] filz-1]>2
j=
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07.04.06.0099.01

VzrLlvsnan | 1, e (Teseor(ssveg)(-5) .
T@=——— |2 (-2-1" Zress (s |-
Ners M(-s—2v+1)
Lo (ro-9r(-seved)(-Z&)”
25 (2= 2 ) resy TO|=D |+
i I'-s+2v+1)
-s
y Costrv) o (To-9r(-s+v+3)(-F) _
~2(-z- 17 ) resy HCHEHE
2vn i [(-s+2v+1)
1 2\
2‘V(—2—1)Vir%s r(_s_V)r(_s_HE)(_m) F|=D|/A1z+1>2
“ T(-s-2v+1)

Other expansions

07.04.06.0100.01

T,(2) == ZV_i(F_(i)_% cos(%) - \/_2_22 sjn(%)] [2 reg[[r(m %) r(g - s) r(v ; ! - s) (%]_S] F(s)] =D+
ngwt»W?>HiT}@3%rm+
e e Ve (IR T e N

<1/\2v$Z

Z@W“F—#%*aﬁzJﬁwmer3421

j=0

07.04.06.0101.01

e ) S (ISH G S L O
;ra[(r(s)r(u )( ](1-—]8] [V+l s))(j+v-;l]]_
e oSl 2 W

e e -3
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07.04.06.0102.01

2-3v-2 (7 1)V[°° 1\(z+1\S
T(2) = Zr%s(( ( )F( S- v)F( S—H—)(—) ]F(S))(—j)+
al(-2v) 2 1

j=0 -

iress[(r(s) I(-s-v) F[—s— v+ %) (;)s) r(s+ %J] (_j _ %]] .

i=0

2872z 1“[ 1)1_ I“( 1)(2+1)f5r _
W ]Z:reﬁs[[ S+E (V—S) —S+V+£ ; ) (S)](—J)+

=0

(rore-srf-sers () Jfer3))o- ) 3

j=0

z+1
1 <l/\2v$Z

07.04.06.0103.01

2—3V—2(Z_1)V[oo 1 1\/z+1\S
TQ=-— Zress[[r(s) F(s+ —) F(—S— v+ —) (—) ]F(—S— V)) (G-»+
nl(=2v) 2 2 1

i=0 Z-

e [ (e B

=0

22 z-1 1 1y(z+1y
- Zress[[l"(s)l"(s+ )I‘(—s+v+—)(—) )F(y_s)](j+y)+
nl(2v) e 2 2)\z-1

j:ioress[[r(s) F(s+ %) T'v-y9 (g)—s] F(—s+ v+ %J) (j +v+ %)] /i

Integral representations

z+1

- 1 >1/\2vs€Z

Integral representations of negative integer order

Rodrigues-type formula.

07.04.07.0001.01

VT Ni-2 (1-2)

Th(2 = /ineN
2 F(n + %) 07"

Limit representations

07.04.09.0001.01

v 1
T,2=—lim-C2
2 -0 A

Generating functions
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07.04.11.0001.01

1-tz
Tn(Z)==[[tn] )/;neN/\—1<z<1

t2-2zt+1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

With respect to v

07.04.13.0005.01

w’(v) + Cos‘l(z)2 wv) =0/;,wv) =T, (2 AWO)=1AW(O) =0
07.04.13.0006.01

W) +cos @ W) =0/, W) = ¢ T2+ U,

07.04.13.0007.01
zcos1(2)

WV(TV(Z)I UV(Z)) ==
1-7

07.04.13.0008.01
g’

,

w’(v) - W (V) + 003‘1(2)2 g > W) = 0/; W(v) = ¢; Tg)(@) + & Ug)(@

07.04.13.0009.01
zcos (2 g (v)

Viz

Wv(Tg(v)(Z)1 Ug(2)) ==

07.04.13.0010.01
2y g'o)

hovy  gm
W(v) = ¢1 h(v) Tg)(2) + ¢, h(v) Ugy)(2)

KM g’ 20 E)° —he) )
+

W) + [_ ]W )+ {Cos_l(z)2 g0+

h(v) g'(v) h(v)?

07.04.13.0011.01
zcos 12 h(v)? g'(v)

iz

W, (h(v) Tgo)(@), h(v) Ugo)(2)) ==

07.04.13.0012.01

V2W/(v) = (r+2s-1)vw () + (a2 r2cos L) V2" +s(r + s)) W) =0/, W) = C vV Ty (@ + v Uy (2

07.04.13.0013.01
arzv*2slcosi(z)

iz

W, (v Tayr (2, ¥ Uq () =

w() =0/,



http: //functions.wolfram.com

07.04.13.0014.01
w’(v) — (log(r) + 2log(s)) W (v) + (a2 cos’l(z)2 log?(r) r2” + log(s) (log(r) + Iog(s))) w) =07/
W) =08 Tap(@d + 68Uy (2

07.04.13.0015.01
ar’s?” zcos () log(r)

iz

W,(8' Tarr(2), 8" Uppr(2)) =

With respect to z

07.04.13.0001.01
(1-2)W' @ -zW (@ +v* WD) =0/, W2) = ¢1 T,(2) + C sin(v cos *(2))

07.04.13.0002.01

Wy(T,(2), sin(v cos™(2))) = —

1-7

07.04.13.0003.01
(1-A)W' @ - zW (@ +v* WD) =0/; W2) = ¢1 T,(2) + C sinh(v cosh’l(z))

07.04.13.0004.01
vy COY v COS’l(Z) cosh(v COSh_l(Z) v&n VCOS’l(Z) sinh(y cosh_l(z)
W,(T,(2), sinh(v cosh™(2))) = i ) osh{ ) vsinl ) sinh( )

Vz-1+vz+1 ‘/1_22

07.04.13.0016.01
(1-Z) W@ -z2WwW@+V*WD =0/, w2 =T, +V1-Z U, 1

07.04.13.0017.01
v

wz(w), 1-2 uv_l(z)) -
Ji-2
07.04.13.0018.01
va ’ pa ’7 pa 2 ~ Z2
W,@_(g()g() g ()JW(Z)+ g @

+— W@ =0/;W2 =, T(g) + ¢y 1-9@? U, 1(92)
1-92°> 9@ 1-9(2?

07.04.13.0019.01

2 vg'(2
WZ(Tv(g(Z)), 1-92 Uv_l(g(z))) =

1-92?

07.04.13.0020.01
202 2h(z "’ (Z
V\/’(z)—(g()g()+ ()+g()]m/(z)+
1-9g2°> h@ 9@

[%ng N2 g@ hDN@9'@+9@ 2N 2*-h@h @)
N + W2 =0/;

1-9@2? (1-9@?)h@ h@’g@

W@ = ¢, h@ T,(9@) + ¢, h@ V 1-9@? U, 1(9(2)
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07.04.13.0021.01

vh(z)? g(Z)
Wz(h(Z)T ©@), h@V1-9@?* U, 1(9(2)))

2(e2 2" -

1-92?
07.04.13.0022.01
YW@ +(r-@2s-D (a2 -1)zW (@ + (a*Z" (S - r*V?) - s(r +5) W2 =0/

w2 =c2T(aZ) +c, 2V 1-a22" U, ,(az)

WZ(ZST

(a2 22

07.04.13.0023.01

ar Zr+25—l
@z),V1-a22" U Vl(az’)) ’

,/ _a222r

07.04.13.0024.01

1)w'(2) + (log(r) — 2(a? 2 — 1) log(9)) W (2) + (a2 r2% (log’(s) - v? log’()) — log(s) (log(r) + log(s)) w(2) =

W@ =c ST (ar) +c, vy 1-a2r?? U, y(ar?

wz(sz T,

07.04.13.0025.01

arzvZlog(r
(ar?, szm Uv_l(arz)) = _arvslogn

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

T—V(Z) ==

07.04.16.0001.01
T.(2

07.04.16.0002.01

Ta(-2=(-D"Ta(@ /;neN

Multiple arguments

07.04.16.0005.01

[ [z+1 ]
T2v =TV(Z)
2

Brychkov Yu.A. (2007)

Ton(2 =

Produc

07.04.16.0006.01
D)"To(1-27)/inez

ts, sums, and powers of the direct function

Products of the direct function

07.04.16.0003.01

1
Th(2 Tm(2) = > (Tmin@ + Tiem (@) /; meN* AneN*

0/
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Related transformations

07.04.16.0004.01
Tn(Tm(2) = Tam(@ /; me N AneN*

Identities

Recurrence identities

Consecutive neighbors

07.04.17.0001.01
T.(2=22T,1(2-T,22

07.04.17.0002.01
T.(2=22zT,12-T,2(2
Distant neighbors

07.04.17.0008.01
T2 = Cm(, 2 Tysm(@ = C1 (Vs D Ty e (2) /s
Cov, =1AC1(v, 2 =2ZA\Cn(v, 2 =22C-1(V, 2) = C2(v, ) A Mme N*

07.04.17.0009.01
T2 =Cm(v, 2 T,-m(@ = Cm-1(v, D T _m-1(D /;
Cov, 2 =1AC1(v, ) =2ZACn(v, 2 =22Cp-1(+, 2 = C2(v, ) AMe N*
07.04.17.0003.01
m 1-m \‘m
2

T@ =217 72 (27

m+1

2

07.04.17.0004.01

1-m \‘m m+l

T =217l (27
Functional identities

Relations between contiguous functions

Recurrence relations

07.04.17.0005.01
T-1@ + 11129 =22T,(2

07.04.17.0006.01

1
T2 =— 1@ +T,.12)
2z

Normalized recurrence relation

07.04.17.0007.01

1
zp(v, 2) == 2 pv-1,2+pv+1,2/;pv,=2"T,(2

U221 T - 2223 (25

2] Ups(22 — 1) Tym(@ - 22-™2L2) (zz)lT

|

|

m

2Un (22 -1 Tyuma@ /s meN*
2

m

2 Ug_l(z Z-1)T, m1(d/; meN*
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Complex characteristics

Real part

07.04.19.0001.01

Imaginary part

07.04.19.0002.01

IM(Th(X+iy))==n
j=0

Differentiation

[%J (=1l 221 y2i+t

i=1

C

EJ (-1)i 22i-22]
Re(Tn(X+iy)) = To(x) +1 » ——————

2j+)

2j+1 n-2j-

Low-order differentiation

With respect tov

07.04.20.0001.01

aT,
@ =-V1-2 cos(2VU, (2

av

07.04.20.0002.01

82T,z
@_ —cos12° T2

ov?
With respect to z
Forward shift operator:

07.04.20.0003.01
oT,(2

0z

=vU,1(2

07.04.20.0004.01
8T,(2) v

Vil Z-1

= vT(2-2U,.4(2)

Symbolic differentiation

With respect to v

07.04.20.0005.02
0MT,(2)

ovm

2]

Cn_zj(x) /ixeRAyeRANneN

1 /ixeRAyeRANeN

Tm
—cosY(2)" co - +v cos‘l(z)) /;meN
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07.04.20.0006.02

0T, (Z
@ =i"cosl(2)" (TV(Z) - (TV(Z) —iy1-2 Uv,l(z)] (mmod 2)) imeN

ovm

With respect to z

07.04.20.0007.01
oM, (2

=y2™(m-1)!1C" (@ /; meN*

07.04.20.0008.02

oMT,(2 - 1 1-z
=V (z- 1)’"‘3F2[1, v, v =, 1-m —) /imeN
oz" 2 2
07.04.20.0011.01
6an(Z) n-m n-m m
= 2™ (m-1)In Z Z 52Lij’n_m]_[uij(z) imeN AneN
=0 im=0 j=1

Fractional integro-differentiation

With respect to v

07.04.20.0009.01
T,(2

oV

N l1-a a 1
=2y le(l; — 1 — =2 cos‘l(z)z)
2 2" 4

With respect to z

07.04.20.0010.01

B”TV(Z) _2%1%0 -V, 111 z 1

=7% F w1 - = =

57 T O[i;l—a;; 2 2)
Integration

Indefinite integration

Involving only one direct function

07.04.21.0001.01
1 Tv—l(a Z) Tv+1(az)
fTv(az)dz: — +

2a\ 1-v v+1

07.04.21.0002.01

1 Tv—l(z) Tv+l(z)
fTV(Z)dZZE[ + ]

1-v v+1

Involving one direct function and elementary functions

Involving power function
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07.04.21.0003.01

1-a

fz‘”l T,(2dz==2""12"1 (Ta_l(z) +iy1-7Z Ua_z(z)) (z(zw\/ 1-7 ))

1 - _
( (Tv,a(z)n\/l—zz U_W_l(z)]zl:l(vza, 1-a; Vza +1,-22-2i\1-2 z+ 1)+
a-—-v

1 + +
—(Tw(z)—i\/ 1-7 Uw_l(z))zFl[—azv,1—a;1—azv;—2z2—2m/1—z2 z+1)+
a+v

(TZ,W(z)Hz\/l-zz ul,a+v(z))2|:1(v_a+1,1-a; T 22 2iy1-2 z+1)—

v—a+2 2 2
1

Z[Tz_a_v(z)+12\/1—22 Ul_a_v(z))zFl(l—aT”,1—a;2—agv;—222—2i\/ 1-7 z+1)]

a+v-—

Involving algebraic functions

07.04.21.0004.01

3 (7)/73) 1 - 22 E (7‘/71)
f (1-Z)2 " T (2dz= — g @

v+

07.04.21.0005.01

v-3 1-7 %
f (1-2)2 T,@dz=- % T,1@

Involving only one direct function with respect to v

07.04.21.0006.01

1-2
f T,@dv = U@
cos1(2)

Involving one direct function and elementary functionswith respect tov

Involving power function

07.04.21.0007.01

1 - -
f v IT,(2ddv = 5 Vv (=(=iveos™(2) " I(a, —iveos™ (@) - (iveos ()  T(e, ivcos™(2))

Definite integration

Involving the direct function

07.04.21.0008.01
1 Ta®

P .
V12 t-x

Orthogonality:

dt=nUp1(X)/;n-1eN"A-1<x<1
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07.04.21.0009.01

1 Tin(t) Tn(t) s
f 7511::E(Sm,n/;meN/\neN/\mz+n2¢0

"Vi-e

Summation

Infinite summation

07.04.23.0001.01

> w2z
ZTn(Z)W": —/i-l<z<1Aw <1
— w2 —2zw+1

07.04.23.0002.01

o

w 1

> —Ta( ::—Elog(vvz—Zzw+1)/; -l<z<1Aw <1
n

n=1

07.04.23.0003.01

. (%) \/l—wz+\/wz—22w+l

n
> —Th@W' = fi—l<z<lAw <1
no V2 yw-2zw+1

07.04.23.0004.01

Th(2wW"
@ =cosh(V2 Vw(z=1) |eosh(vV2 Vw(z+1) ) /;-1<z< 1AMl <1

T =
= !
2)nn.

07.04.23.0005.01

=]
I
o
—_—

::e""zcosh( w2 (Z-1) )/; -l<z<1Aw <1

07.04.23.0006.01

® (Y (22 -7) 11
Z¥CQ(Z)W”==2F1(7, 2=y, A+ ) E(1—\/\/\/2—2zw+1 —w))

o (2, (7( + %)n

11
2F1(7,2/\—y;/1+£; 5[1—\/W2—22W+1 +W))/;—1<Z< 1AM <1

07.04.23.0007.01

o

@ 11 (Z-)w
> Tn(z)w“:(l—wz)72F1[g,7+ LEY

!
n=0 n!

P [i-l<z<1Aw<1
2 2 (1-wz?

07.04.23.0008.01

iézf(z_m)/nzwz

12, T(2) 2

07.04.23.0009.01

il 1 1 1,
ZTn(x)Tn(y)[§+56n,o)==En\/ 1-x2 \4/1—y2 dxX-y)/;-1l<x<1lA-1<y<1
n=0
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Operations

Orthogonality, completeness, and Fourier expansions

The set of functions Th(x), n=0, 1, ..., forms a complete, orthogona (with weight 7% ! ) system on the

1-x?

interval (-1, 1).

07.04.25.0001.01

o2 T |[ 2 T ]
Z — — =0x-y)/;-1l<x<1lA-1<y<1
=0 T 4 T

1-x2 JV 1-y?

07.04.25.0002.01

U [20 Tt [27 Tut
f - ® - ® ]dt::dm,n/;nhnzqeo
-1 T 4 Ve 4

1-t? 1-t?

Any sufficiently smooth function f(x) can be expanded in the system {Th(¥}_p1,.. @@ generalized Fourier series, with its
sum converging to f(x) amost everywhere.

07.04.25.0003.01

Co & 1 [2 Tax
f(x) == —+ch¢/n(X) /;Cn:f t//n(t)f(t)dt/\t//n(X) =4 - -1<x<1
2 e -1 T4 1_y2

Representations through more general functions

Through hypergeometric functions

Involving »F,
07.04.26.0027.01

Ty v v 1 v 1-v v+1 3
(2= COS(_) 2F1[——, - = 22)+ZVSin(—)2F1( , ;= 22)
2 222 2 2 2

N

07.04.26.0001.01

T . 11-z
(2) = (—v, Vi o —)
21 2 2

07.04.26.0002.01

1 z+1 11 3 z+1
TV(Z) == CoS(v ) 2F1(—V, v, E, T)+\/?vsin(v7r) vVz+1 2F1(V+ 5, E—V; E, —)

07.04.26.0028.01

v z v v v+1 1
cos(—)— sin(—) 2F4| —, v+ — |+
2 2 2 2 2

v z v v 1 v 1
cos(—)+ sin(—)]zFl[——, ———1l-v —) [ize (-1, 00A\2veZ
2 2 z

T(@=2"" (—zz)’g

-1 (_22)"/2

22 2
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07.04.26.0003.01

1 2 1 2
T,@=2"1z-1)" zFl[v, v+ 5; 2v+1; 1—) +27 1 (z- 1)V2F1(—v, . v;1-2v; 1—) [iz¢ (—00, DA2v & Z
z

Through hypergeometric functions of two variables

07.04.26.0004.01

-V, v, 1 z
mF[ )
Zi 2 2

Through Meijer G

Classical casesfor thedirect function itself

07.04.26.0029.01

v v v+l 1-v
vsin(mv) ztL1-3 R
= [G%E[_ZZ S e e I 1A
avr 0.3 0-3
07.04.26.0005.01
vsin(nv) 1of2-1 v+l 1-v
T, (2=~ szz 0 1 LveZ
Vr 21 03
07.04.26.0006.01
1 z—-1| m+ 1,1-m
Tn(Z) =———1im msn(ﬂ'm)G%g[— 1 ]/,neZ
m-n ’ 2 o, 5
07.04.26.0007.01
vsin(nv) 1 v+1,1-v
T,2z+1)=-—"-—G)5|z 0 L LiveZ
n 12
07.04.26.0030.01
1
STVVES

T,(2 =

yvsn2av) | Vz+1 12 z+1
22|
2Vn V2

1
2 1o ZF 1
R
0 -1 ' 2
)
07.04.26.0031.01

v+l

T(2=- V(_i ( (-2 (zsin(g) + \/; cos(%)) Gg:g[_ :

v+1, 1—v]
1
0,5

2 v
2'2)+

avr z] Ov
v v 1]1-r v
(zsin(—)—\/—zz cos(—))Gé’g—— 2 2] fz¢(-1L,0OA2veZ
2 2 A 2| o -v
07.04.26.0032.01
27 ly@z-1 2 _ 1
T,(2) = & Gy’ 1= V] (z- 1" Gya| — V+1’V+2]]/;z¢(—1,1)/\2v$l
vr “\z-1| 0 -2v -1 0,2v

Classical casesinvolving algebraic functions
07.04.26.0008.01

1-2 22V—l 12
Z+D)7T (—)::—G' z
"\1+2) rew **

1
E—v,l—v

1

]/; Z¢ (—o0, -1)
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z-1 22v-1 1 1—v,%—v
(z+ 1)‘VTV(—)== —— G|z L fiz¢ (1,0
z+1) T (@2v) 0,3
07.04.26.0010.01
. 1 -1 1-3. =
(z+1)72T, ] == — G;é[z 2 1 2
Vzr1) TO 03

07.04.26.0011.01

v z 2"‘1 21 1- %: L
(z+1) 2T, — |=——G5|z z¢(=1,0)
z+1 roe ° 0, %
Classical casesinvolving unit step 6
07.04.26.0012.01
1
0(1-12) 3TV ES
TV(22—1)==\/76§§Z 2 1 2 /iz¢ (-1,0)
1-z 0, >
07.04.26.0013.01
1
(12 - 1) SVt 3
T,2z-1)=Vx Gjlz| * |
z-1 0, >

07.04.26.0014.01

61—z 2 1
Sl TV(——1)==«/FG§'§(Z o 2)
Vi-z z ’ v

07.04.26.0015.01

0z -1 2 1
(12 )TV(——l) ==\/762‘§(z 03 ]/; z¢ (-0, —1)
Vz—1 z ' %

07.04.26.0016.01

1 1
02 - 1) S-2v,2v+ <
T,(82-82z+1)=Vr Gyi|z| ° . |iRe@>0
z-1 b3
07.04.26.0017.01
o1-12) (8 8 02
TV[———+1] ==x/7c;§'2[z "2 |/;Re(»>0
1-z 2 z ’ -2v,2v
Generalized casesinvolving algebraic functions
07.04.26.0018.01
y z 21 1]1-% 2
Z+1)2T,| ——|=—0Gdlz - 2 2 1/Re@>0
rov | 2 1
VZ2+1

Generalized casesinvolving unit step 0



http: //functions.wolfram.com

07.04.26.0019.01

1 1-v
01— 12) =, =
Tv(z):«/?c;g;gz,E 2 P lhvez
1-2 03
07.04.26.0020.01
v 4
02 - 1) 1] -3 3
T,@=Vr V2 &3z =| 2 2]
A7 2] -%0
Z-1 2

07.04.26.0021.01

1

0(1-12) 1 1 0, =
RERCE S
1-2 ¢ 22

07.04.26.0022.01

0(71 -1 1
(2 )TV[—)::\/? 2 6%z
z

1
_5’0
v+l

1
2

Through other functions

I nvolving some hyper geometric-type functions

07.04.26.0023.01
s L
T.@ =, 5 V1-Z P (2
V=3

07.04.26.0024.01
| 1
T, (2 = E V4 z-1 V4 z+1 P2 (2
Y72

07.04.26.0025.01

vl (1)
T@=——P 2 2(2)

2)y

07.04.26.0026.01

Involving spheroidal functions

07.04.26.0033.01

21-7

T(2=—PS :1.(0,2
p =33

Representations through equivalent functions

With related functions
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07.04.27.0001.01
v (0)

T,(2 = ECV (2
07.04.27.0002.01

T,(29=U,(2-2U,_1(2
07.04.27.0003.01

1
T,(2 = E U, - UV—Z(Z))

07.04.27.0004.01

(Z-1)VU,12)
T@=—|——F-2Uu@
v 0z

07.04.27.0005.01

1 1V 1 Uy (t)
Tn(X):——SDf7dt/;neN*/\—l<x<l
b4 1 t—X

With elementary functions

07.04.27.0007.01
T,(2) = cogv cos *(2))

07.04.27.0010.01
/8% v
T,(2 = cos(?) cos(v sin"l(z)) + sin(?) sin(v sin"l(z))

07.04.27.0011.01

y(Z) CO: 2 S
\' 2

07.04.27.0012.01

e [ 55))
T,(2==cogdv|n—2sn
V2

07.04.27.0006.01
1/ inv -V inv \4
Tv(z)zza(eT(iz+\/1—zz) +e’7(iz+\/1—22))

07.04.27.0013.01

v+1

1
T@ =2 z

— 2y
)v+% @4_1] +\/—_Z +

fm ] ood 22

sin( 2) (-2 Z a z¢(-1,0)

J_\/ﬂ]_z

07.04.27.0014.01
-2v 2v

z+1 z+1
Ty(z)==2V‘1(z—l)‘V[l+ IL] +2‘V‘1(z—1)V[1+ L] Jzé (-1, 1)
z-1 z-1
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07.04.27.0008.01

@ =21 (VI-z -V=z-1) " +(VI-z +V=2-1) | ineN

07.04.27.0009.01

A

Expansions in generalized Fourier series

1
Tn(Z) =-2
2

Theorems

had 1 2 1
f(X ::chwk(x) /i Ck ::f () Y(t) dt, (X)) = / ; (1—x2) 4 T(X), ke N.
k=0 -1

Minimizing property of Chebyshev polynomials

Chebyshev polynomials Tp(x) have the smallest absolute values among &l polynomials of degree n with leading

coefficient 1:

n . Th (X)
max Za ¥ = max | ——— |
“lex<1 | £4 -1=x<1 | [X"] (T, (X))

Another minimizing property of Chebyshev polynomials

L P’ L Ta(0? n S
f—dxzf n—dx:E/; P(x)==2”‘1x”+Zcix'/\cie[R
- 2 - k=0

Wi1-x Wi-x2

Distribution of the zeros of Chebyshev polynomials of high order

In the limit n - o , the zeros of T,(x) fulfill the arcsin distribution; in other words, the relative number of zeros
my(a, b)/nintheinterva (a, b) is(arcsin(b) — arcsin(a)) / .

History
—P. L. Chebyshev (1855, 1859)
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