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Notations

Traditional name

Incomplete eliptic integral of the second kind

Traditional notation

EzIm

Mathematica StandardForm notation

EllipticE[z m]

Primary definition

08.04.02.0001.01

E(z| m) ::f\/l—msinz(t) dt
0

Specific values

Specialized values

For fixed z

08.04.03.0001.01
E(z|0)==2

08.04.03.0002.01

E(z| 1) = dn(2 /, IRe(2)| =

NN

08.04.03.0010.01
Re?)

Eiz|1) = (—1){71 sin(z) + 2

Re(2)
=
For fixed m

08.04.03.0003.01
EQO|m=0

08.04.03.0004.01
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08.04.03.0005.01

km
E[? ‘ m) =KE(m / kezZ
08.04.03.0011.01
1 1 1
E(csci(Vm ) [m) =vm (E(—) + (— - 1) K[—))
08.04.03.0012.01

E(csc’l(x/ﬁ)ﬂrk‘ m):2kE(m)+\/H(E[%)+[£—1]K(i))/; kez

m m
08.04.03.0006.01
Y4
E@m(z| m) | m ::f dan(t | m)2 dt
0
08.04.03.0013.01
E(m)
E(@anz| m) | m) = —— z+Z@m(z| m) | m)
K(m)

08.04.03.0007.01

E(sin (sn(z| m) | m) = f dn(t | m)? dt
0

Values at infinities

08.04.03.0008.01
E(z| ) == &

08.04.03.0009.01
E(z| —o0) =&

General characteristics

Domain and analyticity

E(z| m) isan analytical function of zand mwhich is defined over C2.
08.04.04.0001.01
(zsm—E(Z|m):: (CRC)—C
Symmetries and periodicities
Parity
E(z| m) isan odd function with respect to z.

08.04.04.0002.01
E(-z|m)=-E(z| m)

Mirror symmetry

08.04.04.0003.01
Ez|m=EZ|m/,-(MmeRAm>1)

Periodicity
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E(z| m) isaquasi-periodic function with respect to z.

08.04.04.0004.01
E(z+xk|m=EZ|m+2kKEm) /;keZ

08.04.04.0010.01

Re(2) Re(2)
} ‘ m)+ 2{—} E(m)

T

E(z|m = E(z—n{
Vs

Quasi-symmetry

08.04.04.0011.01

E(x+iy|m)= E(nfrac(i)ﬂly‘ m)+ngn(x) {EJ E(m/;xeRAyeR

/s T

Poles and essential singularities
With respect to z
The function E(z | m) does not have poles and essential singularities with respect to z.

08.04.04.0005.01
Sing (E(z| m) == {}

With respect tom
The function E(z | m) does not have poles and essential singularities with respect to m.
08.04.04.0006.01

Sing, (Ez| m) = ()

Branch points
With respect to z
For fixed m, the function E(z|m) has an infinite number of branch points at

Z== isin’l(%) +nk/;kez, z== g +nk/; ke Z Amg (0, 1), and z== . All these are square-root-type branch points.
m

08.04.04.0007.01

BPL(E(z| M) = {{sjn‘l[i]mk/; ke z}, {—sin_l[i)wrk/; ke Z}, {z +ak/ikeZ Amé (0, 1)}, 50}
Vm m 2

08.04.04.0008.01

R

1
E(z| m), sin'l[—]+7rk] =2/;kez
m

08.04.04.0009.01

1
RZ[E(Z| m), —sinl[—] +7 k] =2/kez
m

08.04.04.0012.01

‘RZ(E(zlm), g+nk)==2/;kel/\m¢(0, 1)
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With respect tom
For fixed z, the function E(z | m) has two branch points at m== csc?(zand m == .

08.04.04.0013.01

BPm(E(z| m) = {csc?(2), &}

Branch cuts

With respect to z

General description

For fixed m, the function E(z| m) can have up to six infinite sets of branch cuts (it has at least four), which form
very complicated curves in the case of generic m.

For fixed real m < 1, the function E(z| m) does not have branch cuts on the real axis and on the vertical intervals
{csci(Vm)+ 7k m—csci(Vm)+ 7kl ke Z Ame (—o, 1).
For fixed real m < 1, the function E(z| m) has four infinite sets of branch cuts located on vertical intervals starting

at the pointsz==rk+ csc™{(vVm ) /; k € Z and extending to imaginary infinity.

For fixed generic m, the function E(z | m) has the following six infinite sets of branch cuts:
1) red intervals {rk+ csc}(vV'm ), mk + %} /ikeZ Am> 1, where E(z| m) is continuous from below (for
generic complex m, these branch cuts deform into complicated curves); in the case m < 1 these real intervals vanish
2) redl intervals {rk + Zork+1) - csc*(x/ﬁ)} /i ke Z Am> 1, where E(z| m) is continuous from above
(for generic complex m, these branch cuts deform into complicated curves); in the case m < 1 these real intervals
vanish
3) vertical intervals {7 +2xk, 5 +2xk+ico}/;keZAme (0, 1), or
{rn- csc*(x/ﬁ) +27k, 5 +2nk+i oo} /; ke Z Ame (0, 1), where E(z| m) is continuous from the left
4) vertica intervals {3 +2nk 2 +27k+ico)/;keZAme (0, 1), or
(2n- csc*(x/ﬁ) +2nk, 37” +2nk+ico}/;keZ Ame (0, 1), where E(z| m) iscontinuous from the right
5) vertical intervals {g +2nk—ioco, 3 +2rkl ;keZ Amg (0, 1), or
{3+2mk—ioco, 21k + csc*(x/ﬁ)} /;keZ Ame (0, 1), where E(z| m) is continuous from the left
6) vertical intervals {37” +21K—ioo, 37” +2nk} ;keZ Amg (0, 1), or

{37” +2nk—ico, 2nk+m+csc(Vm)} /;keZ Ame (0, 1), where E(z| m) is continuous from theright.
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08.04.04.0014.01

BC,(E(z| M) =={{{(nk+csc*1(x/ﬁ),nk+g), if fkeZ AmeR Am> 1},
{{(nk+:n(k+1)—csc*1(x/ﬁ)),—é}/;kel/\meu{/\mn},
27rk+— 2k7r+5+loo) 1 /kez Ame© 1}/
{(27rk+7r s (\/H),zkﬂgnoo),1}/;kez/\me(o,1)},

271k+— 2kﬂ+3§+noo) —l}/;kEZ/\meE(O, 1)}\/

27Tk+——Loo 2k71+2) 1 /kezAme© 1}/
{(2nk+——m 27k+csc (V_)),l}/;kez/\me(o,l)},

f
{
fl
{{(zmzﬂ s (Vi) 2k o] 1) ke Z Ame 0,)
f
{
{(2rics S -iw 2k 2] -1} ke zAme 0 b} V/

{

{(27rk+——uoo 27K+ 7+ csc (\/m)),—l}/;keZ/\me(O, )
Formulas on real axis for real m

Form<1

For fixed real m < 1, the function E(z | m) does not have branch cuts on the real axis.

Form>1

08.04.04.0015.01

iy -1 () 3

e->+0 m
xe[R/\me[R/\m>1/\7rk+csc’1(\/ﬁ)<x<7rk+g/\kel

08.04.04.0016.01

lim E(x—ie|m) = E(X|m)/Xe[R/\me[R/\m>l/\7rk+CSC (\/H)<x<nk+%/\kez

e->+0
08.04.04.0017.01

lim E(x+ie|m)=EX|m)/ Xe[R/\me[R/\m>l/\—+7rk<x<7r(k+l) csct m)/\keZ

e->+0

08.04.04.0018.01
x 1 1 1 1

lim E(x—ie|m) =—EX|m +4ﬂ— - —J + 1) Em-2vVm (E(—] + (— - 1) K[_)) /:
e—>+0 T 2 m m m

xe[R/\me[R/\m>1/\7rk+g<x<n(k+1)—csc’1(ﬁ)/\kel
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Formulas for vertical intervals

Form<1

For fixed rell m<1, the function E(z|m) has branch points csc™(Vm)+rk/;keZ and

- CSC‘l(\/ m ) +nk/; ke Z. In this case branch cuts lay at the vertical lines beginning from these points and
going to imaginary infinity. By this reason for fixed real m < 1, the function E(z | m) does not have branch cuts on
the vertical intervals {csc™(Vm ) + 7k, m—csc™}(Vm ) + 7k} /; ke Z Ame (—oo, 1).

Form>20

08.04.04.0019.01

bl
lim E(27T|(+IZX+E—E

e—>+0

T
m):E(an+12x+E‘m)/;XE[R/\keZ

08.04.04.0020.01

m) = 4(k+1) E(m) - E(u'x+ g ‘ m)—ZW(E(%)+(% —1)K(%]) /;

me[R/\XE[R/\(O<m<1/\x>—|m(csc’1(\/ﬁ))\/m> 1/\x<0)/\kez
m) ==4kE(m)—E(n'x+ —

e w25 )
me[R/\xe[R/\(O<m<1/\x<Im(csc’l(\/ﬁ))\/m> 1/\x>0)/\keZ

08.04.04.0022.01
] 3n

lim E[27rk+ix+ — —€
2

e~+0

Ve
lim E(an+z‘x+5+e

e—>+0

Ve Ve
lim E(an+ix+ —+e€
e—>+0 2

3

1
m) = —F(u‘x+ —
2

m)—Z\/H(E(%)+(E—l)K(%))+4(k+2)K(m) /;
me[R/\xe[R/\(O<m<1/\x>—Im(csc‘l(\/ﬁ))\/m> 1Ax<0)/\kez

08.04.04.0023.01

s vem-<fr % oo (425942

me[R/\xe[R/\(0<m< l/\x<|m(csc‘l(m))\/m> 1/\x>0)/\keZ

08.04.04.0024.01

3n
lim E(Zﬂk+ix+ ——€
e->+0 2

3n 3
lim E(an+ix+7+e m):E[an+ix+7‘m]/;XE[R/\keZ

e—>+0

With respect tom

Branch cut locations: complicated.

Series representations

Generalized power series
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Expansions at generic point z== 7

For the function itself

08.04.06.0009.01

msin(2 z)
E(z| m) o« B(zg [ M) + 1—msin2(zo) Z-2)- ——————— (2-2f°+... [, 2> %)

4\/ 1- msinz(zo)

!

08.04.06.0010.01

msin(2 z)
E@Im) o« E@ | M)+ 1-msin®(zo) (2—2) - ———— (2- )’ + O((z- )°)

4 \/ 1- msinz(zo)
08.04.06.0011.01

Ez|m =E@z | M+ 1-msin’z) (z-2)+ | 1-msin’(z)

!

0o k-1 3\ k1 1y _ g . . . i
Z”_[k z)z( : (k 1)(1—msin2(zo))q (q)ml(z—m)‘ﬂzk*HHZ(!)(2i—j)kflez(z"D”O(z—zo)k
2 K \k-1)31-2¢q q s J i\
08.04.06.0012.01
SERSRALSTRAS: - L (r (j+k-2 p-)+2(2 pro-j i-q
E(Z'm)::E(Z("m”ék_sz_z 3 (Q)Z(—quq—'an(zo)(2p+q—j)ke-zﬁ(”“+- P-q>+<p+q-l>20>( . )
= j=1 g=0 p=0
it (1= Dagjoi-2 il 1 ) i+
e A I e
0 (j—i- 1! @sin@z)) ™ o V2 st 2ies

08.04.06.0013.01

> 1
Ezlm=)" o E®O(z | m) (z— 20
k=0 ™*

08.04.06.0014.01
Ez|m) o E(zp | M) (1+ Oz~ 2))

Expansions on branch cuts

Formulas on real axis for real m

For m>1, csc(Vm)+ru<x<n(u+3)/juez
08.04.06.0015.01

Jofeme ) 4 )

X
E(z| m) oc(zﬂ— - —
Vs

,ﬂi[WJ ﬂi[arg(xz)J[ . 2 msn(zx) 2 ]
E(x| m)e 2 lt+e 2n l1-msn"(X) (z—=-X)— —  (Z2—-X)"+...| /;

4+ 1—msin2(x)
(z—>x)/\xe[R/\me[R/\m> 1/\nu+csc‘l(\/ﬁ)<x<nu+g/\uez
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08.04.06.0016.01

oo @ 42 o e

m m
fﬂélang)J o 1 ko1 (it i i-a - 2 o2 2 B i-q
o Z;FZF Z(q)Z(‘l)qquS” 00@p+a-jfe? (9
= j=1 g=0 p=0
-1 (1— j)2(’7')72 i . 1 1 A _+£
S (2] e
2 (j—i- D! @sin) 2 S /N 2)sh 2Uis

xe[R/\me[R/\m>l/\nu+csc‘1(\/ﬁ)<x<nu+g/\uel

08.04.06.0017.01

EGIm o ((2&f - EJ + 1) Em +Vm (E(i) . (i - 1) K[i))) [1 - e"”‘{yu +EXIm) @-”F'if”J] (1+0@-x) /;

T 2 m m m

(z—»x)/\xe[R/\me[R/\m> 1/\nu+csc’1(\/ﬁ)<x<7ru+g/\uez

Form>1,7r(u+%)<x<7r(u+1)_(33(;—1(\/5)/;uEZ

08.04.06.0018.01

comfe e o2 )

arg(z-x)

E(x| m) e_“{TJ +e

|| a9z
e \‘

_J — (Msin2 X)) (z— x)?
2n l1-msn“(x) (z—-xX)———+...| /;

4\/1—msin2(x)
(z-»x)/\xe[R/\me[R/\m> 1/\7ru+g<x<n(u+l)—csc‘1(\/ﬁ)/\uez

08.04.06.0019.01

E(z|m) = [2({; - % + 1] E(m) - N[E(%)+(i - 1) K(ED] (1-@:”%6@;”J)+ Exim e 5

m m
| g SIS 1)9 21 (%) (2 K i (+k-2p-gr2@pra-io (1~
€ ;EZJ_'Z q Z(—) SN 2p+g-jfe )
= j=1 g=0 p=0
= (L= Dagjoiy2 Loy (1 ik
o — (I)(—) [——) m~S cos251(x) (1—msin2(x))H 2f(z—xk/;
3 (j—i— 1! @sinx) 2 S S\ 2s ios

xe[R/\me[R/\m>l/\;ru+g<x<n(u+1)—csc‘1(ﬁ)/\uez

08.04.06.0020.01

o=

(z—>x)/\xe[R/\me[R/\m> 1/\7ru+g<x<7r(u+1)—csc’1(\/ﬁ)/\uel

N 1) Em - vVm (E(i) . (i _ 1) K(E]D (1 - @-’”{%”J) YEXIm) e‘“‘rgm] (1+0@-X) /

m m m

Formulas for vertical intervals
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For Re(—— —)eZ

08.04.06.0021.01
(|adz2) 5| |a @dez)
TH T2 tafaT Tz

E(z| m) « —e

J] E(zo | m) +

gz e (2]

. msin(2 zy) ) z 1
1-msin“(zy) (z-2) - ———— (2- %) +.../;(Z+20)/\Re(2——z)el
[ . /s

44 1- msmz(zo)

EzIm=-Ez|me ]+

e 223« (2) (- )

08.04.06.0022.01

-
2n 2n

([ oz ot

@ﬁ%hﬁwﬂygiig

i K! i j!
j-1 -1 Y
[Z( )Z( 102 sz (2 p+ - ez U 2P 0n22prad ) ( ) e
40 0 (j—i - 1! (@2sinz)) 2"

1
(2—20)k /; Re[i - —) ez
2n 4

[ag(zz;zQ)+§J+l§— mg(;ZO)J) + 1] -

2(;)(%)3(‘3' Sm' Scos?5(zy) (1 - msin (zo))

s=0

08.04.06.0023.01

ot o2 3 e () (- )

: lafg(Ho)

3
+2
4

v J]E(Zolm)

-t
2n

s

e

1+0G-2)/: %) [\ Rd - 1) z
- y(2Z-> —-—]e
& & 2n 4

For Re(—— —)eZ

08.04.06.0024.01

cotmoff 23 3] (- ) oo
(= ]+,/ 1-msif(z) (z-20) -

@-202+... [ (2> %) J\ e[———)

)
+

1
42|+ ==
4

4 2r

H1 )

E(zgIme
msin(2 z)

44/1- msjnz(zo)
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08.04.06.0025.01

oo vl

. larg(Ho) ] .

-t
2n

" J*[i‘mg(%]

2r

Ezlme

i-q

=0 '/ p=0

2 ()G 5)

08.04.06.0026.01

Ez| m) o [(2(2 Re(% - Z)+ 1) E(m) + W(E(%) +(

. rg(Ho)

i
2n

A

Ezlme

Expansionsat z==0

08.04.06.0027.01
mZzZ m@Bm-4)
7z

G-

-1 .
] - d ik —3s‘(n(J+k—2p—q)+2(2p+q—j>zo) I-4
[Z(Q)Z(—l)q?‘ Tdn'(zo) 2p+q-])e 2 0

cos 25} (zy) (1 - msin’(zo)

m(16 — 60 m+ 45n¥)

. lafg(Z*Zo)

1
2n 4

JJ{LW@(HO]

4 2r

]]+

= A= Daj-iy-2
0 (j—i-D!@sin@z) !

L1
S-i+=
) 2

3
z-20)%/; Re(3 - —) ez
2n 4

1

),

m

(1+0G-2) /2 %) [\ R - 3) z
% “ 2n 4

m(—64 + 1008 m - 2520 ¥ + 1575 )

EZlmoecz- — - - zZ - 2+.../,@z-0)
6 120 5040 362880
08.04.06.0001.02
mzZ m@m-4) _ m(16-60m+45n¥¢)  m(-64+ 1008 m- 2520 ¢ + 1575 m?)
EZlmocz- — - - Z - 2+0(24)
120 5040 362880
08.04.06.0028.01
o oo kel (_%)k ( 2jk)(—1)i_j+k 22i-2k+1 (j _ joy? |
E(z| m) ==Z+ZZ _ 2+l
FEHS Kl (2i +1)!
08.04.06.0029.01
Ez| m) « z+ O(Z%)
Expansionsat z== csc‘l(\/ m ) +nu/,ue”Z
08.04.06.0030.01
1 1 1 2vV2
E(z|m)o<W(E(—)+(——1)K[—))+2uE(m)+ -Vm-1 (z-z)
m m m
3(m-2) 3m +20m-20 , -2° .
(z-20)|1+ (z-2)- —————— (z- 7))+ z-70%+...|/
20V m-1 224(m-1) 384(m- 1)32

(z->zo)/\zo=csc’1(\/ﬁ)+7ru/\uel
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08.04.06.0031.01

Ez|m = 2uEm) + W(E(%)+(i - 1) K[i))+

m m

2NZ @-2) | VT b (ke g Yk »
w0 Ji [ (o

k=0 j=0
(_1)k 22k /\ (_1)k71 22k 2-m
Q1= ——
2k+ 1! Vm-1 (2k+2)!

l \%
keN A\ puo=1/\ puv= DLW+ =Va; Py
-1

08.04.06.0032.01

1 1 1 2vV2 [
E(z|m)oc Vm (E(—)+(——1) K[—))+2uE(m)+ 3 -Vvm-1 (z-27) (z-2) (1+0O(z-2)) /;
m m
2+

zozcsc’l(\/H)+7ru/\UEZ/\ao=1/\azk:

m
zozcsc’l(\/ﬁ)wru uez

Expansionsat z== —csc‘l(\/ m ) +ru/;ue”Z

08.04.06.0033.01

1 1 1 2 [
E(z| m)occ -V m (E[—)+[——l]K(—))+2uE(m)+ m-1 (z—zy)
m m m 3

3(m=2) 3m?+20m-20 , (m-2)3
-2 |1-—@2Z-2)-—— (-2~ ———— 22+ ... | /;
20V m-1 224(m-1) 384 (m- 1)32

(z- zo)/\zoz —csc‘l(\/ﬁ)wru/\uez
08.04.06.0034.01

E(z| m) = 2uEm) - W(E(%%(i - 1) K[i))Jr

m m
S D (k-2 ) Dk
2vV2 (z- Vvm-1 (z- 2 —() ikZ-2)"/;
(z-2) ( Zo)g(;2k+3[ ] ]gl_zj [ |Pi@-20/
(- 1)k 22k (_1)k—1 22k (2 -m)
zo=—csc‘1(\/ﬁ)+ﬂu/\uez/\a0=1/\a2k= /\azmz—
(2k+ D! Vm-1 2k+2)!

1
kEN/\pu,Ozl/\ Puy = ;Z(Uj"‘j_v)aj Puy-j
=1

08.04.06.0035.01
1

cam i (42 (A ) v

m m m

zo=—csc‘l(\/ﬁ)+nu/\uez

V2
Vm-1(z-2) (z-2)(1+0(z-2))/;

Expansionsat z==x/2+2zau/;ue ZAm>1
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08.04.06.0036.01

1
E(zlm)oc[Z \/u(z %) +— +n7(z—zo) - . E(m) —
(z-z)
1 (z-20)° m
i |- (z-2p) + E(csc’l(\/ﬁ)‘m)+\/l—m(z—zo)+7(z—zo)3+
(z-2)? -7 6vV1-m
(m-Hm (z-2)°+.../;(z zo)/\zo +2 u/\u Z/\m [R/\m>l
- > =—+27 e €
120 (1 — m)¥2

08.04.06.0037.01

Ez|m) = [ {@w + (_1)[%_@(:20)} - (—hrg(z”?zo]J + (—1)rg(:"zo)+%J+F_ﬂg(:0)J] E(m) -

l”g(z )J l;jg( zO)J
[—(—1) S ]E(cscl(«/ﬁ)|m)+m(z—zo)+

V1 s k_é N\ YT (k-1 3 k 1 N k
Z Zl—Zq( q )(1—m)‘QZ( )( m)l (2 — myd-i 2k-i-a- Z( )(2|—j)‘ (z- 2" /;
q

j=0 i=0

(z->zo)/\zo —+2nu/\ueZ/\me[R/\m>1

08.04.06.0038.01
i V(@Z-2) 1
- Vie-2) + ———+i@-2) |-
Z- % Z-2 @-2)°

[ {Re(zﬂ
Ez|m=|2| ——|+
T
[. 1 (z-2)°
. A

E(m) —

(z-20) +

- E(csc‘l(\/ﬁ)‘m)+\/l—m(z—zo)+
(z-2) =2

o k-1 k_é L9 o 1 m-t il (q) 1 2 e okt i j) i o
Zk' ZlZ(Q)(_)Zj(_)(_) Z(i('—l) (z- 29/,
k-1)63 q = -

(z-»zo)/\ ::—+27ru/\uaZ/\me[R/\m>l

08.04.06.0039.01

e R [ ) B
— |+ |- i(z-2) + —————+i(z—-2) |-
n z- 7 z- 279 (z-2)?

77

1+0(z-2)) /; zo———+27ru/\ueZ/\me[R/\m>l

E(z| m) o

E(m) —

(z- 20)? -7

Expansionsat z==3x/2+2au/;ueZAm>1
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08.04.06.0040.01

Re(z)) i _ V-2 1
{ - w— — \/—u(z—zo)+7+n(z—zo) - .

E(z| m) E(m) -
(z—29)
1 (z-20)° m
i |- (z-2p) + E(csc’l(\/ﬁ)‘m)+v1—m(z—zo)+7(z—zo)3+
(z-2)? -7 6vV1-m
(m-4)m

mz Zo)5 /(Z—>Zo)/\zo_—+27Tu/\ueZ/\m€[R/\m>1

08.04.06.0041.01

EzIm = [ {@W + (—1)l%_arg(:20)J - (—l)rg(z”izo)J - (_1)[3’9(:”10)+%J+F_”9(;Z°)J] E(m) —

lwix )J ll’ai @w
[—(—1) S ]E(cscl(«/ﬁ)|m)+m(z—zo)+

i=0

oo k-1 3\ k1 K1 _ _ _ j i
1-m Z—[ 2) ( )(1 m”~ qZ( )(—m)J (2-m 2k‘J‘q‘1Z(i)(Zi—j)k"l(Z—Zo)k/;
(z—»zo)/\zozz ?ﬂ+2nu/\UEZ/\me[R/\m>l

08.04.06.0042.01

o) [ e L e [
— - —i(Z-2)) + ——— +i(z-2) |-
n 2-12 z-12 -2

E(csc’l(\/ﬁ) ‘ m)+v 1-m (z—2) +

Ez| m) = E(m) -

i

SR R L O N | - et 3 (1) 27 et k
s e L B ) T E S D B
= g =0

(z—>zo)/\zo —+2nu/\ueZ/\me[R/\m>1

08.04.06.0043.01

Re(z) i A V@-2? f 1
Z{Tw— — N -i(Z-z) + ?+ﬂ(2—20) _(z—zo)z
077 o

1+0(z-27) /; 20==—+27ru/\ueZ/\me[R/\m>l

E(m) —

E(z| m) o

Expansionsat z== o
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08.04.06.0044.01

Re(z)
Ez| m) o (- 1)
2sin(2)

[ )|

m

iV —sin’2) [ 1 1 ] 1 1
| |- = -—|Em+
\/sinz(z) m Vm m Vm

i3 2225

1 1 1
csc(2) \/—sinz(z) \/—msinz(z) [1— mr- cs3(2) — — (1— —)
2m 8 m

csc(2) V —-si nz(z)

v —msinz(z)

08.04.06.0045.01

E(z|m) =
Re(2) 3 \/—sm(z V- 1\ |iV-sn’2 1 1 1 1
2{ }E(mﬂ( = [—)+ — | = |- = - —|Em+
g Zsm(z) m \/E m  Vm m m
[ m-1 ] 1 21l-m (1 \/—msinz(z) \/—Sinz(z)
2i|1- / | —— 1—— E(l——))+ K(—) - :
m m m sin(z)
—2k 1 -2k
e (Z)( ) 13 1 V -srf@ S (") snT@ 1 1 1
Z gk ) TR CHRE R
k=0 m sin(@ \ —msin’(z) *° (k+1) m
08.04.06.0046.01
l@} ) v —msinz(z)
E@z|m o« (DU | |sin(z) ———— (1+O(csc?(2)) +
—sinz(z)

m

m+1 3P +2m+3
[1— i cscz(z—;

2

csch(2) + O(cscs(z))) +

4 6 Re@
csct(2) + Oesc’ (@) ||+ 2 {—} E(m) /; (12 - o0)
T

2sin(2)

-s nz(z)

(1+0(csc?(2))

csCe(2)
-msi n2(z)

Expansions at generic point m == mg

For the function itself

Y sinz(z)

m m-1"
2i|1- | —— R
m-1 m

vm

vm

(i-a)-o-2)- )

Re(2)
. 2{—} Em) /; (12 - oo)
T
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08.04.06.0047.01

1
E(Zlm)°<E(Z|mo)+R(E(Zlﬁb)—F(Zlﬂb))(m—moH

16(my - 1) mg/ 1- my sin’(2)

[Zw/ 1-mysin’(2) (2(my— 1) F(z| mp) — (My - 2) E(z| fTb))—fTbSin(ZZ)] (M=mp)? + ... /; (M~ my)

08.04.06.0048.01

1
E(Zlm)°<E(Z|mo)+R(E(ZI%)—F(ZI%))(m—WbH

16(m— 1) Mg 1- my sin’(2)

[2,/ 1-mesin’(@ (2(my - 1) F(z| mp) - (Mo — 2) Ez| my)) - mos‘n(zz)] (M- ) + O((m-my)?)

08.04.06.0049.01
Vo & Dsne 11 1 3 ., 2 k
Ez|m)=— Z 3 F1(k+—; — k== k+ =;8n°(2), mysin (Z))(m—mo)
pary k!(2k+1)1"(5_ ) 2’2 20 2

2k+1

08.04.06.0050.01

[

1
Ezlm =) - Bl my) (m-my)*
k=0 ™*

08.04.06.0051.01
E(z| m) o E(z| mp) (1 + O(M—1mp))
Expansionsat m==0

08.04.06.0002.02

2z-sin(22) 1
EZlmocz— ——m- —(12z2-8s8in22) + Sin@2) n + ... /; (m > 0)
8 256
08.04.06.0052.01
2z-sin(22) 1
E(z|m) «z- — m- P (12z-8sin(22) + sin(4 2)) m? + O(n?)

08.04.06.0053.01

1 1
(o) Py . H 2J
E(Z|m)0CZ(2)k( )k COt(Z) Zk:(l D!sin’(2) o

o k! j= (Z)J'

08.04.06.0054.01

. o (3) (-3) sn*@
Ez| m) « S|n(222) 2(2)k( 32)k

k=0 (5)k k!

08.04.06.0004.02

E(z|m)==i ! (_E) [ (2k)+i( b ( )Sm(ij)]mk/ Im<1

koo 22K k! =1

3 Re(z
zFl(l, K+ 1 k+ E; sinz(z))nf‘+2 { «

}E(m) film <1
T
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08.04.06.0007.01
1; 211%'2;%;1;
—mcos’(2), cos(2) |- > Flilil

. 3.3.
2; 21 0

P Nk
NI

- mcosi(2), m]]

NIW |

1.
E(z| m) = E(m) — cos(z)[pgzgzg[ 2

08.04.06.0005.01

<1 1 11 3
E(z| m) = E(m)—cos(z)Z—(——) ZFl(—, — -k - cosz(z)]n’ﬁ/; Iml < 1/\—z <z<
o KtV 2k 2 2 2 2

08.04.06.0055.01

1 (-1
E(Z|m)==Z+z§: M (Arl(llik

3 1 1
[ ] (k—— k+£ 2k+1; m)sm(Zkz) m</; iml < 1
k

08.04.06.0003.02

2z = (-1)ksink2) (k-2
E(z|m)= _E(m)+zw[k
b k

1 1
]ZFl(k—— k+—; 2k+1; m)mk
) 22kk 2

08.04.06.0006.01

G (e GG e
Ve k
E(Zlm):jz*‘c"“z)zz @j+2k+(+Rj

2
k=0 k! j=0 k=0

3 (-1l mi*k cog?i(2)
j+k J+k

D%

j=0 k=0 (j+k+1)’]'(21+1)( )

08.04.06.0056.01
E(z| m) oc z+ O(m)

Expansionsat m ==
08.04.06.0057.01
ka2
E@Im) o (=Dt =

1 1
(Si n2) + 3 (sin@) - tanh! (si n@))(m-1) + - sec?(2) (6tanh‘1(si N(2)) cos’(2) - 3sin(z) — sin32)) (M- 1)? + ) +

Re(2) 1 31-m 15 1
2{ Hl+—(m—l)[l+ +—@A-m?+..|logl-m+—-(m-1)
4 8 64 4

T
(1—4log(2)+ i (24109(2) - 13) (m-1) — i (5log(2) - 3) (M- 1%+ )] /i (M- 1)/\ﬁ 2Re(ﬂ e”Z
16 16 arn
08.04.06.0058.01
Ez|m) =
E3 o o D (_%)j (D esc?'(2 J_ Re(2) m- 2 (l) (3) ;
-l sm(z)JZOIZ; RETYIT (m-1)/+2 | — } Iog(l m)zk'(k o 1-m

o (%)k(g) 1 2Re(2 +

~ Hy, (2w(k 1 zw(k 1] )(1 )|/ z
—(m- +1)+ + —|A-m*|ffm—€
4 koo K! (k+ D! 2/ 2K +3k+1 4
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08.04.06.0059.01
Ezlm =

(-3) 2(-14(3) k1
Rez o0 DI (j-1! Sln(Z)+J—
(-1)[%] sin@) |1+ 2k cos2(2) tan?k(2) + —Zk cscA(2) ( i

k1 k! (2k-sin’(2) - 1) (k-1 = (z)j

tan?)(2) - tanh™'(sin(2)) cs0() (2k - sin“(2) — 1) + 1| (m- DX [+

e[ m- <l) B 1 e BB
2{ } 1-m +—(m—1)z
k'(k 1)' 4 o Kl (k+ D!

s

) ‘ 2Re(2) +
a-m'l/im——eZ

1
ucr v )
(¢(+)+¢’+2+ an

2k2+3k+1

08.04.06.0060.01

Raz

. _1 2]+1(Z)
E@lm = (-1 Z(Z) ( oy P

.o . .2 i
i+ = j+ = sn@|(m=-1) +
2F1l ] 2] > ())( )

= @i+nj
1\ (3
Re(2) m- S ( k(E)k ‘
2{ } + log(1 - )Z -m*+
n k! (k+ D!
1\ (3
1 s (E)k(i)k 1 1 2Re(z)+:r
—(m—1)Z (—2w(k+1)+2¢(k+—)+7)(1—m)" fim——————€eZ
4 o Kl (k+1)! 2) 2k2+3k+1 4n
08.04.06.0061.01
1 2]+1
Re(z) © (_5) @ 1 3 ) ) Re(2) 2Re(2 + 7
Ezlm = D Z (J', j+ i+ ois8n (2))(m—1)' +2 {—} EM /= ———eZ
j=0 @j+Dj! 2 2 Vg 4
08.04.06.0062.01
Re(2) 2] 2Re(2) + 1
E(z|m)oc2{ 1+(—1) n sm(z)+O(m—1)/;—|4—eZ
/e v/

Expansionsat m == co
08.04.06.0063.01

E(z| m) « (—1)l$l

1 1
(si n2) + 3 (sin@ - tanh ™ (si n))(m-1) + P sec?(2) (Gtanh‘l(si N(2) cos’(2) - 3sin(2) - sin(32)) (m- 1)? + ) +

Re(2) 1 31-m 15
2{ Hl+—(m—l)[l+ +—A-m?+...|logd-m+
n 4 8 64

1 1 3
—(m-1) (l— 4log(2) + — (24109(2) — 13) (m-1) — — (5l0g(2) — 3) (M- 12+ )) /i(m-1)
4 16 16
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08.04.06.0064.01
E(z|m =
1) i 1) (3
e ii( 1)) (—;)J_ (i) cs?i(2) R n1 Z( 5.3), k
sm 4 m-— og(1l- -m
- ) @ @a-2ipjli! ( e { n } gt-m o K (K+ 1)'( it

j=0i=0

1o BLG), 1

1
—(m-1) ( 2¢(k+1)+2¢(k+ ] 7)(1—m)k
4 gk'(kﬂ)' 2} 2k*+3k+1

08.04.06.0065.01

1 1
S| o)
Ezlm =D+ sn@|1+)] cos’(2) tan?(2) +
ka1 k! (2k-sin*(2) - 1) k- 1!

k1 (-1 (j-D!(sn’@ +]-K)
cscz(z)z -
)

tan?)(2) - tanh™(sin(2)) cs0() (2k — sin“(2) — 1) + 1| (m- DX [+

T O 1 APUN
{ } og(1- )Zk'(k "y (L-mf+ ~ (-1

o 1 1
Z [ 2u(k+ 1)+21//(k+ ) —](1-m)k
k! (k+1)! 2/ 2K +3k+1

08.04.06.0066.01

Re(z)

Ezlm=(pl =Y

i=0

1 21+1
(-3), 7@ 13, _
(j, j+=;j+—=;sn (z))(m—l)‘ +
2j+Dj! 2 2

-m*+

Re(z m-— > (1) (3)
2{ e()} k'(k+1)'

T

1o EG)

1
—(m—l)z (—2¢(k+l)+21//(k+—)+7)(1—m)k
4 ok (k+1)! 2} 2k*+3k+1

08.04.06.0067.01

.1 .
R 2sn (V m sin(2) 1 1
E(z| m) = 4E(m) { 6(2)} + )[mE(—)—(m—l)K(—))+V 1—msin2(z) tan(g)—
bl m

avm m

3\ 2
sn@V1-msn@ & (_) 3 33
Z F3( j+§j+£5]+2]+3$|n(2))m]/(|m|—>oo)

G+DrG+2!

j=0
08.04.06.0068.01

Re(2) |22
E(z|m)o<2{—}+(—1) = lsin(z) + O(m-1)
/e
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Expansionsat m==co NEW E
08.04.06.0069.01
Re(2)
E(z| m) « (_1)lTW
. 1 . 1, . 1 1. . .
(s n2 + 5 (sin@@ - tanh™ (sin(2)) (M- 1) + P sec?(2) (6 tanh ™ (sin(2) cos’(2) - 3sin(2) - sSin(32)) (M- 1)* + ) +

1 31-m 15
}[1+—(m—1)[1+ +—@Q-m?+...|logd-m) +
4 8 64

Re(2)
d

T

1 1 3
Z(m— 1 (1—4Iog(2)+ E (24109(2) — 13)(m—1) — E (5l0g(2) - 3) (M- 1)? + )] /;(m-1)

08.04.06.0070.01
Ranw

E(z| m) o (—1)lT

1 1
(si n(2) + 5 (sin@ - tanh™ (sin(2))) (M- 1) + - sec?(2) (6 tanh *(sin(2)) cos’(2) - 3sin(2) - siN(32)) (M- 1)% + ) +

2{Re(z) 1 1 o1 31-m) 15 1 ) loa(1
+ —(m- + + —@A-m+...[log(l-m)+
- H 4( )[ 3 64( ) 0( )

1 1 3
Z (m-1) [l— 4log(2) + 1_6 (24109(2) — 13)(m—-1) — 1_6 (5log(2) - 3) (M- 1?2+ ]] /i(m-1)

08.04.06.0071.01

Re(zw v —msinz(z)

Ezim e (Dl 7 |~
sin(2)

2 Iog(cosz(é)) —log(-4 msinz(z)) -1 4cos2) csci(2) + 4 Iog(cosz(g)) - 2log(-4 msinz(z)) +3
1-cog(2) + + +

4m 64 m?

2c0s(2) (2csc?(2) + 3) csc?(2) + 6 Iog(cosz(g)) - 3log(-4 msinz(z)) +6 Re(2)
+...|+2
256 m? { s w
8log(2) -3 6log(2) -3
+

64m 12817

+ ]] /i (Im = o)

log(— 1 3 1
[\/—m + il m)[ + ]+

1
1+ —+ (—+Iog(2)+
4y/—m 4

8m ean? ) y-m
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08.04.06.0072.01

Re(2)
E(z|m) = 2{—} E(m) +
Ve

k(1 1
4 -msin’(2) csc(2) m (z)k (‘z)k 1 )
e ——— |2 1—— msm(z)+2msm(z)273Fz(l, 1, k+ =2 k+1 sn (Z)]+
4msin(2) m o (k2 2
1 33 1 csc?(2)
_4':3(1! 11 ) _121 21 31 _)_Zlog 1- +1(+
8m 2 2 m m

1 1 1
- (ﬂ' (cos22)m+3m+log4) + 1) + 4(m-1) K[—) (log(-4 msinz(z)) +2)-4 mE[—) (log(-4 msinz(z)) + 4)) +
7 m m

L s L
8mzsn(2)§ (k+ 1! 32[ T g(k+2)'(k+3)'§h+k+3

cscz(z)) 9
8m?

m

08.04.06.0073.01

E(z|m =
Re(2) Lm] vV -msin’(2) ) csc3(2) ) csc?(2)
2{—} E(m) + (=1) —— [2msin“(® | 1- —— —log(-msin (7)) - 2log| , | 1- +1|+
n 4msin(2) m m
1) 1 P 20 1
© (3),m . & (3 ms@  (3), k2 1
Z 2msin (Z)Z - - - Iog —4msin? (z) Z — |+
) ! o (+D(k-i)! (k+1)! IO|+k+1 k+1
3
(z)k { 3 cch(Z)]
3F2 1 1 k+ — k+3
2msin’(2) 2 m
08.04.06.0074.01
Re(2)
E(z|m = 2{—} E(m) +
Ve
1 P2 3
= vV -msin’2) & ( ) _ (_E)kfimlsm @ (E)k . 3 CsCA(2)
-1l : > 2msin(2) )| — — + sFo|1, 1, k+ = k+3,2 -
4msinz i k! nk o (+Dk-i)! 2msin2(z) 2 m

(2)

(k+1)!

1
(Iog( msinz(z)) +k+2) - l//(k+ E))

08.04.06.0075.01
1

: 2k

= (3),sin”@ 113
Zngl(k-F —, ——;k+ —;msin (Z))
£k @k+ 1) 2 2 2

Re(2)
E(z|m) = 2{

Re(2)
} E(m) + (- l)lT] sin(z)
/e
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08.04.06.0076.01

E(z|m)o<2fe(zﬂ[4log(2)+ (1+o(%)) o= m)( +o(i))+m]+

T

Re(z)
(- l) (l+O( ]] —msin (Z) tan( )/ (Im| - o)

Residue representations

08.04.06.0008.01
r(% —s- t) (s r(% - s) () r(-% —t

sin(z) &, & _ _
Ez| m) == ——ZZr&gt (—sinz(z)) s(—msinz(z)) ' -, -k
4 k=0 j=0 F(g—s—t)

Other series representations

Expansions E(sin"(2) | m) at z==0

08.04.06.0077.01
. 1-m 3-2m-n?
E(Sn™@|m«z+ 5 2+ o 2+../,z-0

08.04.06.0078.01
1-m 3-2m-n?

E(sin* o A 54+0(7
(SN @ | m) e z+ . n 0 +0(7)
08.04.06.0079.01
t(-3)
E(Sn_l(z) | m) ::Zi F (_, _k __k )22k+1/ |ZI < l
&2k + k! 2

08.04.06.0080.01

5| m
E(sin” (z)|m —ZZZ 22K <1
k=0 j=0 (2) k! j!

08.04.06.0081.01
E(s nt2 |m) o« z+0O(Z)
Expansions E(sin"(2) | m) at z== co

08.04.06.0082.01

mzy-2 \/;\/_[ (1)+

E(sin” m
(sn@]|m) »

[F ) a2 2

1-mvy -7 [ -3mP+2m-7 15nmP-9mP-11m+21 ]
1- + VA CEES
27+ —m#2 12(m-1)mzZ 120m-1mP 2
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08.04.06.0083.01

mZ\/;+ \/;M[ZE(:L)+
m 2z

oo Ve 2)- )

(1-m —22[ 3m+2m-7 15mP-9m?-11m+21 1]
1- +O[ ]

"
2z\ -mZ

12(m-1)mZ 120(m- 1) m? 2
08.04.06.0084.01

V1i-Z y1-mZ
- +
z

iy-72 1 1 1 1 m m-1
L e =
2 m m -

E(s n2 | m) o

E(s n2 |m) =

27 E

@[25(1)

08.04.06.0085.01

e Ok

E(sn '@ |m) = _) 4l

2" 72 'm

2k(_1
Z 2 F[l 1 ‘ 1) o mzy -2 & z (_E
2F1 ; z
o i @k k! k!
08.04.06.0086.01

mZ\/;+ \/;m[ZE(l)+ ‘
m 2z

oo e 2 o )

Expansions E(sin"!(2) | m) at m== 0

E(s nt(2 | m) o
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08.04.06.0087.01

E(sn(2 | m) o sin i)+ 3(2\/ 1-7 —s'n"l(z))m+ é(zv 1-7 (222+3)—33in"l(z))m2

+.../;(m->0)
08.04.06.0088.01

1 1
E(sn (2 | m) o sn i)+ Z(ZV 1-7 —s’n‘l(z))m+ &(Z\/ 1-7 (222+3)—3sin‘l(z))mz+0(m3)

08.04.06.0089.01

o (AT 1 1 3
E(sin” (z)|m==Z (— k+—k+—zz)mk/;|m|<1
Py 2k+ 1)k' 2 2
08.04.06.0090.01

.1 L) 22j+2k+1 1 1
o m= 5502 () (5]
iTokoo 2] +2k+ D) jrkt \2/;0 2)k

08.04.06.0091.01

. mz2 22J
i

Expansions E(sin"!(2) | m) at m== 1

08.04.06.0092.01

l\)ll—‘
NID—‘
NID—‘

1x0x0

E(sSn '@ |m) = zFleXl[

1 3z-27
E(sin” (z)|m)ocz+5(z tanh™ (z))(m 1)+—(

+ 3tanh‘1(z)J M-12%+.../;(m>1)
2-1
08.04.06.0093.01

. 1 . 1(3z2-27 .
E(Sn™ @ |m«z+ 3 (z-tanh™(2) (M- 1)+ — - +3tanh(2) | (M- 1)? + O((m- 1)®)
—1
08.04.06.0094.01

« [(2- 22+2k)( ) 2kt (%) 2kt
E(sin"l(z) |m)=2z+ X

1 3
” oF1 k+—,k+2;k+—;22) (m— 1)kt
| 20+ 1! (1-A) k! 2 2
08.04.06.0095.01
E(s n2 | M) o« 2(1+ O(M- 1))

Other expansions

08.04.06.0096.01

E(z| m) =

by © \2 111 )
E(m)—5+z—cos(z)z (3) [ZFl(_E 5 E—j m) )coszl(z)/; lcos(z)| < 1
i=0 |3) j!
2/j

08.04.06.0097.01

1 myK
27 S —z)k(z) kel (1)<l
E(z| m) == — E(m) +Z
bis o k!

(ij)sin(z(j -k 2

o 17K

Integral representations
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On the real axis

Of thedirect function

08.04.07.0001.01

E(z| m) ::f\/l—msinz(t) dt/: -
0

08.04.07.0004.01

<=Z=<

g
2

) 2008 V1~ msin’(t) Re(2)
f dt+ 2{

Ezim = (-1l -
V cos?(t)

} E(m)

T

08.04.07.0002.01

fsimz) V 1-mt?

0

E(z| m) =
1-t?

08.04.07.0005.01

Re(z)‘l fsm(Z) \/ 1-mt?
dt
0

Ezlm = (—1){ 4

Re(2)
+2 { } E(m)
Vi-t? i

Contour integral representations

08.04.07.0003.01

sin(2)
E@z|m)=- ff
AnRuipJrdzL

Differential equations

r(% -s-t) (s r(% —s) () r(—% —t)

(-sin’@) " (-msirf(2) " dsat
r(2-s-1)

2

Ordinary linear differential equations and wronskians

For thedirect function itself

08.04.13.0003.01

1 sin(22)
A-mmw’(m+@d-mwm+ Zw(m) = /; w(m) == ¢; E(M) + c(K(L-m)—E@Q-m)) + E(z| m)

8V1- msinz(z)

08.04.13.0001.01

8%w(m) ow(m)  w(m) sin(22)
+(1-m) + = /s w(m) == E(z | m)

om 5
8V 1-msn“(2

(1-mym

08.04.13.0004.01

Wih(E(m), KL -m) - E(1-m)) == — i
4m

Ordinary nonlinear differential equations
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08.04.13.0002.01

oW\ ((2wa ) oW \?
[ ) i +m-2 [ ) =m-1/,wW2=EZ|m

0z 072 0z

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

08.04.16.0001.01
E(-z|m)=-E(z| m)

08.04.16.0002.01

E(z+rk|m=E(z|m+2kEm) /;keZ

Products, sums, and powers of the direct function

Sums of the direct function

08.04.16.0003.01

E(zy | m) + E(z, | m) = E(si n~tw) | m) + mwsin(z) Sin(z) /;

cos(z) V1- msinz(zz) sin(z;) +cos(zy)) V 1— msinz(zl) sin(z)

1-ms n2(zl) s nz(zz)

Differentiation

Low-order differentiation

With respect to z

08.04.20.0001.01

OE(z| m
@l )==\/l—msin2(z)

0z

08.04.20.0002.01
O2E(z| m) msin(22)

Z3 2y 1—msin2(z)
With respect tom

08.04.20.0003.01
J0E(z| m) E(z| m) - F(z| m)

om 2m

08.04.20.0004.01

No=m<1Azl<1\zli<1

9E(z| m) 1 V2 mcos(2) sin(2)
= - mM-2Ez|m-2(m-DFZz|m+
am? 4(m-1)n? Vo2 m—-m+2

Symbolic differentiation
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With respect to z

08.04.20.0012.01

MEZIm 2im (1
%=6nE(Z|m)+6n—lm_ ! (__) m
n

z (n=-DH!'\ 2

j

i=0

n-1 —1) _ q ) o ; o

Z ( ) (n 1) (q)mj (2_ m)qu 271+n7qflz(! )(zl _ j)nfl £2(2I7])EZ/; neN
. 2. \d q £ J [

o1 (1-20)(1-msin“(2) -0

I

08.04.20.0013.01

A"E(z| m) Ay _ 1 _ i-q
— E(zI M6 + - ) —1)92% §n%2) (g+ 2 p— i) *Et(ﬂ(JJrn*Q*zP)+2(*I+Q+2P)Z)( )
— 5 —Eeims, Z‘j!Z(q Z( ) @(@+2p-j) e 0
j=1 =0 p=0
- (A= Dagoi-2 il 1 . sl
- — (s)(_) (——] m~Scos251(z) (1—msin2(z)) ahE /ineN
0 (j—i—11@2sin@) 2t >/ 20 2iss
08.04.20.0005.02
] 2ikz W (1) kK
ME(z| m) 2(2i)”’1\/1—msin2(z) e2iZm n-1 e ZSnfl( z)k( m)
a—zn = E(Zl m)6n+ "
(1-e2%)mi2+/ 1-m -2 m-2(vi-m +1) “Of(e**-1Ym+2vi-m +2)
V 1-m
31 13 (f2-1)m+2V1-m+2 (e*?-1m+2V1-m +2
Fil oo -k ; ineN
22 22 -m+2V1-m +2 4vV1i-m
08.04.20.0006.02
Ik k
MEz|m) 1y =1 (-D(1-msn’@)? 9" (1-msin’(2)
7::6nE(z|m)+2(——) Z /ineN
0z 2/him KI2k-1) (n-k-1)! o7t
With respect tom
08.04.20.0007.02
NEZIm )"V sn’™() 11 1 3 ,
= Fl(n+—; —, N——;n+ —;sin“(2), msin (z))/;neN
o 2@n+1r(3-n) 22 2 2
Fractional integro-differentiation
With respect to z
08.04.20.0008.01
d”E(z| m) °° (_%)k 1 1 @ 3-« mk 274
- 2“«/??“2 2Fl(k— — k+ = 2k+1; m]llfz(l; 1-— ——; -k 22) (——) +—
0z = 2 2 2 2 4)  ar@2-a)

E(m)
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08.04.20.0009.01

6”E(z|m) z®
= Em-2"Vr z°
oz T(1-0a)
Sy (i 1) (1) (1) &8 2j+2n+1y (. 1-a o 1
L I LTI R P PR Y R eI
oo J+mjt@j+2n+ D\ 2/582/132/n 15 2 2 4

m o ® _1jmj+n2—2j j 1
2o oo (3),, (5 2 e e
2102010 2+ @)jun (g) i\ 27015 2 2’

With respect tom

08.04.20.0010.01

Ezlm m® _,; 11 o mf-e 1 11 3
= zFl( l-a; m) cos(2) 7(——) ZFl(—, ——k; —; cosz(z)]
ant 2 22 HTk-a+1 \ 2/ 2 2 2

08.04.20.0011.01

0"E(z|m) am® 11
= 2 1(——1 —1l-a m)
ont 2
1, 11 ,.1 4. _a 13 5 1.,.
Mm* vV coS(2) _1x3x2[ 37 3 3 1 7 1 AMTCOY2) _3.1x1 313 2, 7 1
—  Foi.0 - mcos(2), cos?(@) |+ ———— F,.1.1 —mcos’(2), m
2 1 31 8 2.2-a 3 3
' 5 @35

Integration

Indefinite integration

Involving only one direct function

08.04.21.0001.01

2 1 (-D¥(1-cos2k2) ( 1 1 1 myK
fE(z| m)ydz==— E(m) + —Z (——) zFl(k— — k+—;2k+1; m)(—)
b 2.5 k! K2 2k 2 2 4

Involving onedirect function and elementary functions

Involving trigonometric functions

Involving sin

08.04.21.0002.01

1( 2 V2 vVm sin@
fsin(z) Ez|mdz= - tan~! —4cos(2 E(z| m) + \/Zcos(ZZ)m— 2m+4 sin(2
4\ Vm Vcos2z2m-m+2

08.04.21.0003.01

1
fE(z| mV 1-msn’2) dz::EE(zl m)?
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08.04.21.0004.01

sin(22) E(z| m) 1
— —dz=- 2—(—2(m—2)2—2\/2003(22)m—2m+4 E(z| m)+msin(22))
m

Vi- msinz(z)

Involving cos

08.04.21.0005.01

f cos(2 E(z|mdz==

1
Z[\/ZCOS(ZZ)m—Zm+4 cos(2) + 4E(z| m) sin(z) -

2(m—l)Iog(ﬁWcos(z)+\/cos(22)m—m+2)
Vm

Involving only one direct function with respect tom

08.04.21.0006.01

2
fE(z| mydm== 5[(m+ DEz|Im-A-mF(z| m)—cot(z)(l—v 1—msin2(z) ))

Involving one direct function and elementary functionswith respect tom

Involving power function

08.04.21.0007.01

sz(a| A)dz= %(\/ 1-Zsin’a) cot(@) + (Z + 1)E(a| Z)+ (Z - 1) F(a| 22))

Representations through more general functions

Through hypergeometric functions of two variables

08.04.26.0001.01
1.

; R
2 sinz(z), msinz(z)] + 2{ e(z)} E(m)
T

Re(2)

1
E(z| m) = (_1){71 sin) F%iéié[ 2’

Nlw NI-

08.04.26.0008.01

_ 11 13 L n
E(z| m)==sin(2) Fl(_; —, ——; = SN°(2), msin (Z)) /i IR&(2)| < —
22 22 2

08.04.26.0009.01
Re( 11 13

{Re(zw = ( . 2 .2 )
Ezlm=2|——|Em + (1. =~ lsin(z) F4| —; —, ——; —; sSin°(2), msin“(2)
bd 22 22

Through Meijer G

Classical casesinvolving tan™ in the arguments
08.04.26.0003.01
1y vz-1 1 ,,
) == -—Gyylz

VA 2\/? A

01

]/;zet(—oo, 0

11
2' 2
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Classical casesinvolving cot™ in the arguments

08.04.26.0004.01

el (7)1~ - L

= Nlw

]/; Z¢ (o0, -1)

o NIk

Through other functions

Involving some elliptic-type functions

08.04.26.0005.01
msin(2 2)

2V 1- msinz(z)

EZz|m=QA-mII(m;z|m +

08.04.26.0006.01

E(m) b/ aF(z|m)
E(z|m = ——Fz|m+ (9’( , q(m))
K(m 2K(m)

4
2K(m) 84 Tt o)

Involving Weler strass functions

08.04.26.0007.01

1 wy F(z|m) w1 M
E(z|m = < (E(m) F(zIm +n3w; +w; 4’(— - ws3; Oy, 93)) - Fzlm)/;

(m) K(m) K(m)
1 I T w3
m=q" [exp( - ))/\ {w1, w3} = {w1(92, G3), W3(G2: Ga)} /\ {11, 3} == {{(w1; o, G3), {(w3; Go, G3))
1
Representations through equivalent functions
With related functions
08.04.27.0001.01
ZE(m)
E@am(z| m) | m) = Z(am(z| m) | m) +
08.04.27.0002.01
EmF m)+ v 1-n cot II(n| m)— K(m n
E | m— (M F@ | m+V (@) (T(n | m) — K( ))/;¢==sjn‘l( /—)/\O<n<1/\0<m<1
K(m) m
Theorems

The surface area of an ellipsoid

The surface area A of an ellipsoid with semi-axes a, b, cis given by
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c b c\2 bc
A=2racl—+— 1—(—) E(¢lm + —
a ¢ a a2

History

—L. Euler (1733, 1757, 1763, 1766)

—J-L. Lagrange (1783)

—A. M. Legendre (1793, 1811, 1825-1828)
—K. F. Gauss (1799, 1818)

—C. G. J. Jacohi (1827)

—J. Liouville (1840)

-2

F@lm|/;
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