
CoshIntegral

Notations

Traditional name

Hyperbolic cosine integral

Traditional notation

ChiHzL
Mathematica StandardForm notation

CoshIntegral@zD

Primary definition
06.40.02.0001.01

ChiHzL � à
0

z coshHtL - 1

t
 â t + logHzL + ý

Specific values

Values at fixed points

06.40.03.0001.01

ChiH0L � -¥

Values at infinities

06.40.03.0002.01

ChiH¥L � ¥

06.40.03.0003.01

ChiH-¥L � ¥

06.40.03.0004.01

ChiHä ¥L �
Π ä

2

06.40.03.0005.01

ChiH-ä ¥L � -
Π ä

2

06.40.03.0006.01

ChiH¥� L � È



General characteristics

Domain and analyticity

ChiHzL is an analytical function of z which is defined over the whole complex z-plane. It has one infinitely long

branch cut. 

06.40.04.0001.01

z�ChiHzL � C�C

Symmetries and periodicities

Mirror symmetry

06.40.04.0002.01

ChiHz�L � ChiHzL �; z Ï H-¥, 0L
Periodicity

No periodicity

Poles and essential singularities

The function ChiHzL has an essential singularity at z � ¥� . At the same time, the point z � ¥�  is a branch point.

06.40.04.0003.01

SingzHChiHzLL � 88¥� .¥<<
Branch points

 The function ChiHzL has two branch points: z � 0, z = ¥� . At the same time, the point z � ¥�  is an essential singularity.

06.40.04.0004.01

BPzHChiHzLL � 80, ¥� <
06.40.04.0005.01

RzHChiHzL, 0L � log

06.40.04.0006.01

RzHChiHzL, ¥� L � log

Branch cuts

The function ChiHzL is a single-valued function on the z-plane cut along the interval H-¥, 0L where it is continuous from

above.

06.40.04.0007.01

BCzHChiHzLL � 88H-¥, 0L, -ä<<
06.40.04.0008.01

lim
Ε®+0

ChiHx + ä ΕL � ChiHxL �; x < 0

http://functions.wolfram.com 2



06.40.04.0009.01

lim
Ε®+0

ChiHx - ä ΕL � ChiHxL - 2 Π ä �; x < 0

Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

06.40.06.0009.01

ChiHzL µ Chi Hz0L +
argHz - z0L

2 Π
log

1

z0

+ logHz0L +
sinhHz0L z0 - coshHz0L

2 z0
2

 Hz - z0L2 +
coshHz0L

z0

Hz - z0L + ¼ �; Hz ® z0L
06.40.06.0010.01

ChiHzL µ Chi Hz0L +
argHz - z0L

2 Π
log

1

z0

+ logHz0L +
coshHz0L

z0

Hz - z0L +
sinhHz0L z0 - coshHz0L

2 z0
2

 Hz - z0L2 + OIHz - z0L3M
06.40.06.0011.01

ChiHzL � ChiHz0L +
argHz - z0L

2 Π
log

1

z0

+ logHz0L + â
k=1

¥ H-1Lk-1 z0
-k

k
+

Π z0
2-k 2k-3

k !
2F

�
3 1, 1; 2,

3 - k

2
, 2 -

k

2
;

z0
2

4
Hz - z0Lk

06.40.06.0012.01

ChiHzL µ Chi Hz0L +
argHz - z0L

2 Π
log

1

z0

+ logHz0L + OHz - z0L
Expansions on branch cuts

For the function itself

06.40.06.0013.01

ChiHzL µ Chi HxL + 2 ä Π
argHz - xL

2 Π
+

coshHxL
x

 Hz - xL +
sinhHxL x - coshHxL

2 x2
 Hz - xL2 + ¼ �; Hz ® xL ß x Î R ß x < 0

06.40.06.0014.01

ChiHzL µ Chi HxL + 2 ä Π
argHz - xL

2 Π
+

coshHxL
x

 Hz - xL +
sinhHxL x - coshHxL

2 x2
 Hz - xL2 + OIHz - xL3M �; x Î R ß x < 0

06.40.06.0015.01

ChiHzL � ChiHxL + 2 ä Π
argHz - xL

2 Π
+ â

k=1

¥ H-1Lk-1 x-k

k
+

Π x2-k 2k-3

k !
2F

�
3 1, 1; 2,

3 - k

2
, 2 -

k

2
;

x2

4
Hz - xLk �; x Î R ß x < 0

06.40.06.0016.01

ChiHzL µ Chi HxL + 2 ä Π
argHz - xL

2 Π
+ OHz - xL �; x Î R ß x < 0

Expansions at z � 0
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For the function itself

06.40.06.0001.02

ChiHzL µ logHzL + ý +
z2

4
1 +

z2

24
+

z4

1080
+ ¼ �; Hz ® 0L

06.40.06.0017.01

ChiHzL µ logHzL + ý +
z2

4
1 +

z2

24
+

z4

1080
+ OIz6M

06.40.06.0002.01

ChiHzL � logHzL + ý +
1

2
â
k=1

¥ z2 k

k H2 kL !

06.40.06.0003.01

ChiHzL � log HzL + ý +
z2

4
2F3 1, 1; 2, 2,

3

2
;

z2

4

06.40.06.0004.02

ChiHzL µ logHzL + ý +
z2

4
I1 + OIz2MM

06.40.06.0018.01

ChiHzL � F¥HzL �;
FnHzL � logHzL + ý +

1

2
â
k=1

n z2 k

k H2 kL !
� ChiHzL -

z2 n+2

4 Hn + 1L2 H2 n + 1L !
2F3 1, n + 1; n +

3

2
, n + 2, n + 2;

z2

4
í n Î N

Summed form of the truncated series expansion.

Asymptotic series expansions

06.40.06.0005.01

CiHzL µ log HzL -
1

2
logI-z2M +

coshHzL
z2

 3F0 1, 1,
3

2
; ;

4

z2
+

sinhHzL
z

3F0

1

2
, 1, 1; ;

4

z2
�; H z¤ ® ¥L

06.40.06.0006.01

ChiHzL µ logHzL -
logI-z2M

2
+

sinhHzL
z

 1 + O
1

z2
+

coshHzL
z2

 1 + O
1

z2
�; H z¤ ® ¥L

06.40.06.0019.01

ChiHzL µ

- ä Π

2
argHzL � - Π

2

ä Π

2
argHzL � Π

2

sinhHzL
z

True

�; H z¤ ® ¥L

Residue representations

06.40.06.0007.02

ChiHzL � -
1

2
IlogI-z2M - 2 logHzLM -

Π

2
ress

J- z2

4
N-s

GJ 1

2
- sN

GHsL
s

 H0L -
Π

2
â
j=1

¥

ress

J- z2

4
N-s

s GJ 1

2
- sN GHsL  H- jL
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06.40.06.0008.02

ChiHzL � -
Π

2
ress

J ä z

2
N-2 s

GJ 1

2
- sN

GHsL
s

 H0L -
Π

2
â
j=1

¥

ress

J ä z

2
N-2 s

s GJ 1

2
- sN GHsL  H- jL + logHzL - logHä zL

Integral representations

On the real axis

Of the direct function

06.40.07.0001.01

ChiHzL � à
0

z coshHtL - 1

t
 â t + logHzL + ý

Contour integral representations

06.40.07.0002.01

ChiHzL � -
1

2
IlogI-z2M - 2 logHzLM -

Π

4 Π ä
à

L

GHsL2

GHs + 1L GJ 1

2
- sN  -

z2

4

-s

 â s

06.40.07.0003.01

ChiHzL � -
Π

4 Π ä
à

L

GHsL2

GHs + 1L GJ 1

2
- sN  

ä z

2

-2 s

 â s + logHzL - logHä zL

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

06.40.13.0001.01

z wH3LHzL + 2 w¢¢HzL - z w¢HzL � 0 �; wHzL � c1 ChiHzL + c2 ShiHzL + c3

06.40.13.0004.01

WzH1, ChiHzL, ShiHzLL �
1

z2

06.40.13.0002.01

z wH3LHzL + 2 w¢¢HzL - z w¢HzL � 0 �; wHzL � c1 ChiHzL + c2 EiHzL + c3

06.40.13.0005.01

WzH1, ChiHzL, EiHzLL �
1

z2

06.40.13.0003.01

z wH3LHzL + 2 w¢¢HzL - z w¢HzL � 0 �; wHzL � c1 ChiHzL + c2 EiH-zL + c3

06.40.13.0006.01

WzH1, ChiHzL, EiH-zLL � -
1

z2
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06.40.13.0007.01

wH3LHzL +
2 g¢HzL
gHzL -

3 g¢¢HzL
g¢HzL w¢¢HzL + -g¢HzL2 +

3 g¢¢HzL2

g¢HzL2
-

2 g¢¢HzL
gHzL -

gH3LHzL
g¢HzL w¢HzL � 0 �; wHzL � c1 ChiHgHzLL + c2 ShiHgHzLL + c3

06.40.13.0008.01

WzHChiHgHzLL, ShiHgHzLL, 1L �
g¢HzL3

gHzL2

06.40.13.0009.01

wH3LHzL +
2 g¢HzL
gHzL -

3 h¢HzL
hHzL -

3 g¢¢HzL
g¢HzL w¢¢HzL +

-g¢HzL2 -
4 h¢HzL g¢HzL

gHzL hHzL +
6 h¢HzL2

hHzL2
+

3 g¢¢HzL2

g¢HzL2
+

6 h¢HzL g¢¢HzL
hHzL g¢HzL -

2 g¢¢HzL
gHzL -

3 h¢¢HzL
hHzL -

gH3LHzL
g¢HzL w¢HzL +

-
6 h¢HzL3

hHzL3
+

4 g¢HzL h¢HzL2

gHzL hHzL2
-

6 g¢¢HzL h¢HzL2

hHzL2 g¢HzL +
6 h¢¢HzL h¢HzL

hHzL2
-

3 g¢¢HzL2 h¢HzL
hHzL g¢HzL2

+
2 h¢HzL g¢¢HzL - 2 g¢HzL h¢¢HzL

gHzL hHzL +

3 g¢¢HzL h¢¢HzL + h¢HzL gH3LHzL
hHzL g¢HzL +

g¢HzL2 h¢HzL - hH3LHzL
hHzL  wHzL � 0 �; wHzL � c1 hHzL ChiHgHzLL + c2 ShiHgHzLL hHzL + c3 hHzL

06.40.13.0010.01

WzHhHzL ChiHgHzLL, hHzL ShiHgHzLL , hHzLL �
hHzL3 g¢HzL3

gHzL2

06.40.13.0011.01

z3 wH3LHzL - Hr + 3 s - 3L z2 w¢¢HzL - Ia2 r2 z2 r - 3 s2 + r - 2 r s + 3 s - 1M z w¢HzL - s I-a2 r2 z2 r + s2 + r sM wHzL � 0 �;
wHzL � c1 zs ChiHa zrL + c2 zs ShiHa zrL + c3 zs

06.40.13.0012.01

WzHzs ChiHa zrL, zs ShiHa zrL, zsL � a r3 zr+3 s-3

06.40.13.0013.01

wH3LHzL - HlogHrL + 3 logHsLL w¢¢HzL + I-a2 log2HrL r2 z + 3 log2HsL + 2 logHrL logHsLM w¢HzL -

logHsL I-a2 log2HrL r2 z + log2HsL + logHrL logHsLM wHzL � 0 �; wHzL � c1 sz ChiHa rzL + c2 sz ShiHa rzL + c3 sz

06.40.13.0014.01

WzHsz ChiHa rzL, sz ShiHa rzL, szL � a rz s3 z log3HrL
Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.40.16.0001.01

ChiH-zL � ChiHzL + logH-zL - logHzL
06.40.16.0002.01

ChiHä zL � CiHzL - logHzL + logHä zL
06.40.16.0003.01

ChiH-ä zL � CiHzL - logHzL + logH-ä zL

http://functions.wolfram.com 6



06.40.16.0004.01

Chi z2 � ChiHzL - logHzL + log z2

Complex characteristics

Real part

06.40.19.0001.01

ReHChiHx + ä yLL � CiHyL - logHyL +
1

2
logIx2 + y2M +

1

2
â
k=1

¥ x2 k

k H2 kL !
 1F2 k;

1

2
, k + 1; -

y2

4

06.40.19.0002.01

ReHChiHx + ä yLL �
1

2
logIx2 + y2M +

1

2
â
k=1

¥ H-1Lk Ix2 + y2Mk

k H2 kL !
 cos 2 k tan-1

x

y
+ ý

06.40.19.0003.01

ReHCiHx + ä yLL �
1

2
logIx2 + y2M +

1

2
â
k=1

¥ â
j=0

k H-1L j+k x2 j y2 k-2 j

k H2 jL ! H2 k - 2 jL !
+ ý

06.40.19.0004.01

ReHChiHx + ä yLL �
1

2
Ci x + x -

y2

x2
+ Chi x - x -

y2

x2

Imaginary part

06.40.19.0005.01

ImHChiHx + ä yLL � tan-1Hx, yL + y â
k=0

¥ x2 k+1

H2 k + 2L !
 1F2 k + 1;

3

2
, k + 2; -

y2

4

06.40.19.0006.01

ImHChiHx + ä yLL � tan-1Hx, yL +
1

2
â
k=0

¥ H-1Lk Ix2 + y2Mk+1

Hk + 1L H2 k + 2L !
sin 2 Hk + 1L tan-1

x

y

06.40.19.0007.01

ImHChiHx + ä yLL � tan-1Hx, yL +
1

2
â
k=0

¥ â
j=0

k H-1L j+k y2 k-2 j+1 x2 j+1

Hk + 1L H2 j + 1L ! H2 k - 2 j + 1L !

06.40.19.0008.01

ImHChiHx + ä yLL �
x

2 y
 -

y2

x2
Chi x - x -

y2

x2
- Chi x + x -

y2

x2

Absolute value
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06.40.19.0009.01

 ChiHx + ä yL¤ � Ci x - x -
y2

x2
Chi x + x -

y2

x2

Argument

06.40.19.0010.01

argHChiHx + ä yLL �

tan-1
1

2
Chi x + x -

y2

x2
+ Chi x - x -

y2

x2
,

x

2 y
 -

y2

x2
Chi x - x -

y2

x2
- Chi x + x -

y2

x2

Conjugate value

06.40.19.0011.01

ChiHx + ä yL �
1

2
Chi x + x -

y2

x2
+ Chi x - x -

y2

x2
-

ä x

2 y
 -

y2

x2
Chi x - x -

y2

x2
- Chi x + x -

y2

x2

Signum value

06.40.19.0012.01

sgnHChiHx + ä yLL �
1

y
 ä -

y2

x2
x Chi x - x -

y2

x2
- Chi -

y2

x2
x + x + Chi -

y2

x2
x + x + Chi x - x -

y2

x2
�

2 Chi x - x -
y2

x2
Chi -

y2

x2
x + x

Differentiation

Low-order differentiation

06.40.20.0001.01

¶ChiHzL
¶z

�
coshHzL

z

06.40.20.0002.01

¶2 ChiHzL
¶z2

�
sinhHzL

z
-

coshHzL
z2

Symbolic differentiation 

06.40.20.0006.01

¶n ChiHzL
¶zn

� ∆n ChiHzL - â
k=0

n-1 äk H-1Ln Hn - 1L ! zk-n

k !
cosh

ä Π k

2
+ z �; n Î N

http://functions.wolfram.com 8



06.40.20.0003.01

¶n CiHzL
¶zn

� ∆n CiHzL + Boole n ¹ 0, Hn - 1L ! â
k=0

n-1 H-1Ln-k-1 zk-n

k !
 cos z +

Π k

2
�; n Î N

06.40.20.0004.01

¶n ChiHzL
¶zn

� H-1Ln-1 z-n Hn - 1L ! + 2n-3 Π z2-n
2F

�
3 1, 1; 2,

3 - n

2
, 2 -

n

2
;

z2

4
�; n Î N+

Fractional integro-differentiation

06.40.20.0005.01

¶Α ChiHzL
¶zΑ

� FClog
HΑL HzL +

ý

GH1 - ΑL z-Α + 2Α-3 Π z2-Α
2F

�
3 1, 1; 2,

3 - Α

2
, 2 -

Α

2
;

z2

4

Integration

Indefinite integration

Involving only one direct function

06.40.21.0001.01

à ChiHb + a zL â z �
Hb + a zL ChiHb + a zL - sinhHb + a zL

a

06.40.21.0002.01

à ChiHa zL â z � z ChiHa zL -
sinhHa zL

a

06.40.21.0003.01

à ChiHzL â z � z ChiHzL - sinhHzL
Involving one direct function and elementary functions

Involving power function

Involving power

Linear argument

06.40.21.0004.01

à zΑ-1 ChiHa zL â z �
zΑ

2 Α
 HGHΑ, -a zL H-a zL-Α + 2 ChiHa zL + Ha zL-Α GHΑ, a zLL

06.40.21.0005.01

à zΑ-1 ChiHzL â z �
zΑ

Α
 ChiHzL +

1

2 Α
 HH-zL-Α zΑ GHΑ, -zL + GHΑ, zLL

06.40.21.0006.01

à z ChiHa zL â z �
a2 ChiHa zL z2 - a sinhHa zL z + coshHa zL

2 a2

http://functions.wolfram.com 9



06.40.21.0007.01

à ChiHa zL
z

 â z �
1

2
Ha z H3F3H1, 1, 1; 2, 2, 2; a zL - 3F3H1, 1, 1; 2, 2, 2; -a zLL + logHzL H2 HlogHa zL + ýL - logHzLLL

06.40.21.0008.01

à ChiHa zL
z2

 â z � -
coshHa zL + ChiHa zL - a z ShiHa zL

z

06.40.21.0009.01

à ChiHb + a zL
z2

 â z �
1

b z
 Ha z coshHbL ChiHa zL - Hb + a zL ChiHb + a zL + a z sinhHbL ShiHa zLL

Power arguments

06.40.21.0010.01

à zΑ-1 ChiHa zrL â z �
zΑ

2 Α
G

Α

r
, -a zr H-a zrL-

Α

r + 2 ChiHa zrL + Ha zrL-
Α

r G
Α

r
, a zr

Involving exponential function

Involving exp

06.40.21.0011.01

à ãb z ChiHa zL â z � -
-2 ãb z ChiHa zL + EiHHb - aL zL + EiHHa + bL zL

2 b

06.40.21.0012.01

à ãa z ChiHa zL â z � -
-2 ãa z ChiHa zL + EiH2 a zL + logHa zL

2 a

06.40.21.0013.01

à ã-a z ChiHa zL â z � -
2 ã-a z ChiHa zL - EiH-2 a zL - logHa zL

2 a

Involving exponential function and a power function

Involving exp and power

06.40.21.0014.01

à zn ãb z ChiHa zL â z �
1

2
H-bL-n-1 n! EiHHb - aL zL + EiHHa + bL zL - 2 ãb z ChiHa zL â

k=0

n H-b zLk

k !
-

ãHa+bL z â
m=1

n 1

m
 

b

a + b

m â
k=0

m-1 H-a - bLk zk

k !
- ãHb-aL z â

m=1

n 1

m
 

b

b - a

m â
k=0

m-1 Ha - bLk zk

k !
�; n Î N
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06.40.21.0015.01

à zn ãa z ChiHa zL â z �

H-aL-n

2 a
 2 ChiHa zL GHn + 1, -a zL - n! EiH2 a zL + logHzL + 2 â

k=1

n 1

k !
 

H-a zLk

2 k
- 2-k-1 GHk, -2 a zL �; n Î N

06.40.21.0016.01

à zn ã-a z ChiHa zL â z �
1

2
a-n-1 n! EiH-2 a zL + logHzL + 2 â

k=1

n 1

k !
 

Ha zLk

2 k
- 2-k-1 GHk, 2 a zL - 2 ChiHa zL GHn + 1, a zL �; n Î N

06.40.21.0017.01

à z ãb z ChiHa zL â z �
1

2 b2
 2 ãb z Hb z - 1L ChiHa zL + EiHHb - aL zL + EiHHa + bL zL -

2 b ãb z Hb coshHa zL - a sinhHa zLL
Hb - aL Ha + bL

06.40.21.0018.01

à z2 ãb z ChiHa zL â z � -
1

b3
 -ãb z Ib2 z2 - 2 b z + 2M ChiHa zL + EiHHb - aL zL + EiHHa + bL zL +

1

Ha - bL2 Ha + bL2
 Ib ãb z Ib IH1 - b zL a2 + b2 Hb z - 3LM coshHa zL + a IHb z - 2L a2 + b2 H4 - b zLM sinhHa zLMM

06.40.21.0019.01

à z3 ãb z ChiHa zL â z �
1

b4
 ãb z Ib3 z3 - 3 b2 z2 + 6 b z - 6M ChiHa zL + 3 HEiHHb - aL zL + EiHHa + bL zLL -

1

Hb - aL3 Ha + bL3
 Ib ãb z Ib IIb2 z2 - b z + 3M a4 - 2 b2 Ib2 z2 - 3 b z + 3M a2 + b4 Ib2 z2 - 5 b z + 11MM coshHa zL -

a IIb2 z2 - 3 b z + 6M a4 - 2 b2 Ib2 z2 - 5 b z + 8M a2 + b4 Ib2 z2 - 7 b z + 18MM sinhHa zLMM

Involving trigonometric functions

Involving sin 

06.40.21.0020.01

à sinHb zL ChiHa zL â z �
-2 cosHb zL ChiHa zL + ChiHHa + b äL zL + ChiHHa - ä bL zL

2 b

Involving cos 

06.40.21.0021.01

à cosHb zL ChiHa zL â z �
2 ChiHa zL sinHb zL + ä ShiHHa + b äL zL - ä ShiHHa - ä bL zL

2 b

Involving trigonometric functions and a power function

Involving sin and power

http://functions.wolfram.com 11



06.40.21.0022.01

à zn sinHb zL ChiHa zL â z � -
ä

4
Hä bL-n-1 n! -EiH-Ha + b äL zL - H-1Ln EiHHa + b äL zL - EiHHa - ä bL zL -

H-1Ln EiHä b z - a zL + 4 ChiHa zL cosHb zL â
k=0

f n

2
v HHä bL zL2 k+n-2 f n

2
v

I2 k + n - 2 e n

2
uM !

- ä sinHb zL â
k=0

f n-1

2
v HHä bL zL2 k+n-2 f n-1

2
v-1

J2 k + n - 2 f n-1

2
v - 1N !

+

ãHa-ä bL z â
k=0

n â
m=k+1

n J ä b

ä b-a
Nm IHä b - aLk zkM

m k !
+ H-1Ln ãä b z-a z â

k=0

n â
m=k+1

n J ä b

ä b-a
Nm IH-1Lk Hä b - aLk zkM

m k !
+

ã-Ha+b äL z â
k=0

n â
m=k+1

n J ä b

a+b ä
Nm IHa + b äLk zkM

m k !
+ H-1Ln ãHa+b äL z â

k=0

n â
m=k+1

n J ä b

a+b ä
Nm IH-1Lk Ha + b äLk zkM

m k !
�; n Î N

06.40.21.0023.01

à z sinHb zL ChiHa zL â z � -
1

4 b2 Ia2 + b2M  Iã-ä b z I2 I-1 + ã2 ä b zM ä coshHa zL b2 - 2 a I1 + ã2 ä b zM sinhHa zL b + Ia2 + b2M
I2 I-ä + b z + ã2 ä b z Hä + b zLM ChiHa zL + ãä b z ä HEiH-Ha + b äL zL - EiHHa + b äL zL + EiHHa - ä bL zL - EiHä b z - a zLLMMM

06.40.21.0024.01

à z2 sinHb zL ChiHa zL â z � -
1

2 b3
 2 ChiHa zL IIb2 z2 - 2M cosHb zL - 2 b z sinHb zLM +

1

Ia2 + b2M2
 J-2 coshHa zL IIa2 + 3 b2M cosHb zL + b Ia2 + b2M z sinHb zLM b2 - 2 a Ib Ia2 + b2M z cosHb zL - 2 Ia2 + 2 b2M sinHb zLM

sinhHa zL b + Ia2 + b2M2 HEiH-Ha + b äL zL + EiHHa + b äL zL + EiHHa - ä bL zL + EiHä b z - a zLLN
06.40.21.0025.01

à z3 sinHb zL ChiHa zL â z � -
1

2 b4
 2 ChiHa zL Ib z Ib2 z2 - 6M cosHb zL - 3 Ib2 z2 - 2M sinHb zLM -

1

Ia2 + b2M3
 J3 ä HEiH-Ha + b äL zL - EiHHa + b äL zL + EiHHa - ä bL zL - EiHä b z - a zLL Ia2 + b2M3

+

2 b2 coshHa zL Jb Ia2 + b2M Ia2 + 5 b2M z cosHb zL + J-3 a4 - 6 b2 a2 - 11 b4 + b2 Ia2 + b2M2
z2N sinHb zLN +

2 a b JJb2 Ia2 + b2M2
z2 - 2 I3 a4 + 8 b2 a2 + 9 b4MN cosHb zL - b Ia2 + b2M I3 a2 + 7 b2M z sinHb zLN sinhHa zLN

Involving cos and power
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06.40.21.0026.01

à zn cosHb zL ChiHa zL â z �
1

4
Hä bL-n-1 n! EiH-Ha + b äL zL - H-1Ln EiHHa + b äL zL + EiHHa - ä bL zL -

H-1Ln EiHä b z - a zL + ChiHa zL 4 ä sinHb zL â
k=0

f n

2
v HHä bL zL2 k+n-2 f n

2
v

I2 k + n - 2 e n

2
uM !

- 4 cosHb zL â
k=0

f n-1

2
v HHä bL zL2 k+n-2 f n-1

2
v-1

J2 k + n - 2 f n-1

2
v - 1N !

-

ãHa-ä bL z â
k=0

n â
m=k+1

n J ä b

ä b-a
Nm IHä b - aLk zkM

m k !
+ H-1Ln ãä b z-a z â

k=0

n â
m=k+1

n J ä b

ä b-a
Nm IH-1Lk Hä b - aLk zkM

m k !
-

ã-Ha+b äL z â
k=0

n â
m=k+1

n J ä b

a+b ä
Nm IHa + b äLk zkM

m k !
+ H-1Ln ãHa+b äL z â

k=0

n â
m=k+1

n J ä b

a+b ä
Nm IH-1Lk Ha + b äLk zkM

m k !
�; n Î N

06.40.21.0027.01

à z cosHb zL ChiHa zL â z �

-
1

4 b2 Ia2 + b2M  Iä Iä I4 cosHb zL coshHa zL b2 - 4 a sinHb zL sinhHa zL b - Ia2 + b2M HEiH-Ha + b äL zL + EiHHa + b äL zL +

EiHHa - ä bL zL + EiHä b z - a zLL + 4 Ia2 + b2M ChiHa zL HcosHb zL + b z sinHb zLLMMM
06.40.21.0028.01

à z2 cosHb zL ChiHa zL â z � -
1

2 b3
 

ä 2 ä ChiHa zL I2 b z cosHb zL + Ib2 z2 - 2M sinHb zLM +
1

Ia2 + b2M2
 J2 ä coshHa zL Ib Ia2 + b2M z cosHb zL - Ia2 + 3 b2M sinHb zLM b2 -

2 ä a I2 Ia2 + 2 b2M cosHb zL + b Ia2 + b2M z sinHb zLM sinhHa zL b -

Ia2 + b2M2 HEiH-Ha + b äL zL - EiHHa + b äL zL + EiHHa - ä bL zL - EiHä b z - a zLLN
06.40.21.0029.01

à z3 cosHb zL ChiHa zL â z � -
1

2 b4
 ä ä 2 ChiHa zL I3 Ib2 z2 - 2M cosHb zL + b z Ib2 z2 - 6M sinHb zLM +

1

Ia2 + b2M3
 J3 HEiH-Ha + b äL zL + EiHHa + b äL zL + EiHHa - ä bL zL + EiHä b z - a zLL Ia2 + b2M3

+

2 b2 coshHa zL JJ-3 a4 - 6 b2 a2 - 11 b4 + b2 Ia2 + b2M2
z2N cosHb zL - b Ia2 + b2M Ia2 + 5 b2M z sinHb zLN -

2 a b Jb Ia2 + b2M I3 a2 + 7 b2M z cosHb zL + Jb2 Ia2 + b2M2
z2 - 2 I3 a4 + 8 b2 a2 + 9 b4MN sinHb zLN sinhHa zLN

Involving hyperbolic functions
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Involving sinh 

06.40.21.0030.01

à sinhHb zL ChiHa zL â z � -
-2 coshHb zL ChiHa zL + ChiHHa - bL zL + ChiHHa + bL zL

2 b

06.40.21.0031.01

à sinhHa zL ChiHa zL â z � -
-2 coshHa zL ChiHa zL + ChiH2 a zL + logHa zL

2 a

Involving cosh 

06.40.21.0032.01

à coshHb zL ChiHa zL â z �
2 ChiHa zL sinhHb zL + ShiHHa - bL zL - ShiHHa + bL zL

2 b

Involving hyperbolic functions and a power function

Involving sinh and power

06.40.21.0033.01

à zn sinhHb zL ChiHa zL â z �
1

4
Ib-n-1 n!M -EiHH-a - bL zL - EiHHa - bL zL - H-1Ln EiHHb - aL zL - H-1Ln EiHHa + bL zL -

4 sinhHb zL ChiHa zL â
k=0

f n-1

2
v Hb zL2 k+n-2 f n-1

2
v-1

J2 k + n - 2 f n-1

2
v - 1N !

+ 4 coshHb zL ChiHa zL â
k=0

f n

2
v Hb zL2 k+n-2 f n

2
v

I2 k + n - 2 e n

2
uM !

+

ãHa-bL z â
k=0

n â
m=k+1

n J b

b-a
Nm IHb - aLk zkM

m k !
+ H-1Ln ãHb-aL z â

k=0

n â
m=k+1

n J b

b-a
Nm IH-1Lk Hb - aLk zkM

m k !
+

ãH-a-bL z â
k=0

n â
m=k+1

n J b

a+b
Nm IHa + bLk zkM

m k !
+ H-1Ln ãHa+bL z â

k=0

n â
m=k+1

n J b

a+b
Nm IH-1Lk Ha + bLk zkM

m k !
�; n Î N

06.40.21.0034.01

à zn sinhHa zL ChiHa zL â z �

H-1Ln a-n-1

4
 2 ChiHa zL HGHn + 1, -a zL + H-1Ln GHn + 1, a zLL - n! H-1Ln EiH-2 a zL + EiH2 a zL + HH-1Ln + 1L logHzL +

2 â
k=1

n 1

k !

H-a zLk

2 k
- 2-k-1 GHk, -2 a zL + 2 H-1Ln â

k=1

n 1

k !
 

Ha zLk

2 k
- 2-k-1 GHk, 2 a zL �; n Î N
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06.40.21.0035.01

à z sinhHb zL ChiHa zL â z �
1

4 b2 Ia2 - b2M  

Iä Iä ãb z I2 I-1 + ã-2 b zM coshHa zL b2 + 2 a I1 + ã-2 b zM sinhHa zL b - Ia2 - b2M ã-2 b z I2 Ib z + ã2 b z Hb z - 1L + 1M ChiHa zL +

ãb z H-EiHHa - bL zL + EiHHb - aL zL - EiH-Ha + bL zL + EiHHa + bL zLLMMMM
06.40.21.0036.01

à z2 sinhHb zL ChiHa zL â z �
1

2 b3
 

ä ä 2 ChiHa zL I2 b z sinhHb zL - Ib2 z2 + 2M coshHb zLM +
1

Ia2 - b2M2
 J2 coshHa zL IIa2 - 3 b2M coshHb zL + b Ib2 - a2M z sinhHb zLM

b2 + 2 a sinhHa zL Ib Ia2 - b2M z coshHb zL - 2 Ia2 - 2 b2M sinhHb zLM b +

Ia2 - b2M2 HEiHHa - bL zL + EiHHb - aL zL + EiH-Ha + bL zL + EiHHa + bL zLLN
06.40.21.0037.01

à z3 sinhHb zL ChiHa zL â z � -
1

2 b4
 ä ä 2 ChiHa zL Ib z Ib2 z2 + 6M coshHb zL - 3 Ib2 z2 + 2M sinhHb zLM +

1

Ia2 - b2M3
 J3 H-EiHHa - bL zL + EiHHb - aL zL - EiH-Ha + bL zL + EiHHa + bL zLL Ia2 - b2M3

+

2 a b sinhHa zL JJ-b2 Ia2 - b2M2
z2 - 2 I3 a4 - 8 b2 a2 + 9 b4MN coshHb zL + b Ib2 - a2M I7 b2 - 3 a2M z sinhHb zLN -

2 b2 coshHa zL Jb Ia2 - b2M Ia2 - 5 b2M z coshHb zL + J-3 a4 + 6 b2 a2 - 11 b4 - b2 Ia2 - b2M2
z2N sinhHb zLNN

Involving cosh and power

06.40.21.0038.01

à zn coshHb zL ChiHa zL â z �
1

4
b-n-1 n! EiHH-a - bL zL + EiHHa - bL zL - H-1Ln EiHHb - aL zL - H-1Ln EiHHa + bL zL -

4 coshHb zL ChiHa zL â
k=0

f n-1

2
v Hb zL2 k+n-2 f n-1

2
v-1

J2 k + n - 2 f n-1

2
v - 1N !

+ 4 ChiHa zL sinhHb zL â
k=0

f n

2
v Hb zL2 k+n-2 f n

2
v

I2 k + n - 2 e n

2
uM !

-

ãHa-bL z â
k=0

n â
m=k+1

n J b

b-a
Nm IHb - aLk zkM

m k !
+ H-1Ln ãHb-aL z â

k=0

n â
m=k+1

n J b

b-a
Nm IH-1Lk Hb - aLk zkM

m k !
-

ãH-a-bL z â
k=0

n â
m=k+1

n J b

a+b
Nm IHa + bLk zkM

m k !
+ H-1Ln ãHa+bL z â

k=0

n â
m=k+1

n J b

a+b
Nm IH-1Lk Ha + bLk zkM

m k !
�; n Î N
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06.40.21.0039.01

à zn coshHa zL ChiHa zL â z �

H-1Ln

4
 a-n-1 2 ChiHa zL HGHn + 1, -a zL - H-1Ln GHn + 1, a zLL + n! H-1Ln EiH-2 a zL - EiH2 a zL + HH-1Ln - 1L logHzL +

2 H-1Ln â
k=1

n 1

k !
 

Ha zLk

2 k
- 2-k-1 GHk, 2 a zL - 2 â

k=1

n 1

k !
 

H-a zLk

2 k
- 2-k-1 GHk, -2 a zL �; n Î N

06.40.21.0040.01

à z coshHb zL ChiHa zL â z � -
1

4 b2 Ia2 - b2M  I-4 coshHa zL coshHb zL b2 + 4 a sinhHa zL sinhHb zL b -

Ia2 - b2M HEiHHa - bL zL + EiHHb - aL zL + EiH-Ha + bL zL + EiHHa + bL zLL + 4 Ia2 - b2M ChiHa zL HcoshHb zL - b z sinhHb zLLM
06.40.21.0041.01

à z2 coshHb zL ChiHa zL â z �
1

2 b3
 

2 ChiHa zL IIb2 z2 + 2M sinhHb zL - 2 b z coshHb zLM +
1

Ia2 - b2M2
 J-2 coshHa zL Ib Ib2 - a2M z coshHb zL + Ia2 - 3 b2M sinhHb zLM b2 +

2 a sinhHa zL I2 Ia2 - 2 b2M coshHb zL + b Ib2 - a2M z sinhHb zLM b +

Ia2 - b2M2 HEiHHa - bL zL - EiHHb - aL zL + EiH-Ha + bL zL - EiHHa + bL zLLN
06.40.21.0042.01

à z3 coshHb zL ChiHa zL â z �
1

2 b4
 2 ChiHa zL Ib z Ib2 z2 + 6M sinhHb zL - 3 Ib2 z2 + 2M coshHb zLM +

1

Ia2 - b2M3
 J3 HEiHHa - bL zL + EiHHb - aL zL + EiH-Ha + bL zL + EiHHa + bL zLL Ia2 - b2M3

-

2 b2 coshHa zL JJ-3 a4 + 6 b2 a2 - 11 b4 - b2 Ia2 - b2M2
z2N coshHb zL + b Ia2 - b2M Ia2 - 5 b2M z sinhHb zLN +

2 a b sinhHa zL Jb Ib2 - a2M I7 b2 - 3 a2M z coshHb zL + J-b2 Ia2 - b2M2
z2 - 2 I3 a4 - 8 b2 a2 + 9 b4MN sinhHb zLNN

Involving logarithm

Involving log

06.40.21.0043.01

à logHb zL ChiHa zL â z �
a z ChiHa zL HlogHb zL - 1L - sinhHa zL HlogHb zL - 1L + ShiHa zL

a

Involving logarithm and a power function
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Involving log and power

06.40.21.0044.01

à zΑ-1 logHb zL ChiHa zL â z �

1

2 Α3
 IzΑ I-a2 z2M-Α I-Α GHΑ, a zL H-a zLΑ - Α GHΑ + 1L logHzL H-a zLΑ + Α2 GHΑ, a zL logHb zL H-a zLΑ - Ha zLΑ Α GHΑ, -a zL +

I-a2 z2MΑ
2F2HΑ, Α; Α + 1, Α + 1; -a zL + I-a2 z2MΑ

2F2HΑ, Α; Α + 1, Α + 1; a zL -

Ha zLΑ Α GHΑ + 1L logHzL + Ha zLΑ Α2 GHΑ, -a zL logHb zL + 2 I-a2 z2MΑ
Α ChiHa zL HΑ logHb zL - 1LMM

06.40.21.0045.01

à z logHb zL ChiHa zL â z �
1

4 a2
 IcoshHa zL H2 logHb zL + 1L + ChiHa zL I-a2 z2 + 2 a2 logHb zL z2 - 2M + a z H1 - 2 logHb zLL sinhHa zLM

06.40.21.0046.01

à z2 logHb zL ChiHa zL â z �
1

9 a3
 Ia3 ChiHa zL H3 logHb zL - 1L z3 + a2 sinhHa zL z2 -

3 a2 logHb zL sinhHa zL z2 + a coshHa zL z + 6 a coshHa zL logHb zL z - 6 logHb zL sinhHa zL - 7 sinhHa zL + 6 ShiHa zLM
06.40.21.0047.01

à z3 logHb zL ChiHa zL â z �
1

16 a4
 IChiHa zL I-a4 z4 + 4 a4 logHb zL z4 - 24M +

coshHa zL Ia2 z2 + 12 Ia2 z2 + 2M logHb zL + 38M + a z Ia2 z2 - 4 Ia2 z2 + 6M logHb zL - 14M sinhHa zLM
Involving functions of the direct function

Involving elementary functions of the direct function

Involving powers of the direct function

06.40.21.0048.01

à ChiHa zL2 â z �
a z ChiHa zL2 - 2 sinhHa zL ChiHa zL + ShiH2 a zL

a

Involving products of the direct function

06.40.21.0049.01

à ChiHa zL ChiHb zL â z �
1

2 a b
 H2 a b z ChiHa zL ChiHb zL - 2 b sinhHa zL ChiHb zL -

2 a ChiHa zL sinhHb zL - a ShiHHa - bL zL + b ShiHHa - bL zL + a ShiHHa + bL zL + b ShiHHa + bL zLL
Involving functions of the direct function and elementary functions

Involving elementary functions of the direct function and elementary functions

Involving powers of the direct function and a power function
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06.40.21.0050.01

à zn ChiHa zL2 â z �
zn+1 ChiHa zL2

n + 1
-

H-1Ln a-n-1

2 Hn + 1L 2 ChiHa zL HGHn + 1, -a zL - H-1Ln GHn + 1, a zLL + n! H-1Ln EiH-2 a zL - EiH2 a zL + HH-1Ln - 1L logHzL -

2 â
k=1

n H-aLk

k !
 

zk

2 k
- 2-k-1 H-aL-k GHk, -2 a zL + 2 H-1Ln â

k=1

n ak

k !
 

zk

2 k
- 2-k-1 a-k GHk, 2 a zL �; n Î N

06.40.21.0051.01

à z ChiHa zL2 â z �
1

4 a2
 I2 a2 z2 ChiHa zL2 + 4 HcoshHa zL - a z sinhHa zLL ChiHa zL + coshH2 a zL - 2 ChiH2 a zL - 2 logHzLM

06.40.21.0052.01

à z2 ChiHa zL2 â z �

1

12 a3
 I4 a3 ChiHa zL2 z3 - 8 a z + 2 a coshH2 a zL z - 8 ChiHa zL IIa2 z2 + 2M sinhHa zL - 2 a z coshHa zLM - 5 sinhH2 a zL + 8 ShiH2 a zLM
06.40.21.0053.01

à z3 ChiHa zL2 â z �
1

8 a4
 I2 a4 ChiHa zL2 z4 - 3 a2 z2 + a2 coshH2 a zL z2 - 4 a sinhH2 a zL z +

8 coshH2 a zL - 12 ChiH2 a zL - 12 logHzL - 4 ChiHa zL Ia z Ia2 z2 + 6M sinhHa zL - 3 Ia2 z2 + 2M coshHa zLMM
Involving products of the direct function and a power function

06.40.21.0054.01

à zn ChiHa zL ChiHb zL â z �
ChiHb zL

n + 1
 ChiHa zL zn+1 +

a-n GHn + 1, a zL - H-aL-n GHn + 1, -a zL
2 a

-

1

4 Hn + 1L  n! â
k=0

n 1

k !
 IH-aLk-n-1 I-GHk, H-a - bL zL H-a - bL-k - Hb - aL-k GHk, Hb - aL zLMM +

1

k !
 Iak-n-1 I-GHk, Ha - bL zL Ha - bL-k - Ha + bL-k GHk, Ha + bL zLMM -

1

4 Hn + 1L  Ib-n-1 n!M EiHHa - bL zL - H-1Ln EiHHb - aL zL + EiH-Ha + bL zL - H-1Ln EiHHa + bL zL +

4 ChiHa zL sinhHb zL â
k=0

f n

2
v Hb zL2 k+n-2 f n

2
v

I2 k + n - 2 e n

2
uM !

- coshHb zL â
k=0

f n-1

2
v Hb zL2 k+n-2 f n-1

2
v-1

J2 k + n - 2 f n-1

2
v - 1N !

-

ãHa-bL z â
k=0

n â
m=k+1

n J b

b-a
Nm Hb - aLk zk

m k !
+ H-1Ln ãHa+bL z â

k=0

n â
m=k+1

n J b

a+b
Nm H-a - bLk zk

m k !
+

H-1Ln ãHb-aL z â
k=0

n â
m=k+1

n J b

b-a
Nm Ha - bLk zk

m k !
- ã-Ha+bL z â

k=0

n â
m=k+1

n J b

a+b
Nm Ha + bLk zk

m k !
�; n Î N
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06.40.21.0055.01

à z ChiHa zL ChiHb zL â z �
1

8 a2 b2
 I4 ChiHa zL HcoshHb zL + b z Hb z ChiHb zL - sinhHb zLLL a2 + 4 b sinhHa zL sinhHb zL a -

Ia2 + b2M HEiHHa - bL zL + EiHHb - aL zL + EiH-Ha + bL zL + EiHHa + bL zLL + 4 b2 ChiHb zL HcoshHa zL - a z sinhHa zLLM
06.40.21.0056.01

à z2 ChiHa zL ChiHb zL â z �

1

3 a3 Ha - bL b3 Ha + bL  IIIa2 + 2 b2M coshHa zL b2 + a Ha - bL Ha + bL Ib2 z sinhHa zL - a Ib2 z2 + 2M ChiHa zLMM sinhHb zL a -

a2 b coshHb zL II2 a2 + b2M sinhHa zL - 2 a Ha - bL Ha + bL z ChiHa zLM + Ha - bL Ha + bL
IChiHb zL Ia3 ChiHa zL z3 + 2 a coshHa zL z - Ia2 z2 + 2M sinhHa zLM b3 + Ib3 - a3M ShiHHa - bL zL + Ia3 + b3M ShiHHa + bL zLMM

06.40.21.0057.01

à z3 ChiHa zL ChiHb zL â z � JHa - bL2 Ha + bL2 ChiHa zL Ib4 ChiHb zL z4 - b Ib2 z2 + 6M sinhHb zL z + 3 Ib2 z2 + 2M coshHb zLM a4 +

b2 coshHb zL II-3 a4 + 14 b2 a2 - 3 b4M coshHa zL + a I-3 a4 + 2 b2 a2 + b4M z sinhHa zLM a2 +

b JIa5 + 2 b2 a3 - 3 b4 aM z coshHa zL b2 + Ja2 b2 Ia2 - b2M2
z2 + 2 Ia2 + b2M I3 a4 - 8 b2 a2 + 3 b4MN sinhHa zLN sinhHb zL a +

Ha - bL2 Ha + bL2 I3 Ia2 z2 + 2M coshHa zL ChiHb zL b4 - a z Ia2 z2 + 6M ChiHb zL sinhHa zL b4 -

3 Ia4 + b4M HChiHHa - bL zL + ChiHHa + bL zLLMN � I4 a4 Ha - bL2 b4 Ha + bL2M
Involving direct function and Gamma-, Beta-, Erf-type functions

Involving exponential integral-type functions

Involving Ei 

06.40.21.0058.01

à EiHb zL ChiHa zL â z �

1

2 a b
 I-2 a ChiHa zL Iãb z - b z EiHb zLM + Ha - bL EiHHb - aL zL + a EiHHa + bL zL + b EiHHa + bL zL - 2 b EiHb zL sinhHa zLM

06.40.21.0059.01

à EiHa zL ChiHa zL â z �
1

a
 HChiH2 a zL - EiHa zL sinhHa zL - ChiHa zL HcoshHa zL - a z EiHa zL + sinhHa zLL + ShiH2 a zLL

06.40.21.0060.01

à EiH-a zL ChiHa zL â z �
1

a
 H-ChiH2 a zL + ChiHa zL HcoshHa zL + a z EiH-a zL - sinhHa zLL - EiH-a zL sinhHa zL + ShiH2 a zLL

Involving Si 

06.40.21.0061.01

à SiHb zL ChiHa zL â z � -
1

2 a b
 

Ha ChiHHa + b äL zL + b ä ChiHHa + b äL zL + Ha - ä bL ChiHHa - ä bL zL + 2 b sinhHa zL SiHb zL - 2 a ChiHa zL HcosHb zL + b z SiHb zLLL
Involving Ci 
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06.40.21.0062.01

à CiHb zL ChiHa zL â z �
1

2 a b
 H2 a b z ChiHa zL CiHb zL - 2 b sinhHa zL CiHb zL -

2 a ChiHa zL sinHb zL - ä a ShiHHa + b äL zL + b ShiHHa + b äL zL + b ShiHHa - ä bL zL + a ä ShiHHa - ä bL zLL
Involving Shi 

06.40.21.0063.01

à ShiHb zL ChiHa zL â z �

1

2 a b
 HHa - bL ChiHHa - bL zL + a ChiHHa + bL zL + b ChiHHa + bL zL - 2 b sinhHa zL ShiHb zL - 2 a ChiHa zL HcoshHb zL - b z ShiHb zLLL

Involving exponential integral-type functions and a power function

Involving Ei and power

06.40.21.0064.01

à zn EiHb zL ChiHa zL â z �
ChiHa zL

n + 1
 IGHn + 1, -b zL H-bL-n-1 + zn+1 EiHb zLM +

1

2 a Hn + 1L  H-aL-n -H-1Ln EiHHb - aL zL n! + EiHHa + bL zL n! + H-1Ln â
k=1

n ak Ha - bL-k GHk, Ha - bL zL
k !

n! -

â
k=1

n ak Ha + bL-k GHk, -Ha + bL zL
k !

n! - EiHb zL GHn + 1, -a zL + H-1Ln EiHb zL GHn + 1, a zL +

H-bL-n n!

2 b Hn + 1L  â
k=0

n 1

k !
 Ibk I-Hb - aL-k GHk, Ha - bL zL - Ha + bL-k GHk, -Ha + bL zLMM �; n Î N

06.40.21.0065.01

à zn EiHa zL ChiHa zL â z �

1

2 Hn + 1L  -a-n-1 EiHa zL HH-1Ln GHn + 1, -a zL - GHn + 1, a zLL + n! HlogHzL - H-1Ln EiH2 a zLL -
1

Hn + 1L2
 

Ia z 2F2H1, n + 1; n + 2, n + 2; a zL Ha zLn + Hn + 1L2 n! HGH0, -a zL + logH-a zL + ýLM +

H-1Ln n! â
k=1

n 2-k GHk, -2 a zL
k !

+ 2 ChiHa zL IGHn + 1, -a zL H-aL-n-1 + zn+1 EiHa zLM +

2 H-aL-n n!

a
 â
k=1

n 1

k !
 

H-a zLk

2 k
- 2-k-1 GHk, -2 a zL +

H-aL-n n! HEiH2 a zL + logHzLL
a

�; n Î N
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06.40.21.0066.01

à zn EiH-a zL ChiHa zL â z �

1

2 Hn + 1L  H-1Ln
H-1Ln an zn+1

Hn + 1L2
 2F2H1, n + 1; n + 2, n + 2; -a zL -

1

a
 2 H-1Ln EiH-2 a zL n! + GH0, a zL n! +

HH-1Ln - 1L logHzL n! + logHa zL n! - H-1Ln n! â
k=1

n 2-k GHk, 2 a zL
k !

+ 2 H-1Ln n!

â
k=1

n 1

k !
 

Ha zLk

2 k
- 2-k-1 GHk, 2 a zL + ý n! + EiH-a zL GHn + 1, -a zL - H-1Ln EiH-a zL GHn + 1, a zL

a-n + ChiHa zL I2 GHn + 1, a zL a-n-1 + 2 zn+1 EiH-a zLM �; n Î N

06.40.21.0067.01

à z EiHb zL ChiHa zL â z �
1

4
-

2 ãb z Hb z - 1L ChiHa zL
b2

+
2 ãb z sinhHa zL

a b
+

2 EiHb zL Ia2 ChiHa zL z2 - a sinhHa zL z + coshHa zLM
a2

-
Ia2 + b2M HEiHHb - aL zL + EiHHa + bL zLL

a2 b2

06.40.21.0068.01

à z2 EiHb zL ChiHa zL â z �
1

3

Ia2 + 2 b2M ãb z coshHa zL
a2 Ha - bL b Ha + bL +

Ia3 - b3M EiHHb - aL zL + Ia3 + b3M EiHHa + bL zL
a3 b3

+
1

a3
 IEiHb zL Ia3 ChiHa zL z3 + 2 a coshHa zL z - Ia2 z2 + 2M sinhHa zLMM -

ãb z Ib2 z2 - 2 b z + 2M ChiHa zL
b3

-
ãb z IH2 - b zL a2 + b2 Hb z + 1LM sinhHa zL

a Ha - bL b2 Ha + bL
06.40.21.0069.01

à z3 EiHb zL ChiHa zL â z �
1

4
Iãb z IHb z - 3L a4 + 2 b2 Hb z + 7L a2 - 3 b4 Hb z + 1LM coshHa zLM � Ia2 Ha - bL2 b2 Ha + bL2M +

Iãb z IIb2 z2 - 3 b z + 6M a6 - 2 b2 Ib2 z2 - b z + 5M a4 + b4 Ib2 z2 + b z - 10M a2 + 6 b6M sinhHa zLM � Ia3 Ha - bL2 b3 Ha + bL2M +

1

a4
 IEiHb zL Ia4 ChiHa zL z4 - a Ia2 z2 + 6M sinhHa zL z + 3 Ia2 z2 + 2M coshHa zLMM -

ãb z Ib3 z3 - 3 b2 z2 + 6 b z - 6M ChiHa zL
b4

-
3 Ia4 + b4M HEiHHb - aL zL + EiHHa + bL zLL

a4 b4

Involving Si and power
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06.40.21.0070.01

à zn SiHb zL ChiHa zL â z �

1

4 Hn + 1L  ä n! a-n-1 -EiH-Ha + b äL zL - H-1Ln EiHHa + b äL zL + H-1Ln EiHHa - ä bL zL + EiHä b z - a zL +
1

Hn + 1L !
 

H2 ä Hn + 1L HH-1Ln GHn + 1, -a zL - GHn + 1, a zLL SiHb zLL -

H-1Ln ãHa-ä bL z â
m=1

n 1

m
 

a

a - ä b

m â
k=0

m-1 Hä b - aLk zk

k !
+ H-1Ln ãHa+b äL z â

m=1

n 1

m
 

a

a + b ä

m â
k=0

m-1 H-a - ä bLk zk

k !
+

ã-Ha+b äL z â
m=1

n 1

m
 

a

a + b ä

m â
k=0

m-1 Ha + b äLk zk

k !
- ãä b z-a z â

m=1

n 1

m
 

a

a - ä b

m â
k=0

m-1 Ha - ä bLk zk

k !
-

Hä bL-n n!

b
 HEiH-Ha + b äL zL + EiHHa - ä bL zL + H-1Ln HEiHHa + b äL zL + EiHä b z - a zLLL +

2 Hä bL-n

b
Chi Ha zL HH-1Ln GHn + 1, -ä b zL + GHn + 1, ä b zLL + 4 zn+1 ChiHa zL SiHb zL -

2 Hä bL-n n!

b
 â

k=1

n 1

2 k !
 Ibk I-Hb + a äL-k GHk, Hä b - aL zL - Hb - ä aL-k GHk, Ha + b äL zLMM +

H-1Ln â
k=1

n 1

2 k !
 Ibk I-GHk, -Ha + b äL zL Hb - ä aL-k - Hb + a äL-k GHk, Ha - ä bL zLMM �; n Î N

06.40.21.0071.01

à z SiHb zL ChiHa zL â z �
1

8 a2 b2
 Iã-Ha+b äL z

I-a b I-1 + ã2 a zM I1 + ã2 ä b zM + Ha - bL Ha + bL ãHa+b äL z ä HEiH-Ha + b äL zL - EiHHa + b äL zL + EiHHa - ä bL zL - EiHä b z - a zLL +

2 ãHa+b äL z Iä ChiHa zL HGH2, -ä b zL - GH2, ä b zLL a2 + b2 I2 a2 ChiHa zL z2 + GH2, -a zL + GH2, a zLM SiHb zLMMM
06.40.21.0072.01

à z2 SiHb zL ChiHa zL â z �

1

12
4 ChiHa zL SiHb zL z3 +

1

b3
 H2 HEiH-Ha + b äL zL + EiHHa + b äL zL + EiHHa - ä bL zL + EiHä b z - a zLLL +

1

b2 Ia2 + b2M  

Ib Ia2 + b2M HE-1H-Ha + b äL zL + E-1HHa + b äL zL + E-1HHa - ä bL zL + E-1Hä b z - a zLL z2 - 8 b cosHb zL coshHa zL +

8 a sinHb zL sinhHa zLM +
1

a3
 ä

1

Ia2 + b2M2
 J-4 ä sinHb zL Ia Ia2 + b2M z coshHa zL - I3 a2 + b2M sinhHa zLM a2 +

4 b ä cosHb zL Ia Ia2 + b2M z sinhHa zL - 2 I2 a2 + b2M coshHa zLM a +

2 Ia2 + b2M2 H-EiH-Ha + b äL zL - EiHHa + b äL zL + EiHHa - ä bL zL + EiHä b z - a zLLN +

2 ä HGH3, -a zL - GH3, a zLL SiHb zL -
2 ChiHa zL HGH3, -ä b zL + GH3, ä b zLL

b3
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06.40.21.0073.01

à z3 SiHb zL ChiHa zL â z �

1

16
4 ChiHa zL SiHb zL z4 -

1

b3
 ä

GH3, -Ha + b äL zL b2

Hb - ä aL3
+

GH3, Ha - ä bL zL b2

Hb + a äL3
-

GH3, Ha + b äL zL b2

Hb - ä aL3
-

GH3, ä b z - a zL b2

Hb + a äL3
+

3 GH2, -Ha + b äL zL b

Hb - ä aL2
+

3 GH2, Ha - ä bL zL b

Hb + a äL2
-

3 GH2, Ha + b äL zL b

Hb - ä aL2
-

3 GH2, ä b z - a zL b

Hb + a äL2
+

6 ã-Ha+b äL z

ä a - b
+

6 ãä b z-a z

b + a ä
+

6 ãHa+b äL z ä

a + b ä
-

6 ãHa-ä bL z

b + a ä
-

1

b4
 H6 ä HEiH-Ha + b äL zL - EiHHa + b äL zL + EiHHa - ä bL zL - EiHä b z - a zLLL +

2 ä ChiHa zL HGH4, ä b zL - GH4, -ä b zLL
b4

+

1

a4
 ä

1

Ha - ä bL3
 Ia ãä b z-a z I-z2 a4 + z H2 ä b z - 5L a3 + Ib2 z2 + 8 b ä z - 11M a2 + 3 b H5 ä + b zL a + 6 b2MM -

1

Ha + b äL3
 Ia ãHa+b äL z Iz2 a4 + z H2 ä b z - 5L a3 - Ib2 z2 + 8 b ä z - 11M a2 + 3 b H5 ä + b zL a - 6 b2MM +

1

Ha - ä bL3
 Ia ãHa-ä bL z Iz2 a4 + z H-2 ä b z - 5L a3 + I-b2 z2 + 8 b ä z + 11M a2 + 3 b H-5 ä + b zL a - 6 b2MM +

1

Ha + b äL3
 Ia ã-Ha+b äL z Iz2 a4 + z H2 b ä z + 5L a3 + I-b2 z2 + 8 b ä z + 11M a2 - 3 b H-5 ä + b zL a - 6 b2MM -

6 EiH-Ha + b äL zL + 6 EiHHa + b äL zL - 6 EiHHa - ä bL zL + 6 EiHä b z - a zL - 2 ä HGH4, -a zL + GH4, a zLL SiHb zL

Involving Ci and power
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06.40.21.0074.01

à zn CiHb zL ChiHa zL â z �
zn+1 CiHb zL ChiHa zL

n + 1
-

1

2 Hn + 1L  IHä bL-n-1 HH-1Ln GHn + 1, -ä b zL - GHn + 1, ä b zLL ChiHa zLM +

Hä bL-n-1 n!

4 Hn + 1L  HH-1Ln HEiHHä b - aL zL + EiHHa + b äL zLL - EiH-a z - ä b zL - EiHa z - ä b zLL -

a-n-1 n!

4 Hn + 1L EiHHä b - aL zL - H-1Ln EiHHa + b äL zL + EiHH-a - ä bL zL - H-1Ln EiHHa - ä bL zL +

H2 CiHb zLL HH-1Ln GHn + 1, -a zL - GHn + 1, a zLL
n!

+ H-1Ln ãHa+b äL z â
m=1

n 1

m
 

a

a + b ä

m â
k=0

m-1 H-a + b H-äLLk zk

k !
+

H-1Ln ãHa-ä bL z â
m=1

n 1

m
 

a

a - ä b

m â
k=0

m-1 Hä b - aLk zk

k !
-

ãHä b-aL z â
m=1

n 1

m
 

a

a - ä b

m â
k=0

m-1 Ha - ä bLk zk

k !
- ãH-a-ä bL z â

m=1

n 1

m
 

a

a + b ä

m â
k=0

m-1 Ha + b äLk zk

k !
+

1

2 Hn + 1L  IHä bL-n-1 n!M H-1Ln â
k=1

n 1

2 k !
 Ibk I-GHk, -Ha + b äL zL Hb - ä aL-k - Hb + a äL-k GHk, Ha - ä bL zLMM -

â
k=1

n 1

2 k !
 Ibk I-Hb + a äL-k GHk, Hä b - aL zL - Hb - ä aL-k GHk, Ha + b äL zLMM �; n Î N

06.40.21.0075.01

à z CiHb zL ChiHa zL â z �
1

8 a2 b2
 

Iã-Ha+b äL z I-ä a b I-1 + ã2 a zM I-1 + ã2 ä b zM + ãHa+b äL z I-4 ChiHa zL HcosHb zL + b z HsinHb zL - b z CiHb zLLL a2 + Ha - bL Ha + bL
HEiH-Ha + b äL zL + EiHHa + b äL zL + EiHHa - ä bL zL + EiHä b z - a zLL + 4 b2 CiHb zL HcoshHa zL - a z sinhHa zLLMMM

06.40.21.0076.01

à z2 CiHb zL ChiHa zL â z �

1

6
2 ChiHa zL CiHb zL z3 +

1

b3
 Hä H-EiH-Ha + b äL zL + EiHHa + b äL zL - EiHHa - ä bL zL + EiHä b z - a zLLL -

1

a3
 

EiH-Ha + b äL zL - EiHHa + b äL zL - EiHHa - ä bL zL + EiHä b z - a zL + CiHb zL HGH3, -a zL - GH3, a zLL +
2 a

Ia2 + b2M2
 Ia cosHb zL

II3 a2 + b2M sinhHa zL - a Ia2 + b2M z coshHa zLM + b sinHb zL I2 I2 a2 + b2M coshHa zL - a Ia2 + b2M z sinhHa zLMM +

ä

2 b2Ia2 + b2M  Ib Ia2 + b2M HE-1H-Ha + b äL zL - E-1HHa + b äL zL + E-1HHa - ä bL zL - E-1Hä b z - a zLL z2 -

8 ä b coshHa zL sinHb zL - 8 ä a cosHb zL sinhHa zLM -
ä ChiHa zL HGH3, -ä b zL - GH3, ä b zLL

b3
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06.40.21.0077.01

à z3 CiHb zL ChiHa zL â z �

1

8
2 ChiHa zL CiHb zL z4 +

1

2 b3
 b ä Hb z H-E-2HHä b - aL zL + E-2H-Ha + b äL zL - E-2HHa + b äL zL + E-2HHa - ä bL zLL +

3 ä HE-1HHä b - aL zL + E-1H-Ha + b äL zL + E-1HHa + b äL zL + E-1HHa - ä bL zLLL
z2 +

24 Hb cosHb zL coshHa zL - a sinHb zL sinhHa zLL
a2 + b2

-

1

b4
 H3 HEiHHä b - aL zL + EiH-Ha + b äL zL + EiHHa + b äL zL + EiHHa - ä bL zLLL -

3

a4
EiHHä b - aL zL + EiH-Ha + b äL zL + EiHHa + b äL zL + EiHHa - ä bL zL -

1

3
CiHb zL HGH4, -a zL + GH4, a zLL +

2 a

3 Ia2 + b2M3
 Ja cosHb zL Ja Ia2 + b2M I5 a2 + b2M z sinhHa zL - J11 a4 + 6 b2 a2 + Ia2 + b2M2

z2 a2 + 3 b4N coshHa zLN +

sinHb zL Ja b Ia2 + b2M I7 a2 + 3 b2M z coshHa zL -

b Ja2 Ia2 + b2M2
z2 + 2 I9 a4 + 8 b2 a2 + 3 b4MN sinhHa zLNN +

ChiHa zL HGH4, -ä b zL + GH4, ä b zLL
b4

Involving Shi and power

06.40.21.0078.01

à zn ShiHb zL ChiHa zL â z �
zn+1 ShiHb zL ChiHa zL

n + 1
+

b-n-1 n!

4 Hn + 1L HH-1Ln HEiHb z - a zL + EiHa z + b zLL + EiH-a z - b zL + EiHa z - b zLL -

b-n-1 ChiHa zL HH-1Ln GHn + 1, -b zL + GHn + 1, b zLL
2 Hn + 1L -

a-n-1 n!

4 Hn + 1L -EiHH-a - bL zL + H-1Ln EiHHa - bL zL + EiHHb - aL zL + H-1L-n-1 EiHHa + bL zL +
2 H-1Ln GHn + 1, -a zL ShiHb zL

n!
+

H-1Ln ãHa+bL z â
m=1

n 1

m
 

a

a + b

m â
k=0

m-1 H-a - bLk zk

k !
- H-1Ln ãHa-bL z â

m=1

n 1

m
 

a

a - b

m â
k=0

m-1 Hb - aLk zk

k !
-

ãHb-aL z â
m=1

n 1

m
 

a

a - b

m â
k=0

m-1 Ha - bLk zk

k !
+ ãH-a-bL z â

m=1

n 1

m
 

a

a + b

m â
k=0

m-1 Ha + bLk zk

k !
-

2 GHn + 1, a zL ShiHb zL
n!

+

b-n-1 n!

2 Hn + 1L â
k=1

n 1

2 k !
 Ibk I-GHk, Hb - aL zL Hb - aL-k - Ha + bL-k GHk, Ha + bL zLMM +

H-1Ln â
k=1

n 1

2 k !
 Ibk I-Hb - aL-k GHk, Ha - bL zL - Ha + bL-k GHk, -Ha + bL zLMM �; n Î N
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06.40.21.0079.01

à zn ShiHa zL ChiHa zL â z �
zn+1 ShiHa zL ChiHa zL

n + 1
-

a-n-1 ChiHa zL HH-1Ln GHn + 1, -a zL + GHn + 1, a zLL
2 Hn + 1L +

a-n-1 n!

4 Hn + 1L HEiH-2 a zL + logHzL + H-1Ln HEiH2 a zL + logHzLLL -

H-aL-n

4 a Hn + 1L  2 HGHn + 1, -a zL - H-1Ln GHn + 1, a zLL ShiHa zL - n! H-1Ln EiH-2 a zL + EiH2 a zL - H1 + H-1LnL logHzL -

2 â
k=1

n 1

k !
 

H-a zLk

2 k
+ 2-k-1 GHk, -2 a zL - 2 H-1Ln â

k=1

n 1

k !
 

Ha zLk

2 k
+ 2-k-1 GHk, 2 a zL +

a-n-1 n!

2 Hn + 1L H-1Ln â
k=1

n 1

k !
 

H-a zLk

2 k
- 2-k-1 GHk, -2 a zL + â

k=1

n 1

k !
 

Ha zLk

2 k
- 2-k-1 GHk, 2 a zL �; n Î N

06.40.21.0080.01

à z ShiHb zL ChiHa zL â z �

-
1

8 a2 b2
 I-2 ChiHa zL I2 b2 ShiHb zL z2 + GH2, -b zL - GH2, b zLM a2 + b ãHb-aL z a + b ã-Ha+bL z a - b ãHa+bL z a - a b ãHa-bL z -

Ia2 + b2M HEiHHa - bL zL - EiHHb - aL zL + EiH-Ha + bL zL - EiHHa + bL zLL - 2 b2 HGH2, -a zL + GH2, a zLL ShiHb zLM
06.40.21.0081.01

à z2 ShiHb zL ChiHa zL â z �
1

12

4 ChiHa zL ShiHb zL z3 +
1

b3
 H2 HEiHHa - bL zL + EiHHb - aL zL + EiH-Ha + bL zL + EiHHa + bL zLLL -

2

a3
 EiHHa - bL zL + EiHHb - aL zL -

EiH-Ha + bL zL - EiHHa + bL zL +
1

Ia2 - b2M2
 I2 a IcoshHb zL I2 b Ib2 - 2 a2M coshHa zL + a Ha - bL b Ha + bL z sinhHa zLM -

a Ia Ha - bL Ha + bL z coshHa zL + Ib2 - 3 a2M sinhHa zLM sinhHb zLMM +

GH3, -a zL ShiHb zL - GH3, a zL ShiHb zL -
2 ChiHa zL HGH3, -b zL + GH3, b zLL

b3
-

1

Ha - bL b2 Ha + bL  IHa - bL b Ha + bL HE-1HHa - bL zL + E-1HHb - aL zL + E-1H-Ha + bL zL + E-1HHa + bL zLL z2 -

8 b coshHa zL coshHb zL + 8 a sinhHa zL sinhHb zLM

http://functions.wolfram.com 26



06.40.21.0082.01

à z3 ShiHb zL ChiHa zL â z �
1

16
4 ChiHa zL ShiHb zL z4 +

1

b4
 H8 HEiHHa - bL zL - EiHHb - aL zL + EiH-Ha + bL zL - EiHHa + bL zLLL +

2 ChiHa zL HGH4, -b zL - GH4, b zLL
b4

+

1

b3 Ia2 - b2M  Ib Ib2 - a2M Hb z HE-2HHa - bL zL + E-2HHb - aL zL + E-2H-Ha + bL zL + E-2HHa + bL zLL -

3 HE-1HHa - bL zL - E-1HHb - aL zL + E-1H-Ha + bL zL - E-1HHa + bL zLLL z2 + 12 Ha + bL sinhHHa - bL zL +

12 Ha - bL sinhHHa + bL zLM -
1

a4
 -6 EiHHa - bL zL + 6 EiHHb - aL zL - 6 EiH-Ha + bL zL + 6 EiHHa + bL zL +

1

Ia2 - b2M3
 IIa ã-2 b zM IIãHb-aL z IHa + bL2 z2 a2 + 11 a2 + 15 b a + Ha + bL H5 a + 3 bL z a + 6 b2M - ãHa+3 bL z

IHa + bL2 z2 a2 + 11 a2 + 15 b a - Ha + bL H5 a + 3 bL z a + 6 b2MM Ha - bL3 +

2 Ha + bL3 ã2 b z IIHa - bL2 z2 a2 + 11 a2 - 15 b a + 6 b2M sinhHHa - bL zL - a H5 a - 3 bL
Ha - bL z coshHHa - bL zLMMM - 2 GH4, -a zL ShiHb zL - 2 GH4, a zL ShiHb zL

Definite integration

Involving the direct function

06.40.21.0083.01

à
0

¥

ã-t z ChiHtL â t � -
logIz2 - 1M

2 z
�; ReHzL > 1

Integral transforms

Laplace transforms

06.40.22.0001.01

Lt@ChiHtLD HzL � -
logIz2 - 1M

2 z
�; ReHzL > 1

Operations

Limit operation

06.40.25.0001.01

lim
x®¥

ChiHa + b xL �

Π ä

2
argHbL � Π

2

- Π ä

2
argHbL � - Π

2

¥ ImHbL � 0 ì ImHbL � 0

¥� True

http://functions.wolfram.com 27



Representations through more general functions

Through hypergeometric functions

Involving pFq

06.40.26.0001.01

ChiHzL �
z2

4
2F3 1, 1; 2, 2,

3

2
;

z2

4
+ logHzL + ý

Through Meijer G

Classical cases for the direct function itself

06.40.26.0002.01

Chi HzL � -
Π

2
G1,3

2,0 -
z2

4

1

0, 0, 1

2

-
1

2
Ilog I-z2M - 2 log HzLM

06.40.26.0003.01

Chi HzL �
Π ä

2
-

Π

2
G1,3

2,0
z2

4

1

0, 0, 1

2

�; Im HzL > 0

06.40.26.0008.01

ChiI z N � -
1

2
Π3�2 G2,4

2,0
z

4

1

2
, 1

0, 0, 1

2
, 1

2

Generalized cases for the direct function itself

06.40.26.0004.01

Chi HzL � -
1

2
 Π3�2 G2,4

2,0
z

2
,

1

2

1

2
, 1

0, 0, 1

2
, 1

2

06.40.26.0005.01

Chi HzL � log HzL - log Hä zL -
Π

2
 G1,3

2,0
ä z

2
,

1

2

1

0, 0, 1

2

Through other functions

06.40.26.0006.01

ChiHzL � -
1

2
HGH0, -zL + GH0, zL + logH-zL - logHzLL

06.40.26.0007.01

ChiHzL � -
1

2
HE1H-zL + E1HzL + logH-zL - logHzLL

Representations through equivalent functions

With related functions
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06.40.27.0001.02

ChiHzL � CiHä zL + logHzL - logHä zL
06.40.27.0002.01

ChiHzL �
1

4
2 HEiH-zL + EiHzLL + log

1

z
+ log -

1

z
- logH-zL + 3 logHzL

06.40.27.0003.01

ChiHzL �
1

2
log

1

z
+ logHzL +

1

2
HliHã-zL + liHãzLL +

Π ä

2
 sgnHImHzLL �;  ImHzL¤ < Π

History

– C. A. Bretschneider (1843)
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