
EllipticF

Notations

Traditional name

Incomplete elliptic integral of the first kind

Traditional notation

FHz È mL
Mathematica StandardForm notation

EllipticF@z, mD

Primary definition
08.05.02.0001.01

FHz È mL � à
0

z 1

1 - m sin2HtL
 â t

Specific values

Specialized values

For fixed z

08.05.03.0001.01

FHz È 0L � z

08.05.03.0002.02

FHz È 1L � logHsecHzL + tanHzLL �;  ReHzL¤ £
Π

2

08.05.03.0010.01

FHz È 1L � tanh-1HsinHzLL +
ReHzL

Π
- 1 + 1 ä Π ΘHImHzL ReHzLL �;  ReHzL¤ £

Π

2

08.05.03.0011.01

FHz È 1L � ¥� �;  ReHzL¤ >
Π

2

08.05.03.0012.01

FHz È 1L � 2 tanh-1KtanK z

2
OO �;  ReHzL¤ <

Π

2



08.05.03.0013.01

FHz È 1L � tanh-1HsinHzLL �;  ReHzL¤ <
Π

2

08.05.03.0014.01

FIsin-1HzL É -1M � z 2F1

1

4
,

1

2
;

5

4
; z4

08.05.03.0015.01

FIsin-1HzL É -1M �
z

4 z44

 Bz4

1

4
,

1

2

For fixed m

08.05.03.0003.01

FH0 È mL � 0

08.05.03.0004.01

F
Π

2
m � KHmL

08.05.03.0005.01

F
k Π

2
m � k KHmL �; k Î Z

08.05.03.0016.01

FJcsc-1I m N Ë mN �
1

m
 K

1

m

08.05.03.0017.01

FJcsc-1I m N + Π k Ë mN �
1

m
 K

1

m
+ 2 k KHmL �; k Î Z

08.05.03.0018.01

FHamHz È mL È mL � z �; Hm £ 1 ß -2 £ z £ 2L Þ H z¤ < 1 ß  m¤ £ 2L
Values at infinities

08.05.03.0006.01

FHz È ¥L � 0

08.05.03.0007.01

FHz È -¥L � 0

08.05.03.0008.01

FHä ¥ È mL � KHmL -
1

m
 K

1

m
�; 0 < m < 1

08.05.03.0009.01

FH-ä ¥ È mL �
1

m
 K

1

m
- KHmL �; 0 < m < 1

General characteristics
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Domain and analyticity

FHz È mL is an analytical function of z and m which is defined over C2.

08.05.04.0001.01Hz * mL �FHz È mL � HC Ä CL �C

Symmetries and periodicities

Parity

FHz È mL is an odd function with respect to z.

08.05.04.0002.01

FH-z È mL � -FHz È mL
Mirror symmetry

08.05.04.0004.01

FHz� È mL � FHz È mL �; Ø Hm Î R ß m > 1L
Periodicity

FHz È mL is a quasi-periodic function with respect to z.

08.05.04.0003.01

FHz + Π k È mL � FHz È mL + 2 k KHmL �; k Î Z

08.05.04.0011.01

FHz È mL � F z - Π
ReHzL

Π
m + 2

ReHzL
Π

KHmL
Quasi-symmetry

08.05.04.0005.01

FHx + ä y È mL � F Π frac
x

Π
+ ä y m + 2 sgnHxL 

x

Π
KHmL �; x Î R ì y Î R

Poles and essential singularities

With respect to z

The function FHz È mL does not have poles and essential singularities with respect to z.

08.05.04.0006.01

SingzHFHz È mLL � 8<
With respect to m

The function FHz È mL does not have poles and essential singularities with respect to m.

08.05.04.0007.01

SingmHFHz È mLL � 8<
Branch points
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With respect to z

For fixed m, the function FHz È mL has an infinite number of branch points at z � ±sin-1K 1

m
O + Π k �; k Î Z, and z � ¥� . All

these are square-root-type branch points.

If real m > 1, the function FHz È mL  additionally has an infinite number of special contact points at z � Π
2

+ Π k �; k Î Z,

which are formed in places where pairs of corresponding branch cuts touch one another. That points look like branch cut

points but they are not branch cut points. The function FHz È mL has rather complicated behaviour near that points.

08.05.04.0008.01

BPaHFHz È mLL � ::sin-1
1

m
+ Π k �; k Î Z>, :-sin-1

1

m
+ Π k �; k Î Z>, ¥� >

08.05.04.0009.01

Rz FHz È mL, sin-1
1

m
+ Π k � 2 �; k Î Z

08.05.04.0010.01

Rz FHz È mL, -sin-1
1

m
+ Π k � 2 �; k Î Z

With respect to m

For fixed z, the function FHz È mL has two branch points at m � csc2HzL and m � ¥� .

08.05.04.0012.01

BPmHFHz È mLL � 9csc2HzL, ¥� =
Branch cuts

With respect to z

General description

For fixed m, the function FHz È mL can have up to six infinite sets of branch cuts (it has at least four), which form

very complicated curves in the case of generic m. 

For fixed real m < 1, the function FHz È mL does not have branch cuts on the real axis and on the vertical intervals

9csc-1I m M + Π k, Π - csc-1I m M + Π k= �; k Î Z ì m Î H-¥, 1L.
For fixed real m < 1, the function FHz È mL has four infinite sets of branch cuts located on vertical intervals starting

at the points z � Π k ± csc-1I m M �; k Î Z  and extending to imaginary infinity.
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For fixed generic m, the function FHz È mL has the following six infinite sets of branch cuts:

        1) real intervals 9Π k + csc-1I m M, Π k + Π
2

= �; k Î Z ì m > 1, where FHz È mL  is continuous from below (for

generic complex m, these branch cuts deform into complicated curves); in the case m < 1 these real intervals vanish

        2) real intervals 9Π k + Π
2

, Π Hk + 1L - csc-1I m M= �; k Î Z ì m > 1, where FHz È mL  is continuous from above

(for generic complex m, these branch cuts deform into complicated curves); in the case m < 1 these real intervals

vanish

        3)  vertical  intervals  9 Π
2

+ 2 Π k , Π
2

+ 2 Π k + ä ¥= �; k Î Z ì m Ï H0, 1L,  or

9Π - csc-1I m M + 2 Π k , Π
2

+ 2 Π k + ä ¥= �; k Î Z ì m Î H0, 1L, where FHz È mL  is continuous from the left

        4)  vertical  intervals  9 3 Π
2

+ 2 Π k, 3 Π
2

+ 2 Π k + ä ¥= �; k Î Z ì m Ï H0, 1L,  or

92 Π - csc-1I m M + 2 Π k , 3 Π
2

+ 2 Π k + ä ¥= �; k Î Z ì m Î H0, 1L, where FHz È mL  is continuous from the right

        5)  vertical  intervals  9 Π
2

+ 2 Π k - ä ¥, Π
2

+ 2 Π k= �; k Î Z ì m Ï H0, 1L,  or

9 Π
2

+ 2 Π k - ä ¥, 2 Π k + csc-1I m M= �; k Î Z ì m Î H0, 1L, where FHz È mL  is continuous from the left

        6)  vertical  intervals  9 3 Π
2

+ 2 Π k - ä ¥, 3 Π
2

+ 2 Π k= �; k Î Z ì m Ï H0, 1L,  or

9 3 Π
2

+ 2 Π k - ä ¥, 2 Π k + Π + csc-1I m M= �; k Î Z ì m Î H0, 1L, where FHz È mL  is continuous from the right.

08.05.04.0013.01

BCzHFHz È mLL � ::: Π k + csc-1I m N, Π k +
Π

2
, ä> �; k Î Z ì m Î R ì m > 1>,

:: Π k +
Π

2
, Π Hk + 1L - csc-1I m N , -ä> �; k Î Z ì m Î R ì m > 1>,

:: 2 Π k +
Π

2
, 2 k Π +

Π

2
+ ä ¥ , 1> �; k Î Z ì m Ï H0, 1L> ë

:: 2 Π k + Π - csc-1I m N, 2 k Π +
Π

2
+ ä ¥ , 1> �; k Î Z ì m Î H0, 1L>,

:: 2 Π k +
3 Π

2
, 2 k Π +

3 Π

2
+ ä ¥ , -1> �; k Î Z ì m Ï H0, 1L> ë

:: 2 Π k + 2 Π - csc-1I m N, 2 k Π +
3 Π

2
+ ä ¥ , -1> �; k Î Z ì m Î H0, 1L>,

:: 2 Π k +
Π

2
- ä ¥, 2 k Π +

Π

2
, 1> �; k Î Z ì m Ï H0, 1L> ë

:: 2 Π k +
Π

2
- ä ¥, 2 Π k + csc-1I m N , 1> �; k Î Z ì m Î H0, 1L>,

:: 2 Π k +
Π

2
- ä ¥, 2 k Π +

Π

2
, -1> �; k Î Z ì m Ï H0, 1L> ë

:: 2 Π k +
Π

2
- ä ¥, 2 Π k + Π + csc-1I m N , -1> �; k Î Z ì m Î H0, 1L>

Formulas on real axis for real m

For m < 1

For fixed real m < 1, the function FHz È mL does not have branch cuts on the real axis.
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For m > 1

08.05.04.0014.01

lim
Ε®+0

FHx + ä Ε È mL � -FHz È mL +
2

m
K

1

m
+ 4

z

Π
-

1

2
+ 1 KHmL �;

x Î R í m Î R í m > 1 í Π k + csc-1I m N < x < Π k +
Π

2
í k Î Z

08.05.04.0015.01

lim
Ε®+0

FHx - ä Ε È mL � FHx È mL �; x Î R í m Î R í m > 1 í Π k + csc-1I m N < x < Π k +
Π

2
í k Î Z

08.05.04.0016.01

lim
Ε®+0

FHx + ä Ε È mL � FHx È mL �; x Î R í m Î R í m > 1 í Π

2
+ Π k < x < Π Hk + 1L - csc-1I m N í k Î Z

08.05.04.0017.01

lim
Ε®+0

FHx - ä Ε È mL � -FHx È mL -
2

m
 K

1

m
+ 4

x

Π
-

1

2
+ 1 KHmL �;

x Î R í m Î R í m > 1 í Π k +
Π

2
< x < Π Hk + 1L - csc-1I m N í k Î Z

Formulas for vertical intervals

For m < 1

For  fixed  real  m < 1,  the  function  FHz È mL  has  branch  points  csc-1I m M + Π k �; k Î Z  and

Π - csc-1I m M + Π k �; k Î Z.  In this case branch cuts lay at the vertical lines beginning from these points and

going to imaginary infinity. By this reason for fixed real m < 1, the function FHz È mL does not have branch cuts on

the vertical intervals 9csc-1I m M + Π k, Π - csc-1I m M + Π k= �; k Î Z ì m Î H-¥, 1L.
For m > 0

08.05.04.0018.01

lim
Ε®+0

F 2 Π k + ä x +
Π

2
- Ε m � F 2 Π k + ä x +

Π

2
m �; x Î R ì k Î Z

08.05.04.0019.01

lim
Ε®+0

F 2 Π k + ä x +
Π

2
+ Ε m � -F ä x +

Π

2
m -

2

m
K

1

m
+ 4 Hk + 1L KHmL �;

m Î R í x Î R í J0 < m < 1 í x > -ImJcsc-1I m NNN ë Hm > 1 ß x < 0L ì k Î Z

08.05.04.0020.01

lim
Ε®+0

F 2 Π k + ä x +
Π

2
+ Ε m � -F ä x +

Π

2
m +

2

m
K

1

m
+ 4 k KHmL �;

m Î R í x Î R í J0 < m < 1 í x < ImJcsc-1I m NN ë m > 1 ß x > 0N í k Î Z
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08.05.04.0021.01

lim
Ε®+0

F 2 Π k + ä x +
3 Π

2
- Ε m � -F ä x +

3 Π

2
m -

2

m
K

1

m
+ 4 Hk + 2L KHmL �;

m Î R í x Î R í J0 < m < 1 í x > -ImJcsc-1I m NN ë m > 1 ß x < 0N í k Î Z

08.05.04.0022.01

lim
Ε®+0

F 2 Π k + ä x +
3 Π

2
- Ε m � -F ä x +

3 Π

2
m +

2

m
K

1

m
+ 4 Hk + 1L KHmL �;

m Î R í x Î R í J0 < m < 1 í x < ImJcsc-1I m NN ë m > 1 ß x > 0N í k Î Z

08.05.04.0023.01

lim
Ε®+0

F 2 Π k + ä x +
3 Π

2
+ Ε m � F 2 Π k + ä x +

3 Π

2
m �; x Î R ì k Î Z

With respect to m

Branch cut locations: complicated.

Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

08.05.06.0015.01

FHz È mL µ FHz0 È mL +
1

1 - m sin2Hz0L Hz - z0L +
m sinH2 z0L

4 I1 - m sin2Hz0LM3�2  Hz - z0L2 + ¼ �; Hz ® z0L
08.05.06.0016.01

FHz È mL µ FHz0 È mL +
1

1 - m sin2Hz0L Hz - z0L +
m sinH2 z0L

4 I1 - m sin2Hz0LM3�2  Hz - z0L2 + OIHz - z0L3M
08.05.06.0017.01

FHz È mL � FHz0 È mL +
z - z0

1 - m sin2Hz0L +
1

1 - m sin2Hz0L  â
k=2

¥ 1

k !
 äk-1 k - 1

2

k - 1

â
q=1

k-1 H-1Lq

2 q + 1

k - 1
q

I1 - m sin2Hz0LM-q â
j=0

q
q

j
m j H2 - mLq- j 2- j+k-q-1 â

i=0

j
j

i
H2 i - jLk-1 ã2 H2 i- jL ä z0 Hz - z0Lk

08.05.06.0018.01

FHz È mL � FHz0 È mL + â
k=1

¥ 1

k !
 â
j=1

k 1

j !
 â
q=0

j-1
j

q â
p=0

j-q H-1Lq 2q- j sinqHz0L H- j + 2 p + qLk ã-
1

2
ä IΠ H j+k-2 p-qL+2 H- j+2 p+qL z0M j - q

p

â
i=0

j-1 H1 - jL2 H j-iL-2

H-i + j - 1L ! H2 sinHz0LL-2 i+ j-1
 â
s=0

i i

s

1

2 s

1

2 i-s
mi-s cos-2 s-1Hz0L I1 - m sin2Hz0LM-i+s-

1

2 Hz - z0Lk

http://functions.wolfram.com 7



08.05.06.0019.01

FHz È mL � â
k=0

¥ 1

k !
 FHk,0LHz0 È mL Hz - z0Lk

08.05.06.0020.01

FHz È mL µ FHz0 È mL H1 + OHz - z0LL
Expansions on branch cuts

Formulas on real axis for real m

For m > 1, csc-1I m M + Π u < x < ΠIu + 1
2

M �; u Î Z 

08.05.06.0021.01

FHz È mL µ
1

m
 K

1

m
+ 2

x

Π
-

1

2
+ 1 KHmL 1 - ã

-Π ä g argHx-zL
2 Π

w
+

FHx È mL ã
-Π ä g argHx-zL

2 Π
w

+ ã
-Π ä g argHx-zL

2 Π
w 1

1 - m sin2HxL
Hz - xL +

m sinH2 xL
4 I1 - m sin2HxLM3�2  Hz - xL2 + ¼ �;

Hz ® xL í x Î R í m Î R í m > 1 í Π u + csc-1I m N < x < Π u +
Π

2
í u Î Z

08.05.06.0022.01

FHz È mL �
1

m
 K

1

m
+ 2

x

Π
-

1

2
+ 1 KHmL 1 - ã

-Π ä g argHx-zL
2 Π

w
+

FHx È mL ã
-Π ä g argHx-zL

2 Π
w

+ ã
-Π ä g argHx-zL

2 Π
w z - x

1 - m sin2HxL
+

1

1 - m sin2HxL
 â
k=2

¥ äk-1

k !

k - 1

2

k - 1
 

â
q=1

k-1 H-1Lq

2 q + 1

k - 1
q

 I1 - m sin2HxLM-q â
j=0

q
q

j
m j H2 - mLq- j 2- j+k-q-1 â

i=0

j
j

i
H2 i - jLk-1 ã2 H2 i- jL ä x Hz - xLk �;

x Î R í m Î R í m > 1 í Π u + csc-1I m N < x < Π u +
Π

2
í u Î Z

08.05.06.0023.01

FHz È mL µ
1

m
 K

1

m
+ 2

x

Π
-

1

2
+ 1 KHmL 1 - ã

-Π ä g argHx-zL
2 Π

w
+ FHx È mL ã

-Π ä g argHx-zL
2 Π

w H1 + OHz - xLL �;
Hz ® xL í x Î R í m Î R í m > 1 í Π u + csc-1I m N < x < Π u +

Π

2
í u Î Z

For m > 1, ΠIu + 1
2

M < x < ΠHu + 1L - csc-1I m M �; u Î Z 
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08.05.06.0024.01

FHz È mL µ 2
x

Π
-

1

2
+ 1 KHmL -

1

m
 K

1

m
1 - ã

-Π ä g argHz-xL
2 Π

w
+

FHx È mL ã
-Π ä g argHz-xL

2 Π
w

+ ã
-Π ä g argHz-xL

2 Π
w 1

1 - m sin2HxL
Hz - xL +

m sinH2 xL
4 I1 - m sin2HxLM3�2  Hz - xL2 + ¼ �;

Hz ® xL í x Î R í m Î R í m > 1 í Π u +
Π

2
< x < Π Hu + 1L - csc-1I m N í u Î Z

08.05.06.0025.01

FHz È mL � 2
x

Π
-

1

2
+ 1 KHmL -

1

m
 K

1

m
1 - ã

-Π ä g argHz-xL
2 Π

w
+

FHx È mL ã
-Π ä g argHz-xL

2 Π
w

+ ã
-Π ä g argHz-xL

2 Π
w z - x

1 - m sin2HxL
+

1

1 - m sin2HxL
 â
k=2

¥ äk-1

k !

k - 1

2

k - 1
 

â
q=1

k-1 H-1Lq

2 q + 1

k - 1
q

 I1 - m sin2HxLM-q â
j=0

q
q

j
m j H2 - mLq- j 2- j+k-q-1 â

i=0

j
j

i
H2 i - jLk-1 ã2 H2 i- jL ä x Hz - xLk �;

x Î R í m Î R í m > 1 í Π u +
Π

2
< x < Π Hu + 1L - csc-1I m N í u Î Z

08.05.06.0026.01

FHz È mL µ 2
x

Π
-

1

2
+ 1 KHmL -

1

m
 K

1

m
1 - ã

-Π ä g argHz-xL
2 Π

w
+ FHx È mL ã

-Π ä g argHz-xL
2 Π

w H1 + OHz - xLL �;
Hz ® xL í x Î R í m Î R í m > 1 í Π u +

Π

2
< x < Π Hu + 1L - csc-1I m N í u Î Z

Formulas for vertical intervals

For ReI z0

2 Π
- 1

4
M Î Z 

08.05.06.0027.01

FHz È mL µ

2 2 Re
z0

2 Π
-

1

4
+ 1 KHmL -

1

m
 K

1

m
ã

-Π ä
argJz-z0N

2 Π
+

3

4
+

3

4
-

argJz-z0N
2 Π

+ 1 - ã
-Π ä

argJz-z0N
2 Π

+
3

4
+

3

4
-

argJz-z0N
2 Π

FHz0 È mL +

1

1 - m sin2Hz0L Hz - z0L +
m sinH2 z0L

4 I1 - m sin2Hz0LM3�2  Hz - z0L2 + ¼ �; Hz ® z0L í Re
z0

2 Π
-

1

4
Î Z
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08.05.06.0028.01

FHz È mL � 2 2 Re
z0

2 Π
-

1

4
+ 1 KHmL -

1

m
 K

1

m
ã

-Π ä
argJz-z0N

2 Π
+

3

4
+

3

4
-

argJz-z0N
2 Π

+ 1 -

ã
-Π ä

argJz-z0N
2 Π

+
3

4
+

3

4
-

argJz-z0N
2 Π

FHz0 È mL + â
k=1

¥ 1

k !
 

â
j=1

k 1

j !
 â
q=0

j-1
j

q â
p=0

j-q H-1Lq 2q- j sinqHz0L H2 p + q - jLk ã-
1

2
ä IΠ H j+k-2 p-qL+2 H2 p+q- jL z0M j - q

p â
i=0

j-1 H1 - jL2 H j-iL-2

H j - i - 1L ! H2 sinHz0LL j-2 i-1
 

â
s=0

i i

s

1

2 s

1

2 i-s
mi-s cos-2 s-1Hz0L I1 - m sin2Hz0LMs-i-

1

2 Hz - z0Lk �; Re
z0

2 Π
-

1

4
Î Z

08.05.06.0029.01

FHz È mL µ

2 2 Re
z0

2 Π
-

1

4
+ 1 KHmL -

1

m
 K

1

m
ã

-Π ä
argJz-z0N

2 Π
+

3

4
+

3

4
-

argJz-z0N
2 Π

+ 1 - ã
-Π ä

argJz-z0N
2 Π

+
3

4
+

3

4
-

argJz-z0N
2 Π

FHz0 È mL
H1 + OHz - z0LL �; Hz ® z0L í Re

z0

2 Π
-

1

4
Î Z

For ReI z0

2 Π
- 3

4
M Î Z 

08.05.06.0030.01

FHz È mL µ

1

m
 K

1

m
+ 2 2 Re

z0

2 Π
-

3

4
+ 1 KHmL 1 - ã

-Π ä
argJz-z0N

2 Π
+

1

4
+

1

4
-

argJz-z0N
2 Π

+ FHz0 È mL ã
-Π ä

argJz-z0N
2 Π

+
1

4
+

1

4
-

argJz-z0N
2 Π

+

1

1 - m sin2Hz0L Hz - z0L +
m sinH2 z0L

4 I1 - m sin2Hz0LM3�2  Hz - z0L2 + ¼ �; Hz ® z0L í Re
z0

2 Π
-

3

4
Î Z

08.05.06.0031.01

FHz È mL �
1

m
 K

1

m
+ 2 2 Re

z0

2 Π
-

3

4
+ 1 KHmL 1 - ã

-Π ä
argJz-z0N

2 Π
+

1

4
+

1

4
-

argJz-z0N
2 Π

+

FHz0 È mL ã
-Π ä

argJz-z0N
2 Π

+
1

4
+

1

4
-

argJz-z0N
2 Π

+ â
k=1

¥ 1

k !
 

â
j=1

k 1

j !
 â
q=0

j-1
j

q â
p=0

j-q H-1Lq 2q- j sinqHz0L H2 p + q - jLk ã-
1

2
ä IΠ H j+k-2 p-qL+2 H2 p+q- jL z0M j - q

p â
i=0

j-1 H1 - jL2 H j-iL-2

H j - i - 1L ! H2 sinHz0LL j-2 i-1
 

â
s=0

i i

s

1

2 s

1

2 i-s
mi-s cos-2 s-1Hz0L I1 - m sin2Hz0LMs-i-

1

2 Hz - z0Lk �; Re
z0

2 Π
-

3

4
Î Z

http://functions.wolfram.com 10



08.05.06.0032.01

FHz È mL µ

1

m
 K

1

m
+ 2 2 Re

z0

2 Π
-

3

4
+ 1 KHmL 1 - ã

-Π ä
argJz-z0N

2 Π
+

1

4
+

1

4
-

argJz-z0N
2 Π

+ FHz0 È mL ã
-Π ä

argJz-z0N
2 Π

+
1

4
+

1

4
-

argJz-z0N
2 Π

H1 + OHz - z0LL �; Hz ® z0L í Re
z0

2 Π
-

3

4
Î Z

Expansions at z � 0

08.05.06.0033.01

FHz È mL µ z +
m z3

6
+

m H-4 + 9 mL z5

120
+

m I16 - 180 m + 225 m2M z7

5040
+

m I-64 + 3024 m - 12 600 m2 + 11 025 m3M z9

362 880
 ¼ �;

Hz ® 0L
08.05.06.0001.02

FHz È mL µ z +
m z3

6
+

m H-4 + 9 mL z5

120
+

m I16 - 180 m + 225 m2M z7

5040
+

m I-64 + 3024 m - 12 600 m2 + 11 025 m3M z9

362 880
+ OIz11M

08.05.06.0034.01

FHz È mL � z + â
k=1

¥ äk-1

k !

k - 1

2

k - 1
â
q=1

k-1 H-1Lq

2 q + 1

k - 1
q â

j=0

q
q

j
m j H2 - mLq- j 2k- j-q-1 â

i=0

j
j

i
H2 i - jLk-1 zk

08.05.06.0035.01

FHz È mL � z + â
i=1

¥ â
k=1

¥ â
j=0

k-1 J 1

2
N
k

2 k
j

H-1Li- j+k 22 i-2 k+1 H j - kL2 i mk

k ! H2 i + 1L !
 z2 i+1

08.05.06.0036.01

FHz È mL µ z + OIz3M
Expansions at z � csc-1J m N + Π u �; u Î Z 

08.05.06.0037.01

FHz È mL µ
1

m
 K

1

m
+ 2 u KHmL -

2 -Hz - z0L m - 1

m - 1
 

1 -
m - 2

12 m - 1
 Hz - z0L +

9 m2 - 4 m + 4

480 Hm - 1L  Hz - z0L2 -
15 m3 - 26 m2 - 12 m + 8

2688 Hm - 1L3�2  Hz - z0L3 + ¼ �;
Hz ® z0L í z0 � csc-1I m N + Π u í u Î Z

08.05.06.0038.01

FHz È mL �
1

m
 K

1

m
+ 2 u KHmL -

2

m - 1
 -Hz - z0L m - 1  â

k=0

¥ 1

2 k + 1
 

k + 1

2

k
â
j=0

k H-1L j

2 j + 1

k
j

p j,k Hz - z0Lk �;

z0 � csc-1I m N + Π u í u Î Z í a0 � 1 í a2 k �
H-1Lk 22 k

H2 k + 1L !
í

a2 k+1 �
H-1Lk-1 22 k H2 - mL

m - 1 H2 k + 2L !
í k Î N í pu,0 � 1 í pu,v �

1

v
 â
j=1

v Hu j + j - vL a j pu,v- j

http://functions.wolfram.com 11



08.05.06.0039.01

FHz È mL µ
1

m
 K

1

m
+ 2 u KHmL -

2 -Hz - z0L m - 1

m - 1
 H1 + OHz - z0LL �; Hz ® z0L í z0 � csc-1I m N + Π u í u Î Z

Expansions at z � -csc-1J m N + Π u �; u Î Z 

08.05.06.0040.01

FHz È mL µ -
1

m
 K

1

m
+ 2 u KHmL +

2 Hz - z0L m - 1

m - 1
 

1 +
m - 2

12 m - 1
 Hz - z0L +

9 m2 - 4 m + 4

480 Hm - 1L  Hz - z0L2 +
15 m3 - 26 m2 - 12 m + 8

2688 Hm - 1L3�2  Hz - z0L3 + ¼ �;
Hz ® z0L í z0 � -csc-1I m N + Π u í u Î Z

08.05.06.0041.01

FHz È mL � -
1

m
 K

1

m
+ 2 u KHmL +

2

m - 1
 Hz - z0L m - 1  â

k=0

¥ H-1Lk

2 k + 1
 

k + 1

2

k
â
j=0

k H-1L j

2 j + 1

k
j

p j,k Hz - z0Lk �;

z0 � -csc-1I m N + Π u í u Î Z í a0 � 1 í a2 k �
H-1Lk 22 k

H2 k + 1L !
í

a2 k+1 �
H-1Lk-1 22 k H2 - mL

m - 1 H2 k + 2L !
í k Î N í pu,0 � 1 í pu,v �

1

v
 â
j=1

v Hu j + j - vL a j pu,v- j

08.05.06.0042.01

FHz È mL µ -
1

m
 K

1

m
+ 2 u KHmL -

2 Hz - z0L m - 1

m - 1
 H1 + OHz - z0LL �; Hz ® z0L í z0 � -csc-1I m N + Π u í u Î Z

Expansions at z � Π � 2 + 2 Π u �; u Î Z ì m > 1

08.05.06.0043.01

FHz È mL µ 2 
ReHz0L

Π
+ -

ä

z - z0

ä Hz - z0L +
Hz - z0L2

z - z0

+ ä Hz - z0L -
1

Hz - z0L2
 KHmL -

1

m
 ä -

1

Hz - z0L2
Hz - z0L +

Hz - z0L2

z - z0

 K
1

m
+

z - z0

1 - m
-

m Hz - z0L3

6 H1 - mL3�2 + ¼ �;
Hz ® z0L í z0 �

Π

2
+ 2 Π u í u Î Z í m Î R í m > 1

http://functions.wolfram.com 12



08.05.06.0044.01

FHz È mL � 2 
ReHz0L

Π
+ H-1L 1

2
-

argJz-z0N
Π

- H-1L
argJz-z0N

Π
+ H-1L

argJz-z0N
2 Π

+
3

4
+

1

4
-

argJz-z0N
2 Π

 KHmL -

1

m
 -H-1L

argJz-z0N
Π

+ H-1L 1

2
-

argJz-z0N
Π

 K
1

m
+

z - z0

1 - m
+

1

1 - m
 â
k=2

¥ äk-1

k !

k - 1

2

k - 1
â
q=1

k-1 H-1Lq

2 q + 1

k - 1
q

 H1 - mL-q â
j=0

q
q

j
H-mL j H2 - mLq- j 2k- j-q-1 â

i=0

j
j

i
H2 i - jLk-1 Hz - z0Lk �;

Hz ® z0L í z0 �
Π

2
+ 2 Π u í u Î Z í m Î R í m > 1

08.05.06.0045.01

FHz È mL � 2 
ReHz0L

Π
+ -

ä

z - z0

ä Hz - z0L +
Hz - z0L2

z - z0

+ ä Hz - z0L -
1

Hz - z0L2
 KHmL -

1

m
 ä -

1

Hz - z0L2
Hz - z0L +

Hz - z0L2

z - z0

 K
1

m
+

z - z0

1 - m
+

1

1 - m
 â
k=2

¥ äk-1

k !

k - 1

2

k - 1
â
q=1

k-1 H-1Lq

2 q + 1

k - 1
q

 H1 - mL-q â
j=0

q
q

j
H-mL j H2 - mLq- j 2k- j-q-1 â

i=0

j
j

i
H2 i - jLk-1 Hz - z0Lk �;

Hz ® z0L í z0 �
Π

2
+ 2 Π u í u Î Z í m Î R í m > 1

08.05.06.0046.01

FHz È mL µ 2 
ReHz0L

Π
+ -

ä

z - z0

ä Hz - z0L +
Hz - z0L2

z - z0

+ ä Hz - z0L -
1

Hz - z0L2
 KHmL -

1

m
 ä -

1

Hz - z0L2
Hz - z0L +

Hz - z0L2

z - z0

 K
1

m
 H1 + O Hz - z0LL �; z0 �

Π

2
+ 2 Π u í u Î Z í m Î R í m > 1

Expansions at z � 3 Π � 2 + 2 Π u �; u Î Z ì m > 1

08.05.06.0047.01

FHz È mL µ 2 
ReHz0L

Π
-

ä

z - z0

-ä Hz - z0L +
Hz - z0L2

z - z0

+ ä Hz - z0L -
1

Hz - z0L2
 KHmL -

1

m
 ä -

1

Hz - z0L2
Hz - z0L +

Hz - z0L2

z - z0

 K
1

m
+

z - z0

1 - m
-

m Hz - z0L3

6 H1 - mL3�2 + ¼ �;

Hz ® z0L í z0 �
3 Π

2
+ 2 Π u í u Î Z í m Î R í m > 1
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08.05.06.0048.01

FHz È mL � 2 
ReHz0L

Π
+ H-1L 1

2
-

argJz-z0N
Π

- H-1L
argJz-z0N

Π
- H-1L

argJz-z0N
2 Π

+
1

4
+

3

4
-

argJz-z0N
2 Π

 KHmL -

1

m
 -H-1L

argJz-z0N
Π

+ H-1L 1

2
-

argJz-z0N
Π

 K
1

m
+

z - z0

1 - m
+

1

1 - m
 â
k=2

¥ äk-1

k !

k - 1

2

k - 1
â
q=1

k-1 H-1Lq

2 q + 1

k - 1
q

 H1 - mL-q â
j=0

q
q

j
H-mL j H2 - mLq- j 2k- j-q-1 â

i=0

j
j

i
H2 i - jLk-1 Hz - z0Lk �;

Hz ® z0L í z0 �
3 Π

2
+ 2 Π u í u Î Z í m Î R í m > 1

08.05.06.0049.01

FHz È mL � 2 
ReHz0L

Π
-

ä

z - z0

-ä Hz - z0L +
Hz - z0L2

z - z0

+ ä Hz - z0L -
1

Hz - z0L2
 KHmL -

1

m
 ä -

1

Hz - z0L2
Hz - z0L +

Hz - z0L2

z - z0

 K
1

m
+

z - z0

1 - m
+

1

1 - m
 â
k=2

¥ äk-1

k !

k - 1

2

k - 1
â
q=1

k-1 H-1Lq

2 q + 1

k - 1
q

 H1 - mL-q â
j=0

q
q

j
H-mL j H2 - mLq- j 2k- j-q-1 â

i=0

j
j

i
H2 i - jLk-1 Hz - z0Lk �;

Hz ® z0L í z0 �
3 Π

2
+ 2 Π u í u Î Z í m Î R í m > 1

08.05.06.0050.01

FHz È mL µ 2 
ReHz0L

Π
-

ä

z - z0

-ä Hz - z0L +
Hz - z0L2

z - z0

+ ä Hz - z0L -
1

Hz - z0L2
 KHmL -

1

m
 ä -

1

Hz - z0L2
Hz - z0L +

Hz - z0L2

z - z0

 K
1

m
 H1 + O Hz - z0LL �; z0 �

3 Π

2
+ 2 Π u í u Î Z í m Î R í m > 1

Expansions at z � ¥ 

08.05.06.0051.01

FHz È mL µ 2 
ReHzL

Π
KHmL + H-1Lf ReHzL

Π
r

-
-sin2HzL
sinHzL  KH1 - mL +

ä

2
1 - m

1

m
1 -

ä -sin4HzL
sin2HzL  KHmL +

-sin2HzL
sinHzL -m sin2HzL

1 +
m + 1

6 m
 csc2HzL +

3 m2 + 2 m + 3

40 m2
 csc4HzL + OIcsc6HzLM �; H z¤ ® ¥L
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08.05.06.0052.01

FHz È mL � 2 
ReHzL

Π
KHmL + H-1Lf ReHzL

Π
r

-
-sin2HzL
sinHzL  KH1 - mL +

ä

2
1 - m

1

m
1 -

ä -sin4HzL
sin2HzL  KHmL +

-sin2HzL
sinHzL -m sin2HzL â

k=0

¥ J 1

2
N
k

sin-2 kHzL
H2 k + 1L k !

 2F1

1

2
, -k;

1

2
- k;

1

m

08.05.06.0053.01

FHz È mL µ 2 
ReHzL

Π
KHmL + H-1Lf ReHzL

Π
r

-
-sin2HzL
sinHzL  KH1 - mL +

ä

2
1 - m

1

m
1 -

ä -sin4HzL
sin2HzL  KHmL +

-sin2HzL
sinHzL -m sin2HzL

I1 + OIcsc2HzLMM �; H z¤ ® ¥L
Expansions at generic point m � m0

For the function itself

08.05.06.0054.01

FHz È mL µ FHz È m0L +
1

4

2 EHz È m0L
m0 H1 - m0L -

2 FHz È m0L
m0

-
sinH2 zL

H1 - m0L 1 - m0 sin2HzL Hm - m0L +

1

16 Hm0 - 1L2 m0
2 I1 - sin2HzL m0M3�2  K2 H2 EHz È m0L H2 m0 - 1L + FHz È m0L Hm0 - 1L H3 m0 - 2LL I1 - sin2HzL m0M3�2

+

I4 sin2HzL m0
2 - I2 sin2HzL + 3M m0 + 1M sinH2 zL m0O Hm - m0L2 + ¼ �; Hm ® m0L

08.05.06.0055.01

FHz È mL µ FHz È m0L +
1

4

2 EHz È m0L
m0 H1 - m0L -

2 FHz È m0L
m0

-
sinH2 zL

H1 - m0L 1 - m0 sin2HzL Hm - m0L +

1

16 Hm0 - 1L2 m0
2 I1 - sin2HzL m0M3�2  K2 H2 EHz È m0L H2 m0 - 1L + FHz È m0L Hm0 - 1L H3 m0 - 2LL I1 - sin2HzL m0M3�2

+

I4 sin2HzL m0
2 - I2 sin2HzL + 3M m0 + 1M sinH2 zL m0O Hm - m0L2 + OIHm - m0L3M

08.05.06.0056.01

FHz È mL � â
k=0

¥ J 1

2
N
k

sin2 k+1HzL
k ! H2 k + 1L  F1 k +

1

2
;

1

2
, k +

1

2
; k +

3

2
; sin2HzL, m0 sin2HzL Hm - m0Lk

08.05.06.0057.01

FHz È mL � â
k=0

¥ 1

k !
 FH0,kLHz È m0L Hm - m0Lk
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08.05.06.0058.01

FHz È mL µ FHz È m0L H1 + OHm - m0LL
Expansions at m � 0

08.05.06.0002.02

FHz È mL µ z +
2 z - sinH2 zL

8
m +

3

256
H12 z - 8 sinH2 zL + sinH4 zLL m2 + ¼ �; Hm ® 0L

08.05.06.0059.01

FHz È mL µ z +
2 z - sinH2 zL

8
m +

3

256
H12 z - 8 sinH2 zL + sinH4 zLL m2 + OIm3M

08.05.06.0004.02

FHz È mL � â
k=0

¥ 1

22 k  k !
 

1

2 k
z

2 k

k
+ â

j=1

k H-1L j

j
 

2 k

k - j
sinH2 j zL  mk �;  m¤ < 1

08.05.06.0060.01

FHz È mL � -KHmL + cosHzL â
k=0

¥ 1

k !
 

1

2 k
 2F1

1

2
,

1

2
- k;

3

2
; cos2HzL mk �;  m¤ < 1 í -

Π

2
£ z £

Π

2

08.05.06.0061.01

FHz È mL � z + z â
k=1

¥ J 1

2
N
k

2

k !2
+

H-1Lk

4k k
 

k - 1

2

k
2F1 k +

1

2
, k +

1

2
; 2 k + 1; m sinH2 k zL mk �;  m¤ < 1

08.05.06.0003.02

FHz È mL �
2 z

Π
 KHmL + â

k=1

¥ H-1Lk

22 k  k

k - 1

2

k
2F1 k +

1

2
, k +

1

2
; 2 k + 1; m sinH2 k zL mk

08.05.06.0005.02

FHz È mL � â
k=0

¥ J 1

2
N
k

sin2 k+1HzL
H2 k + 1L k !

 2F1

1

2
, k +

1

2
; k +

3

2
; sin2HzL mk + 2

ReHzL
Π

KHmL �;  m¤ < 1

08.05.06.0006.01

FHz È mL � â
j=0

¥ â
k=0

¥ J 1

2
N

j
J 1

2
N
k

sin2 j+2 k+1HzL
H2 j + 2 k + 1L j ! k !

mk

08.05.06.0007.01

FHz È mL � sinHzL F1 ´ 0 ´ 0
1 ´ 1 ´ 1

1

2
; 1

2
; 1

2
;

3

2
;;;

 m sin2HzL, sin2HzL
08.05.06.0062.01

FHz È mL µ z + OHmL
Expansions at m � 1
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08.05.06.0063.01

FHz È mL µ H-1Lf ReHzL
Π

r
logHsecHzL + tanHzLL +

1

4
HsecHzL tanHzL - logHsecHzL + tanHzLLL Hm - 1L +

3

256
I-5 sinH3 zL sec4HzL + 3 tanHzL sec3HzL + 12 logHsecHzL + tanHzLLM Hm - 1L2 + ¼ -

ReHzL
Π

 1 -
m - 1

4
+

9

64
Hm - 1L2 + ¼ logH1 - mL - 4 logH2L +

logH4L - 1

2
Hm - 1L -

9

32
logH4L -

7

6
Hm - 1L2 + ¼ �;

Hm ® 1L í Ø
2 ReHzL + Π

4 Π
Î Z

08.05.06.0064.01

FHz È mL � H-1Lf ReHzL
Π

r â
k=0

¥ H-1Lk J 1

2
N
k

2

Hk !L2
logHsecHzL + tanHzLL +

1

2
cscHzL â

j=1

k IH-1L j H j - 1L !M tan2 jHzL
J 1

2
N

j

Hm - 1Lk -

ReHzL
Π

log H1 - mL â
k=0

¥ H-1Lk J 1

2
N
k

2

Hk !L2
 Hm - 1Lk - 2 â

k=0

¥ H-1Lk J 1

2
N
k

2 JΨHk + 1L - ΨJk + 1

2
NN

Hk !L2
 Hm - 1Lk �; Ø

2 ReHzL + Π

4 Π
Î Z

08.05.06.0065.01

FHz È mL � 2
ReHzL

Π
 KHmL + H-1LRoundJ ReHzL

Π
N
sinHzL â

k=0

¥ sin2 kHzL J 1

2
N
k

H2 k + 1L k !
2F1 k +

1

2
, k + 1; k +

3

2
; sin2HzL Hm - 1Lk �;

Ø
2 ReHzL + Π

4 Π
Î Z

08.05.06.0066.01

FHz È mL � â
k=0

¥ H-1Lk J 1

2
N
k

2

Hk !L2
 log HsecHzL + tanHzLL +

1

2
cscHzL â

j=1

k IH-1L j H j - 1L !M tan2 jHzL
J 1

2
N

j

Hm - 1Lk �;  ReHzL¤ £
Π

2

08.05.06.0067.01

FHz È mL � sinHzL â
k=0

¥ J 1

2
N
k
 sin2 kHzL

H2 k + 1L k !
2F1 k +

1

2
, k + 1; k +

3

2
; sin2HzL Hm - 1Lk �;  ReHzL¤ £

Π

2

08.05.06.0068.01

FHz È mL µ H-1Lf ReHzL
Π

r
logHsecHzL + tanHzLL - 4 logH2L ReHzL

Π
H1 + OHm - 1LL - logH1 - mL ReHzL

Π
H1 + OHm - 1LL �;

Hm ® 1L í Ø
2 ReHzL + Π

4 Π
Î Z

08.05.06.0069.01

FHz È mL µ logHsecHzL + tanHzLL + OHm - 1L �;  ReHzL¤ £
Π

2

Expansions at m � ¥
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08.05.06.0070.01

FHz È mL µ
ReHzL

Π

logH-mL
-m

1 +
1

4 m
+

9

64 m2
+ ¼ +

2

-m
 logH4L +

logH4L - 1

4 m
+

3 H6 logH4L - 7L
128 m2

+ ¼ +

H-1Lf ReHzL
Π

r
 

-m sin2HzL
2 m sinHzL  -logI-4 m sin2HzLM + 2 logKcos2K z

2
OO +

2 cotHzL cscHzL + 2 logIcos2I z

2
MM - logI-4 m sin2HzLM + 2

4 m
+

3 I2 cosHzL I2 csc2HzL + 3M csc2HzL + 6 logIcos2I z

2
MM - 3 logI-4 m sin2HzLM + 7M

64 m2
+ ¼ �; H m¤ ® ¥L

08.05.06.0071.01

FHz È mL �

2 
ReHzL

Π
KHmL + H-1Lf ReHzL

Π
r

 
-m sin2HzL
2 m sinHzL -

2 logI-4 m sin2HzLM
Π

K
1

m
+

1

4 m
 4F3 1, 1,

3

2
,

3

2
; 2, 2, 2;

1

m
+ logH4L -

2 log 1 + 1 -
csc2HzL

m
-

1

2
sin2HzL â

k=0

¥ m-k J 1

2
N
k

J 3

2
N
k

k ! Hk + 1L !
3F2 1, 1, k +

3

2
; 2, k + 2; sin2HzL +

3 csc2HzL
8 m2

 â
k=0

¥ m-k J 3

2
N
k

J 5

2
N
k

Hk + 1L !
3F

�
2 1, 1, k +

5

2
; k + 3, 2;

csc2HzL
m

+
9

8 m2
 â
k=0

¥ m-k J 5

2
N
k

2

HHk + 2L !L2
 â
i=0

k 2

i + k + 3

08.05.06.0072.01

FHz È mL � 2 
ReHzL

Π
KHmL + H-1Lf ReHzL

Π
r -m sin2HzL

2 m sinHzL
-2 log 1 + 1 -

csc2HzL
m

- logI-m sin2HzLM + â
k=1

¥ J 1

2
N
k

m-k

k !
2 m sin2HzL â

i=0

k-1 mi J- 1

2
N
k-i

Hi + 1L Hk - i - 1L !
 sin2 iHzL -

1

k !
 

1

2 k
logI-4 m sin2HzLM - â

i=0

k-2 2

i + k + 1
-

1

k
+

J 3

2
N
k

2 m sin2HzL  3F
�

2 1, 1, k +
3

2
; k + 2, 2;

csc2HzL
m

08.05.06.0073.01

FHz È mL � 2
ReHzL

Π
KHmL + H-1L f ReHzL

Π
r
 

-m sin2HzL
2 m sinHzL â

k=0

¥ J 1

2
N
k

m-k

k !
2 m sin2HzL â

i=0

k-1 mi i! J- 1

2
N
k-i

sin2 iHzL
Hi + 1L ! Hk - i - 1L !

+

J 3

2
N
k

2 m sin2HzL  3F
�

2 1, 1, k +
3

2
; k + 2, 2;

csc2HzL
m

-

J 1

2
N
k

k !
logI-m sin2HzLM + ΨHk + 1L - Ψ k +

1

2

08.05.06.0074.01

FHz È mL � 2
ReHzL

Π
KHmL + H-1L f ReHzL

Π
r
sinHzL â

k=0

¥ J 1

2
N
k

sin2 kHzL
k ! H2 k + 1L 2F1 k +

1

2
,

1

2
; k +

3

2
; m sin2HzL
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08.05.06.0075.01

FHz È mL µ
H-1Lf ReHzL

Π
r

-m sin2HzL
2 m sinHzL  -logI-4 m sin2HzLM + 2 logKcos2K z

2
OO 1 + O

1

m
+

ReHzL
Π

 
logH-mL

-m
 1 + O

1

m
+

2 logH4L
-m

 1 + O
1

m
�; H m¤ ® ¥L

Residue representations

08.05.06.0008.01

FHz È mL �
sinHzL
2 Π

 â
k=0

¥ â
j=0

¥

ress,t

GJ 1

2
- s - tN GHsL GJ 1

2
- sN GHtL GJ 1

2
- tN

GJ 3

2
- s - tN I-sin2HzLM-s I-m sin2HzLM-t

 H- j, -kL

Other series representations

Expansions FIsin-1HzL É mM at z � 0

08.05.06.0009.02

FIsin-1HzL É mM µ z +
m + 1

6
 z3 +

3 + 2 m + 3 m2

40
 z5 + ¼ �; Hz ® 0L

08.05.06.0076.01

FIsin-1HzL É mM µ z +
m + 1

6
 z3 +

3 + 2 m + 3 m2

40
 z5 + OIz7M

08.05.06.0010.01

FIsin-1HzL É mM � â
k=0

¥ mk J 1

2
N
k

H2 k + 1L k !
 2F1

1

2
, -k;

1

2
- k;

1

m
z2 k+1 �;  z¤ < 1

08.05.06.0077.01

FIsin-1HzL É mM � z â
k=0

¥ â
j=0

¥ J 1

2
N

j+k
J 1

2
N
k

J 1

2
N

j
m j

J 3

2
N

j+k
k ! j !

 z2 j+2 k �;  z¤ < 1

08.05.06.0078.01

FIsin-1HzL É mM µ z + OI z3M
Expansions FIsin-1HzL É mM at z � ¥

08.05.06.0079.01

FIsin-1HzL É mM µ -
-z2

z
 KH1 - mL +

1

2
ä 1 -

1

m
m 1 -

ä -z4

z2
KHmL -

-z2 -m z2

m z3
1 +

m + 1

6 m z2
+

3 m2 + 2 m + 3

40 m2 z4
+ ¼ �; H z¤ ® ¥L
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08.05.06.0080.01

FIsin-1HzL É mM µ

-
-z2

z
 KH1 - mL +

1

2
ä 1 -

1

m
m 1 -

ä -z4

z2
KHmL -

-z2 -m z2

m z3
1 +

m + 1

6 m z2
+

3 m2 + 2 m + 3

40 m2 z4
+ O

1

z6

08.05.06.0081.01

FIsin-1HzL É mM �

-
-z2

z
KH1 - mL +

ä

2
 1 - m

1

m
1 -

ä -z4

z2
KHmL -

1 - z2 1 - m z2

m 1 - 1

z2
1 - 1

m z2
z2

 F sin-1
1

m z
m

08.05.06.0082.01

FIsin-1HzL É mM � -
-z2

z
KH1 - mL +

1

2
ä 1 - m

1

m
1 -

ä -z4

z2
KHmL -

-z2 -m z2

m z3
â
k=0

¥ J 1

2
N
k

H2 k + 1L k !
2F1

1

2
, -k;

1

2
- k;

1

m
z-2 k �;  z¤ > 1

08.05.06.0083.01

FIsin-1HzL É mM µ -
-z2

z
 KH1 - mL +

1

2
ä 1 -

1

m
m 1 -

ä -z4

z2
KHmL -

-z2 -m z2

m z3
 1 + O

1

z2

Expansions FIsin-1HzL É mM at m � 0

08.05.06.0011.01

FIsin-1HzL É mM µ sin-1HzL -
1

4
z 1 - z2 - sin-1HzL m -

3

64
z I2 z2 + 3M 1 - z2 - 3 sin-1HzL m2 + ¼ �;  m¤ < 1

08.05.06.0084.01

FIsin-1HzL É mM µ sin-1HzL -
1

4
z 1 - z2 - sin-1HzL m -

3

64
z I2 z2 + 3M 1 - z2 - 3 sin-1HzL m2 + OIm3M

08.05.06.0012.01

FIsin-1HzL É mM � â
k=0

¥ J 1

2
N
k

z2 k+1

H2 k + 1L k !
2F1

1

2
, k +

1

2
; k +

3

2
; z2 mk �;  m¤ < 1

08.05.06.0013.01

FIsin-1HzL É mM � â
j=0

¥ â
k=0

¥ z2 j+2 k+1

H2 j + 2 k + 1L j ! k !

1

2 j

1

2 k
mk

08.05.06.0014.01

FIsin-1HzL É mM � z F1 ´ 0 ´ 0
1 ´ 1 ´ 1

1

2
; 1

2
; 1

2
;

3

2
;;;

 m z2, z2

Expansions FIsin-1HzL É mM at m � 1
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08.05.06.0085.01

FIsin-1HzL É mM µ tanh-1HzL -
z Iz + Hz - 1L tanh-1HzLM

4 Hz - 1L  Hm - 1L -
9 z2

32
I3 z + Iz2 - 3M tanh-1HzLM Hm - 1L2 + ¼ �; Hm ® 1L

08.05.06.0086.01

FIsin-1HzL É mM µ tanh-1HzL -
z Iz + Hz - 1L tanh-1HzLM

4 Hz - 1L  Hm - 1L -
9 z2

32
I3 z + Iz2 - 3M tanh-1HzLM Hm - 1L2 + OIHm - 1L3M

08.05.06.0087.01

FIsin-1HzL É mM � â
k=0

¥ J 1

2
N
k

Hk !L2
 â
p=0

k H-1Lk-p HpL2 Hk-pL
22 k-p Hk - pL !

 

H-1Lp tanh-1HzL p! +
2 z

1 - z2
â
j=0

p H-1Lp- j p

j
Hp - jL ! â

q=0

j-1 22 q- j q! H2 q + 2 - jL2 H j-q-1L
H j - q - 1L !

 
z2

1 - z2

q

 Hm - 1Lk

08.05.06.0088.01

FIsin-1HzL É mM � z â
k=0

¥ z2 k J 1

2
N
k

H2 k + 1L k !
2F1 k +

1

2
, k + 1; k +

3

2
; z2 Hm - 1Lk

08.05.06.0089.01

FIsin-1HzL É mM µ tanh-1HzL H1 + OHm - 1LL
Other expansions

08.05.06.0090.01

FHz È mL �
sinHzL
sin2HzL

 KHmL - cosHzL â
k=0

¥ mk J 1

2
N
k

k !
2F1

1

2
,

1

2
- k;

3

2
; cos2HzL + 2

ReHzL
Π

KHmL �;  cosHzL¤ < 1

08.05.06.0091.01

FHz È mL �
2 z

Π
KHmL + â

k=1

¥ J 1

2
N
k

k !
 K m

4
Ok â

j=0

k-1 H-1Lk- j 2 k
j

j - k
 sinH2 H j - kL zL

Integral representations

On the real axis

Of the direct function

08.05.07.0001.01

FHz È mL � à
0

z 1

1 - m sin2HtL
 â t �; -

Π

2
£ z £

Π

2

08.05.07.0004.01

F Hz È mL � H-1Lf ReHzL
Π

r à
0

z cosHtL
1 - m sin2HtL cos2HtL

 â t + 2 
ReHzL

Π
KHmL
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08.05.07.0002.01

FHz È mL � à
0

sinHzL 1

1 - t2 1 - m t2

 â t �; -
Π

2
£ z £

Π

2

08.05.07.0005.01

FHz È mL � H-1Lf ReHzL
Π

r à
0

sinHzL 1

1 - t2 1 - m t2

 â t + 2 
ReHzL

Π
KHmL

Contour integral representations

08.05.07.0003.01

FHz È mL �
sinHzL

2 Π H2 Π äL2
à

L*
à

L

GJ 1

2
- s - tN GHsL GJ 1

2
- sN GHtL GJ 1

2
- tN

GJ 3

2
- s - tN I-sin2HzLM-s I-m sin2HzLM-t

 â s â t

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

08.05.13.0003.01

H1 - mL m w¢¢HmL + H1 - mL w¢HmL +
1

4
 wHmL �

sinH2 zL
8 1 - m sin2HzL

�; wHmL � c1 EHmL + c2HKH1 - mL - EH1 - mLL + EHz È mL
08.05.13.0001.01

H1 - mL m
¶2 wHmL

¶m2
+ H1 - 2 mL ¶wHmL

¶m
-

wHmL
4

� -
sinH2 zL

8 I1 - m sin2HzLM3�2 �; wHmL � FHz È mL
08.05.13.0004.01

WmHKHmL, KH1 - mLL �
Π

4 m Hm - 1L
Ordinary nonlinear differential equations

08.05.13.0002.01

¶wHzL
¶z

- 1
¶wHzL

¶z

2 ¶wHzL
¶z

+ 1 Hm - 1L ¶wHzL
¶z

2

+ 1 -
¶2 wHzL

¶z2

2

� 0 �; wHzL � FHz È mL

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

08.05.16.0001.01

FH-z È mL � -FHz È mL
08.05.16.0002.01

FHz + Π k È mL � FHz È mL + 2 k KHmL �; k Î Z
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Argument involving inverse trigonometric functions

08.05.16.0003.01

FIsin-1HzL É mM � sn-1Hz È mL �; -1 < z < 1 ß m < 1

08.05.16.0004.01

FIcos-1HzL É mM � cn-1Hz È mL �; -1 < z < 1 ß m Î R

08.05.16.0005.01

FIä sinh-1HzL É mM � ä sc-1Hz È 1 - mL �; m > 0 ß m Î R

08.05.16.0006.01

F sin-1I m sinHzLN 1

m
� m FHz È mL �; -

Π

2
< z <

Π

2

08.05.16.0007.01

F
1

2
sin-1

m tanHzL + H1 - mL tan4HzL + tan2HzL
tan2HzL + 1

4 m

I m + 1N2
�

m + 1

2
FHz È mL �; 0 £ m < 1 ß 0 £ z < 1

Products, sums, and powers of the direct function

Sums of the direct function

08.05.16.0008.01

FHz1 È mL + FHz2 È mL � F sin-1
cosHz2L 1 - m sin2Hz2L sinHz1L + cosHz1L 1 - m sin2Hz1L sinHz2L

1 - m sin2Hz1L sin2Hz2L m �;
0 £ m < 1 ì  z1¤ < 1 ì  z2¤ < 1

Identities

Functional identities

08.05.17.0001.01

FHz È mL �
1

m
 F sin-1I m sinHzLN 1

m
+ 2

ReHzL
Π

 KHmL
08.05.17.0002.01

FHz È mL �
2

m + 1
 F

1

2
sin-1

m tanHzL + H1 - mL tan4HzL + tan2HzL
tan2HzL + 1

4 m

I m + 1N2
�; 0 £ m < 1 ß 0 £ z < 1

Differentiation

Low-order differentiation

With respect to z
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08.05.20.0001.01

¶FHz È mL
¶z

�
1

1 - m sin2HzL
08.05.20.0002.01

¶2 FHz È mL
¶z2

�
m sinH2 zL

2 I1 - m sin2HzLM3�2

With respect to m

08.05.20.0003.01

¶FHz È mL
¶m

�
EHz È mL

2 H1 - mL m
-

FHz È mL
2 m

-
sinH2 zL

4 H1 - mL 1 - m sin2HzL
08.05.20.0004.01

¶2 FHz È mL
¶m2

�
1

16 Hm - 1L2 m2
 

8 H2 m - 1L EHz È mL + 4 H3 m - 2L Hm - 1L FHz È mL +
m Im2 + 2 H3 m - 1L sin2HzL m - Hm - 1L cosH2 zL m - 7 m + 2M sinH2 zL

I1 - m sin2HzLM3�2

Symbolic differentiation 

With respect to z

08.05.20.0012.01

¶n FHz È mL
¶zn

� ∆n FHz È mL +
∆n-1

1 - m sin2HzL
+

2 än-1 J 1

2
N
n

Hn - 1L ! 1 - m sin2HzL
 

â
q=1

n-1 H-1Lq n - 1

q

2 q + 1
 I1 - m sin2HzLM-q â

j=0

q
q

j
m j H2 - mLq- j 2- j+n-q-1 â

i=0

j
j

i
H2 i - jLn-1 ã2 H2 i- jL ä z �; n Î N

08.05.20.0013.01

¶n FHz È mL
¶zn

� FHz È mL ∆n + â
j=1

n 1

j !
 â
q=0

j-1
j

q â
p=0

j-q H-1Lq 2q- j sinqHzL Hq + 2 p - jLn ã-
1

2
ä HΠ H j+n-q-2 pL+2 H- j+q+2 pL zL j - q

p

â
i=0

j-1 H1 - jL2 H j-iL-2

H j - i - 1L ! H2 sinHzLL j-2 i-1
 â
s=0

i i

s

1

2 s

1

2 i-s
mi-s cos-2 s-1HzL I1 - m sin2HzLM-i+s-

1

2 �; n Î N
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08.05.20.0005.02

¶n FHz È mL
¶zn

�

∆n FHz È mL +
än-1 2n-2

ã2 ä z m

m-2 1-m +1
1 - m sin2HzL

 
I1 - ã2 ä zM m + 2 1 - m - 2

1 - m
â
k=0

n-1 ã2 ä k z Sn-1
HkL H-mLk

IIã2 ä z - 1M m + 2 1 - m + 2Nk

1

2 k
 F1

1

2
; -

1

2
,

1

2
;

1

2
- k;

Iã2 ä z - 1M m + 2 1 - m + 2

-m + 2 1 - m + 2
,

Iã2 ä z - 1M m + 2 1 - m + 2

4 1 - m
�; n Î N

08.05.20.0006.02

¶n FHz È mL
¶zn

� ∆n FHz È mL + 2
1

2 n
 â
k=0

n-1 H-1Lk I1 - m sin2HzLM-k-
1

2

k ! H2 k + 1L Hn - k - 1L !
 
¶n-1 I1 - m sin2HzLMk

¶zn-1
�; n Î N

With respect to m

08.05.20.0007.02

¶n FHz È mL
¶mn

�

J- 1

2
N
n

sin2 n+1HzL
2 n + 1

F1 n +
1

2
;

1

2
, n +

1

2
; n +

3

2
; sin2HzL, m sin2HzL �; n Î N

Fractional integro-differentiation

With respect to z

08.05.20.0008.01

¶Α FHz È mL
¶zΑ

� 2Α Π z1-Α â
k=1

¥ H-1Lk J 1

2
N
k

k !
2F1 k +

1

2
, k +

1

2
; 2 k + 1; m 1F

�
2 1; 1 -

Α

2
,

3 - Α

2
; -k2 z2 K m

4
Ok

+
2 z1-Α

Π GH2 - ΑL  KHmL
08.05.20.0009.01

¶Α FHz È mL
¶zΑ

� Π z1-Α 2Α-1 â
j=0

¥ â
l=0

¥ H-1L j+l 2-2 j-2 l ml

H2 j + 2 l + 1L j ! l!

1

2 j

1

2 l

â
p=0

j+l H-1Lp 2 j + 2 l + 1
p

H2 j + 2 l - 2 p + 1L 1F
�

2 1; 1 -
Α

2
,

3 - Α

2
; -

1

4
IH2 j + 2 l - 2 p + 1L2 z2M

With respect to m

08.05.20.0010.01

¶Α FHz È mL
¶mΑ

�
m-Α sinHzL Π

2
â
k=0

¥ J 1

2
N
k

2
sin2 kHzL
k !

 3F
�

2

1

2
, 1, k +

1

2
; k +

3

2
, 1 - Α; m sin2HzL

08.05.20.0011.01

¶Α FHz È mL
¶mΑ

�
m-Α Π sinHzL

2
 F
�

2 ´ 1 ´ 0
1 ´ 3 ´ 2

1

2
; 1

2
; 1

2
, 1;

3

2
;; 1 - Α;

 sin2HzL, m sin2HzL
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Integration

Indefinite integration

Involving only one direct function

08.05.21.0001.01

à FHz È mL â z �
z2

Π
 KHmL +

1

2
â
k=1

¥ H-1Lk H1 - cosH2 k zLL
k ! k2

1

2 k
2F1 k +

1

2
, k +

1

2
; 2 k + 1; m K m

4
Ok

Involving one direct function and elementary functions

Involving trigonometric functions

Involving sin 

08.05.21.0002.01

à sinHzL FHz È mL â z �
1

m
 tan-1

2 m sinHzL
cosH2 zL m - m + 2

- cosHzL FHz È mL
08.05.21.0003.01

à sinH2 zL FHz È mL â z �
2 EHz È mL + H-cosH2 zL m + m - 2L FHz È mL

2 m

08.05.21.0004.01

á FHz È mL
1 - m sin2HzL

 â z �
1

2
FHz È mL2

08.05.21.0005.01

á sinH2 zL FHz È mL
1 - m sin2HzL

 â z �
2 z - 2 cosH2 zL m - 2 m + 4 FHz È mL

m

08.05.21.0006.01

á sinH2 zL FHz È mL
I1 - m sin2HzLM3�2  â z �

2

m
 

2 FHz È mL
cosH2 zL m - m + 2

-
tanh-1I m - 1 tanHzLN

m - 1

Involving cos 

08.05.21.0007.01

à cosHzL FHz È mL â z �
logI 2 m cosHzL + cosH2 zL m - m + 2 N

m
+ FHz È mL sinHzL

Involving sinand cos 
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08.05.21.0008.01

á cosHzL FHz È mL
I1 - m sin2HzLM3�2  â z �

2 FHz È mL sinHzL
cosH2 zL m - m + 2

-
1

m - 1 m
 tanh-1

cosHzL
m-1

m

Involving cotand csc 

08.05.21.0009.01

à cotHzL cscHzL FHz È mL â z � -cscHzL FHz È mL + tanh-1
2 cosHzL

cosH2 zL m - m + 2
sinHzL

Involving tanand sec 

08.05.21.0010.01

à secHzL tanHzL FHz È mL â z � FHz È mL secHzL -
1

1 - m
 tanh-1

2 - 2 m sinHzL
cosH2 zL m - m + 2

08.05.21.0011.01

à sec2HzL tanHzL FHz È mL â z �
1

4 Hm - 1L  JtanHzL I2 Hm - 1L FHz È mL tanHzL + 2 cosH2 zL m - 2 m + 4 N - 2 EHz È mLN
Involving different trigonometric functions  

08.05.21.0012.01

á cotHzL cscHzL FHz È mL
1 - m sin2HzL

 â z � -
cosH2 zL m - m + 2 cscHzL FHz È mL

2
- logKcosK z

2
OO + logKsinK z

2
OO

08.05.21.0013.01

á secHzL tanHzL FHz È mL
1 - m sin2HzL

 â z �

1

2 m - 2
 K-2 logKcosK z

2
O - sinK z

2
OO + 2 logKcosK z

2
O + sinK z

2
OO - 2 cosH2 zL m - 2 m + 4 FHz È mL secHzLO

Involving only one direct function with respect to m

08.05.21.0014.01

à FHz È mL â m � 2 cosH2 zL m - 2 m + 4 cotHzL + 2 EHz È mL + 2 Hm - 1L FHz È mL
Involving one direct function and elementary functions with respect  to m

Involving power function

08.05.21.0015.01

à m FIz É m2M â m � 1 - m2 sin2HzL cotHzL + EIz É m2M + Im2 - 1M FIz É m2M
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Representations through more general functions

Through hypergeometric functions of two variables

08.05.26.0001.01

FHz È mL � H-1Lf ReHzL
Π

r
 sinHzL F1 ´ 0 ´ 0

1 ´ 1 ´ 1

1

2
; 1

2
; 1

2
;

3

2
;;;

 m sin2HzL, sin2HzL + 2 
ReHzL

Π
KHmL

08.05.26.0006.01

FHz È mL � sinHzL F1

1

2
;

1

2
,

1

2
;

3

2
; sin2HzL, m sin2HzL �;  ReHzL¤ <

Π

2

08.05.26.0007.01

FHz È mL � 2 
ReHzL

Π
KHmL + H-1Lf ReHzL

Π
r
 sinHzL F1

1

2
;

1

2
,

1

2
;

3

2
; sin2HzL, m sin2HzL

Through Meijer G

Classical cases involving tan-1 in the arguments

08.05.26.0002.01

F tan-1 J z
4 N 1 -

1

z
�

1

4 Π
 G2,2

2,2 z
1, 1
1

2
, 1

2

�; z Ï H-¥, 0L
Classical cases involving cot-1 in the arguments

08.05.26.0003.01

F Jcot-1 J z
4 N Ë 1 - zN �

1

4 Π
 G2,2

2,2 z
1

2
, 1

2

0, 0

Through other functions

Involving some elliptic-type functions

08.05.26.0004.01

FHz È mL � PH0; z È mL
08.05.26.0005.01

F cot-1
2 z1

a + a2 - 4 b

2 a2 - 4 b

a + a2 - 4 b

� -2
1

2 a- a2-4 b

b

elog z1, z1
3 + a z1

2 + b z1 ; a, b

Representations through equivalent functions

With inverse function

08.05.27.0001.02

FHamHz È mL È mL � z �; Hm £ 1 ß -2 £ z £ 2L Þ H z¤ < 1 ß  m¤ £ 2L
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08.05.27.0002.02

amHFHz È mL È mL � z

With related functions

08.05.27.0003.01

FHΦ È mL �
I 1 - n cotHΦL + EHΦ È mLN KHmL - 1 - n cotHΦL PHn È mL

EHmL �; Φ � sin-1
n

m
í 0 < n < 1 í 0 < m < 1

Theorems

The electrostatic potential of an ellipsoid

The electrostatic potential VHx, y, zL  of an ellipsoid with semi-axes a, b, c of charge Q at the point 8x, y, z< is given

by

V  Hx, y, zL µ Q c2 - a2 F sin-1 
c2 - a2

c2 + Ξ

b2 - c2

a2 - c2
�; x2

a2 + Ξ
+

y2

b2 + Ξ
+

z2

c2 + Ξ
� 1.
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