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Notations

Traditional name

Incomplete eliptic integral of thefirst kind

Traditional notation

FzIm

Mathematica StandardForm notation

EllipticF[z m]

Primary definition
08.05.02.0001.01

z 1
F(Zlm)zzf —dt

® V1-msin¥t

Specific values

Specialized values

For fixed z

08.05.03.0001.01
F(z|0) =2z

08.05.03.0002.02

T

F(z| 1) = log(sec(2) + tan(2)) /; IRe(2)| < >
08.05.03.0010.01

2
-1

R
Fiz|D= tanh’l(sin(z)) +( + 1) i 0(lm(2) R&2) /; IRe(2)| < 7—T

2

T

08.05.03.0011.01

Vs
F(z|1) =&/, |IRe()| > 3

08.05.03.0012.01

FzlD = 2tanh’1(tan(§)) /; IRe&(2)] < g
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08.05.03.0013.01

F(z| 1) = tanh™(sin(@) /; |Re(2) < g

08.05.03.0014.01

11
F(Sn @] -1) = zoF4| -, =
(sin (Z)| )=12> 1(4 2

NN
N
N—

08.05.03.0015.01

Fsn'@|-1)= i BZA(—, —)

For fixed m

08.05.03.0003.01
FO|m=0

08.05.03.0004.01

08.05.03.0005.01

km
F[? ’ m] =kKm /;kezZ

08.05.03.0016.01

F(csc’l(\/ﬁ) ‘ m) = % K(%)

08.05.03.0017.01

F(esc{(vim )+ 7k | m) = iK(1)+2k|<(m)/;kez

Nt

08.05.03.0018.01

F@anzim| m=z/,(m<1A-2<z<2)V(Z4<1Am <2

Values at infinities

08.05.03.0006.01

F(z| ©)==0
08.05.03.0007.01
F(z| —00)==0
08.05.03.0008.01
1 1
F@i oo | M) =K(m) — —K(—)/; O<m<1
m

m

08.05.03.0009.01

1 1
F(=ico|m)= —K(—)—K(m)/;0<m<l
m m

General characteristics
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Domain and analyticity
F(z| m) isan analytical function of zand mwhich is defined over C2.
08.05.04.0001.01

(zsm—F@Z|m)::(CRC)—C

Symmetries and periodicities
Parity
F(z| m) isan odd function with respect to z.

08.05.04.0002.01
F(-z| m) =-F(z| m

Mirror symmetry

08.05.04.0004.01
Fz| T =F@Z|m/,-(MmeRAm> 1)

Periodicity
F(z| m) isaquasi-periodic function with respect to z.

08.05.04.0003.01
Fz+rk|m=Fz|m+2kK(m) /; ke Z

08.05.04.0011.01
Re(z)}

s

Re(2)
F(z|m):F(z—7r{ m)+2{ }K(m)

s

Quasi-symmetry

08.05.04.0005.01
X

F(x+iy|m) == F(zrfrac{—) +iy
T

Poles and essential singularities

m)+299n(x){iHK(m)/;xe[R/\ye[R
T

With respect to z
The function F(z | m) does not have poles and essential singularities with respect to z.

08.05.04.0006.01
Sing (F(z| m) = {}

With respect tom
The function F(z | m) does not have poles and essential singularities with respect to m.
08.05.04.0007.01

Sing, (F(z| m) == {}

Branch points
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With respect to z

For fixed m, the function F(z| m) has an infinite number of branch pointsat z== J_rsin‘l(%) +nk/;keZ,and z== . All
m

these are square-root-type branch points.

If real m> 1, the function F(z| m) additionally has an infinite number of special contact points at z== g +nk/; ke Z,

which are formed in places where pairs of corresponding branch cuts touch one another. That points look like branch cut
points but they are not branch cut points. The function F(z| m) has rather complicated behaviour near that points.

08.05.04.0008.01

BP(F(z| m) = {{sin'l[%] +rk/ ke z}, {—si n‘l[i] k) ke z}, 60}

m

08.05.04.0009.01

1
RZ[F(2| m), sinl[—] +7rk] =2/keZ
m

08.05.04.0010.01

1
RZ[F(zl m), —sin‘l[—] +7rk] =2/keZ
m

With respect tom
For fixed z, the function F(z | m) has two branch points at m== csc?(2) and m== &.
08.05.04.0012.01
BPm(F(z| m) = {csc?(2), &}
Branch cuts

With respect to z
General description

For fixed m, the function F(z| m) can have up to six infinite sets of branch cuts (it has at least four), which form
very complicated curves in the case of generic m.

For fixed real m < 1, the function F(z| m) does not have branch cuts on the real axis and on the vertical intervals
{esci(vVm) + 7k 7 —csci(Vm) + 7k} i ke Z Ame (oo, 1).

For fixed real m < 1, the function F(z| m) has four infinite sets of branch cuts located on vertical intervals starting
at thepointsz==rk+ csc"}(v/m ) /; k € Z and extending to imaginary infinity.
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For fixed generic m, the function F(z| m) has the following six infinite sets of branch cuts:
1) real intervals {r k + csci(Vm), mk+ %} /;keZ Am> 1, where F(z| m) is continuous from below (for
generic complex m, these branch cuts deform into complicated curves); in the case m < 1 these real intervals vanish
2) redl intervals {rk + Zork+1) - csnrl(\/ﬁ)} /i ke Z Am> 1, where F(z| m) is continuous from above

(for generic complex m, these branch cuts deform into complicated curves); in the case m < 1 these real intervals
vanish

3) vertica intervals {7 +27k, 3 +2xk+ico}/;keZAme (0, 1), or
{ﬂ—CSC‘l(\/H)+27rk, %+27Tk+ioo} /ikeZ Ame (0, 1), where F(z| m) iscontinuous from the left

4) vertica intervals {3 +2nk 2 +27k+ico);keZAme (0, 1), or
27— csc(Vm) + 27k, 37” +2nk+ico) /;keZ Ame (0, 1), where F(z| m) is continuous from the right

5) vertical intervals {%+27rk—z'oo, g+2nk}/;keZ/\m¢(O, 1), or
{Z+2nk—ico, 27k +csc(Vm)} /i ke Z Ame (0, 1), where F(z| m) iscontinuous from the left

6) vertica intervals {37”+27rk—u‘oo,37”+27rk}/;keZ/\me§(0, 1), or

{37” +2nk—ico, 2nk+m+csc(Vm)} /s ke Z Ame (0, 1), where F(z| m) iscontinuous from theright.

08.05.04.0013.01

BC,(F(z| M) = {{{(nk+csc*1(«/ﬁ),nk+g), i} ke Z AmeR Am> 1},
{{(ﬂk+z,ﬂ(k+l)—csc’1(ﬁ)),—Il}/;keZ/\me[R/\m>1},
27Tk+— 2k7r+5+uoo) }/;keZ/\me,’e(O,l)}\/
{(27rk+7r s (x/ﬁ),zkn+g+im),1}/;kez/\me(o,1)},

27rk+— 2k7r+3?+loo) —1}/;kez/\m$(0, 1)}\/

2nk+—-m 2k7r+2) 1} kez Ame© 1}/
{(27rk+——uoo 27k+csc («/H)) 1} /;keZ Ame ©, 1},

(
{
i
{{(znk+2n e M) 2k s - wieo), 1) ke Z Ame 0, D),
(
{
(2nk+——m 2k77+2) -1} ke zAme ©, D} \/

{

{(2nk+——m 27K+ 7+ 0T (\/m)),—l}/;kel/\me(o, v}
Formulas on real axis for real m

Form<1

For fixed real m < 1, the function F(z | m) does not have branch cuts on the real axis.
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Form>1

08.05.04.0014.01

+ 1) K@m) /;
T

2 1
lim F(x+ie|m)=-F(z| m)+—K(_)+4(

e—>+0 m m
xe[R/\me[R/\m>1/\nk+csc‘1(\/ﬁ)<x<nk+g/\kez

08.05.04.0015.01
T

lim Fix—ielm=Fx|m/;xeR/\meR /\m>1/\nk+csc}(Vvm]|<x<nk+—-/\kez
[\mer Am>1/\ (Vm) A

e—>+0

08.05.04.0016.01
Ve
lim Fix+ielm=Fx|m/;xeR/\meR /\m>1/\ —+rk<x<nk+1)-csc}(vVm kez
[Amer \m>1/\ 2 (Vm) A

e—>+0

08.05.04.0017.01

+ 1) K(m) /;
T

2 1
lim F(x—ie|m)=-F(XX|m - — K(_)+4(
e>+0 m m

Ve
xeR/AmeR/\m>1/\nk+—-<x<nk+1)-cscH(vm kez
Amew Am>1\rk VA
Formulas for vertical intervals

Form<1

For fixed rell m<1, the function F(z|m) has branch points csc™(Vm)+rk/;keZ and

m—csc(Vm)+rk/; ke Z. Inthis case branch cuts lay at the vertical lines beginning from these points and
going to imaginary infinity. By this reason for fixed real m < 1, the function F(z | m) does not have branch cuts on

the vertical intervals {csc™{(Vm ) + 7k, 7 — csc (Vm ) + 7k} /; ke Z Ame (-0, D).

Form>20

08.05.04.0018.01
Ve
m): F(Zﬂk+ix+ > ‘ m)/;XE[R/\keZ

b
lim F(27T|(+iX+E—€

e—>+0
08.05.04.0019.01

2 1
m)— —_ K(—)+4(k+ DHKm) /;
Vm o m

me[R/\xe[R/\(0<m< l/\x>—|m(csc‘l(\/ﬁ)))\/(m> IAX<O)AkeZ

08.05.04.0020.01

Vs
m):—F(z’x+—
2

Ve
lim F(an+u‘x+ E+E

e—>+0

T 2 1
m)::—F(u'x+ — m)+ —K(—)+4kK(m)/;
2 Vm \m

me[R/\xe[R/\(0<m<1/\x<Im(csc‘l(\/ﬁ))\/m> 1/\x>0)/\keZ

w
lim F(2nk+ix+ —+e€
e—>+0 2
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08.05.04.0021.01

3n 2 1
lim F(an+ix+7—e m)——K[—)+4(k+2)K(m)/;
m

3r
m) = —F[zfx+ —
e—>+0 2 m

me[R/\xe[R/\(0<m<l/\x>—|m(csc‘l(\/ﬁ)\/m> 1/\x<0)/\keZ

08.05.04.0022.01

3n 2 1
m): —F(ix+ — m)+ —K(—)+4(k+ DK /;
2 Vm 'm

me[R/\xe[R/\(O<m< l/\x<|m(csc‘l(m))\/m> 1/\x>0)/\keZ

08.05.04.0023.01

3
lim F(an+u’x+ ?—e

e—>+0

3n 3n
lim F(an+ix+?+e m):F(an+zzx+?‘m)/;XE[R/\keZ

e—>+0

With respect tom

Branch cut locations: complicated.

Series representations

Generalized power series

Expansions at generic point z == 7,

For the function itself

08.05.06.0015.01

1 msin(2 z)
FzlmoecFZ|m+ —(2Z-2) + —3/2(2—20)2'*' w1 (2> )
1-msin®(zo) 4(1-msin’(z))
08.05.06.0016.01
1 msin(2 z)
Falm«F@lm+ ———— -2+ ———— (@~ 2"+ 0(z-2)")
1-msin’(z) 4(1- msinz(zo))

08.05.06.0017.01

z- 1 * -1
Fzlm=Fz|m+ “ + Z—[ik‘l[k 2 ]]
1

\/1—msin2(zo) \/1—msin2(zo) 2 K! k-
SN IO &y A
;2q+1( ] )(1_msn2(zo))qj_zo(?) ](2_m)q—J2—j+k—q—l§(:)(ZI_J)k—lez(ZlJ)tZo(Z_ZO)k

08.05.06.0018.01

o1 kot _ i (7 (j j |-
F(zl m) = F(zo | m) +k§ a2 (A)Z(—l)q 218z (-] + 2p+ e 3 1 EP Iz (%)
= j=1 =0 p=0
G Loty (L) e
2(j-i)-2 _ (I )(_] (_) m'_SCOS_ZS_l(ZO)(l—mSinz(Zo)) i+s-2 (z- 2"
S (-i+ ] - Dt @sin(z) 2 S5V 8N 2) 20
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08.05.06.0019.01

00

1
Fzim =) — F“ |m - 2"
k=0 ™*

08.05.06.0020.01
F(zlm) o F(zo | M) (1+ Oz~ 2))

Expansions on branch cuts

Formulas on real axis for real m

For m> 1, csc{(vVm) + ru<x<n(u+ 3 5)iuez

08.05.06.0021.01

1 1 X 1 i rrg(X—n J
F(z|m) « —K(—)+2( +1)K(m) [1—e 2r ]+
Vvm 'm 2

m T 2
LT 1 msin@2x) ) ] |
F(x| m)e 2n Jt+e 2r | (z2- X+ ————— (- X+ ... | /;
vV 1-msin’(x) 4(1- mSJinz(X))a/2
(Z—>X)/\X€[R/\m€[R/\m>1/\7TU+CSC_1(\/H)<X<7TU+2/\U€Z

08.05.06.0022.01
1 (1 x 1 e~
F(z|m)= —K[—)+2( — +1)K(m) (1—@ 2 )+
vm m T 2
i agx-2 i agx-2 Z—X 1 0 ik—l Kk — 1
F(x| m)e { 2r J+e { 27 J[ + Z_[ 2]
!

\/1—msjn2(x) \/1—msjn2(x) =

i=0

xe[R/\me[R/\m>1/\7ru+csc’1(\/ﬁ)<x<zru+g/\uez

08.05.06.0023.01

e[ ()

+ 1) K(m)] [1 - e_“-[%u +F(x| m) @f”[$J
m

(z-»x)/\XE[R/\me[R/\m> 1/\nu+csc’1(\/ﬁ)<x<7ru+g/\UEZ

(-1 (k— ) (1- msin?0) qu]( )mj 2—my 21+kqlzj](j)(2i—j)“e2<2‘W(Z—X)k /;
=12a+1 q =0 ! |

1+0@zZ-X)/;

Form>1,7r(u+%)<x<7r(u+1)—csc*1(\/ﬁ)/;UEZ
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08.05.06.0024.01

Fzlm) o« [Z(E - % + 1) K(m) - % K[i)] [1 - e_”irg:X)J] +

m

LT _,”-rg<z-x>J[ 1 msin@2x) ) ]
F(X|me 2z ye w -t —— (Z-X%+... |/

vV 1-msin’(x) 4(1—m51ir12(x))3/2
(z-»x)/\xe[R/\me[R/\m> 1/\nu+g<x<n(u+1)—csc’1(\/ﬁ)/\uez

08.05.06.0025.01

Fzlm) = [Z(E - %J + 1) K(m) - % K(%)] (1— @‘”"VQQZX)J) +

m

.| argz-x) .| agz-x) Z—X 1 ) Ek 1 1
F —L \‘—”J —L \\ . J . [ ]
X|mye 2r Jt+e 2 [ + kz o

\/1—msjn2(x) \/1 msin (x)

k1 (-9 ko1 4 4 o g o
Z ( )1 msin’(x)) Z( )m‘ (2 - myd- 2—1+k—q—12(.)(2i—j)k—lez@'-l)”(z—x)k /:
q=12q+l q j=0 i=0 !

xe[R/\me[R/\m>1/\7ru+g<x<n(u+1)—csc’1(\/ﬁ)/\uez

08.05.06.0026.01
F(z| m) o ZQ——— +1]K(m)——K(—) [l—e 2n ]+F(x|m)e 2n
T 2 Vm \m

(z-»x)/\de/\me[R/\m> l/\ﬂ'u+g<X<JT(U+1)—CSC4(\/H)/\UEZ

1+0zZ-Xx)/;

Formulas for vertical intervals

For Re(— - —) eZ
08.05.06.0027.01
F(z| m) o«
{2 )i () [;”‘(la’*il"”%J%%-“ff‘” . ] o e

1 msin(2 z) 2,
-2+ wi@o ) [\ e[———)
1-msin’(zo) 4(1-msin’(zy))
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08.05.06.0028.01

F(z|m) = [Z(ZRe[ZZ'—;r - %) + 1)K(m) - % K(%)] [@m{

m
A 2
k=1 7

agzz) 3
2 4

J*F’agﬁ)

4 2n

]]

koq it i 1., . ) i
Z _ ( ] )Z(_l)q 20-i sinq(zo) 2p+q- j)k @‘E‘(’“”k‘z P-0)+2(2 p+a-]) Z) ( ] q)
=1 )° g=0 p=0 P

=3 A= Daoi-2

0 (j—i-D!(@sinz) 2!

iyl (1 _ si-L n 1
112 mScos2st 1—msn? 2(5,_ 7K ;R{—— _) z
S;;(S)(Z)s(Z)i—s 0 (ZO)( man (ZO)) -2/ 2n 4 ©

08.05.06.0029.01
F(z| m)

(e 2 o)

,[

m

A )

(1+0(z-2)) /; (z )/\Re(ZO 1) z
% % 2n 4

For Re(zz’—;r— %)eZ

08.05.06.0030.01

F(z| m) o«
[l 5,
m

1 msin(2 z) )
(z—zo)+—2(z—zo) +.../i(@z- zo)/\R ———)eZ

Z 3
ll—msinz(zo) 4(1—msin2(zo))3/ 27 4

08.05.06.0031.01

1 (1 % 3 i rg("zf’) 3J+[z,“g(2*20) ]
F(z| m) = [— K(_)"'Z(ZR@(———]+1)K(m)][l—@ 27 4| |4 2x ]+
vm \m 27 4
F(zy | m) e_” rg(ZZ:O)Jr‘l_‘JJ{LHQ(ZZ:O)J] + i %
k=1 K

=3 A= Daoir-2

. j-q .
( J )Z(_l)q 21 sin%(z5) 2 p+ g — )X o3 (ri+k-2p-0+22pra-i ) ( 1= q)
g Rl A Eer: P

i1y (1 _ it z 3
112 miScos2st 1-msn? 2(5_ 7K ;R{———) z
Z(S)(z)s(zl_s cos 25 (z) (L-msin’(z) 2 (z—2)*/ )€

s=0

0 (j—i— D! @sinz)) "
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08.05.06.0032.01
F(z| m) o

[l oondiz -5

1+0G-2) /2 %) [\ R - 3) z
& % 2n 4

a2

, la’g(z’zo) 1J [1
i += |+ ==
2n 4 4 2n

-

l-e

e

]+F(Zo|m)€

Expansionsat z==0

08.05.06.0033.01

mzZ m-4+9m7Z m(16-180m+2251m?)Z’  m(-64+ 3024 m- 1260017 + 11025m°) 2
Fzlmocz+ —+ + + s
6 120 5040 362880

(z-0)

08.05.06.0001.02

mzZ m-4+9m7 m(16-180m+225n?)z’ m(-64+3024m— 1260017 + 11025 m®) 2
FZlmoz+ — + + + +0(z")
6 120 5040 362880

08.05.06.0034.01
j

o k-1 _l k-1 _1d _ ‘ . ‘ .
F(Z'm):”Z%[I( ZJZ( : (kql) (?)m‘(Z—m)q’J2"”"*’12(:)(%—])"’12"
k=1 ™° :

q
k-1 q=12q+1 j=0 i=0

08.05.06.0035.01

o oo kel (l)k(2_k)(_1)i—j+k22i—2k+1(j _k)zi K

2)ic|

Falm=2+).) ), KI 2+ 1)1 Z

i=1 k=1 j=0

08.05.06.0036.01
Fzlm) « z+O(2%)
Expansionsat z== csc‘l(\/ m ) +nu/,ue”Z

08.05.06.0037.01

V2 \-@z-z)Vm-1

1 1
F(z| m) o —K(—)+2uK(m)—

Vm \m Vm-1
m-2 9P —4m+4 , 15mP-26mP-12m+8 .
1- Z-z)+ —————(Z-279)° - (Zz-29°+...|/s
12vVm-1 480(m-1) 2688 (m— 1)32

(z—>zo)/\20:csc’1(\/ﬁ)+nu/\uel

08.05.06.0038.01

1 1 V2 1 1)k
F(Z|m==—K(—)+2uK(m)— -(z-zp)Vm-1 [k+2]2_ (I-()pj,k(Z—zO)k/:
vm 'm Nr——y o2k+1l k )g2j+1l]
csc‘l(\/m)+ u/\u Z/\ 1/\a v
== e e == ==
% % 2T 2K+ 1!

(_1)k*l 22k(2_ m) 1.V ) )
fon = ——————— \keN N\ puo=1/\puv == WUj+]-V)a pu;
Vm-1 2k+2)! Via
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08.05.06.0039.01

(1+0@z-2)) /; (z—> zo)/\zozcsc’l(\/ﬁ)wru/\uez

1 1 V2 \-@z-z)Vm-1
F(z|m) o« —K(—)+2uK(m)—
NeS

m M Vvm-1

Expansionsat z== —csc‘l(‘/ m ) +ru/;ue”Z

08.05.06.0040.01

V2 y@z-z)Vm-1

1 1
F(z| m)oc——K(—)+2uK(m)+

m M m-1
m-2 9m2—-4m+4 15m -26m? —12m+8
1+ Z-20)+ ————— (z2-2)° + (z-20°+...|/;
12vVm-1 480(m-1) 2688 (m— 1)32

(z—>zo)/\zo=—csc‘l(\/ﬁ)+nu/\uez

08.05.06.0041.01

1 (1 V2 © (-1 ERNLEYEN]
F(zlm)==——K(—)+2uK(m)+ (z-z)Vvm-1 - [kLZ]Z(.) (lj()pj,k(Z—zo)k/;

m m m—1 oo 2k+1 J:OZJ+1
% Csc—l(m) u/\u Z/\ao 1/\a (= 1)k 22k /\
== — + 7T (= == ==
2T ks 1
(_1)k—l 22k(2_m) 1V ) )
Aoyl == —/\I(EN/\ Puo == 1/\ Puy == _Z(UJ +]-V) aj Puy-j
Vvm-1 2k+2)! Vi

08.05.06.0042.01

1 1 V2 \(@z-z)Vm-1
( )+2uK(m)—

F(z|mo-——K
m

1+0z-2) /; 2> 2) \wo=-csc(Vm ) +7u \uez

m-1

Expansionsat z==x/2+2au/;ue ZAm>1

08.05.06.0043.01

|20, [ Y gy [
— |+ |- i(Z-2) + ——————+i(z2-2) |-
n -1 -5 (z- 2

1 [ 1 V @z-2)
i |- Al

F(z| m) o

K(m) —

1 z-7 m(z- z)®
K[—) + - +.../;
Vi-m 6@-m¥

vm (z-2)? -7 m

(z—>zo)/\zO::g+2nu/\uel/\meﬂ{/\m>l
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08.05.06.0044.01

o .

agfz-2) ) agfz7) ;J [1 agz7)

F<Z|m)==[ {@%(—D[; g(” J—(—1)l " j+(—1)l 2o

m

gy 22

I S (k-8 ¢ k-1 . T . _
i [\ 1)2 () m”Z( Jom! @-mt 2 @i et

(z—>zo)/\zo———+2nu/\ueZ/\me[R/\m>l

08.05.06.0045.01

Re(zp)
Fzlm=|2|—— |+

1 ) ﬁkl[k_i]kl ( 1)01 (k—l) q q X . . j J
2 (1-m ( ; ) ()} 2— m) it ( : )<2i -z,

i=0
(z—>zo)/\zo —+2nu/\ueZ/\me[R/\m>1

08.05.06.0046.01

F(zIm) Z{R%W S Frem. St Lk
z|m) o« — |+ |- i(Z2-2) + ————+i(z-2) |- m) —
n -7 -1 (z-2)?
1 1 \ @Z-20)? 1
i |- Z-z)+ — ( ] 1+0@z-2)) /; 20 = —+271u/\ueZ/\me[R/\m>l
Vm (-2 2-2% m

Expansionsat z==3x/2+2au/;ueZAm>1

08.05.06.0047.01

— - -i(Z-2) +——————+i(z-2) |-
m -1 -7 (z-2)°

1 -7 m(z- z)°
K[—)+ - +
Vi-m 6(1-m¥?

F(z| m) o«

K(m) —

m

vVm
(z—>zo)/\zo———+27ru/\ueZ/\me[R/\m>1
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08.05.06.0048.01

H 3 @)

agfz-7) a'iHo)J_( 1)[8'9(2*20) 2 T J .

_ “Rwﬂ | =t
aim=|o| 2|0 ey
T

m

RO VRS

i

1 ool‘k—l |(—— kl( 1)C| K—1 B q q ) o ] L
Z—[ )Z (5 )(1—m)q;(j](—m)'<2—m>q12k1“Z(i)@u—n“(z—zo)k/;

Vi-m iz K \k-1)i3209+1 i=0

(z—>zo)/\ __—+2ﬂu/\ueZ/\me[R/\m>1

08.05.06.0049.01

Re(Z) i \ @Z-20)? 1
- / V-i-2) + ——— +i@z-2) /—
{ n } z-7 z-7 (z-12)°

K(m) —

1 1 vV (z-29)? 1 -2
i |- z-2)+ — K[—)+ +
vm (z- 2 -7 m 1-m

1 0o k-1 _1\k1 (_1yd _ q ) . . i
Z”_(k z)z( ) (k 1)(1—m)-q2(9)(—m)'(2—m)‘H2k-1-q-12(:)(2i—j)k‘l(z—20)k/;
Vi-m iz k' \k-1)5729+1% 4 o) i=0

(z—>zo)/\20==3?7T+27ru/\uez/\me[R/\m>l

08.05.06.0050.01

Re(zo) i V@Z-2)° 1
- N-i@-2) + ———ti(z-2) |-
{ g } Zm% Z-2% \ @’

1+0((z-27)) /29 = —+27ru/\uaZ/\me[R/\m>l

FzIm

K(m) —

Expansionsat z ==
08.05.06.0051.01

\/ —sin’(2)

Re(2) {Rew]
F(zlm)oc2{ }K(m)+( 1)
Vg Sn(z)

—sin
K(1- m)+—[1 Vm [ — ] (Z) Km) |+
sn’

V —sin’(2) [ m+1 3mf+2m+3
1+

csc’()) + ————— et (@) + O 6(z))] ] /; (17 = )
401r?

sin(z) y -msi n2(z)
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08.05.06.0052.01

Re(2) tRem] \/ —-sin (Z) —sin (Z)
Fizlm=2 { wK(m) +(-1) K(l- m)+— 1-vm K(m) |+
n sm(z) sn’(2)
o (3)sn®@ . 1
Z 2 1(—,—k; — -k —)
2k+1k! 2 2 m

k=0

Y -sin (z

sin(z) Y —-msin (z)

08.05.06.0053.01

Re(2) |2 V- —sn(z)
F(z|m)oc2{ }K(m)+( 1) K(l- m)+— 1-vVm Km) |+
Vi

s n(z) sin (Z)

V —sin’2)

sn@ V -msin’(2)

(1+0(csc*(2) ] /; (17 - o)

Expansions at generic point m == mg

For the function itself

08.05.06.0054.01

1[2E(z|mo) 2F(z| my) sin(22

Fzlm) o F(z| mp) + — (M—mp) +
(1-mp) My

(1-mp) y 1-mysin’(2)
1

32
32 (2(2E(z| my) (2my—1) + F(z| mo)(mo—1)(3rrb—2))(1—sin2(z)rrb)/ +
16 (mp — 12 mg (1 - sn(2) M)

(4sin2(z)rr%—(23in2(z)+3)rrb +1)sin(22) mo) (M-me)? +... /; (M- my)

08.05.06.0055.01
1[2E(z|mo) 2F(z| my) sin(22)

Fzim o iz my + | —— ](m—mo)+
=M ™V 1-mesiit@

1 32
(Z(ZE(ZIfTb)(ZfTb—l)H:(ZImo)(mo—1)(3%—2))(1—Sin2(2)mo)/ +

16 (mp — 12 mg (1 - sin’(2) mo)a/2
(4sin2(z) g — (Zsinz(z) +3)my + 1) sin(22) rrb) (M- mg)? + O((m- mp)®)

08.05.06.0056.01
1 . 2k+1
Fz| i(z)ksn (Z)Fkllklks'2 in® k
(z| m) == s — (+—; —, K+ = k+ =;9n%(2), mpsin (Z))(m—mo)
ks L 220 202
08.05.06.0057.01

00

1
Fzlm=>" o FOR(z| mg) (m—mp)*

k=0 ™*
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08.05.06.0058.01
FzI m) o F(z| mp) (1+ O(m—my))

Expansionsat m==0

08.05.06.0002.02
2z-sin(22) 3 ) .
F(z|m) o z+ m+ — (12z-8sin(22) + sin@2) M’ + ... /; (m - 0)
08.05.06.0059.01
2z-sin(22) 3
Fizlm «z+ m+ — (12z-8sin(22) + sin(4 2)) m? + O(n?)

08.05.06.0004.02

F(zlm)==i22§k! [%) [ (2")+i

k=0

08.05.06.0060.01
© 11 11
) , 1(— Z ok cosz(z))mk/ |m|<1/\

1]
D ( ]Sm(ZJZ)]mk/|m|<1

T
=Z=<

NI
NN

F m) == —K(m) + co — | = F
(z] m) = —K(m) + S(Z)ék!(zk >

08.05.06.0061.01
(3),
= \2)  (-Dk

+ [
45K k

1 1 1
)ZFl(k k+ —; 2k+1; m)sin(2kz) m</;ml < 1

F(zlm=z+2
| k2

08.05.06.0003.02
1 1
zFl(k K+ — 2k+1; m)sin(2kz)nf‘

F(z| m) == —K(m)+

08.05.06.0005.02

o0 (%)ks‘”ml() 1 1 3 2)
F(z|m)==272 1( k+—k+—sm(z))rrf‘+2 Km) /; jml < 1
& 2k+ k! 2' 2

08.05.06.0006.01
1\ (1
( ) (_) S|n2”2k+l(z)

F(z|m
lm= ZZ 2j+2k+Dj!k!

j=0 k=0

08.05.06.0007.01

N~
N~

F(z| m ==sin(z) Fi:3x3 msin’(2), sinz(z)]

N w

1

¥

08.05.06.0062.01
F(z| m) oc z+ O(m)

Expansionsat m==1
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08.05.06.0063.01

F(zim) o (- D)

Re(2)

ki

1
| ('09(%0(2) +1an(2) + 7 (sec(2) tan(2) — log(sec(2) + tan(2))) (M- 1) +

3
P (-5sin(32) sec*(2) + 3tan(2) sec’(2) + 121og(sec(2) + tan(2))) (M- 1) + .. ] -

=

m-1 49H-1

9 log(
+ ” (m-172+ ) log(1—m) - 4log(2) +

Re(z) + 7

—eZ
4r

08.05.06.0064.01

1) 2 ) .
[0 & 25(3), 1 K (D1 (- DY) el @)
F(zlm= (D ~ Z—z Iog(sec(z)+tan(z))+—cso(z)z (m—1k -
ko (kD) 2 i (%)j
1\ 2 1\ 2 1
Re(2) o D(3), o CD4(3), (v D —u(k+ 3)) 2Re(2) + 7
{—1 Iog(l—m)Z—(m—l)k—ZZ M-/~ ———eZ
4 o (k)2 k=0 (k12 4rn

08.05.06.0065.01

Re(2)
F(zlm = 2{—} K(m) + (-1
w

2Re(2) +

.ok, (1
Round(@) S (Z)(E)k 1 3 2
= din(2) 72F1(k+—,k+1;k+—;sin(z))(m—l)k/;
£ 2k+ Dk! 2 2

-—eZ

4n

08.05.06.0066.01

1 k(D) (-1t (2 ; n
log (sec(z) + tan(2)) + Ecsc(z) (m-1"/; IRe(?)| = —

<0 2

08.05.06.0067.01

F(z| m) =sin(2

1
0 2k

2k +1k!

. 2k
sn(@ 1 3 ) b
2F1[k+ > K+1; k+ 5; sin (z)) (m-"1%/; IRe(2)| = 3

08.05.06.0068.01

F(zlm) o ((—1){

m-1 /\ -

08.05.06.

/e
F(z| m) oc log(sec(2) + tan(2)) + O(Mm-1) /; |Re(2)| < —

Expansions at

@] Re(2) Re(2)
= llog(sec(z) + tan(2)) — 410g9(2) {— )(1 +O(m-1)) —log(1 - m) {— 1+0(m-=12))/;
Ve T
2Re(2) +
—eZ
4
0069.01

2

m == oo

9 7
(m-1)- — (Iog(4)— —) (m-12+ ) /;
32 6
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08.05.06.0070.01

Re(2)7( log(—m) 1 9 log4) -1 3(6logd-7)
F(z|m)oc{—w [1+—+ +...]+ (Iog(4)+ + +) +
n vV-m 4m  e4n? _m 4m 1287
rRe21 \ —msin’(2) z 2 cot(2) cse(2) + 2 Iog(cosz(g)) —log(-4 msinz(z)) +2
(—1)lTW ———|-log(-4 msinz(z)) +2 Iog(cosz(—)) + +
2msin(2) 2 4m
3(2cos(2) (2csc?(2) + 3) cscA(2) + 6 log(cos?( 2)) - Blog(-4msin‘(2) + 7)
pope A EES)

08.05.06.0071.01
Fzlm=

V-msin’z) | 2log-4msin’@) 1y 1 33 1
K[—)+ —4F3(1, l, 5, E, 2, 2, 2, —)+ |0g(4)—
m

Re(2) |22]
2{ }K(m) +(-Dl=
b4 4m

2msin(z) - T m

@ | 1, ¢ m*(3), (5

) 3
Z 3 2(1, 1,k+—;2,k+2;sin2(z))+
o K!'(k+1)! 2

2logl1+ | 1-

3c52(2) & mﬁk(g)k(g)k
g S (k+D)!

m

k(5 2
) 5 22y 9 =M (E)k k.o 2
aFo[1, 1, k+ —; k+3, 2 + — -
2 8m? i (k+2))2 o i+k+3

08.05.06.0072.01

Re(2) |22]
F(z|m):2{ w K@m) + (=Dl =
Ve

v —msinz(z)

2msin(2)

(3), " a m(-3),

csc3(2) o i
-2log| 1 1- —Io -msin z 2msin“(z — §n'»-
g1+ — o(- ()+§ . ()Z<.+1)(k_._1>v @
3
11 k=2 1 (Z)k 5 3 cstA(2)
— (—) Iog —4msin® (z) Z aFo1, 1, k+ —; k+2, 2
k! \2/k P i+k+1 Kk 2msin2(z) 2 m
08.05.06.0073.01
1) . 2i
Re(2) ESRUELCIRS (), m* camit(-3), 9”@
F(z| m)=2{—} K(m)+ (-1t = - Z 2msin (Z)Z +
T 2msin 5 k! i+ (k-i-1)!

(g)k

1
i 3 cscX(2) (E)k » 1
sFol1, 1, k+ —; k+2,2; - (Iog(—msm @) +y¥(k+1) —w[k+ —))
2msin’(2) 2 m k! 2
08.05.06.0074.01
1
e 5) sn**2)

Fzlm {Re(Z)K( 1 (Z F(k11k3 '2))
Z|m)== m) + sm +—, =, K+ —,msn(z
( x } +-3) "2k 22 22 (
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08.05.06.0075.01

(—1)[$] vV —-msin’(2)

m

Fzlm o (—Iog(—4 msin’(2)) + 2 Iog(cosz(g)) (1 + O(i))) +

2msin(2)

Residue representations

08.05.06.0008.01

S e

F(z| m) ==

(s r(% - s) ) r(% - t)

o)

{RjZ)}[lcj(__—:) (1+o(%))+ %

/3 (Imf = o)

R

27 1550

Other series representations

Expansions F(sin"'(2) | m) at z==0

08.05.06.0009.02

r(g—s—t

. m+1 3+2m+3n?
F(sn™@|m)«z+ + 2+
6 40
08.05.06.0076.01
m+1 3+2m+3n?
2+0

F(s n2 | m) o z+ 2+
6 40

08.05.06.0010.01

= m(3),

1
Flsn (Z)|mzz(2k+1)k' [_'_k

k=0

08.05.06.0077.01

F(sin” (z)|m —ZZZ

k=0 j=0 ()J+k .j.

08.05.06.0078.01
F(s nt2 |m)«z+0(2)

Expansions F(sin"!(2) | m) at z== oo

08.05.06.0079.01

F(sin_l(z) | m) o -

o (3 ) (2] m

1
ok
2

ZZ]+2K/

V? [K(l—m)+%i[l—\/§\/ﬁ][l—i

mz

V-2 \-m?Z [1 m+1 3mP+2m+3
+

+
6mz 40?24

(-s nz(z))s(—msinz(Z))t] (=i, -k

)

.. /i(@z-0)

()

)sz/ 17 <1

<1

V2 JK(m)]_

+...]/; (|1Z = )
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08.05.06.0080.01

F(s n2 | m) o

A w2 [E 7

3

V-2 \/—mzz ( m+1 3m+2m+3
K(m) |- + +O[—
40m 2 pad

6mz

08.05.06.0081.01

F(sin’l(z) |m) =
\/ -7 V1-2Z Y 1-mZ 1
[K(l m)+—[1 vm | = ][1— ]K( )]— m F[sml[\/_ ]
1 1 m z
\/H 1-; 1—E 22
08.05.06.0082.01
V-2 1 1 i\ -7
Fsn'@|m)=- [K(l—m)+—:z[1—\/ﬁ /—][1—l ]K(m)]—
z 2 m
1
V-2 \/ P 2 1 1 1
-m Z (2) (— -k — -k —)2‘2“/; Iz > 1
e QK+ 1Dkt 2 'm

T k)

F(sin_l(z) | m) o -

08.05.06.0083.01
V-Z
[K(l m)+—u[ | = «/_][1-

Expansions F(sin™'(2) | m) at m== 0
o m<1

08.05.06.0011.01
1 3
F(sn @ |m)ecsni@ - - (Z\/ 1-7 - sin’l(z)) m-— (2(222 +3V1-2 - 35in’1(z)) P
08.05.06.0084.01
1 3
F(Sn"@|m«sn(@-— ( Vi1i-2 - sin’l(z)) m-— ” (2(222 +3)V1-7Z - 3sin’1(z)) n¥ + O(n?)

08.05.06.0012.01
1
(_ 2kl
o 2) 1 1 3
X (— k+—k+£zz)nf</;|m|<1

Fsn'@|m)=) ———
(s @|m) §(2k+1)k'

08.05.06.0013.01

o )G

sm (z) m == _
| JZ;kZ(;(Zj+2k+1)j!k! 2/i\2
08.05.06.0014.01
1.1.L.
o 27 27 27
F(sn™@|m) = zF}jéié[ 5. m2, 22]
>

Expansions F(sin"'(2) | m) at m
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08.05.06.0085.01

z(z+ (@z-Dtanh (2 97
Fsn '@ | m) « tanh™*(2) - ( ) (Mm-1)- — (3z+(Z-3)tanh @) (M- 1? +... /; (M 1)
4(z-1) 32
08.05.06.0086.01
z2(z+(z-Dtanh™'(2) 97
Fsn '@ | m) « tanh™'(2) - ( Py ) (m-1)-— (3z+(Z-3)tanh (@) (m-1? + O((m~- 1)%)
Z_

08.05.06.0087.01

o (3) & D D

F(sin® (z)|m Z—Z

koo (k? 0 22K P (k- p)!

(-DPtanh (2 p! +

2z P p
(—1)*’*'( . )(p—J)!

o (i-q-1!

i1 2200 gl (2q+2- Dagogeny (2 1\
(m- 1)
1

08.05.06.0088.01

= 2*(3),

1 3
_ - . ~. Nk
sm (z)|m_ kE 2k+1)k' (k+2,k+1,k+2,22)(m 1)

08.05.06.0089.01
Fsn '@ | m) « tanh™'(2) (1 + O(M~ 1))
Other expansions

08.05.06.0090.01

sin(2)

F(z| m)=

1
mk(z)k 11 3
K(m) - cos(z)Z Fl(—, ——k 5; cosz(z)) +2

R K 1
m /;
. 22 } (m) /; lcos(z)] <

T

sinz(z)
08.05.06.0091.01

( ) m 1 i 2k
—) ——sinR2(j-k) 2
4 iy

F(z|m)=— K(m) Z
k=1

Integral representations

On the real axis

Of thedirect function

08.05.07.0001.01
z

1 b
Faim= [ —————at/->
0 5 2
vV 1-msinZ)
08.05.07.0004.01
costt)

° \/ 1-msin’(t) \/ cos2(t)

Fim=l 7]

Re(2)
dt+ 2{ }K(m)
/e
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08.05.07.0002.01

sin(2) 1 b8
F<z|m)::f at- <2
0 1-2 J1-me

08.05.07.0005.01

[ Re(z)] sin(z) 1 Re( Z)
Faim =l | [ dt+2

V1-12 y1-mt?

Contour integral representations

08.05.07.0003.01
sin@ r(2-s-)ror;-sgror(:-y
L),

— = (-sir’(@) " (-msin’@) " dsdt
2n(2miy?

FzIm =

r(3-s-1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

08.05.13.0003.01

1 sin(22)
A-mmw’(m+@-mwm+ Zw(m) =—— /;rw(m)==c; E(M) + (KL -m)-E(1-m) + E(z| m)

8V1- msinz(z)
08.05.13.0001.01

82 w(m) ow(m  w(m) sin22)
+(1-2m) - = - 32/;w(m)==F(z|m)

am 4 8(1- msinz(z))

(I-mm

08.05.13.0004.01
T

WITI(K(m), K(l - m)) =
4m(m-1)

Ordinary nonlinear differential equations

08.05.13.0002.01

ow(2) W)\ (w2 WD) \2 2w 2
o A (e n[5) (557 <o rem
o oz )\ oz 9z 07

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

08.05.16.0001.01
F(-z|m) = -Fz|m

08.05.16.0002.01
Fz+rk|m=Fz|m+2kK(m) /;keZ
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Argument involving inver setrigonometric functions
08.05.16.0003.01

F(sin_l(z) |m=sntzlm/-1<z<1Am<1
08.05.16.0004.01

F(cos'@|m)=cnz|m /;-1<z<1AmeR
08.05.16.0005.01

F(u‘sinh_l(z) |m=isc'z|1-m)/;m>0AmeR
08.05.16.0006.01

1
F[sin'l(Vm sjn(z)) —) =vm F(z|m)/ I <z< f
m 2 2

08.05.16.0007.01

1 [\/H tan(2) + \/ (1 - m) tan*(2) + tan(2) avm Vvm +1

FESin_l - o F(zlm)/;0<sm<1AO0<z<1
tan“(2) + 1 (\/HJrl)

Products, sums, and powers of the direct function
Sums of the direct function
08.05.16.0008.01

. 4| C08(Z)V1- msin’(z,) sin(zy) +cos(zy) V 1- msin’(z) sin(z)
F(z | m)+F(z | m == F|sn

1-msin’(zy) sin’(z,)
O=m<1Alz1l<1AIznl<1
Identities

Functional identities

08.05.17.0001.01

1 Re(2)
_) + z{_} K(m)
m Fis

1
Fzlm=— F[sjn*l(«/ﬁ sin@)
vm

08.05.17.0002.01
2 . 1 |Vmtan@+ \/(1— m) tan*(2) + tan?(2) 4vVm
—dn
2 tan?(2) + 1 (\/H . 1)2

F(z| m) ==

/;0=m<1A0=<z<l1
Yym +1

Differentiation

Low-order differentiation

With respect to z
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08.05.20.0001.01
oF(z| m) 1

9z v 1—msin2(z)

08.05.20.0002.01
82F(z| m) msin(22)

oz 2(1- msinz(z))s/2

With respect tom

08.05.20.0003.01
oF(z| m) E(z| m) F(z| m) sin(22)

om “2(1—m)m 2m )
4(1-mVY 1l-msni(2

08.05.20.0004.01
82F(z| m) 1

an? 16 (m- 1) n?

m(n12+2(3m—1)sin2(z)m—(m— 1)cos2z)m—-7m+2)sin(22)
82m-1D)EzIm+4@Bm-2)(m-1)Fz|m) +

(1-ms nz(z))?’/2

Symbolic differentiation

With respect to z

08.05.20.0012.01

o1 (1
M| m 6t 2im4(3),
(3—2” =0, F(zIm) + +
Y 1—msin2(z) (n-1'v 1—msin2(z)
n-1

n-1 (_1)q( q ) q i ]

27 (1-msin’(2) qZ( )mi (2 - m)d-i 2—j+n7q—12(!)(2i 2@z ey

o 20+l j=0 o

08.05.20.0013.01

a"F(z|m) noq it v _ i-q
L FzIms+ Y = 1% 291 §n%(2) (0 + 2 5»(n(1+nfq72p)+2(—1+q+2p)Z)( )
— <|>n§1'§(q]§() @@+2p-j)le .

j=1 g=0 p=0
-1 = Da(j-i- Lyl (1 o
2(j-i)-2 — (')(_) (_] m=Scos?5Y(z) (1-msin‘(@)  ?/ineN
j-2i i-s

0 (j—i- D! @sn@) 2t S\ S/ 2/ 2)i
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08.05.20.0005.02

O"F(z| m)
0
in-1pn-2 (1-e?%)m+2vV1-m -2 ni 22 8%, (—m)
onF(z|m) +
5 1-m k
1-msin“(2

;

~Ym+2vV1i-m +2 (2Z-1m+2V1i-m +2
) /ineN
-m+2vV1-m +2 4vV1-m
08.05.20.0006.02
et K

O"Fz| m) 1y =1 (-D¥(1-msn’@) ? 9" (1-msin’(2)
- nF(zlm)+2(—) > /ineN

97" 2hid kK@k+ D (n-k-1)! 971
With respect tom

08.05.20.0007.02
1 s 2n+l
"F(z| m) (‘ Z)n s

11 1 3
7
om’ 2n+1

Fractional integro-differentiation
With respect to z

08.05.20.0008.01

n+—;, —,Nn+—;n+—; sm(z) msin (z))/ neN
2' 2’ 2’ 2’

g o _]—)k(l) 1-a
8 F(z| m) D3 11 i @ 3—a mk 27
—_— = \/721“’27‘( 2F1(k+ — k+ = 2k+1; m) le[l; 1- —, —; -k 22)(—) + ———K@m)
07 S 22 2 2 4) " ar2-a)
08.05.20.0009.01

load F(z| m)

B LI TE

]0|0(2]+2|+l)j'|' 2

j+
p=0

With respect tom

08.05.20.0010.01

1\ 2 . 2k
PFzIm mersn@Vr & (5)k SN2

_ (1 1 3
= Z 3F2(—,1,k+—;k+—,1—a'
ont 2 2 2

08.05.20.0011.01
0*F(z| m)

m vz sn) IE1x3x2
o 2 2x1x0

1, .
23 " sin’(2), msinX2)
Sil-a;

3- 1
Z( 1)”(2J+§|+1)(21+2I 2p+1)lF2( 1—%, Ta;—z((2j+2I—2p+1)222))

; msjnz(z))

=0 ((@2“-1)m+2\/m+2)k
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Integration

Indefinite integration

Involving only one direct function

08.05.21.0001.01

® (~1)*(1 - cos(2k2) (1

fF(z|m)clz::—K(m) Z

23 k! K2 2k

Involving onedirect function and elementary functions

Involving trigonometric functions

Involving sin

08.05.21.0002.01

V2 vVm sin@
Vcos2z2m-m+2

1
f sn@ Fz|mdz= tanl[ ] —cos(2) F(z| m)
m

08.05.21.0003.01
2E(z| m) + (—cos(22 m+m—-2)F(z| m)

fsin(22) F(zlmdz=
2m

08.05.21.0004.01

F(z| m
—  dz=—Fz|m?
f q 2 2
V1-msin‘(@
08.05.21.0005.01
fsin(Zz)F(z|m)d 2z-vV2cos2zm-2m+4 F(z| m)

v 1—msin2(z) m

08.05.21.0006.01

fsin(Zz)F(z| m) p 2 V2 F@z|m tanh’l(\/ m-1 tan(z))
—_—a7Z= — —
( M| vVcos2zm-m+2 Vvm-1

) 32
1-ms nz(z))

Involving cos

08.05.21.0007.01
log(vV2 vVm cos(2) + Vcos22 m-m+2 )

fcos(z) FzImdz= +F(z| m)sin(2)
Vm

Involving sinand cos

1 1
—) 2F1(k+ — k+—;2k+1;
2 2

)G/



http: //functions.wolfram.com

27

08.05.21.0008.01

Z== - tanh™t
Veos2zm-m+2  vVm-1+vVm

3/2

f cos(2) F(z| m) p V2 F(z| msin@) 1 cos(2)
(

1-msi nz(z)) m-1

m

Involving cotand csc

08.05.21.0009.01

V2 co
f cot(2) csc(z) F(z| m) dz == —csc(2) [F(z| m) + tanh‘l[ 52 sin(2)

Vecos2zm-m+ 2

Involving tanand sec

08.05.21.0010.01

f%c(z) tan(z) F(z| m)dz== F(z| m)sec(z) -

tanh"l[ V2-2m sin®@ ]

Vcos(2zym-m+ 2

1-m

08.05.21.0011.01

1
fsecz(z)tan(z)F(zl m dz== Z T (tan(z)(Z(m—l) F(z| m)tan(z)+\/2cos(22)m—2m+4)—2E(z| m))

Involving different trigonometric functions

08.05.21.0012.01

ot xR Fzlm _Veos2z)m-m+2 cso2) Fiz| m) —Iog(co g( E))+Iog(sin(z))

v 1—msin2(z) V2

08.05.21.0013.01
sec(2) tan(2) F(z | m) p

Vi- msinz(z)

Zml_ > (—2'09(005(3) - Sn(g)) + 2|09(COS(§) + sn(g)) ~V2cos2m-2m+4 F(z|m) %c(z))

Involving only one direct function with respect tom

Z==

08.05.21.0014.01

fF(z|m)dm::x/Zcos(Zz)m—Zm+4 cot(2 + 2E(z|m +2(m-1) F(z| m)
Involving one direct function and elementary functionswith respect tom

Involving power function

08.05.21.0015.01

fmF(z| nf)dm=" 1-m?sin’2) cot(2) + E(z| n?) + (P — 1) F(z| nP)
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Representations through more general functions

Through hypergeometric functions of two variables

11
1x1x1[2’ 2’

08.05.26.0001.01

N =

Re(2)
n

Re(2)
—} K(m)
T

] sSn@ Filoso

F(zlm) = (—1)[ msin’(2), sinz(z)] +2

3...
Sm

08.05.26.0006.01

) 1113 5 o b
F(z| m) ==sin(2) Fl(—; —, —; =, 9in°(2, msin (z)) /i |IR&(2)| < —
2 22 2 2

08.05.26.0007.01
Re(2)

Re(2) [7] 1113 ) 5
F@z|lm = 2{—} K(m) + (=Dt = l'sin(2) Fl(—; —, —; —; 8in“(2), msin (z))
b 222 2

Through Meijer G

Classical casesinvolving tan~tin the arguments
08.05.26.0002.01

F (tan‘l (Vz)|1- E) = 4i Gﬁﬁ[z

z T

1,1
1 1]/;295(—00, 0
2' 2

Classical casesinvolving cottin the arguments

08.05.26.0003.01

F (cot’l (\4/?) ‘ 1- z) = 4i Giﬁ[z‘
T

o NIk
O NIk
N ——

Through other functions

I nvolving some elliptic-type functions

08.05.26.0004.01
Fzlm =1IL0; z| m)

08.05.26.0005.01

2z 24 a®-4b 1
F|cot™? = —Zielog(zl, VZ+aZ+bz ;a, b)
a+yai-4b J|a+rya®-4b z[a_m]

b

Representations through equivalent functions

With inverse function

08.05.27.0001.02
Famzim | |m=z/;im<1A-2<z=<2)V(Z4<1Am <2
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08.05.27.0002.02
am(F(z| m)|m) =2z
With related functions

08.05.27.0003.01

(VI=n cot(¢)+E@| m))K(m)—\/l—n cot(¢) TI(n | m) -
F(o|m) == /;¢::Sin_1[ —J/\O<n<1/\0<m<1
V\ m

E(m)

Theorems

The electrostatic potential of an ellipsoid

The electrostatic potential V(x, y, 2) of an elipsoid with semi-axesa, b, ¢ of charge Q at the point {x, y, z} is given
by

2_ a2 b2 — 2 X2 \2 2

; + + =1
a@-c?| a+¢é bP+é A+é

VXY, 2)«Qyc2-—a? Flsin™
C?+é&

History

—L. Euler (1733, 1757, 1763, 1766)

—J-L. Lagrange (1783)

—A. M. Legendre (1793, 1811, 1825-1828)
—C. F. Gauss (1799, 1818)

—C. G. J. Jacobi (1827)

—J. Liouville (1840)
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