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Notations
Traditional name

Complete dliptic integral of the second kind

Traditional notation

E(2)

Mathematica StandardForm notation

EllipticE[z]

Primary definition
08.01.02.0001.01

E(2) == E( —

s
d
2

Specific values

Values at fixed points
08.01.03.0001.01

E(O i
O=>

08.01.03.0002.01
E(l) ==

08.01.03.0009.01

- 2ry) +~

7o)
08.01.03.0010.01

21 (3) 4 22
ey 20
2V2r 1(3)

Values at infinities
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08.01.03.0004.01
E(c0) ==i 00

08.01.03.0005.01
E(—0) == 0

08.01.03.0006.01
E(i 00) = —(-1)** oo

08.01.03.0007.01
E(—ioo) = (-1)"*

08.01.03.0008.01
E(&) =&

General characteristics

Domain and analyticity

E(2) isan analytical function of zwhich is defined over the whole complex z-plane.
08.01.04.0001.01
z—E(®::C—C
Symmetries and periodicities

Mirror symmetry

08.01.04.0002.01
E@=E®/ z¢ (1, )

Periodicity

The function E(2) is not periodic.

Poles and essential singularities

The function E(2) does not have poles and essential singularities.
08.01.04.0003.01

Sing (E(2)) == {)

Branch points

The function E(2) hastwo branch points: z = 1, z = .

08.01.04.0004.01
BP,(E(2)) = {1, &}

08.01.04.0005.01
RAE(2), 1) = log

08.01.04.0006.01
RAE(2), ) = log
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Branch cuts

The function E(2) is a single-valued function on the z-plane cut along the interval (1, ).
The function E(2) is continuous from below on the interval (1, o).

08.01.04.0007.01
BCAED?) == {{(1, c0), i}

08.01.04.0008.01

lim Ex—ie)==E(X)/; x> 1

e—>+0

08.01.04.0009.01
lim E(x+ie)=2i(K(1-X)-E(1-X)+EX /;x>1

e—>+0

Series representations

Generalized power series

Expansions at generic point z== 7

For the function itself

08.01.06.0015.01

[g[z")j arg(1-2) + 7 || &gz~ 2
E(2) « E(z)-2i(-1) > { > J(E(l—zo)—K(l—zo))+
T T
rg(fi_z)J ag(l-2zp) +7 || AYZ - 2)
— |E@) -2i(-1) { . JE(1—20>—K(20) (2-2) +
/e

1 ni rg(zzjfz)J arg(l—zp) +7 || arg(Zo—2)

— (G) { J((E(1—20)+K(1—20))20—2E(1—20))—

47l (zp-1) 2(2) 2r b

Z-20+...[; (2> %)

B
Gﬁig[l—%‘ z 12]

08.01.06.0016.01

rg[zz‘fz)j ag(l-2)+7 || a4z -2
E(2) < E(z0) - 2i(-1) > { > J(E(l—zo)—K(l—zo))+
T T
) g -2 4.7 | &gz~ 1
— |E@) -2i (-1 { . J . JE(l—ZO)—K(20> @-2)+—
T T /4
i rg(;‘:z)J ag(l-z) +7 || agZo—2 0o
D { J((E(1—20)+K(l—ZO))ZO—ZE(l—Zo))—szz 1-%
Z-17 21 n

(Z- 20 + O((z- 2)°)

N |-
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08.01.06.0017.01

E 1 i 1 e wg(zzizluafg(l—zwm arg(ZO—Z)J
=— ) —|ni(-De
2r iz k! 2r 2n
1y . 11 - S ki k
(2k—1)1“(k——] 2l:1[k——,k+—;k;1—20)—GZ:2 1-z| 2 72 (z- 2
2 2 0,1-k

08.01.06.0018.01

(-2).(3)
g 2)k\2)k 1 1 K
E@= - 72F1(k— — k+ = k+1 20)(2—20)
2% (k!)2 2 2

08.01.06.0019.01
"

ag(zo -2
{ J(E(l_zo)_K(l_ZO))+O(Z_ZO)
e

2r
2n

E2) o« E(z) - 2i (—1)l

Expansions on branch cuts

For the function itself

08.01.06.0020.01
E(2) «
arg(x-2)
EX)-2(— 1){ J {

ag(x-2)
J E(1-x) - K(x)) (z—X)+

agx—2) 1 s
J(E(l—x)—K(l—x))+—(E(x) 2i(- 1) {

2X
1

3
2’ _5]](2— X2 +
0 -1

1 [ i rg‘x’”J arg(x—2) 22
(=Dl 2 { J((E(l—X)+K(l—X))X—ZE(l—X))—GZZ 1-

4r\(x—1)x2
L i@ZoX)AXeERAX>1

08.01.06.0021.01
E(2) «

E(X)-2(- 1){‘"”“ Z)J {

ag(x-2)
J E(1-x) - K(x)) (z—X) +

arg(x-2) 1 |2
J(E(l—x)—K(l—x))+2—(E(x) 2i(- 1) {
X

2n

1 ﬂ'l‘ {a’g(x—z)J arg(x_z) 29 _i _§
— (=L 2~ { J((E(l—x)+K(l—x))x—ZE(l—x))—GZ’2 1- 2" 2||l(z-x?%+
4\ (x-1)»2 g Y 0, -1
O((z-%?%) /;xeRAX>1
08.01.06.0022.01
© 1 | T2 | arg(X — Z 1\2 1 1 3_p i_
[M( 1),(@:”{ o w * )J(Zk—l)r(k——) 2F1(k__,k+—;k;1—X)—G§§[1—X 27k 3 k]]
2 2 2 ' 0,1-k

1
Fo=5 2

ﬂ-k:O !
z-%¥/;xeRAXx>1

08.01.06.0023.01

{MJ arg(x—2)
E(2 « E(X)—2i(-1)L 2~ { J(E(l—x)—K(l—x))+O(z—x)/;xe[R/\x>1

Expansionsat z==0

For the function itself
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08.01.06.0001.02

n[ z 372 ]
E@o—-|1-———-...1/;(z-0)
2 4
n[ z 372

1

08.01.06.0002.01
1 1
T (_ E)k (E)k z
E@ = —Z—/; Iz <1
2 k=0 k1?
08.01.06.0003.01
s 11
E(2) = - ZFl(__x =L 2) hld<1
2 22
08.01.06.0004.02

E - O
Z) o + Z

08.01.06.0025.01

(—%) (%)kzk 21 F(n + %) F(n + g)

E@ =F.@ /: ||Fa ﬂzn: X E®@ (L ne e Sinez ne2 /\nen
(2 =F.(2/; 7)== — — =E@ + (,n+—,n+—;n+,n+;z) ne
PY4 2 e 2 2

4an+11°
Summed form of the truncated series expansion.

Expansionsat z==

For the function itself

08.01.06.0005.02

z-1 24log(2) - 13 3(5log(2) - 3)
E(z)oc1+—{—Zlog(4)+l+—(z—l)——(z—l)2+...)+
4 16 16
z-1 3(1-2 15
Iog(l—z)—(1+ +—(1—z)2+...]/; (z-1)
4 64
08.01.06.0026.01
z-1 24log(2) - 13 3(5log2) -3
E(z)oc1+T[—2log(4)+1+%(z—l)—%(2—1)2+O((2—1)3)]+

z-1 31-2 15
log(1-2 — [1 + +—(1-2%+0((z- 1)3))
4 8 64

08.01.06.0027.01

)3) AU
2 z-1|29- 132 &
E@ = 1+—(z 1)log(1 - Z)Z—k(l—z)k — 92 ) ——— (1-2|+
k! (k+ 1! 4 k! (k+ 1)v
5 7
45 > (E)k(z)k 1 2 2 1 4 2
—@z-Dy ———— 4 - — - —— + (1-2?/1z-1 <1
k=0(k+3)((k+2)!)2 igkan | k+2 k+1 k+3 2k+3 2k+5
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08.01.06.0006.02
3

(2 2),
E@=1+- (z Dlog(1- Z)Zm
k=0

lz-1 <1

08.01.06.0028.01

V-z (log(-2+4) (1

1

E(2 =2V -z

1 1
[—2(//(k+ 1)+21/r(k+ 5] +

S
- 2/k+1

2

{

1-2(og(-2 +2)
)+ <

|+

e z V4

—-Z
IZ>1
08.01.06.0007.01

1
E@=2- 2':1(

1 1
s
2 2

(3
2 2

z-1

z)+ TIog(l—z)zl:l - =2, 1-

2]+

k+ 1)(§)k2(1—z)'<
(¢(k+ 5)—1//(k+ 1)) /ilz-1 <1

z-1 i
2 i3 k! (k+1)!
08.01.06.0008.02
1 z-1
E(2 «1+(z-1) (Z - Iog(Z)) 1+0(z-21)+ T log(l-2) (1+O(z- 1))

08.01.06.0029.01

oy

1
[w(k+ 1)- ‘”(5 - ]] z*/

Zk'(k !

k=0

1 3
l1-z 0 (E)k(i)k 1 3
E@=F.@/||Fn(®=— ) —— (—Iog(l— 2+2y(k+1) - w(k+ —) —w(k+ —) + —)(1— 2K+1==
4 HK(k+D! 2 2} k+1
E(Z)——Gz'4(l— n+2'n+2’%’g]/\nel\l
o n+2,n+20,1
Summed form of the truncated series expansion.
Expansionsat z==
For the function itself
08.01.06.0009.02
1 8log(2) -3 6log2) -3 log(-z 1 3
E@o«vV-z + [—+Iog(2)+ 9@ + %9 +) 9 )[1 —+ —+ ]/;(|Z|—>oo)
7 \4 64z 128 72 4~z 8z
08.01.06.0030.01
1 8log(2) -3 6log(2) -3 1 log(-2) 1 3 1
E(2) + [—+Iog(2)+ + +O(—)) [1 —+—+O[—)]
7 (4 64z 1287 Z2) av=z 8z 647 z

2Kk +3k+1

E
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08.01.06.0031.01

1 2 Kk K
log(-2) & (_5)+ z 1 (‘) z 1 3
E@=V-z + S m)zl AR
7 o Klk+D! =7 Jk! (k+ D! "4 64z

5\ 2
9 (E)k 2 2 4 1 2l
— + - + —4Z—zk2/|z|>1
6410 (k+ 2 k+3) \k+1 k+2 2k+3 k+3 L

08.01.06.0010.02

2 2
E) =V 7 + |09(—Z)i(_%)k+1 z* 1 & (_%)Hl z*

n
Z7 oo Klk+D! —Z k; K!'(k+1)!

1
2uk+1 k|+ — 1
(w<+) t//( +)+k+l)/IZ|>

08.01.06.0032.01

-z (log(— 4 1 1-2 (log(— 2 1 °°( )+ 1
=27y -SRI 1), BB (1), 2 S ool et

n z P oo Kl (k+1)!

zZ>1

08.01.06.0011.02

1y 2
1 1 1y | 11 1 2 X (__)+

E@=2V-z -V-z zFl(——,——;l; —) o2 Fl(—, =2 _)+ Z — [¢ *b- lﬁ[ )) a
2 2 z 4=z 2 2 z —7 i Kl (k+1)!

1z >1

08.01.06.0012.02

4log2) + 1 1 log(— 1
E(@) o V-2 +&(1+O(—))+ 092 (1+O(—)]
4+ -z 2V 4+ -z

08.01.06.0033.01

aa«{{iv; D=0 45,
—-ivz True

08.01.06.0034.01

1 m 1 1
E@ =F.@/;||Fn@ = Z [__)
\/—_Z k=0 k'(k+1)' 2 et

2

1 1 1
[Iog(—z)+2¢(k+1)—w(£— )—w[k+§)+—Jz’k+ -z =

k+1

Summed form of the truncated series expansion.

Residue representations

08.01.06.0013.01

r(-s-3)r(3-9 2

1 _
E@=-- ) res, (e |(-) /512 < 1
44 ri-s
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08.01.06.0014.02
1
E(2) = -

[ [r(s) r(—s— %) (-2
resy
4

I'i-9
Integral representations

1

2

re -2
rd-s

Gl S

On the real axis

Of thedirect function

08.01.07.0001.01
E@) = fzxj 1-zsin’(t) dt/: jag(l—-2)| <n
0

08.01.07.0002.01

E(2)

1-zt?
f —dt/;lagl-2|<n
o Ji-¢

Contour integral representations

-3t

r'd-s

08.01.07.0003.01
(s r(—s
/.

Differential equations

1 - S) (-27°
E@=-—

8ni

ds

Ordinary linear differential equations and wronskians
For thedirect function itself
08.01.13.0001.01

1
1-22zW' (@ +(A-2)W (2 + ZW(Z =0/;W2=cE®2 +c(K1-2-E1-2)

08.01.13.0002.02

WHE(2), K(1-2) - E(1-2)=—-—

08.01.13.0003.01

g@ 9 (Z)]W'(Z)—

92 dJd@
08.01.13.0004.01

g(2?

409@-19

V\/’(z)+(

792

W(E(9(2), K(1-9(2) -E(1-9(2)) = -
492

1

o

I

1

2

)l s

W(2) =0/, W(2) = ¢, E(9(2) + c(K(1-9(2) - E(1 - 9(2))
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08.01.13.0005.01
g@ 2h@ 9@ ] g@? h@g@ W@ 2@ N9
+ wW(2) - + + - -
92 ha 9@ 40@-19@ 9g@h@ h@ phz? 293
W(2) = ¢, h(2) E(9(2) + ¢, h(2) (K(1-9(2) - E(1 - 9(2))

08.01.13.0006.01

w2 =0/

h@’ g @
W,(h(2) E(9(2), h(2) (K(1-g(2) -E(1-9@)) = ~—————
492
08.01.13.0007.01
1 1-2s
V\/’(z)+—(( —1)r2+452]w(z)+ W@ =0/W@2=c,E@z) +c, K1 -az)-E(l-az))
42 \\1-aZ z

08.01.13.0008.01
r
WZE@Z), Z(K(l-aZ)-E(l-a?)) = —% 251

08.01.13.0009.01

alo 2(r) r? )
w’'(2) - 2log(s) W (2) + T +log“(s)|Ww(z) = 0/; W(2) = ¢; S E(ar?) +c, s{K(1-ar?) -E(1-ar?)
ar?

08.01.13.0010.01

1
WS E@r?), ¢ (K(l-ar)-—E(l-ar?)))=— 2 22 log(r)

Identities

Functional identities

08.01.17.0001.01

1 E(1-2
E(l— -) /; larg(@) <
z \/?

08.01.17.0002.01

E@=V1-z E(—l) ilagl-2)|<n

z
Z—

08.01.17.0003.01

E@=v1-z E(il)/;ze[R
Z_

08.01.17.0004.01

com i d o7 ) o)

08.01.17.0005.01

1 1 1 1
E(z):x/?E(—)— [ Il— Vi=z «/?E(l—z)—x/?K(—)+K(z)
z z —-Z z

08.01.17.0006.01

1 [1 1 1 [1
E(z):x/?E(—)— -Z /1— Vi-zVzEQl-2+ /1— Vz(l-2 | -= zK1-2+(1-2K®@
yA Z A A yA
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10

08.01.17.0007.01

-1 1 1 K(1l-2-E1-
o= ve T T ) () e
z z-1 1-z 1-z

Vi-2z

Complex characteristics

Real part

08.01.19.0001.01

INTS
1o

3 5 1 3
SOt X o
Re(E(x +iY)) = ngigjg[ 41 43 —yz,x] 5 ngf:f["l“ -y, XZ]/;XE[R/\yE[R
1 Eq

N
le

Imaginary part

08.01.19.0002.01

3

/e e

IM(E(CH i) = - Fg;g;g[ 3
8 1,

Nlw BIo
le -l>|»—\

Nl Bl

5
3 Xy n
_y2 XJ ” Féifif[‘l —y2 x]/xe[R/\ye[R

Differentiation

Low-order differentiation

08.01.20.0001.01
0E(2 E(2) - K(2

0z 2z

08.01.20.0002.01
PE@ (2-2E@+2z-1)K(®©@

97 4(z-1) 2

Symbolic differentiation

08.01.20.0003.02

0z 2n!

"E@) ”(‘i)n (%)n 1 1
= |

== - —,n+—n+12z|/;neN
2 2

08.01.20.0004.02
MER@ rxz" _ 11
(——, —1l-n; z)/; neN

2 2

== F
02" 2 ot

Fractional integro-differentiation

08.01.20.0005.01
0“E(d nz¢ _ 11
e
0z 2 2

Integration
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Indefinite integration

Involving only one direct function

08.01.21.0001.01
2((az+1)E@2+(az-1)K@z)
fE(az) dz= 3
a

08.01.21.0002.01

2
fE(z)dz:: § (z+DHE®@+(z-1DHK(©2)
Involving onedirect function and elementary functions

Involving power function
Involving power

Linear argument

08.01.21.0003.01

1 B 11
fz‘”l E(az)dz= Enz"l“(a)g,Fz(—E, > @l a+1; az]

08.01.21.0004.01
nzt 11
fz“‘l E@dz= — 3F2(——, — ol a+1; z)
2a 2 2
08.01.21.0005.01

2((9a’Z+az+4)E@2 + (38?2 +az-4)K(@2)
sz(az)dz::

452

08.01.21.0006.01

E(az 1
f ( )dz==7r\/?3F2(—§,

vz

1 3
R T aZ)
2 2

N[ -

08.01.21.0007.01

E(az) 1 1 3
f dz= —gn[az4F3(E, 1,1, 5; 2,22 az) +4(log(16) +y* - log(-az2) — 3)]
z

08.01.21.0008.01

f( )dZ——— |3 Fl1,1, -, - 23,3 22+16— | 16) + | — +
= a y L, =, — 4,9,9,aZ azlo azlog(—az 4

Power arguments

08.01.21.0009.01

1 bg 11
fz‘" E@Z)dz= —2“3F2(——, -,
2a 2 2

a a
—:1, —+1;az’]
r
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12

08.01.21.0010.01

fZE(aZZ)dz:: (aZ2+1)Eaz?)+(a2-1)K(a?)

3a
08.01.21.0011.01

fz3 o) dz= (9a2Z +aZ +4)EaZ)+(3a2Z +aZ - 4)K(a?)

452
08.01.21.0012.01
fzs E(aZ)dz=
08.01.21.0013.01
fE(azz)clz:: %ﬂzsv':z(—%, % %; 1, Z; aZZ)

08.01.21.0014.01

(22522 +9a2 7 + 167 + 64)E(aZ) + (45a° 2 + 3a? 7' + 1627 - 64) K(a 7))
1575a°

E(az 1 1 3
f @ )dz==—l—67r(a4F3[E,l, 1, E;2, 2, 2;a22)22+4(log(16)+y2—Iog(—azz)—B))

z

08.01.21.0015.01
fE(azz) (1-aZ)K(aZ?)-2E(a?)
dz=

z

08.01.21.0016.01

E(a?) 1 35
f dz=— [n[3a24F3[1, 1, -, —;233a? 24—2alog(4294967296)22+16alog(—a22)22+64])
2 256 22 22

08.01.21.0017.01

fE(azz) L _2@Z-2)E@)+ (1-aF)K(@aZ)
907

Involving rational functions

08.01.21.0018.01

E(Z)
fl—zz dz==2zK(?)

08.01.21.0019.01

[ ) k() )

1-2
f 2EF) dz= E(—(z2 +4)E(B) - (Z-4)K(D)
1-7 3

08.01.21.0021.01

E(Z) 2E(Z)-K(?)
f = dz=

(Z-1) z

Involving algebraic functions
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08.01.21.0022.01

f ZE(Z) B E(Z)+(Z-1)K(P)

08.01.21.0023.01

f ZE(?) - (1-22)E(A)+(Z-1K(B)

(1-2)" 3(1-2)"

Definite integration

For thedirect function itself

08.01.21.0024.01

1 n 11
f t* T EM) dt = — 3F2(——, —ala+1; 1) /; Re(a) >0
0 2a 2 2

Representations through more general functions

Through hypergeometric functions

Involving ,F;

08.01.26.0001.01
E il F( ! 1-1— )
(2) == PR Y ,Z
Through Meijer G

Classical casesfor the direct function itself

08.01.26.0002.01

Lo L2
(9 =--Gyp[-2
4% "l oo
08.01.26.0003.01
1 113
E(z ::—Gé’g -z 2" 2+ —
4 - 1,0,0) 2

Classical casesinvolving algebraic functions

08.01.26.0004.01

1 12 _1t
—E@=G)5|-z| 2?2
1-z ' 0,0

08.01.26.0005.01

1 1 0,0

E[—): Ggi%(—z 11
1-z \z 23

08.01.26.0006.01

1
Vz+1 E[ )::——G%;(z
2%

1 3
z+1

’2]/;2$(—1, 0)
1

o N | W
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08.01.26.0007.01

1 | %2
E[—)__szzz 2°21/z¢(-1,0
Vz+e1 \z+1 01
08.01.26.0008.01
1 of | =% 1
E[—] =Gy5|z| 2" 2|/;z¢ (-c0, -1)
Vz+1 ‘z+1 0,0

08.01.26.0009.01

z 1
Vz+1 E(—) ::——G;’g z
z+1 4 -

08.01.26.0010.01

1 _1
E2Vz Vz+1 -22)= - G%’g(z &
' 0,0
Vz+1 VVz+1 -z F(%)
08.01.26.0011.01
Vz +Vz+1 2r 13
————E(2Vz Vz+1 -2z)== Gﬁé(z 4’ 4]/ 2¢ (—o0, —1)
Vvz+1 1"(3)2 0,0
4
08.01.26.0012.01
1 2 2 o
E = Ggéz 4r4 /iz& (-1,0)
Vz+1 +1 1)? -2
Vz+1 \/\/z+1—1 F(Z) 2’ 2

08.01.26.0013.01

VVz+1 +1 E[ 2 ] 2n 21[
oz

Vvz+1 Vvz+1 +1

3
Z]/ze( 1,0
1

08.01.26.0014.01

Vz+1 -1 2 2 (]33
E == Gyl z 4" 4l z¢ (-1, 0)
Vz+1 1-vVz+1 1—(&) 01
4
08.01.26.0015.01
1 2 21 o3
E( ]: zeg;;z 41 41]/ze;( 1,0)
Vel VVzet +1 BoVzel)op() 22
08.01.26.0016.01
2\/? 2n o | -L 3
= 262’2 z| 44|/ zé (o0, -1
‘ 0,0
Vz+1 VVz+1 - vzl F(%)

08.01.26.0017.01
Vz+l -z E[ 2Vz ] 2 12[
== Z
z+1 Vz -Vz+1
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08.01.26.0018.01

Vz +Vz+1 2Vz 2n o | -L 3
E == G2:2 z 44l zg (-0, =1
Vz+1 Vz +Vz+1 F(E)z 0,0
4
08.01.26.0019.01
1 2Vz 2 o | =% 3
E = —Gylz| i
NZil Al oo
Vzri vz +vzer Wz -Vzel) ()
08.01.26.0020.01
1 2(Vz+1 -1)) 24 t 3
E = 2c;g;;z L hze =10
4 —_- =
Vz+l VVz+1 -1 r() 2’ 2

08.01.26.0021.01

VVz+1l +1 EZ(VZ"'J-‘l) 2n G“[
= 2:2 Z
Vz+1 z 1—(&)2
4
Classical casesinvolving unit step 6
08.01.26.0022.01
1 3
T 20| 515
01-12)B(1-2 = = Gy5|z| 2" 2|/; ¢(-1,0)
2 7 0,1
08.01.26.0023.01
T o2 13
0(2d-DE1-2=-G,5|z| 2" 2
2 7 0,1
08.01.26.0024.01
1 T 50 01
0(1-12) E(l— —] ==Gylz| 1 1|/iz¢€ (=10
z 2 23
08.01.26.0025.01
1 T o2 0,1
(2 -1 E(l— —) ==Gy5lz| 1 1|/i €(-00,-1)
z 2 ~3 3

08.01.26.0026.01

2V1-
6(1-12) Vl—z+1EL———jL] i ”P

—— 2:2
Vi-z+1) 2

08.01.26.0027.01

2V1-
01l-1z)V1-vi1-z E[ ‘ ]-—

vi-z -1

08.01.26.0028.01

0z2-1)V1+vil-z E[

2\/1—2] ”GOZ(
—|= - 652
Vvi-z +1

o Mw

o Mw

o Mw

)

)

[l NS [l NS ]

[l NS ]

]/: ¢(-10

]/: ¢(-10
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08.01.26.0029.01

2V1-z Pis 35
602-1)V1-vVi-z E[—]:Eegﬁ(z ‘6’;]/;26’:‘(—00,—1)
Vvi-z -1 )
08.01.26.0030.01
6(1 - |2) 2Ni-z | 7 | 33
E :=_G2:2 z 11 /; 93(_11 0)
Jl_m vi-z+1) 2 -3 3
08.01.26.0031.01
61 - 12) 2Vi-z ) 7 | 33
=6z Y| ecLo
VVi—z+1 \Wi-z-1 I
08.01.26.0032.01
1 3
02 -1 2V1-z —-ZGO’ZZ i
- 2,2 1 1
Jl_m Vi-z +1 —315
08.01.26.0033.01
012 - 1) 2Ni-z ) 7 | 73
E ==EG2:22 11 [ Z¢ (=00, =1)
Vvicz+1 Wi-z-t 2
08.01.26.0034.01
1 5
2Vz-1 T -7
01-1z)VVz-1 +Vz Bl —— — =_EG§;22 Y inze10
Vz—-1 +vVz 0,3
08.01.26.0035.01
1 5
2vz-1 17
61-1HVVZ -Vz-1 Bl ————|=-63Jz| * !|/ize(-10
Vvz-1 —\/? 0, >
08.01.26.0036.01
1 5
2vz-1 17
602-DVVz-1 +Vz E{i =_2(32;§z LI
Vvz-1 +\/? 0, >
08.01.26.0037.01
1 5
2vz-1 12
o2d-HVVz -Vz-1 E[— =-Gylz| V]
vz-1 —\/; 0, 3
08.01.26.0038.01
01— 12) 2vVz-1 7 Lo | 732
= =G|z 1 /iz&(=1,0
VVz -vz=1 \Vz-1 +Vz) 2 0,3
08.01.26.0039.01
6(1 - [2)) 2Vz-1 7 Lo |73
- EGZ:Z z N /iz¢ (-1,0)
Vet +yz We-l-vz 03
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08.01.26.0040.01

8012 - 1) 2vz-1 o |33
E == _G2:2 z 1 /i & (=00, =1)
\/ﬁ_m Vz-1 +Vz 0,3
08.01.26.0041.01
1 5
0(2-2) 2Vz-1 02 72
E == EGZZ Z 1
VvVt +vz Wel-Vz 03
08.01.26.0042.01
2V1-7z (1-V1-7) 35
01-12)VVi-z +1 E =-G59z| 44|/ ¢(~1,0)
z 0,1
08.01.26.0043.01
2V1-7 (1-V1-7) 3 5
01-1h)VVi-z +1 E ___eg;g(z 4’ 4]/; ¢(-1,0
z 2 01
08.01.26.0044.01
2V1—z(1—V1—z) 35
002-1)VV1i-z +1 E = —Gyslz| 4 4
z ' 0,1
08.01.26.0045.01
2V1-z (Vi-z +1)) , 3 s
0(2-HV1-vVi-z E|- ==—G§;§[z ’4]/;ze(—oo,—1)
z 2 0,1
08.01.26.0046.01
9(1—|Z|) 2\/1—2(1—\/1—2) 20 %,%
E . ::562:22 11 /iz& (-1,0)
1-v1-z 2’2
08.01.26.0047.01
oa-n  [(2VI-z(-Vi=z)) . (| L2
E ; =-Galz| |,
1-V1-z 202
08.01.26.0048.01
9(|Z|—1) 2\/1—2(\/1—2 +1) T 02 %’%
El - . =-Glz| | ||/ z¢(-00, -1
VVi-z +1 S22
08.01.26.0049.01
441~z g 33
61-12)(VI-7 +1)E — = —Gifz’[z é‘ ;)/; 12> 1VRe2 >0
(Vi-z +1) !
08.01.26.0050.01
4v1-2 n 33
601-12)(1-V1-2 g -———— = -eg;g[z A ;]/; 2 >1VRe2) >0

(1-Vvi-z)
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08.01.26.0051.01
6(1-|2) 4y 1-2 T 50
E 2 = — Gz:z z
1-Vi-z |(V1i=z +1

11
2' 2
-1,1

)/; |z >1VRe(2) >0

08.01.26.0052.01

6(1-12)) 4v1-z n [
z

E|- =-Gj)

Vi-z +1 (1_m)z

1

1 1
5’5]/;|z|>1VRe(z)>o
1

08.01.26.0053.01

4Vz-1 vz _L3
602-1)(Vz-1 +Vz g 2—22 = geg;ﬁ[z 2’ 2)/; |2 <1VRe® >0
(Vz=1 +V7) 0.0

08.01.26.0054.01

aVz-1+Vz .
602-)(Vz -Vz-1)g = geg;g[z O2’02]/; |2 <1VRe2 >0
(\/?—\/z—l) :

08.01.26.0055.01
61z - 1) 4Nz-1Vz | 7 |-%2
E . ==Gy5[z| 2 ?2|/il12<1VRe(2>0
Vz-Vz-1 |(vz-1 +vz)

0,0
08.01.26.0056.01

612 -1 4vVz-1 vz pre [
z

- =G5

vz-1 +\/? (ﬁ_m)Z 2

_13
2' 2
0,0

)/; |zl <1VRe2 >0

Generalized casesinvolving algebraic functions

08.01.26.0057.01
1 2 1
E[22V22+1 —222) = 2G;§(Z' =

NEYr v r(3)

08.01.26.0058.01

z Z+1
A G S
VZ2+1

08.01.26.0059.01
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08.01.26.0060.01

\VZ+1 -z 27 o
E

1 3
e e W (IS
Z+1 z-VZ+1 F(%) '
08.01.26.0061.01
Yz 2+l 22 2n o 1|-%32
. = 2%% 3| g0
VZ2+1 z+VZ2+1 F(%) '
08.01.26.0062.01
1 2z 2n _is3
E| == 2 GZ‘Z Z, > 4’ 4
’ 0,0
f z-VZ2+1 Iz '
VZ+14z+yZ2+1 ()
Generalized casesinvolving unit step 6
08.01.26.0063.01
2NZ2-1 | «x 1] 3,2
9(1—|z|)\/z+\/22—1 E\/— == 5;2[,5 Y iRe >0
24V Z2-1 0.3
08.01.26.0064.01
2NZ2-1 | «x 1] 32
0(1—|z|)\/z—\/22—1 E ‘/7 = - G35 2 " iRre@ >0
VZ2-1-z 0.3
08.01.26.0065.01
2V 2-1 1] 32
0(|z|—l)\/z+\/22—1 E\/i =-G3z=| " '|/Ra@>0
2eZ-1 2103
08.01.26.0066.01
2y 2-1 1] 3,2
9(|z|—1)\/z—\/22—1 = [ — =_§ng§[2,5 “ R >0
VZ2-1-z 12
08.01.26.0067.01
1 5
6(1-12)) 2y Z2-1 n 1|73
E = -G 25 “ i iRe >0
0 =
z+VZ2-1 2
\Z-VZ-1
08.01.26.0068.01
1 5
6(1-12) 2y 2-1 1|77
E| = - G5y z,5 ; f /;Re(2) > 0
"2

Jz+J§jf VZ-1-2
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08.01.26.0069.01

1 5

0z - 1) 2V 2-1 n 1|37
= =3 Ggé(z, > 4 f /iRe(2) >0

, 0 1

z+V 2 -1 12

z-VZ2-1
08.01.26.0070.01

1 5

6(z2 - 1) 2y Z2-1 n 1|33
E = g;gz,g 4 f /iRe(2) >0

VA-1 -2 0.3

Through other functions

Involving incomplete eliptic integrals
08.01.26.0071.01
T
E@=01-2 H(z; — z)
2
08.01.26.0072.01
E(2-==(1-21z|2

08.01.26.0073.01

E(2) == E(—

b
d
2

Involving L egendre functions

08.01.26.0074.01

E(2) = %(P;(l—ZZ) + Pil(l—Zz))

2

08.01.26.0075.01

1
E@) = > (Qil(Z z2-1)-Q.2z- 1))

I nvolving some hyper geometric-type functions
08.01.26.0076.01
) ( 1113 )

E(2 =2F-—— -, =5 =1,z

@=2h"32 27

Representations through equivalent functions

With related functions
08.01.27.0001.01

E@K(1l-2-K@K(1l-2+EQ1-2K@® = g

08.01.27.0002.01

2 3V 2 (3}
EQ =,/ - r(—) -—r(—] K(2)
x \4) 2 \4
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Theorems
The perimeter of an ellipse
The perimeter s of an ellipse with semi-axesaand biss= 4bE(1— 2—2)

The gravitational or electrostatic potential of a uniform circular ring

The gravitational or electrostatic potential V(r) of auniform circular ring of radiusrg is given by

2n cos(¢)
V(r)ocf de =
0 \/r2+r02+22—2rrocos(¢)
2 4 4
((r2+22+rc2)) K[—%] —(Z+ @ +10) E{—$2
ro /22+(r+r0)2 Z+(r+rg) Z+(r+rg)
History

—-J. Wallis (1655)
—A. M. Legendre (1811)
—C. G. J. Jacobi (1829)

)
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