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Notations

Traditional name

Clebsch-Gordan coefficient

Traditional notation
(rjamumy | jgjo jm)
Mathematica StandardForm notation

CIebSChG)rdan[{jl' rnl}! {jZI rnZ}v {Jv m}]

Primary definition

07.38.02.0001.01
(Jriammy | jyjpjm=

VZIFT G +i-it Vi -ii+ it Y G-mt Y G+mt G+ mot y o -my!
VeEitirin! Vi+in+iz+ D!y Gr-mpt (2 +mp!
sFo(j—ji— 2 M=, —ja=Mp j—jo+ My +1, j— j1 —Mp+1; 1) /; PhysicalQ({j1, My}, {j2, My}, {j, mb)

m,my +m,

07.38.02.0002.01
(Jrlamumy | jgjo jmy==0/; = PhysicatQ{j1, mu}, {j2, Mp}, {j, MY

(j1j2mymp | jp jo j M) isthe Clebsch-Gordan coefficient for the decomposition of |j m> in terms of |j1 m1>®|j2 mz>. The

Clebsch-Gordan coefficients appear in the quantum mechanical treatment of angular momentum, where j is the full angular
momentum and m is its projection onto a given axis. The values of the Clebsch-Gordan coefficients which are physically
realizable (in aMinkowski space-time) are obtained under the additional restrictions:
07.38.02.0003.01
Physical Q{j1, M}, {iz, Me}, {i, M) = TriangularQ(ja, j2, ) N\
ji—meZAjz-mpeZANj-meZA-ji=sm=<jiA-jp=smp=<jA-j=ms]

where

TriangufarQ[j 1, j2, ] 1 =2j,elntegers A\j1>20A2j, elntegers A

j2o20A2j elntegers A\j =0Aj1+]jo+] elntegers NAbS[j1-jo] <] <j1+]2
07.38.02.0004.01

TriangularQ(j1, j2, D =2j1 eNA2j; eNA2jeNAji+a+jeNAl1-jol=j=ii+]2
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Specific values

Specialized values

Nonphysical cases

07.38.03.0001.01
Uriamemp | jrjojmy=0/m +my£m
Fixed j]_, j2, mq, My

07.38.03.0002.01
(-1~
(Jrlzmmy | j1j200) = 2— Siy.ip Omy,—m, /s PhysicalQ({j1, M}, {j2, mp}, {0, O}
V2j+1

07.38.03.0003.01

Vein! V@ia! v o+ iz+m+myt (g + jo — my —my)!

(Jriommy | jyjojo+jom +my) ==

V2iz+2i! Y r+mt Y Gi-mt Gz +m)t /G- m!
PhySiCﬂ(Q({jl, ml}v {jZI rnZ}x {jl+ ij m1+ rnZ})

07.38.03.0004.01
{Jriammy | jijoji+jo—1mg+my) ==

2(j2m1_j1mZ)(\/2jl+2j2_1 \/(2j1—1)! \/(ij—l)! \/(j1+j2+ml+rnZ_1)! \/(jl+12—n11—n12—1)!)/

(\/(211+212>! Viermt Vir-m)t Gz +mot iz -mot )
Physical Q{j1, My}, {j2, Mo}, {j1 + j2 — 1, My + my})

07.38.03.0005.01

Vit Viz V2ii-1 V2j,-1
Vii+ia-1V2j1+2j,-1
(Viiz=mt Yazemot yiz=mot V2 +mt iyt iz -m-mp - 2! \/(11+Jz+m1+mz—2)!)/

(Ve Ve yei+2i-4t)

( Qj1-!2j,-2)! 22j1-29!'2j2-2)!
(ji—

(Jriommy | jujoji+j2—2mg+my) ==

+
M)! e+ M =2 (o + M) ! (jo—-mp=2)! (ja—mM =D!(ja+mM = D!(jo+mp = D! (jo—mp = D!
2j1-2!2j,-2)!

(Jr=m =2 (jr+m)! (jo+ M = 2)! (jo —mp)!

]/1 PhySial(Q({jlr rnl}r {j21 rnz}, {jl+ j2_2‘ ml + rnZ})
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07.38.03.0006.01

Vie V2i2-12j1-2),+5 V2j1-2),+4 /2] -2],+3
\/2]1+1 \/2]1"’2 \/2]1+3

(\/(Jl—ml)! Varrm)t Viz-mat o +mt v/ (1= jo—my - my +2)1 \/(]1‘]2+"‘1+mz+2)!)/

(\/(2.)' \/(2.)' \/(2._2.+4)')[ Rj2=-D'2j1-2j2+ 2! B
VI Y ey ) (12 = Mo = 201 (2 — J2 — My — M) (s — o + My + My + 2)!

22j,-2!'2j1-2j,+2)!

GriaMmy | jyjzja—J2+2my +mp) = (-1)l2"™

+
Jo+m=D!(jo-mp=D!(jr—jo—mM —mp + D! (j1— jo +my + My + 1!

Rj2-2!'2j1-2j+2)! ]/_
(Jo+m =2 (jo—m)! (jy = jo =My = Mp +2) ! (ja = jo + My +Mp)!
Physical Q{j1, My}, {j2, M}, {j1 — 2 +2, My + my})

07.38.03.0007.01
{rlamemy | jrjoja—jo+1my+my) =

(—1)jz+m2+l(2(jzml+jlmz+mz)\/2j1—2]2+3 V@iz=D! Y @j1-2j2+ D! (1 +my! \/(jl—mm)/

(Veis+ 2t Yz +mt Viz-mt {Gi-fz+mem+ Dt (-l -m-mp+ 1)
Physical Q{j1, ™y}, {j2, M}, (i1 — J2 + 1, Mg+ my))
07.38.03.0008.01
(rjamumy | jpjoji—jomy+mp) ==

, (i+m)! y(Ji-m)! 2]2)! V2j1-2]2+ D!
(=1)izm ‘/ 1 \/ 1 il \/ 2 \/ 1 2 p

Vi D! Y Ga+m)! Gz-m)! (- +m+m)! y (1 j2—my - my)!
Physical Q{j1, ™My}, {2, M}, (i1 — J2, My + M)

07.38.03.0009.01

Gz my | Jlszl+mzm1+mz>==(—1>h-”‘1(\/(2ml+2mz+1)! Vi + iz —my—mp)t g+ my)! \/<Jz+mz)!)/

(\/(jl+jz+n11+”12+1)! \/(jl—jz+m1+"b)! \/(—jl+j2+”h+"b)! \/(jl_ml)! \/(jz—n‘z)!)/;
PhysicalQ{j1, M}, {j2, Mg}, (Mg + My, My + My})

07.38.03.0010.01
(1 d2 MMy | ja jo My + My +1my +mp) == (=117 ((jo = mp) (j2 + Mo + 1) = (jo — My) (jo + My + 1))

(Vzmzm 3 Vem+2m+ bt Vi -m-me- bt Jhremot VG emot )/
(\/(j1+jz+”‘1+fT12+2)! Vi-z+mem DUy it o+ m+m+ DYy Gr-mt y Gz -mo)! )
PhysicalQ{j1, M}, {j2, Mpb, My + My + 1, My + mp})

Fixed jll j2! j! my

07.38.03.0011.01

VZIFT {@in! Vit o+ D!y Go-mt y (1 + 1+ m)!

Vi +ia+i+D! Vli-iz+ D! Vlr+iz= D!V G2+mt (- -my!
Physical@{1, ji}, iz Mo, 4, J1 +moh)

(Juziamp | jrj2 i +mp) =
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07.38.03.0012.01
Juigla=Imp | oo jja+m=-D=((J-ji—-m+D(+jr+m)—(j2+Mm)(jo—Mm+1)

VZIFT V@it -0t Vit i+ Dy Ga-mt Y+ i+ mp- D!
Virtia+i+D! -z D! Vr+ia- D! VG2+mt (- jp—mp+ 1)
PhysicafQ({j1, j1— 1}, {j2o M}, {j, j1+mp—1})

Fixed j]_, j, my

07.38.03.0013.01
(j20mM 0 | j1Ojm)==06;, jOm,m/; PhysicalQ{j1, M}, {0, O}, {j, my})

07.38.03.0014.01
o S 2j;+j-1
(Jujamemg | jpjij2m)==0/; fel

07.38.03.0015.01

o (22T Gz G —zmt Y@
/

(Jojammy | j1j1j2m1)==(—1) 2 o 2 2
(5 () () Vene o

2j1+] R
—— e 7 )\ Physicat@(z, mi), {jz, m), (], 2my))

07.38.03.0016.01
< 1 1

o 1 1 1
Jl]l+£m1ml+5 >

jrji+—j+=-2m +—
Jih 2J > h

2j1+
i-2i ( h J) Vit2m+1 V2j+j+2 \/(211—1)' \/(J+2m1)' \/(J—Zml)'

() (2 () E VT @i )

(-1
€ Z/\'PhySiCﬂ/Q[{jl, my}, {j1+ % m; + %} {j + % 2my + %})

2j1+]

07.38.03.0017.01
<. ) 1 1
JiJa+t MMy ——
2 2

o 1 l2 1
+—j+=-2m - -
J11 2J > h 2>

s () ivT=2m+ T V2 +1+2 { @ir- D! V(i +2mt /(- 2my! /
e ;

() (2 ()2 Vit V2o

e Z/\Physz’ca/Q({jl, m}, {j1+ % my — ;} {j + ; 2m, - %})

2j1+]
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07.38.03.0018.01
< 1 1

o 1 1 1>
+—Mmmy+ — ==
Jil 2m1 h >

jrji+—j+—-2m+—)=
Jih 2] > h >

pas () VTmZmr T Y @it VG +2me Y G- 2m 1)
(-1 2 /i
() () (B ) V2 Ve mA Ty @y +j+2)!

2] j—1 1 1 1 L
% IS Z/\?’hysicu(’Q({jl, my}, {jl+ > m + E}' {j + > 2m, + 5}]

07.38.03.0019.01
1 1
jrji+—mpm - —
1)1 2 1 2

o 1 12 l>
+—j+=-2m - —
J1h1 2J > h >

o (VTR Em Ty @i- i VG +2m+ D Y G -2m )
_(_]_) 2 /;
(”1;"*1):(“2'2"1*1)!(ifzjl*l)zﬁm Q2j1+j+2)!

20 +i—
%Jl IS Z/\Physz’ca(’Q({jl, m}, {j1+ %, m — %}, {J + %, 2m; — %})

07.38.03.0020.01
j-2iy

Juja+Imm+1] jija+1lj2m+1y=~(-1) 2

((2112+J)!\/j+2m1+1 Jiczm J2i1 2 iz Y@ Jiezme Ji-zm )/
2. s . 2 '_2
(2( Jl2 J)![Hzml)!(J 2ml)!\/jl+m1+2 \/J'1+"11+1\/T\/j+1‘/(2j1+j+1)!]/;

2j1+]

€ Z |\ Physicat@({jy, M), (i +1, my + 1), (], 2my + 1))

07.38.03.0021.01
(Juja+Llmpmy | jpji+1j2mg) =

oy MmNV VIR T2V @i- i+ Dty (+2mt Y -2my)!

(=D 2 /i

() (2™ () Vi mr T Vi - m+ T VT VIFL Y @ja+j+D)!

e Z |\ Physicat@{js, M), {is + 1, mu), (i, 2my)

2j1+]

07.38.03.0022.01
=20y

(Jrjia+Imm -1 jjp+1j2m-1)=(-1) 2

((2112+J)!\/j—2"11+1 Vieem 2i+t 2ii+i+2 Y@i-i+D y(+2m! ‘/“"2"‘1)’)/
2 (L2, (122, ez Vi T YT @i )

2j1+]

€ Z |\ Physicat@({jy, My}, i +1, my — 1), (j, 2my - 1))
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07.38.03.0023.01
j-2jp-1

Jrja+Imm+1 | jija+1j2m+L=(-1) 2 ((+D+Cm+12j1+2)

(2j1;j+_1)!\/(j+2rnl+l)! \/(j—2ml—1)! V2j+1 @j—-j+D!
p(2mt) (I2mtyy (i) T V2 VT VTP Y @1 12!

2j1+j—1

/s

e Z )\ Physicat@(js, mu), (i1 + 1, my + 1), (j, 2my + 1))

07.38.03.0024.01
Juja+dlmemy | jpja+1j2my) =

- @1+ (255 )y G2myt y(-2m)t V2T Y @1y-j+ !

(-1 = /i

() (2 (22 o m TV -m L VT VTR Y @i+t

€ Z )\ Physicat@(jy, mu}, {1 + 1, my), {j, 2my)

2j1+j—1

07.38.03.0025.01
j=2ip-1

Jria+Imm -1 jjp+1j2m-H=(-1) 2 ((G+D-QCm-1)(2j;+2)

()G +2m-1 Vi -2m+ 1t V2TFT Y @jy-j+ D!
2 (B () (P VI m A T VT m 2 VT VTFL Y @iyt +2)!

2j1+j—l

/i

ez \ Physicat@(is, mu), (i1 + 1, my - 1), (], 2my - 1)

Fixed j1, j2, j

07.38.03.0026.01
o L j+iitia-1
(j1]200 ] j1j2]0)=0/; fEN

07.38.03.0027.01

o it (BENVZTFT N Gt iz + Dy Gr= o+ DYy Gr+j2 = )!
(11J200 [ j1)2j0y=(-1) = /;

(—J'1+2J'2+J')! (h‘iz*j)! (j1+i2_j)! \/m

Jitia+]
arer e Z/\‘Tn’angu/ar@(jl, j2, 1)
Fixed ji, j2

07.38.03.0028.01

(i+ 2!y @iD! Y 2i!

(J1J200 | j1jo a1+ 20y = fijieNAjeN

jiti2'V @1+ 2j2)!

07.38.03.0029.01

o L . jl!\/(zjz)! \/(2j1—2j2+1)! _ _ o
(1112001 j1j2j1=J20) = (=D LiieNAzeNAj1= ]

P2'(Ji—i2!'V @j1+ D!
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07.38.03.0030.01
(Jilzirie lird2a+i2ia+ijn=1/2j1eNA2jeN

e Ve |
Urigli=l2 l1h2Ja+izia—J2) = /2j1eNA2jeN
V@2j1+2jy)!

07.38.03.0031.01

07.38.03.0032.01
(Jrlamumy | jrjoja+jo—1m+mp) =0/ jimp=jomy

V@i V2! v2j1+2j,-1

07.38.03.0033.01

(Jrlzia—lz2 I jilela+tiza=-2j1—J2) = /2j1eNT A2, eN*
VR2j1+2jy)!
07.38.03.0034.01
L o L Vi ) .
(rl2ii=Liz litl2ii+ie—Lii+ja-D=-—"—-/2j1eN" A2, €N
Viitl2
07.38.03.0035.01
L S o Vi ) .
(Jrl2lail2a-11 J1Jz]1+12—111+12—1>=:f/;zlleN/\ZJZENJr
Jit ]2

07.38.03.0036.01

Viz V2j1-2j,+3

(ulzii=l2 liil2ii—J2+1ja-J2) = : : L2j1eN"A2),eN"Aji=p
\/2]1+1 \/Jl+1
07.38.03.0037.01
o V2j1-2j,+1 ) . o
(rizii—l2 ll1i2ii—Jeli—Jo=—/2j1eNA2j;eNAj1 2 ),
\/2j1+1
07.38.03.0038.01
S o V@i V2! v2j1+22-3 ) )
(Jrlzii—J2 llil2laiti2—201—J2) = /i2j1—-2eNA2j,-2eN

V2 {(2j1+2j,- D!

o N2 V2T 2h-24 o
(rizii—l2 l1l2li—2+2j1-J2) == /12j1eNTA2j,-2eNAj1>j-1
\/2]1+1 ‘\/2]1+2 \/2]1+3

07.38.03.0039.01

Fixed ji, my

07.38.03.0040.01
(Jojamemg | jpja2m+12my)==0

General characteristics

Domain and analyticity
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{(Jrj2mmy | j1 j2 j myisasix-argument function. The condition Physical/Q restricts the arguments to integers or
half-integers (interpretated as quantum-mechanical spin quantum numbers) that fulfill certain inequalities. Without
the condition Physical@Q and the prefactor ensuring My + My ==m, (j1 jom My | j1 j2 j my would be an analytic
function in al six arguments.

07.38.04.0001.01
W emyds{josMpl s {jxmh—(jrjommp | j1j2 j M ((Q®QI®{IQ®QI®{Q®QH)—C

Symmetries and periodicities

Reflection symmetry

07.38.04.0002.01
(oJi—mp =y | jojij —my={(jpjommy | jijojm)

Series representations

Generalized power series

07.38.06.0001.02

o Ommy +m,
(ixd2mymy | g jp jmy = Vi +iz-! VG +ii-i!

VU+ii+jz2+D!

Vi-i+i! V2i+1 Va+mt yGi-myt v Gz +mt Go-mt /(G +m!

0 K
Jimme s -

— , : — — /s
koo KU+ 2 =1 =R e =M =K (2 + M=K ( = ja + M+ K = jo =M +K)!

Physical Q{j1, M}, {2, me}, {J, mh

07.38.06.0002.01

o o Ompmy+m, , , ,
(i Jamumy | 1 jo jm) = V2i+1 yG-mt yG+m!

VU+ii+i2+D!

Vi+ii—ia! Vi-ir+ia! Vr+ia-d! v Gi-mt /G +mt (2 —mp!

, & Ok, jr+ja—J-K ji—m =K jo+mp—K j+k=jo+m, j+k—j,—myp)
v Uz +mp)! Z ——— . . . , , ,
e K (o + 2= =K (i —m =K (Jo+mp =K (j+ K= jo+mp)! (j + K= j; —mp)!

PhySiCﬂ[Q({jl, ml}v {jZI rnZ}x {Jv m})

07.38.06.0004.01

.. .. 6mvml+mz .. R .. . C . R
(Griamemp | jyjojm= Vit Vi+i-i! Vi-i+i!

VU+ir+j2+D!

V2i+1 Varmt Vii-mt Vi +mt Vio-mt G+mt G -m!

min(jy—my, jo+my) (=DK

. — : , : , . : /;
kemax(—j+ipomn—j+ gm0 KL (ST =K+ Ji+ ) =K+ jo—m) (=K + Jo +mp) L (j+ K= Jo + M) (j+ K= j1 —mp)!

PhySica(Q({jl‘ ml}‘ {j21 rnZ}r {]1 m})
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07.38.06.0005.01
VUi +j2 = D!
V@+ir+iz+ D! =iz + D!V (cir+ia+i)!
Vir-m)!t VGa-mpt VG +mr G-m v2T+1

Vi +m! v (o +mp!

(Jrlammp | j1j2 i M) == Omm, +m,

min(j;—my,j—m)

DMK G e my R+ o -y - K)!

T T R '/; Physical Q{j1, M}, {2, Mal, {J, mp
k:max(o,j_jZ_ml)k-(]l_ml_k)-(J_m_k)-(_J+J2+m1+k)-

07.38.06.0006.01
(Jriommy | jyjpjm=

Vi +ia=D! V(=i + D! i+ ia+ D! Vai+mt G-mt v2i+1
V@i 4+ ! Vair+mt Gi-mot VG +mt (2 —mo)!

MR DK my = R (- M+ K)!

mm; +m,

— X — [, PhysicalQ({j1, M}, {j2, M}, {j, mh
yKEG =i+ =R (G +m=K!(j1 - 2 -m+ k! ' ’

k=max(0,— j+m+j,

07.38.06.0007.01
NS
V024Dt VGt ia= D! V@ ia+ o+ !
Var+mot Vi-mot VGa-mat VG +mt V27T
Vi +mt G-m!

<j1 j2 mm | jl j2 ] m) = 6m,m1+mz

M=l (DI 2] -+ o= [+ K)!

V(i . . ) (i V(i A ' /1 PhySiCﬂ(Q({jl‘ ml}‘ {jZI rnZ}x {Jv m})
kemax@),+j+mp KU =1+ 12 =R G+m=K!(j1 - j-m +K)!

07.38.06.0008.01
(Jrigmmy | jojpjm =

; VeEirtio+ D! i+ia— Dt @+ in+ i+ Var-mot G+m V271
mmy +my,
N Var+m! v Ga+mt \ (2—mt /G -mt
min(j—j+jp,j+m) (_1)j2+mz+k @ji-K!(a+j+m —k!

. . . . . . . /v PhySica(Q({jlx ml}x {j21 rnZ}v {Jl m})
o KU-Ji+la=RIG+m=K! (i +j2+]+1-K!

07.38.06.0009.01
(Jrigmmy | jyjpjm=

V@+ii+ja+ ! Var+mt VGi-mpt JG+mt yG-m! vZj+1

5m,m1+mz

Vi +iz=D! VGi—iz+ ! Vir+iz+ D! Viz+mt G- m!

MG (MK (o = M=K ! + - my = K)!

s PhysicatQ({j1, My}, {j2, A, m
2, k!(jl—ml—k)!(j—m—k)!(j1+j2+j+l—k)!/ ysicalQ({]1, M}, {J2, mp}, {], mb
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Other series representations

Series of binomial coefficients

07.38.06.0003.01

\/(—J +2J'j11+jz) \/(—i +21'j12+ jz)
JOE e ) 02 V)

ORI
o (L T N D e ) pesicar@tia, . G e 1,

<j1 j2 mm | jl j2 ] m) == 6m,m1+mz

Min(=j+jy+]2.j1 =My j2+My)

k=max(0,—j+]p—My,—j+]1+Mp)

Integral representations

On the real axis

Of thedirect function

07.38.07.0001.01

(= 1yir~i+me

iz | iz 1m0 =tnim, ——— (VA m V=Dt Vs i o0t Y25+ /
17)2

(Vie-mot aremt Gz-mt Yz emot yG=mt Yisr et =iz + ! )

1 ) ) aj*m((l_t)l—_hﬂ-z (1+t)j+j1—j2)
f (1-phrM @ +pl™ " dt /; PhysicalQ({j1, M}, {j2, mp}, {j, mp
1 -m

07.38.07.0002.01
(Jrigmmy | jpjpjm=

(= 1y, Vir=ia+ D! VGr+ia-! Gi+ia+i+D! V2j+1

6m,m1+mz

2]1+jz+j+l

Var-m)t VGr+mt Viz—mpt VG mt G-mt G+mt i+ o+ D!

1 9t (LM 1+ 1)
f (1-p2*™ (1+p7m — dt[; Physical Q{jy1, M}, {iz, me}, {J, mh
-1 oti-iitiz

07.38.07.0003.01

i =2+ D! VGi+iza=D! V(i +ia+i+D! V2T+1
ja+ip i+l A . . .
e Jiliat ity (S + iz + D!

fl ) 3]*]1*]2(1_@)1

(1-1))" AU PhsicatQ@js, ) (i . 1, )
1 —J1itl2

(j1]200 | j1j2j0) ==
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07.38.07.0004.01

oimm G+ ia- D! NG+ + i+ D! V2T+T

i1+l

(Jrlammp | j1j2 i M) == Omm, +m,

Vi +m! v Gi-mt G2+ m)t y (o —my)!
. m -

1 Wl 1-t\Ta 1 . . ,

f(l—tz) 2 [—1+t] djz_h’m(cos’ (t))dt /; PhysicatQ{j1, M}, {j2, M}, {j, M)

-1

Multiple integral representations

For thedirect function itself

07.38.07.0005.01
(Jriommy | jojpjm =

(—pim @it VZTFL A G=mt G+m! y Gr=m)t G+ mpt G2 —mt Y (o +mo)!
mmy+m, >

n Vi+ii-ip! Vi-ir+ia! Vir+ia-D! V(i +ir+ia+D!

07.38.07.0006.01

2Eemr2i0my gnl=iitiz g) §in(g — ) 12 sinlt iz () d o d 9 [ Physicat@jy, M), Lz M), (G, M

NE NI
NS N

2iltiz-i N1 (iﬂé*iz)! (i*i;ﬂ'z)! (il*iz*])! \/m

Vi+ii-i! Vi-i+i! Va+ia- it (M) V2+T V2 +1

(Jrlamumy | jyjojmy==

T 2T
[ [ snovpo.ovre.o e pdean
0 JO

J+ii+1]2

. eNAmez A\m ez \m ez )\ Physicat@tis, m), iz, mo), {i, mh)

07.38.07.0007.01

1 VGi+i+i+D! yGi+ia-i! V2T+1
2
8 V@D @2j)!

27 T 2T . . -
[ [ [ sn® 0l @ 1D, e 810Dl (o B v f PhysicatQt, ml iz, e 1,

(Jrlamemy | jyjo jmy=

Involving the direct function

07.38.07.0008.01
(olamemy | jrjojmy(rjommny | jrjojny=

2j+1 p2n pn 27r. i j NN
fo fo fo SIN(B) Dl ny (@, B, ) Dl my(a, . ) Dinnl@, B, y) dy d Bda ;

82
PhySiCa(Q({jl, ml}‘ {j2! rnZ}x {Jv m}) /\phySican({]lv nl}v {j21 nZ}v {J‘ n})

07.38.07.0009.01
. . . . . 2 2j + 1 T .
[(j1J200 1 j1j2]0)l Tfo sin(®) Py, (cos(d)) Py, (cos(d)) Pj(cos(¢h)) d ¢ /;

1eNAeNAjeNAlI-jd=<i<ji+]2
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Integral representations of negative integer order

VUi—i2+ D!
VGt ia= D! N Ei+ia+ ! i+ ia+j+ D!
Var+m! Y Gi-mt VGz+mt y/G+m! vZT+T

(j1—12+m)!\/(iz—”\2)! \/(j—m)!

e (R S O R PR P B HUR PR PR i)

07.38.07.0010.01

(rjammy | jpjz jm = 6m,m1+m,2(—l)h+j2_j

, li=o /2 PhysicalQ({j1, mu}, {j2, Mp}, {], mp)
Otl2—me

Generating functions

07.38.11.0001.01
(riamymy | g jo jmy == (-1™al

(\/21+1 Vr+ia+i+ D! Y Gi+m)t v Gi-m)! y Ga+m)! (o —mpt (- m)! \/(j+m>!)/
(Viisriz=0t Ve i-ivt Va+is-iat )

(s, ™™, yiaeme, g2, 21om, 7 @Bk EYV KA J) Physicat @y, M, iz, o), (i, M)

Identities

Recurrence identities

Consecutive neighbors

07.38.17.0001.01
(Jriommy | jyjpjm=

Vie+tm Viji-m+1 S Vig+m Vip-m+1 S
(Jrlom —=1mp | jyjo jm-1)+ (Jriomm =11 jijojm-1)
VI—m+1 yi+m VT=m+T y]em

07.38.17.0002.01
(Jrigmmy | jpjpjm =

Vie-m Viji+m+1 L. Vie-m Vip+m+1 oL
: : (ulame+1my | jojajm+1)y+ —— : (rlammp+11 jyjzjm+1)
Vi-myjrm+1 Vi-myj+m+1

07.38.17.0003.01
@j1=-DCmyj1 (1 =D +my(jr (1 =D+ a2+ D= j(j+ D))

(Jrlamemy | jyjojmy=-

Gr=-DVii-m Viji+m V-ji+io+j+1 Vji—2+] Vii+ia—] Vii+i2+i+1
(Juo=Ljommy | ji=1jjm—
iVitrm -1 Vii-m -1 vV-ji+p+j+2 Vii-lo+] -1 Vii+ia- -1 Vit+i2+]
Gr=DVit+m Vii-my V-ji+o+i+1 Viji—jo+] Vit+ia—] Vit+i2+j+1
(Ji=2jammy | j1—2]pjm)
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07.38.17.0004.01
(Jrjammy | jyjpjm=

~(@i1+3 @My 1+ D (142 + My (1 + D (1 + D+ j2 G2+ D= G+ D0 /(G1+2 3 -m+ 1y jr+my+1

Voirtiz#i Vir—ie+ i+ i+ ia—i+1 in+ia+i+2 ) Co+Liammy | jy+1jojm-
(Gr+Dyi-m+2 i+m+2 =ji+io+i-1 ir-ia+i+2 ir+ia-i+2 ir+ia+i+3)/
(Gr+2yir-m+ 1 yiem+1 =ji+ i+ V- +i+1 Vir+i—i+1 ir+iz+i+2)

(Jr+2jommp | ji+2jjm)

07.38.17.0005.01
@i2=DCmjo(j2=-D+my(jo(j2=D+j1 (2 +D-j(G+ Dy
e=-DVie-m Vig+m Viji—jo+j+1 V-ji+ia+] Vii+ia—] Vii+i2+j+1
(Jria=1mymy | jyjo—1jm)—
2Vie-m -1 Vig+m -1 Vji—o+j+2 V-ji+ia+] -1 Vit+io—- -1 Vit+i2+]
(o=DVie-m Vig+m Vii—jo+i+1 V-ji+jo+] Vit+ia—] Vit+i2+j+1
(Jrlz=2mymy | jyjo—-2jm)

(Jrigmmy | jpjajm =

07.38.17.0006.01
(Jrizmumg | jpj2jm =
(@i2+3@Mu (2 + D (1242 + M (o + D (12 +2 + i1 (1 + D= G+ D) /(2 + 2y oM +1 y o+ mp +1

Vit—ie+i V=it i+ttt i+1 yir+io+i+2 )iz +1mmy | jrjo+1jm -
(Ge+ Dy i2-me+2 o+ m+2 yji—jo+i-1 y=ir+ia+i+2 ir+ia=i+2 {ir+ia+i+3)/
(Ge+2yiz-m+1 iz+m+1 yji—jo+i y-ir+iz+i+1 Yir+ia-i+1 yir+i+i+2)

(Jrjz+2mmy | jpjp+2jm)

07.38.17.0007.01
2 V2T V2] =1
Vi-myVj+mV-ji+io+] Vit-lo+] Vittia-i+1 Vit+i+j+1
JG=Dm-mp)-mji (j1+D+mjy(j+1)
2j(-1
Vi-m=-1Vj+m-1 V-ji+jo+j-1Vii-jo+]-1 Vit+ja—J+2 Vi1 +]a+]
2(-D)V2]-3 V2] -1

(Jrjammy | jyjpjm=

(Jriamemp | jrjoj—1my—

(Jriammy | jyjoj—2m)
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07.38.17.0008.01
2(j+DHvV2j+1 v2j+3
Vi-m+1 Vj+m+l V-ji+jo+j+1 Vii-jo+j+1 Vit+jo—j Vir+i2+j+2
[(j+1)(j+2)(m1_m2)_mjl(j1+1)+mj2(j2+l)
2(j+DH(j+2

(Vi-m+2 i+m+2 f-jstiz+i+2 ir-iz+i+2 Vit +ia-i-1 \/jl+jz+j+3)/
(2a+2y2i+3 J2j+5 |z izmim | jljzj+2m>]

(Jrlamumy | jyjojmy==

(riommp | jijaj+1my-

Functional identities

General relations

07.38.17.0068.01

Vizrm-2mt N G+mt i +iz- D! Vet iz + D! i+ o+ ]+ D! VZ]+1

(Jriommy | jyjpjm =

Vaz+mt Vi-mt yGa-ia+ i
j+n

D (—1)‘j+k+”((j+k—n)!(2n)!\/(k—m+n)! VGi-ja+k+m! \/2k+1)/((j—k+n)!(j+k+n+1)!

k=j-n

(cj+kemty kem-mt iy + i+ k=m! Gy + o - k- \/(j1+j2+k—n+1)!)

j2+mp _ . .
2 > /\Physimt’a({h. myl, {2, mpl, {j, mh

(jrjz-nmm—n | jij-nkm-ny/;2neN A\ n=

07.38.17.0069.01
(Jrlamumy | jyjojmy==

(\/<jl+jz+j+1)! VG- + D! Vit ia- D! Va+m! Vz—m)t (1- o+ my —my)!

\/(jl—jz—”‘l+”}z)! )/(\/(_jl+j2+j)! \/(j1+m1)! \/(jl_ml)!)

j
i (—1)12‘k((4k+1)(j2+k)!\/(—j1+j2+j+2k)! V @k+2my)! \/(2k—2mz)!)/
k=|my|

((2jz+2k+1>!(jz—k)!<k+mz>z<k—mz>!\/(11—12+J+2k+1)! V- o+ -2k \/<jl—jz—j+2k>!)
(Ji—j22kmy—mp2my | jp—jo2Kjmy /; Imy —my| < j; — jo A PhysicatQ({j1, my}, {j2, mp}, {j, mp)

Arguments changing by 1/2

07.38.17.0011.01

. 1. 1.
—— == jm+
J1 2]2 2]

o S Vii-m Vii+i-j Vii+i2+j+1 4 1 1 1 1
Julommy | Jyjo jmy=— <

ji—=jo—=—m+-—mp——
2j1+DVjo+my 2 2 2 2
Vietm+1 V-ji+ia+] Vii-l2+i+1 <j +1. 1 1 1
1
2j1+DVj+m

1 1
T tmacme e i
2J2 2m1 2mz 2‘]1 212 21 >
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07.38.17.0012.01
o Vietm Viji+o—] Vis+jp+j+1 ;1 1 1 1y 1 1
Urlemmp | jyjojm) = : : <J1——J2——m1——mz+— li=zle=Z1m+
@i+ DV -m 22 2 2

Vie-m+1 V-ji+i+] Vii-j+i+1 ) 1 1 1 Ty 1 1
<Jl+_12_5m1_5m2+5 11+—Jz—51m>

Qj1+DVj—-m 2

07.38.17.0013.01
o o Vie-m Viji—jo+j] V-ji++j+1 ;1 1 1 1y 1 1
(Jrjamumy | jpjojm)== <11——12+—m1+—mz—— Ji— <2+t JmM+
@i+ DV oM e T 2% 2 2 222
Vittm+1 Vji+jo-j+1+ji+j+j+2 ;| 1 1 1 1y 1 1
jit et —m+—mp— — 11+—12+—Jm>
@1+ DVip-mp+1 2 2 2
07.38.17.0014.01
Vig+m \/jl—jz+j\/—jl+jz+j+1<j 1j+1m 1mz+1 j 1j+1jm
ot o | 2%

(Jriommy | jyjpjm = ) :
Qi1+ Vij+m+1

<_ 11 1 1
+—jo+—M——Mp+ —
J1 212 2 h 2m2 >

) 1 1 >
+—jo+—jm
J1 212 2]

Vie-m+1 Vit+io—j+1 Vit +j+]j+2
@j1+DVij+m+1

07.38.17.0015.01

Vii-m+1 Vj-m <j +1j Myt
1o l2——m-— =

V=iitia+i Vii-2+j+1 2 2 2 2

Vittm+1 Vj+m 11 1 1
{1+ oM+ om- =
Vol +] Vin-l2+j+1 2 2 2

11 1 1 1
‘ll‘*“lz—glm)“‘

(Jriommy | jojpjm =

11 >
+—jo——jm
it 2=

07.38.17.0016.01
o Vie-m Vip-mp+1 1 1 1 1, 1 1
Uriammy | jrjpjmy = ———— — <11——12+—ml+—mz——‘11——12+—Jm+
Vii-lz+] V-li+l+j+1 b 222 2 2
\/j1+m1 \/j2+rnz+1 i 1 1 1 1 i 1 1
I E— li-z e+t M—-—NMp+— 11——12+—jm>
Vie=le+] V=it T2 +]+1 2 2 2 2.2
07.38.17.0017.01
o Vie-m Vj-my2j+1 o1 1. 1 1 1
(UulaMmmy | Jajz jm) = : T — <1112——mlmz+5‘1112—51—5m+5>+
V2 ViV=iitha+i Viitha+i+1
Vigtm Vj+m y2j+1 1 1 1 1 1
- — Jllz—E”hrf‘z—E‘JlJz—EJ Em_5>
V2N V=iitha+i Viitia+j+1
07.38.17.0018.01
- o Vie-m Vii-j2+j vV2j+1 ;1 1 101 1
Urlemp | jpjojm) = <Jl——12m1+5mz 11—5121—5m+5 +

V2 VivVi-myji+i+j+1
o 1 1) 1 1 1>

- — + — ——j-=-m+ -
Jil2 2"1'“2 2‘]1]2 2] > >

Vie=-m V-ji+j2+] V2j+1
V2T Vi-m i+ +i+1
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07.38.17.0019.01

. o Vietm Vii-2+j V2j+1 ;1 1 1 1 1
Urlemmp | jyjojm) = — —— <Jl—512m—§mz ]l—Ejzj—Em—E +
V2 Vi VT+m Vit +]+1
Vig+mp V-ji+i2+j v2j+1 | 1 1, 1 1 1
jiiz= > mump -~ 11J2——J——m——>
V2 VT VieTm Vit +j+1 2 2 20 2 2
07.38.17.0020.01
. S Vietm+1 V-ji+j+j V2j+1 | 1 1 11 1
Uulamemp | a2 M) == <11+—12ml+—mz‘11+—121——m+— -
V2 Vi Vi-m Vit - i+1 2 2 2% 22
Vigtm+1 Vii-ja+j vV2j+1, = 1 1, 1 1 1
<1112+—m1mz+— 1112+—J——m+—>
V2 VT Vi-m Vit - +1 2 2 2 2
07.38.17.0021.01
o o Vit-m+1 V-ji+j+] V2j+1 ; 1 1 11 1
Uulamemp | jajz jm==- <jl+—jzml——mz ]1+—JZJ——m——>+
V2 ViVi+mVii+a-i+1 2 2 277 2 2
Vie-mp+1 Viji-j+j V2j+1 ;1 1y 1 1 1
<11J2+—m1mz—— 1112+—J——m——>
Ve VT Vi+m Vit - +1 2 2 2" 2 2
07.38.17.0022.01
o o Vii-m V=ji+j+j+1v/2j+1 ;. 1 1 1 1 1
Uulammy | Jajz Jm)=— <]1——12m1+—m2‘Jl——]2J+—m+—>+
V2 VT Viemel Visv -1 2 2 22 2
Vie-m Vii-jo+j+1v2j+1 ;1 1, 1 1 1
JiJo——-MNMp+ — J1J2——J+—m+—>
V2 ViFTVT+me T Vit iz -] 2 2 2.2 2
07.38.17.0023.01
o o Vietm V=-ji+i2+j+1 v2j+1 1 1 1o 1 1
UrlomMp | jyJojm) = <11——12ml——m2‘11——121+—m—— -
V2 VT VI-mel Vi -] 2 2 202 2
Vigtmp Vii-ja+j+1v2j+1 | 1 1, 1 1 1
1112——mlmz——‘J1J2——J+—m——>
V2 ViFTVT-m+ T Vit ]z -] 2 2 2.2 2
07.38.17.0024.01
o S Vi-my-ji+ja+] Viatia+i+1 1 1y 1.1 1
Urlemp | jpJo jm) = <1112——m1mz+— Jljz——]——m+—>+
VZNTVZIF IV 2 2 20 2 2
Vitm+l Vii-jo+j+1 Via+ja-j . 1 1, 1 1 1
<1112—— L+ 1112——J+—m+—>
V2 I+ I VZI+ T V- m, 2 2 2.2 2
07.38.17.0025.01
o S Vitm V=ji+ja+] Vgt +j+1 ) 1 1. 1 1 1
Uulammy | Jyjp jm) = <1112——m1mz—— j1jp——j——m-—)-
V2 Vi V2i+T i+ m 2 2 22 2
\/j—m+1\/11—12+1+1\/11+12—i<jj 1mmz 1‘]] 1j+1m 1>
PP B PP

V2 i+ I VZI+ I Vit m

Arguments |1, j», j changing by 1
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07.38.17.0026.01

o o M@ -DvV-ji+i2+]+1 Vii—Jo+] , , ) o
Urlemup | jyjo jm) = — : : ——— Ju=llommp | jo—-1jpjm) -
Jr=-DVii-m Viz+m Vig+jz—j Via+ja+j+1
2j12j1=-DViz—-m Vijo+m
Vie-m Vii+m Vit+io-i-1Vii+io—] Virtia+] Vir+tia+i+1
(Jr=Lljo=1mmy | ji-1j-1jmy+
(ityir=m-1 yirrm-1 =jrtio+i+1 =i+ o+ i+2 Vii-lo+i-1 yii-ia+i)/
(Gr-Dyi-m irrm i+ io=i-1 Y i+ Virtiz+i Yir+ie+i+1)
(Jr=2jommp | j1—2jjm)

07.38.17.0027.01

Vie-m Vii+m V=ji+ o+ i+l V-ji+ia+i+2 Vii—le+i-1 Viji—j2+]
2j1 211+ DVip-m+1 Vi +mp+1

(Jrlamumy | jpjojmy=

Ju=1ljo+1lmmy | ji-1jp+1jm+
MvV-ji+tia+ti+I Vit—jo+i Vittia—i+1 Vit +ja+j+2
2j1(i+DVig-mp+1 Vjp+my+1
Vie-m+1 Vgt m+1 Vig+ o= j+1 Vist - j+2 Vit ti2+i+2 Vit +j2+j+3

2(1+ D@1+ DVip—-m+1 Vj+mp+1
(Ju+ljo+lmmp | ji+1j+1jm)

(Jrio+1mymp | jrjo+1jm) -

07.38.17.0028.01

Gr+DVii-m Viji+my V-ji+io+i+1 Vji—j2+] Vii+ia—-] Vii+i2+i+1

Griammy | jyjojm=- : _. — —— —_
1 1 i1+ D @My js (3 +D+my (1 (1 + D+ j2 G2+ D - j (+ D))

Ju=ljommp | ji—1jjm-

Vii-m+l Vig+tm+1l V-jitjo+] Vis—e+i+1 Vigtio—j+1 Vit +j+2
@+ @M jr(a+D+m e+ D+ 22+ D= j(+1))

Jutljommp | ji+1jpjm)

07.38.17.0029.01
(Jrijg+1mpmp | jijo+1jmy==
Vie-m Vig+m Vit+io—] Vittlo-i+1 Vis+tia+ji+1 Vip+j+j+2
21121+ DVi-mp+1 Vj+m+1

MV-ji+io+]+1 Vii-lo+] Vittla—i+1 Vit+i+j+2

(rijommy | jpjajm+

2j1(i+DVig-mp+1 Vj+my+1
Vie-m+1 Vig+m+1 V-ji+tjo+] V-jitja+j+1 Vii—jo+] Vii—j2+i+1
21+ DR+ DViz-me+1 Vjp+mp+1
Ju+ljommy | jo+1jpjm)

Arguments jq, j2, mg, My changing by 1

(Ju=Ljomymp | ji—1jjm)+
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07.38.17.0030.01

Vietm Vig+m -1 V=ji+io+] V=-ii+i2+i+1 Vii—lo+j Vii—lo+i+1

(Jrla=1mymy | jpjo—1jmy=

2j1 21+ DVip+m Vip+mp+1
(Jr=ljom-1mp+1 ] j1—-1jjm-
Vietm Vii-m+1 V-ji+io+] Vii—lo+i+1 Vii+io—] Vii+i+j+1
2j1(i+DVip+m Vip+mp+1
(Jriom=1mp+1 ] jpjojm+
Vie-m+1 Vjii-m+2 Vii+ o= Vir+io—j+1 Vit +i+1 Vit+j+j+2
21+ DRja+DViz+m Vizg+my+1
(Ju+ljom—-1mp+1 | ji+1jjm)

07.38.17.0031.01

Vie-my Vji-m -1 V-ji+jo+] V-li+i2+i+1 Vii—jo+] Vii—-j2+j+1

(Jriz=1mymy | jijo—1jm)=

2j12j+DVia-m Vip-my+1
(Ja=Lljiom+1mp—-11j1—-1jjm+
Vie=-m Viig+m+1 V=ji+jo+] Vii—la+i+1 Vit+ia—] Via+ia+j+1
2j1(i+DVig-m Vig-mp+1
Jrlam+1mp =11 jpjo2jmy+
Vietm+1 Vig+m+2 Vigtiz—j Vigtla=J+1 Vig+ia+j+1 Viji+ja+j+2
21+ DRja+DViz-m Viz-mp+1
Ju+ljom+1mp =11 ji+1jjm)

07.38.17.0032.01

Vietm Vig+m -1 V-ji+jo+j+1 Vii—lo+i Vii+io—] Vii+i2+j+1
211+ DVie-m Vip+mp+1

(Jriamumy | jpjojmy==

Ji—1jom-1mp+1 ] jp-1jjm-
(Jr1+D+j2Ge+ D=+ Vis+m Vji-m+1
2j1(i+DVig-m Vig+mp+1
Vii-m+1 Vii-m+2 V-jitjo+] Vii-2+i+1 Vista—i+1 Vit +j+2
2(1+D@j1+DVija-m Vi +mp+1
(Ja+ljom-1mp+1] jp+1jjm)

(Jrjom=1mp+1 ] jijojm-

07.38.17.0033.01

Vie-m Vjii-m -1 V-ji+o+j+1 Viji—j2+] Vit+i2—] Vii+i2+j+1
211+ DVig+m Vjp-m+1

(Jriommy | jyjpjmy=-

(Jr=1jom+1mp—1]j;1-1jpjm—
(1Gi+D+j2Ge+D—j(+)Vii—-my Vijg+m+1

(Jriom+1mp =11 jijojm+

2j1(i+DVig+m Vig-mp+1
Vietm+1 Vig+m+2 V-ji+tjo+] Vii—l2+i+1 Vistiz—i+1 Vit+i2+j+2
21+ D@1+ DViz+m Viz-my+1
Ju+ljom+1my =11 ji+1jjm)
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07.38.17.0034.01

Vittm Vig+m -1 Vii+io—j Virti—i+1 Vii+ta+i+1 Vii+j+j+2
2j1 21+ DVie—-m Vio-mp+1

(Jrla+lmpmy | jpjo+1jmy=

Ju=ljom-1mp+1| ji-1jjm+
Vietm Vig-m+1 V=ji+ip+j+1 Vis—j2+j Vittia—i+1 Vit +ja+j+2
2j1(i+DVig-m Vja-mp+1
Jrlami—1mp+ 1] jjajm+
Vie-m+1 Vii-m+2 V-ji+iz+] V-ir+io+i+1 Vii—j2+] Vii—J2+j+1
2(j1+D@2j1+DVija-mp Vip-mp+1
(Ja+ljom-1mp+1] ja+1jpjm)

07.38.17.0035.01

Vie-m Vjii-m -1 Vji+jo-j Vit+tia—j+1 Vit+ia+j+1 Vii+j+j+2
2j1j1+DVig+m Vi+mp+1

(Jrig+1mpmy | jijo+1jm)=

(Ja=Lljom+1mp—11j1—-1jjm-
Vie-my Vig+m+1 V=ji+jp+j+1 Vit—j2+i Vittla=i+1 Vit +j2+]+2
2ji(i+DVig+m Vig+tmp+1
Jrlam+1mp =11 jpjo2jmy+
Vietm+1 Vig+m+2 V-jit+jo+] V-li+tia+j+1 Vii-jo+] Vii—j2+i+1
2a+DRja+DViz+m Viz+my+1
Ju+ljom+1mp =11 ji+1jjm)

Arguments j,, j, mp, mchanging by 1
07.38.17.0036.01
NeIESh
V=litie+i Vii—Je+i Vir+tiz=j+1 Vit+i2+j+1 V2j-1
(Viz+me Viz=m+ 1 \i+m j+m-1 (rjomm =11 j1joi-1m-D-2my/j-m y/j+m

Grizmmp | izizi=1m=yia=mp i2+mp+1 yj-m {/j-m-1 Grizmm+11 jyjzj-1m+ D)

(Jrigmmy | jyjpjm =

07.38.17.0037.01
(Jrla=1mymp | jpjo—1jm)==
VitmVj+m-1 Vii—jo+] Vii—lo+i+1 Vii+jo—] Vii+j2-j+1
2jV2j-1V2j+1 Viz-mp Vjo-mp+1
VitmVj-m+1l V-ji+jo+] Vii—lo+i+1 Vii+o—] Vii+ia+j+1
2j(j+DVie-m Vip-mp+1

Jrlampmp =11 jijoj—1m-1)+

(Jrlampmy =11 jijojm=-1)+

Vi-m+l Vj-m+2 V-ji+jo+j Vojitia+i+1 Vigtia+i+1 Vip+ja+j+2

2(j+DV2j+1 V2j+3 Vi-mp Vjp-m+1
(Jrjammp =11 jijoj+1m=-1)
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07.38.17.0038.01
(Jrjz=1mmy | jyj2—1jm)==
Vi-myj-m-1+vj-jo+] Vii-le+i+1 Vii+ioa—] Viz+j2—j+1
2jV2j-1V2j+1 Viz+m Vja+my+1
Vi-myVj+m+l V-ji+io+] Vii—lo+i+1 Vii+jo—] Vir+i2+j+1
2j(j+DVic+m Viz+mp+1
Vitm+l Vj+m+2 vV =-ji+jo+] V=it + ]+ Vgt +j+1 Vji+ja+j+2

2(j+DV2j+1 V2j+3 Vi +mp Vjp+m+1
(rlommp+11] jijoj+1m+1)

(Jrigmmy+11] j1joj—1m+1)—

(Jrigmmy+1 | jijojm+1)+

07.38.17.0039.01
(Jriamymy | jpjajm =
Vitm Vi+m=-1vV-ji+jo+] Vii—j2+] Via+ja—j+1 Vji+ja+j+1
2jV2]-1V2j+1 Viz+mp Vjp-mp+1
Cir(i+ D+ G2+ D+jG+)Vj+m Vj-m+1
2j(j+DVija+mp Vijz-my+1
Vi-m+1 Vji-m+2 V-ji+ip+j+1 Vii-lo+i+1 Vit+tia—] Via+tja+j+2
2+DV2j+1 V2j+3 Vija+mp Vijp-mp+1
(Jrlammpe =11 jij2j+1m-1)

(Jriammp =11 j1j2j-1m-1)+

(Jrjamemp =11 j1jojm=-1)—

07.38.17.0040.01
(Jrlammp | jpj2jm)==
_\/i—m Vi-m=1+v-ji+ip+j Vii-Jo+] Vistia—i+1 Viz+ia+j+1
2jV2j-1V2j+1 Viz-m Vjp+m+1
Clii+ D+ G+ D+j(+ D Vi-m Vj+m+1
2j((+DVia-mp Vizg+m+1
Vitm+1 Vi+m+2 Vji+ip+j+1 Vii-o+i+1 Vit+tia—] Vis+tja+j+2
2(j+DV2j+1 V2j+3 Vip-mp Vjp+mp+1
Jrlamme+1 1 jpj2j+1m+1)

(Jrjammp+1] jijoj—1m+1)+

(Jrjommy+1 | jijpjm+1)+

07.38.17.0041.01

VitmVi+m-1 V-ji+jo+j V-irtiz+i+1 Viztiz+i+1 Viz+j2+j+2
2jV2i-1V2j+1 Vip+m Vip+mp+1

(Jrig+1mymp | jijo+1jm)=

(Jriommp =11 j1j2j—-1m-1)—
VitmyVj-m+l V-ji+io+j+1 Vii—lo+i Vii+io—i+1 Vii+j+j+2

2j(j+DVie+m Viz+mp+1
Jrlampme =11 jpj2jm-1)+
Vi-m+1Vj-m+2 Viji-jo+j Vit—je+i+1 Vit+iza—j Via+ja-j+1
2(j+DV2j+1 V2j+3 Vjo+m Vi +mp+1
(Jrlammp =11 jpj2j+1m-1)
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07.38.17.0042.01

Vi-mVj-m-1V-ji+i+] V-li+i+i+1 Vii+tio+i+1 Vji+jp+j+2

(Jrla+lmpmy | jpjo+1jmy=

2iV2i-1V2j+1 Vjp-m Vjo-mp+1

(riommp+1 ] jijoj—-1m+1)+

Vi-myVj+m+l V-ji+io+i+1 Vii—lo+i Vii+io—i+1 Vii+j+j+2

2i(j+DVip—-m Vio-mp+1
(Jriommp+ 1| jijojm+1)+
Vitm+1 Vi+m+2 Vii—o+i Vii—le+i+1 Vii+j—j Vii+i-j+1
20+ DV2i+1 V2j+3 Vijo-mp Vjo-mp+1
(Jriammp+11] j1joj+1m+1)

Arguments my, mp, m equal to zero

07.38.17.0043.01
(N+j1J—n00 | N+ j1j,-nj0)y=

(_hgjfj)!(#)!\/(—jl+j2+j—2n)! \/(jl—j2+j+2n)!
T I Y A IR [P Y
neZ/\maX(—jL w}snsmin[jzy #)/\jleN/\jzeN/\jEN/\Hl_jZISjSj1+j2

I nvolving two Clebsch Gordan coefficients

(j1i200 1 j1j2i0) /s

07.38.17.0044.01
(Jrigmmy | jyjpjm=
<l 1 1 1

1 1
—M+ji+j)=(CM+ji+j)—(r—Jo+mM—mp) = (j1— jo— M +NMy) —(m+'+')—(—m+'+')"—'>
> J1 J22 J1 122J1 J2 1mzzJ1 J2 1”‘2’2 J1 122 it )i—)2

07.38.17.0045.01
(Jrigmmy | jojpjm =
E ] . !

1 1
—(M+ji+j2) =M+ jr+ ) —(ji+a+Mm—mp) —(=j1+ jo— Mg +Np) —(—m+'+')—(m+'+')"—'>
> Jitl2 5 Jit)2 > Jitl2 h— My > Jitlo—M +Mmp ‘2 Jit]2 > Jitl2d)le—h

07.38.17.0046.01
(Jrigmmy | jpjpjm =
V2j+1
Vitja+m+1

07.38.17.0047.01

o o Vv2j+1 1 1 1 1
(ulamemy | Jgjo jm)== <

ViThrm T (2
1 1 1 1
5(]+]1+”‘2)5(—m+11+12)E(j+jz+"11)E(—j+211—jz+m1)>
07.38.17.0048.01

(rizmumg | jpj2jm =

V2j+1 1
el

1 1 1 1 1
<jl5(j+jz—”11)j—jza(—j+m+j2+mz) ‘ le(j+j2—m1)£(j+j2+ml)§(j+m—j2+mz)>

—(j+jl+W12)§(—m+jl+jz)E(j+j1—2j2—n1z)5(—21+m+11+jz)

1 1 1 1
—(j+j1+mz)j2E(j+m—j1+m1)j1—j ‘ E(j+jl+n12)jzE(j+11—rrb)5(—j+m+j1+n11)>
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07.38.17.0049.01

. S v2j+1 1 A S 1T R
<1112m1mz|Jllem>::—<—(m+11+12)—(J+Jz—m1)—(21+m—11—12)—(—J+211—12—m1)
Vitii-mp+1 '2 2 2 2

1 1 1 1
—M+ji+j)=(+jo—m)=(+ji—-m) —=(j+j1—2]+ )>
> Jllzzllzmlzlllmzzlll Jo+ My
07.38.17.0050.01

o o Vv2ij+1 1 1
(r jamumy |y = (

1 1
—————————-«—m+h+Jy—U+jyum)—@j—m—h—ka—ed—h+2h+nw‘
Vithrm+1 12 2 2 >

1 1 1 1
—(M+ji+j)—(+jr+m) —(+jo+m) —(J—2j1+ jo— )>
> J1J22111m22112mlzl Jitla—My
07.38.17.0051.01
(Jrijammy | jyjpjm=
V2j+1 1 o1 ) T Y R 1 )
—<—(J+12—m1)11—(J—m—Jz—mz)lz—J‘—(J+Jz—ml)J1—(J+Jz+m1)—(—J—m+Jz—mz)>
1/j+j2+m1+1 2 2 2 2 2

07.38.17.0052.01

o o V2j+1 1
(ulamemy | jyj2jm)= <

1 1 1
—(j+jz—m1)§(m+jl+jz)5(j—2jl+j2+ml)5(—21—m+j1+j2)

Vitii-m+1 2
1 1

1 1
—(J+j2—m) —(M+jr+j2)=(+j1— —(-j-j1+2j- >
2(] J2 1)2( Jit+ ]2 2(] I mz)z(l J1+2)2—mp)

07.38.17.0053.01
(Jrizmmg | joj2jm =
V2j+1
Vitihi-m+1
07.38.17.0054.01
(Griomumy | jajzjmy =Dtz ojomemy | jpjajm/i—j+ji+j2€2Z
07.38.17.0055.01
(rizmumg | jojzjmy= (=02 (jyjo—my—my | jojoj-my/s—j+1+2€Z

07.38.17.0056.01

1 1 1 1 1
<j2E(j‘*‘jl‘*‘mz)j—j1£(—j—m+jl—”11) ‘ jz§(j+1'1+n12)§(j+1'1—mz)5(j—m—jl—m1)>

. o (Dl \2+1 o .
(ulamumy | jpj2jm)== Jla=mmp | Jloji—m) /i jo+meN
\/2j1+l

07.38.17.0057.01

. S Gprmy2ieT . .

(Juamumy | jpjojm)== Juim-m| jijjo—mp)/iji—meN
\/2j2+1

07.38.17.0058.01
o N o e T . .
(ulamemy | Jgjo jm)== Jlam=myg | JJijomp) /i ja—m eN
\/2j2+1

07.38.17.0059.01
o S D™ V27+T o .
Uulamump | jrjojmy=—————(Jim-mg | jjrjomp) /i ji—-m €N

\/2]2+1
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07.38.17.0060.01
. N o Ll RV T o R . .
(uamumy | jpjojm)== Jlam=-mp | Jlojam)/ij—ji—-mpeN
\/2j1+1

07.38.17.0061.01
. o DM V2T . -
(Jrlomumy | g jojmy= (Jajmp-m| ja2jji-mp)/ij—ji—mpeN
\/2j1+1

07.38.17.0062.01
(Jrlamumy | jyjojmy==

1 1 1 1
[\/ 2j+1 <£(—j+jz+m1—1)115(j—m+j2—”‘2+1)—j—jz—1‘ E(—j+jz+m1—1)115(j—jz+m1—1)

%(—j—m—jz—mz—l)>\/(—j+11—jz—1)! Vi-i+ it ViG-m! \/(—J+m—1)!)/

(Veis=mt Vm=jot ie-m- 0t o+ mat Y=l +m- 1)

07.38.17.0063.01
(Jrijammy | jyjpjm=

1 1 1

(\/21+1 <5(j—Jz—ml—l)—jl—15<j—m+jz—mz+1>—j—Jz—l‘ ~G-mm =D -js-1
1 . . 1 . . . . .
E(J_JZ"'ml_l)E(_J_m_JZ_m2_1)>\/(_1_11_12_2)!

\/(j+j1+j2+1)! \/(—jl_ml_l)! \/(jl+”11)3 \/(jz—”‘z)! \/(—j2+”12—1)! )/

(Vi-i=le+ 0t Veivit it Vii-mt eiorm -0t V=m0t Yo rmot yi-jo+m )

Involving three Clebsch Gordan coefficients

07.38.17.0064.01
(rlamemg | jojojmy==(jajamemy | joji jmeser (j— jo+mp)sin(m(jo + M) +
V2j+1 CS(I(ﬂ(j—jl‘sz))Sin(ﬂ(j—jl—jz))<_ 1 1
Vitji-mp+1
1

JZE(j"’jl"’rnZ)jl_jE(j"’m_jl"'ml)
. . . 1 . . 1 . . . . .
JZE(J+11+mz)§(l+J1—mz)5(—1+m+11+m1)> J; Re(j + 1 + o) > 2
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07.38.17.0065.01

1
(riammp | jajajm=-————
Vit -m+ T
(V21 6800+ mm) et + Ju = 2 e560r -+ 1)) S ] = o = J20) Siner (3 = my) sinr (3 + )

< 1 1

1 1 1
15 G2t M) o=+ m= o+ my) jl5(j+jz+ml)5(j+jz—rm)5<—j+m+jz+rnz>>—

(V2i+1 {rei-m yTG-m+1 Tm-j) {TG+m+D) YTG+ji-j2+D
VIGEi=ii+j2) {Tii=m) yTGa+my+2) siner( - iz +m) /

(rVTEi-ii=i2- 1 VTG +i+i2+2) Th-m+ Dy T ) y/-2j3-1)
<1 o I I " 1 ) ! 1 ) I
—(j+jo—m =D —(=j+jot+m - —(=j—-M=—jo—Mp=1) —(—=j+mM—jo+ M —
2(J Jo—my )2(J Jo+my )2(1 J2—mp )2(1 J2+mp )‘
1 . . 1 . . . . . . . . . . .
E(—J+J2—m1—1)5(—J+J2+m1—1)—11—1—l—12—1>/3Re(]+11+12)>—2/\Re(l+11—12)<0

07.38.17.0066.01
(Jriommy | jpjpjm =
(V2i+1 esotr(u+m) TG+ 1=+ D T=j = j1+ o) Y Ti=m TG +m+ D) sine (- o +mp)) /
(Vrr-m+ ) T = Y TEi-m) Tl +m+ D) yj-ji-m, )
<1 1 1 1 ‘

E(—j+iz+m1—1)E(—m+jl+12)5(—1—211+1'2—”‘1—1)5(2]+m+11+j2+2)

1 1 1 1 . 1
—(—J+Jz+m1—1)—(—m+11+12)—(J—11—mz—1)—(J—J1+2J2+mz+1)>——

2 2 2 2 Vitl-m+T
( 2j+1 eselr (j + j1— j2)) esclm (jo + My)) eselr (j + M) sin(r (j — jo - Jz))sin(n(jl—rm))sin(n(Jz+mz)))

1 1 1 1 1
<j1£(j+j2+m1)j2—jE(j+m—j2+rr12) j1E(j+jz+n11)E(j+j2—n’l1)5(-j+m+jz+ffb)>/; Re(

j+ii+j2>-2ARe(j,—mpy) > -1
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07.38.17.0067.01
Guizmume | a2 im=—(y2j+1 7 eso@n jpyTj+ii-j2) TG -ii+i2+D {Tj-m TG+m+1) )/
(Vri-ii=ia=D {TG+ii-i2+ D YTi-ii+ i TG+ +]2+2)
VI=ir=my) TG+ m+ 1) T-ja=mp) Tz +mp+1) y/-m—ji-j,-1)

1 1 1 1
<5(—j+12—m1—1)£(—j+11—”12—1)E(—j—2j1+j2+m1—1)E(‘j+]1—212+”12—1) ‘

! 11 11 21 2 2
—(—j+ie—M =D —(—j+j1-Mp =1 —(-M—ji—jp—2) = (2] +M—j1— jo— )>—
> Itz h > Jtji—Mp > Ji— )2 > J Ji— ]2

(V2i+1 esc@rinyTi-ii-iz-D YTG+ii-ia+ D Ti- i+ VTG +ia+i2+2)
VTin=m) TG+ my+1) [ Tj=m) TG +m+ 1) sine (- i - j2) sinte (- my) /
(rNTEi+i-i YTG-ii+ e+ D {Tia=m) Tz +m+1) /=j+i-m )

1 1 1 1 1
—(=jtje—M =D = (-M=ji—j2-2 = (j+2j1—jo-M+1) = (=2j+m—j;— ] -2)’-(-'+' -m -1
<2 Jt)2 h 2 Ji—1)2 2J Ji— )2 h 2 J Ji— ]2 2 Jt+]2—my

1 1 1
5(—m—j1—j2—2)E(—j+11—W‘2—1)5(—j+11—212+ﬁ‘2—1)>/i Re(j+j1+j2)>-2ARe(j+m) <0

Summation

Finite summation

Involving one Clebsch Gordan coefficient

07.38.23.0003.01
i1
Z (JrlamO | jrjzjam)=@2j1+1)j,0/i2j1€N

my=-j;
07.38.23.0004.01
)
Z EDM G jam-my | j1j1j0y =+ 2j1+1 §jp/i2j1 €N
my=-j;
07.38.23.0005.01
i i Z': DMy jomymy | o jm) _
=i =l [ (1 + )ty (1= mt VG2 +m)t y G -mt VG +mt (-t
07.38.23.0006.01

I+l 2j1+1

o o o o n+j,+j+1
<11J200|1112J0>2==0/;HEZ/\|J—12|5n$J+J2/\f€Z

j1=li—jl ji(ja+D-n(n+1

07.38.23.0007.01

i(jlj+j200| j1j*izi+ii-i207 G0

- - 5 - =—-— /i eN
0 Cl-D@j+2j1-2]2+1) 2j+1
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07.38.23.0008.01
h{ 1 i+l (1i+0200 | jrj+i2i+i1-i20?
2j+3 2j1+32j+D 2j1-2j,+2j+1

j2=0

Involving two Clebsch Gordan coefficients

07.38.23.0001.01
i1 i2
D) Gademumy |y o i m Gy j2mumy |y jo i M) =6 j Sy /; TriangutarQ(y, j2, DAj-meZ A-j sm= |
m==]1 Mp=-]p
07.38.23.0002.01
j1ti2 j
> > MMy | o J M Gy MM |y jo M) == 6, oy Sy, /s Physicat@j, My}, (j2, M), (j1 + j2, My +mp))

j=lig=ialm==]

07.38.23.0009.01

L& o 2j+1
D0 D e mume | jajo i) G iy M |y i m) = ——— 6y, s Gy, /
My=—j; me—i 2 12 +1

TriangularQ(j1, jo, DN jo-MpeZ A —jo<mp < j;

07.38.23.0010.01

i1 i2 . o o o o ) 2j,+1
DD Dy fpmymy |y M- my |y jo =) = (~ D ———— 5} Oy /s
My ==j1 Mp==]jp Vv2j+1

TriangularQ(j1, j2, D)ANj-meZAN-j=m=j

07.38.23.0011.01

b2 e N VZ2j+1
Z Z ED G jammy | imyGa i =t | e J7 ja M) = ———— 6} j O /s
My ==j; My==], Vv2j+1

TriangufarQ(jy, j», DAj—-meZ A\N-j=<ms<j

07.38.23.0012.01
boog . N2 T V21
DT Cizmmy |z jamo) < jr - my |y o mp) = (-1 I : R —
My==j; Mp==jp 2j+1

TriangutarQjy, i DA j-meZ A—j<ms |

07.38.23.0013.01
jitiz i
Z @j+Drimm | jojizmp) (Gojmim | jijjomh) = (2j2+ 1) 6m, g Om,m, /s

i=lig=ial m==j

Physical Q{j1, ™y}, {2, Mo}, (i1 + j2, My + Mp})

07.38.23.0014.01

i+i2 J1
D, 2, GO @i+ D Griamimy | o i M Ga i munt | ajiame) =y 2jo+1 2] +1 6 O,y /i
J1=li—ial m==j;

PhysicalQ{jz + j, M—my}, {j2, M}, {j, M)

Involving three Clebsch Gordan coefficients
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07.38.23.0015.01
i1 i2 is
DT D Kl | 1z jame) (e i2Me Mo | o iz jaMa) Cx s My ms | i jis js Me) ==
my==]J1 Mp=—], Me=—1g

T _ . ITRr
(~Dlz*ististle \[2 )3 +1 \[ 2] +1 (jajsmems | 131514m4>{ pb }
07.38.23.0016.01

i1 i2 is

DT D Kzda ey |z ja sy (G2 jame My | 2 ia je Me) Cx s My s | i js j6 Me) ==
My =—j; My=—], Mg=—]

e \/2]1+1(2]6+1) o o
(-1lztstistle (i3 ismemMs | js s ja m4>{
V2ij,+1

07.38.23.0017.01

i1 2 ja}
ja Js e

i1 iz s
Z Z Z Jajamemy | j2jijsme)j2jeMeMe | j2js jama)(j1js M ms | jij5j6 Me) =
my=—j; My=—j, Mg=—jg

S - - L o j1 2 ]
(~Dtletietls (2§51 \[2j6+1 (3 jsmems | s s s m4>{ P }
07.38.23.0018.01
i1 i2 s )
Z Z Z DMy jomumy | 12 Jame) (s j2MeMb | Je 2 Jamu) (i i1 Me =My | Jg J1 5 M) =
my=—j; My=—j, Mg=—jg

o _ . o L 1 J2 ]
(~D)lz*Ististle 25 11 \[2]5+1 (s fsmems | 3 s a m4>{ pbk }
07.38.23.0019.01
i1 i2 is .
D D DIy ey |y 2 3 e (o a—Me My | 2 s jo Me) (x5 My Ms | i1 js jo Me) ==
My =—j; My=—], Mg=—]
o 4/2j3+1 2js+ D
(=1)l2+lstlstle (JajsmeMs | j s ja m4){
\/2j4+l

07.38.23.0020.01

i1 2 js}
ja is e

i1 iz I
D2 DL DMy jamemy | o 1 j3Me) iz Jo Ma e | 2 J jaMa) (e j1 M =My | o Ja s M) =
My ==]3 Mpy==], Mg=—jg

e - - o 1 d2 ]
(~Dltleletls (24511 \[25+1 (ajs mem | 131514m4>{ b }
07.38.23.0021.01
i1 i2 is .
Z Z Z (=122 (jp ja—mpmg | oz ja M) (s j2Me My | jg J2 jamMa) (j1 js M Ms | j1 j5 jo Me) ==
my=—j; My=—j Mg=—g

1 2 js}

(—1)j2+j3+j5+je\/2j1+1 \/2j6+1 (JalsMems | js s Ja m4>{ i s s
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07.38.23.0022.01
i1 i2 i .
D D DIy jamy—mg | 1 ja ja M) (e j2 M~ | e 2 Ja Me) (j is My Ms | 1 s j6 Me) =
my==]J1 Mp=—], Me=—1g

I - NI
(~1ylz+ististie \[2 ), 11 \/216+1<Jstm3ms|131514m4>{jf1 i jZ}

Involving four Clebsch Gordan coefficients

07.38.23.0023.01

b ¢ e f
2. 2.2, D bepy I beaa)(etep | efds)iebes | ebgn(fepy | feju =

p=—by=—Ce=—€p=—f

ming+j,a+d) Kk cba
V2a+1 y2d+1 y2g+1 /2j+1 Z Z(gjqulgjkx)(daéaldakk){f e d}

k=max(|g-jl,la-dl) x=—k ig K

07.38.23.0024.01
b ¢ e f

>3 > > (bep-y | beaay(efe—p | efdoybefe | begmicfye | cf ju)=

p=—by=—Ce=—€p=—f

min(g+j,a+d) k cba
(_Dm&gdza+1,/2d+1,/29+1,/2j+1 2: EZ(gjn—y|gijMdaéa|dak@{f ed
kemax(Ig—jlla~d) k=—k i gk

07.38.23.0025.01

c e f
DT> dibapa lbacy)(fijeu | ficy)(bghn | bgee(fdes | fdee =

p=—by=—Ce=—€p=—f

min(g+j,a+d) k cba
(-2 =i 2c+1)(2e+1) Z Z(gjw | gjkey(dada | dakx){f e d}

k=max(g—jlla—d}) k=—k i gk

07.38.23.0026.01
f

b c
D2 Y abapabey)(icuy | icfg)(gene | gebpy(d sy | dfee) = (-1 iy 2b+1

B=—by=—Ce=—€p=-f
min(g+j,a+d) k cba
V2c+1 V2e+1 y2f+1 Z Z(—l)'”(gjrm|gjk—/<><da6a/|dakK) fed
k=max(lg—l,}a-d]) k=—k i gk

07.38.23.0027.01

b ¢ e f
20202, 2, dap-albacy)(jeu—y | jcfe)(gbn-p | gbee)(ede—s | edfy)=

p=—by=—Ce=—€p=—f

min(g+j,a+d) K c ba
(-1 getn/2cr1 V2e+1 2f+1) Z Z(gjn—,u | gjks)(dada | dak)! f e d

k=max(lg-jl.la-d}) k=—k i gk

|
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07.38.23.0028.01

b ¢ e f
DD D bep—y | becaa)(fjepu | ficy)(eg—en | egbp)(efey | efdo) =

B=—by=—Ce=—€p=—f

min(g+j,a+d) K c b a
()99 2a+1 y2b+1 V2c+1 y2d+1 > Dgin-plgiko(dasa | dakk){f e d}

k=max(|g-jl,la-d|) k=—k J g k

07.38.23.0029.01
b ¢ e f
D2 Y ey I bcaay(fjep | ficy)egen | egbp)efey | efdo)=

ﬂ:-by:—Ce=—e¢:—f

min(g+j,a+d) Kk abec
V2b+1 V2c+1 y/2d+1 > Z\/2k+1 @jnu | gjke)(dkék | dkaa){d e f}

k=max(lg-]jl.la-d} k=-k k g j
07.38.23.0030.01

b ¢ e f
DD D bep—y I bcaa)(jfu-¢ | jfcy)@bn-p | gbee)(efe—p | efds) =

ﬁ:-by:—ce:—e¢:—f

ming+j,a+d) kK c b a
(et gt \[2351 \J2d+1 V2e+1 V2c+1 > Dgin-p I gikedase | dakx){f e d}

k=max(|g-]jl.la—dl) k=—k j gk

07.38.23.0031.01

c e f

b
2. 2.2, 2, bepy I beaay(fepy | fejubgpn | bgee(fdes | fdee=

ﬁ:-by:—ce:—e¢:—f

ming+j,a+td)  k c b a
D)7 V2ar1 (2)+1 Qe+l > D (gin-p | gika(das-a | dakkl f e d

k=max(lg—]|,la-dl) k=—k j gk

07.38.23.0032.01

c e f

b
2. 2.2, 2, bepy I beamy(fepy | feju(gene | gebp(fdes | fdeq =

p=—by=—Ce=—ep=—f

min@g+j,a+td) Kk c b a
(1) 9 \[2a+1 \2b+1 V2e+1 /2j+1 > Dgi-n-ulgikdas-a | dakx){f e d}

k=max(g—jlla—d]) k=—k i gk

07.38.23.0033.01
f

b ¢ e
2. 2.2, 2, b @ba g | abey)(cfyp | of ju)(ebep | ebgn)(dfig | dfee =

ﬁ:-by:—cs:—e¢:—f

ming+ja+d) Kk c b a
(-1 \2c+1 V2e+1 J2g+1 /2] +1 > Dgin-plgikedas-a | dakx){f e d}

k=max(|lg—jl,la—d|) k=—k i g k

Involving two Clebsch Gordan coefficients and one 6 j symbol
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07.38.23.0034.01
min(b+d,c+f) e

Z Z(—l)ze\/20+l \V2d+1 (bdBs | bdee)(fcoy | fcee){z ?

e=max(|b—d|,|c-f|) e=—€
(aba B | abcyyafae | afdd)
07.38.23.0035.01

min(a+ec+d) f

f=max(ja—el,jc-d|) g=—f
(abap | abcy)(dbsp | dbee)

07.38.23.0036.01
min(a+eb+f) c

Z Z(—l)*dﬁe*“*wzau V2e+1 (fb-¢pB | fbcy)(eae—a | eacy>{ Z ;

c=max(|a—€l,|b—f|) y=—C
(bdBS | bdee)(fdps | fdaa)

07.38.23.0037.01
min(a+b,e+f) c

Z (-1 V2c+1 V2e+1 (eaea | eafy)(dcsy | dcf<,o>{ ?

)-

aC}__
del

> Y 1A @d+ Daba g | abey)(fe—ge | feCy){ : ? ; }::

c=max(|la-b|,|le-f[) y=—C
(@afap | afdd)(be-Be| bedd)

07.38.23.0038.01
min(a+b,e+f) c

Z Z(—l)ze\/2c+l \V2d+1 (aba B | abcy)(fcey | fcee){ :

c=max(|la-b|,le-f|) y=—C
(bdBs | bdeeyafayp | afds)

07.38.23.0039.01

min(a+c,b+d)

f
3 (-12°V2e+ T 21 +1 (bdBs | bdfg)@fap | any){Z : f }
f=max(la—c|,|b—d|) p=—f
(baBa | baeey(dede | decy)
07.38.23.0040.01
mnatherd o V2erd @d+ 1) abc
S Yt " (abap | abcy)(fegy | fcee){ : }
c=max(|a-bl,le-f|) y=—¢ v2e+1l e
(be-Be | bedd)afayp | afdd)
07.38.23.0041.01
min@+eb+f)  c ,o V2a+1 ¢+ c f

>

c=max(la—€l, /b f[) y=—C 2b+1
(dbép | dbeey(fdyd | fdaa)

(fcpy | fchbp)(caya | caee){ d e

Representations through more general functions

Through hypergeometric functions

Involving ,Fq
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07.38.26.0001.01
(Jrjammy | jyjpjm=

e (V21 + 1 G+ i =it =T+ J2! VG mot Yo -mot {G-me=myt VG rmemyr) /

(\/(—J+jl+jz)! Vi D! Yii-mt Yo +m!
aFa(i—j1—J2 M= j1, —ja—Mp j—ja+ M+ 1, j—j1 —mp+ 1; 1) /; PhysicalQ({j1, M}, {j2, Mg}, {§, m})
Involving ,Fq

07.38.26.0002.01
(Jrijammy | jyjpjm=

Var-iz+ ! Veirrize bt Varrmt Yio-myt YG+mt JG-mt v27+1

Vit D! V@i +ia+i+D! (la+i+m)l =i+ i-m!y (1 -m)! y (o +mp)!
sFal=ja—Jo+ i —ja+M, —jo—My —ja+ -+ 1, —jo+ j+m+ 1, 1) /; /; PhysicalQ({j1, My}, {j2, mp}, {j, m})

vV i+j2- D!
Vii—iz+ D! Vit ia+ D!y Gatiz+ i+ D!
Vir+m)!t Ga-mpt G +mt VZT+T G+ j—mp!

Vir—m! v Ga+mt G =mt (o= j+my!
sFo(ji+ M+ 1, My — jo, M= —j—jo+my, —j+ jo+my +1; 1) /; PhysicalQ({j1, My}, {j2, Mo}, {j, mb

mmy+m,

07.38.26.0005.01

(riammy | 12§ M) == Gmmem, (- D)™

07.38.26.0006.01

Vi +ia= 0! Gr-ia+ D!

Gri2Mmp | jj2 j M) == Ommyem, (—1)i2*™

Vit iz# D! G+ iz+i+D!
Var-m)t G=m! VZTFT (jo+j+my!

Var+mt VG +mt yGa—mt v (G +mt (= jo—m)!
sFo=j+i1—Ja Ja—mu+ 1, —j—-m —m+j; - jo+1, == jo—my; 1) /; PhysicalQ{j1, mu}, {j2, My}, {j, mp)

07.38.26.0007.01
(ria MMy |1z § M) = Gmmyem, (—1))2™

N Var+mpt Gi-m)t yGa-m)! V2T+T @)

V=i + D! Vit i+ D! Vit +i+Dt yGa+m! VG+m! Y G-m! (1-j-my!
sFo—j+j1—Ja —j+ir+iza+ 1l —j—-m =2, —j+j1 -+ 1, 1) /; Physical Q{ j1, My}, {j2, mp}, {j, M)
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07.38.26.0008.01
vV Ur+jz2- D!
Vi=ia+ D! Vit i+ D!y G+ o+ +D!
VUi—-m)! v2j+1 @)H(ja+j+m)!

Var+m! Yz +mt VGz—mt yG+mt G -m!
sFo(=j+j1—o—j—j1—j2—L —j—-m =2j, =j = jo, —my; 1) /; PhysicalQ{j1, M}, {j2, M}, {j, M)

(riamMumy | 12§ M) = Gmmyim, (—1))2"™

07.38.26.0009.01
(Jp+j2—m!(jo+j—m)!

Vit i1t NGt D! it izs ! (atizsj+D!
Var+mpt G+m! v2i+1

Vair-mot Viz+mt VGz-mt y (G -m!
sFa(=j—j1—J2=1, M —jo, M=J;m—j1 = jo, —j = jo + my; 1) /; PhysicalQ{j1, M}, {j2, mp}, {j, M)

(1iaMmy | ja 2 j M) = Gmmysm, (~DI™

Through Meijer G

Classical cases

07.38.26.0003.01
(Jrigmmy | jpjpjm=

mmem, (V21 + 1 G=mt G+t G- D! V-T2t Vaemor io-mt )/

(\/(—j+11+12)! Vi+intia+ D! Gi-mt /(o +my! (—Jl+m1—1)!(—Jz—mz—1)!(j—11—12—1)!)

—jtjitie+L ji-m+l jo+mp+1

13 . , . ! .
Ga,s(—l‘ 0, =]+ oMy —j+ 1+ My )/. Physical Q{j1, M}, {iz, Mp}, {i, mp)

Through other functions

I nvolving some hyper geometric-type functions

07.38.26.0004.01

DY 2]+ T VT(-2]1+ 2]+ D) VI(=j1+ 4]+ M +2) VT@J—np+2)
VI@j2+2) VI(=j1+2ja+m+1) VT(=2j;+3j2-m+1)
2j2-]1 i2 j
{—§<j+m+1> F(=j+m=1) Z(=j1+3jp+my—mp)

(Jriammp | jpjo jmp== 5m,m1+mz

}/;j+jl+j2==_l

Representations through equivalent functions

With related functions

07.38.27.0001.01

o L , j1od2
— (—=1)™]1—]
(Jrlammg | jpjz jmy=(-D™h 2\/21+1(m1 m, _m)
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Theorems

Wigner-Eckhart theorem

The matrix element of an irreducible tensor operator in an angular momentum basis is the product of an angular
momentum dependent factor containing the Clebsch-Gordan coefficients and a term which is rotationally invariant
and independent of all projection quantum numbers my, my, m.

History

A. Clebsch (1872); P. Gordan (1875); H. Weyl (1928); E.P. Wigner (1928, 1931).
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