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Notations

Traditional name

Complete elliptic integral of thefirst kind

Traditional notation

K(2)

Mathematica StandardForm notation

EllipticK[z]

Primary definition
08.02.02.0001.01

K2 = F[—

bis
d
2

Specific values

Values at fixed points
08.02.03.0001.01

K(0 T
O=>

08.02.03.0002.01

1 8732
-
)

08.02.03.0030.01

2(24V2)n%?

K(17-12V2) =
08.02.03.0003.01
K(D) =&
08.02.03.0004.01
1\2
i)

421

K(-1) =
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Values at infinities

08.02.03.0005.01
K(c0)==0

08.02.03.0006.01
K(~00) =0

08.02.03.0007.01
K(i o) =0

08.02.03.0008.01
K(=i c0)==0

08.02.03.0009.01

K(&) =0

Singular values

08.02.03.0010.01

K(1-2) 1
=V1 fiz=—
K(?) vz
08.02.03.0011.01
K(1-2) _
=2 fz=V2 -1
K(Z)
08.02.03.0012.01
K(1-2 3 -1
a-7) =V3 [;z= Ve
K(Z) 2vV2
08.02.03.0013.01
K(1-2) _
=V4 [;z=3-2V2
K(Z)

08.02.03.0014.01

K(1-2) . 1
K@) :‘/E/’Z:‘/E_ 2eis

08.02.03.0015.01

K-2) =6 ;z=-3-2V2 +2V3 +V6
K(Z)

08.02.03.0016.01

-7
KL )==\/7/;z== :11\/ 8-3V7

K(Z)

08.02.03.0017.01

K(1-2) N ) .
<@ =8 ;z=5+4V2 -2 [2(7+5V2)
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08.02.03.0018.01

K(1-2) 1

=V9 [ z=
K(Z)
\/194+ 1123 + 4V 4680+ 27023

08.02.03.0019.01

-2
K(l(zz) ) =10 /;z=-9+3V10 -2V 38-1210
K

08.02.03.0020.01

_22 13 2/3
Ty I

[6(9+7x/§)m+\/3(—3232/3(9+7\/§)1/3+9(9+7«/§)2/3+431/3(9+7«/§)) ])

08.02.03.0021.01

K(1-2
( )==x/E/;z==\/833—340«/3—12\/9602-3920x/€

K(Z)
08.02.03.0022.01
@ =13 /;z== !
K(Z) |

2[649+180V 13 +6\/23382+6485v 13 )

08.02.03.0023.01

K(1-2
((—22)) =V14 [ z= \/(z; 1-79602- 33642 - 421527 + 1072067 — 421527 - 33642 - 79607 + 2,
K
08.02.03.0024.01
K(1-2) 1
=415 /;z=
K(Z)

2 2[376+ 168«/€+\/6(47067+ 21049@)

08.02.03.0025.01
K(1-2)
K(Z)

=16 /;z==\/4481+3168\/——24\/69708+49291\/7

08.02.03.0026.01

K(1-2) 1

2+4\/ —412-100+/ 17 +5\’ 13598+3298+/ 17

1649+400+ 17 —20/ 13598+3298/ 17
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08.02.03.0027.01

K(1-2)
K(Z)

=+/18 /;z==\/9603-6790\/—-56\/58803-41580\/7

08.02.03.0028.01

K(1-2) 96+(1+3\/5_7)1/3—12(1+3\/5_7)2/3

K(#)

1
== V 19 /;Z::E

2(1+3x/§)1/3+\/3(4+12«/5_—32(1+3\/§)1/3+(1+3\/§)2/3)

08.02.03.0029.01

z= \/(z; 1-789847- 2900207 — 2454456 7 + 6695494 7' — 2454456 7° — 290020 ° — 78984 7' + 28);1

General characteristics

Domain and analyticity
K(2) isan anaytica function of z which is defined over the whole complex z-plane.
08.02.04.0001.01
z—K(2::C—C
Symmetries and periodicities

Mirror symmetry

08.02.04.0002.01
K@ =K@/ z¢ (1, )

Periodicity

The function K(2) is not periodic.

Poles and essential singularities
The function K(z) does not have poles and essential singularities.
08.02.04.0003.01
Sing (K(2) = {}
Branch points

The function K(2) hastwo branch points: z = 1, z = .

08.02.04.0004.01
BP,(K(2) = {1, &}

08.02.04.0005.01
R:(K(2, 1) ==log
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08.02.04.0006.01
R(K(2), %) = log
Branch cuts

The function K(2) isasingle-valued function on the z-plane cut along the interval (1, co).
The function K(2) is continuous from below on the interval (1, o).

08.02.04.0007.01
BCAK(2) = {{(1, 0), i}

08.02.04.0008.01
lim K(x—ie)=K(X) /; x>1

e—>+0

08.02.04.0009.01
lim K(x+ie)==2i K(1-x)+K(X) /; x> 1

e—>+0

Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself

08.02.06.0017.01

. agl-z)+n||agz -2
K(z)ocK(zo)—ZuK(l—zo){ J+
T 2n
1 2?4 _%,_% 2in {arg(l—zo)er arg(zo—z)J Kl L
—_— § . — — — Z_
x| 22 4] 0 -1 +(Zo—1)zo o Py (KA-2)7z-EQ1-2))|(z-2) +
1 22[ ‘ _§,_§] in agl-2z) +n || ag(zg— 2
—|G|1-20| 2 2|+ { J
bis ' 0, -2 (20— 1)22(2) 27 2n

(-3K(L-2)Z+(AEL-2) +K(1-2%) % - 2E(L-2))[@2-2)" + ... /; @~ %)

08.02.06.0018.01

) rrg(l_ZO)HT arg(Zo—Z)J
K(2) o« K(zg) —2i K(1 - Zp) +
bis 2n
(Gzz[l —g,-g] 2in {arg(l—z())MHarg(zO—Z)J(K(l SN PR
— G5l 1- + - -EQ1- z2—29) +
2572 021 ) @D 2r 2n )% & %
22( ‘_E _E] in ag(l-z)+nx || agzy -2
Gyoll-2z| 2" 2|+ { J
' 0, -2 (20_1)22(2) 2 21

(-3K(1-20) Z+(4E(1L-2) +K(1~2)) % - 2E(1 - %)) | (2~ 20)° + O((2~ %)°)
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08.02.06.0019.01

1
K(2)=—
2n
=1, 1kl g ag(l-z) +nx||argzy -2 1\ _ 1 1
Z— Gooll-z| 2 2 —27rn’(—1)k{ Jr[k+—) zFl(k+—,k+—;k+1;1—zo)
| 7 0, -k 2x 27 2 2 2
z-2)"
08.02.06.0020.01
1 2
p - (E)k 1 1
K(Z)=—Z 2F1(k+—.k+—;k+ 1 Zo)(Z—Zo)k
215 (k!)2 2
08.02.06.0021.01
_ arg(l—2z) + 7 || &gz — 2)
K(2) o« K(z9) - 2i K(1-2) +0(z-2)
2n 2n

Expansions on branch cuts

For the function itself
08.02.06.0022.01
. arg(x—2) 1 arg(x—2) 02 _t.t
K(z)ocK(x)—ZuK(l—x){ J — (K(l—x)x—E(l—x)){ J+GZI2 1-x| 27 2{|z-x+
2n 2\ (x=1) X 0, -1
1 in arg(x -2 ) - _3 3 )
— { J(—3K(1—x)x +(AEQ-0+KA-x)x-2E1-x)+G55[1-x| 2" 2[|(z-x°+
4r (X—l)2X2 2n ' 0, -2
o i@ZoXAXeERAX>1
08.02.06.0023.01
arg(x -z 11
o )J+G§'§[l—x 2’ 2]](z—x)+
’ 0, -1

agx-2)

1 2im
J [ (KAL-x)x—E1- x)){

K(z)ocK(x)—Zu‘K(l—x){
2 2r |\ (x=1)x
1 in arg(x—2) - _3 3
— { J(—SK(l—x)x2+(4E(1—x)+K(l—x))x—2E(1—x))+Gz’21—x 2" 2|[(z=x%+
4r (X—l)2X2 2n ' 0, -2
O(z-%% /;xeRAX>1
08.02.06.0024.01
11 1 _pi_ arg(x—z 1\ 1 1
K@=— —|G?1-x]| 2 k2 k—zm'(—l)k g )I“k+— Filk+ = k+ = k+ L 1-x||@z-%/;
2.2
2r i k! 0, -k 2 2 2 2
XeRAXx>1

08.02.06.0025.01
ag(x-2)
J+O(z—x)/;xe[R/\x>1

K(2) « K(x)—ZiK(l—x){
2n

Expansionsat z==0

For the function itself
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08.02.06.0001.02
Pis z 97
K@« —|1+—+—+...]/;(z>0
2 4 64
08.02.06.0026.01

Pis z 97
K@« =|1+-+—+0(7)

2 4 64

08.02.06.0002.01
1 1
x o (3),3),2
K@=-) ———/ld<1
2 k=0 k1?
08.02.06.0003.01
s 11
K@ = - 2F1[_y =1 Z) hld<1
2 2’2
08.02.06.0004.02
T
K@ o —+0(2)
2
08.02.06.0027.01
1) (L 1 3\2
 (3),(3) 2 2 r(n+ 3)

bie 3 3
K2 =F.(2/, Fn(z)==—ZizzK(z)—ing(l,n+—,n+—;n+2,n+2;z) /\neN
2% k? 2N+ 112 2 2

Summed form of the truncated series expansion.
Expansionsat z==1

For the function itself

08.02.06.0005.02
z-1

1 9 1 3
K@ « —— log(1-2) (1— —+—(z-1%+ )+ log(4) + — (1-log(4)) (z— 1) + — (6log@) - 7) (z-1? + ... /; (2= 1)
2 4 64 4 128

08.02.06.0028.01

1 z-1 9
K(2) o — = log(1-2) (1— — + —(z-1?+0((z- 1)3)) +
2 4 64

1 3
log(4) + 2 (1-log@) (z-1) + 28 (6log4) - 7) (z— 1)? + O((z- 1)?)

08.02.06.0029.01

1) 2 1) 2
1 o (D (3), s w (-1(3),
K(z)==——|og(1—z)27(z—1)k+—+2|og(2)27(z—1)k+
2 o (k) 4 0 (k)?
1< (8)
9 & (— ) (E)k 1 1 2 2k+12

— + - - > —|@-D*z-1<1
16 k=0 ((k+2)!)2 k+1 k+2 2k+3 i=k+1|
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08.02.06.0006.02
K(2) == Iog(l z)i( 1)k(l)z(z 1)k+i( Dk(l)z (w(k+1) w(k+ 1))(2 D&/z-1 <1
| 2
08.02.06.0007.01
1) 2
Kz)::—log(1 Z) —z)+2 " (w(k+1) w[k+ ))(1 2%/ 1z-1 <1
k=0

08.02.06.0008.02

1
K(2) o _E log(1-2 (1+0O(z— 1) +log(4) (1 + O(z- 1))

08.02.06.0030.01
K@ =F«(2@/

1 2
1 ”(E)k 1 1 n+l,n+1, 2
Fn(2) = — (—Io (1-2+2yk+1)-2 (k+ —))(1—2)":: K2 - —62’4[1— ’ "2 2] nenN
zé T v 3 2x n+1,n+1,0,0 A
Summed form of the truncated series expansion.
Expansionsat z== oo
For the function itself
08.02.06.0009.02
log(-2) 1 9 log4 -1 3(6logd-7)
K(2) o [1+ —+ —+...]+ (Iog(4)+ + +...]/; (12 » o)
2=z 4z 647 —z 4z 128 7

08.02.06.0031.01
log(-2) 1 9 1 1 log4) -1 3(6logd) -7) 1
K(2) « {1+ —+ —+O[—)]+ [Iog(4)+ + +O[—]]

2 —z 4z 642 2 —z 4z 128 2 2
08.02.06.0032.01
1 K
_log-2 ¢ ( ) z
2V -7 k=0 (k!)
5\ 2 2,
1 |9 (5)k 1 1 2 2kil 1 o (‘) 77 1
— [ + - -2 Z _—]z‘k‘2+2Iog(2 Z - —Z(SH l2d>1
1/_Z 16 k:O((k+2)!)2 k+1 k+2 2k+3 i:k+1| k=0 (k') 4Zi:0

08.02.06.0010.02
1 2 K
log(-2) & (E)k z 1
+
2V -7 k=0 k12 V-z

E 2
i(Z)I( (w(k+ 1)—¢G+k))z’k/; Iz >1
k

- k!?
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08.02.06.0011.01

1 2

log(— 1 1 =12

%92 K[—) Z(z («//(k+1) ¢( +k))z"‘/|z|>1
V=7 i k??

K(Z) ==
av-z \?

08.02.06.0012.02

log(4) 1 log(-2) 1
K(2) o« (1+O(—))+ (1+O(—))
z 2 \/—_Z z

—-Z

08.02.06.0033.01

ilog
o ag2 <0
K(2) « Sag /(14 = o0)
True
2Vz

08.02.06.0034.01
2

(-2 2wt oo )
> |log-2+ Wkt D=y| S k|- glk+ ]| 7% =

2V -z k=0 k!

K@ =Fu(2 /|| Fn(@ =

1
K2 - - G2 -z
> 4,4
Summed form of the truncated series expansion.

Residue representations
08.02.06.0013.01
r(——s) (-27S

K@= Zess vt CH AR

08.02.06.0014.01

< 1o (s (-2°S 1_(1 )2 ( 1] . L
(z)--—EZress Ty Y |Urg)ra

j=0

Other series representations

08.02.06.0015.01

s ad > i
K(2) = — ZZq(z)k +1

2 k=1

08.02.06.0016.01

n > g2
K@2=-|1 4§

1 0% +1

Integral representations

On the real axis
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Of thedirect function

08.02.07.0001.01

n

1
K(2) = fz - dt/lagl-2|<n
1-zsin’(t)

08.02.07.0002.01
1

1
K(z)::f
" Vi- y1-z2

08.02.07.0003.01

00 1
K2 ==f ——dt/;lagl-2| <~
tye-1 Vt2-z

dt/lagl-2l<n

Contour integral representations
08.02.07.0004.01

(s r(% - s)z

1
K2 ::—fi(—z)’sds
Aridr T@A-9

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

08.02.13.0001.01

1
1-2zW'@+(1-2290W (2 - ZW(Z) =0/;wW2 = K®@+cK(1-2

08.02.13.0002.02

W(K(2), K(1-2) =

4(z-1)z
08.02.13.0003.01
292-1g® g"(z)] g@?
- w4+ —m8F
@@-g2 g 49 -192

08.02.13.0004.01

w’(2) + ( W(2 =0/; w2 = c; K(g(2) +c, K(1-9(2)
ng

W,(K(©(2), 1-9(2) = ———

4(02-19®

08.02.13.0005.01
, ((2 92-Hg@ 22N> 9@
w’(2) + - _
9@-Da9@ h@ J@
(@7 . 1-292)h@29®@ . 2h(2° . h@29'@» h'©@ w
49@-D9g@  (@@-DHu@h> hz? h29@ h@
0/; W@ = ¢, h(2)K(9(2) + ¢ h(2)K(1-9(2)

)V\/(Z)+
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08.02.13.0006.01
mh@2° g
Wy(h(2) K(g(@), h@) K(1-g(2)) == ——————
492 -19@

08.02.13.0007.01
4Z@Z -HW'@) +4@(r+1)Z +s2-2aZ)-Dzw (@ +(ar’Z -4arsZ +4s° @z - ))w@ =0/,
W12 =c¢ Z2K@7z) +c, 2Kl -aZz)

08.02.13.0008.01

nrz2st
W,(ZK(@Zz), ZKl-az)= ———
4(@Z -1
08.02.13.0009.01
ar?(log(r) -2 Iog(s))2 - 4Iogz(s)
V\/’(z)+((1+ )Iog(r)—ZIog(s))V\/(z)+ w2 =0/
arr-1 4(ar*-1)

W2 =c¢ K@r?) +c, Kl -ar?

08.02.13.0010.01
2% log(r)

Wy(s* K(ar?), K(1l-ar?) =
4(@r -1

Identities

Functional identities

08.02.17.0001.01

1 z
K(z) == K(—) flagdl-2|<n
Viez ‘z-1
08.02.17.0004.01
———~
K(2) = K(—) /izeR
Vi—z ‘z-1

08.02.17.0005.01

o= ) i

08.02.17.0006.01

/l 1 1 [ 1 1
KK(2) = .| — K(—)+ — V1-z | —— K(l——)
z z 1-z z z

08.02.17.0007.01

1 1 [ 1 1
KK(2) = —K(—)+ — Vz(1-2 -— K1-2
\/; z 1-z z

08.02.17.0002.02

K[E):\/?[K(z)— /-E /i Vz(1-2 K(l—z)]
z z 1-2z
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08.02.17.0003.01
2
1—V1—zJ]

K(2) = K[
1+vV1-z 1+vV1-z

Complex characteristics

Real part

08.02.19.0001.01

335 5.. « 113 3.
n T T T n it
. _ 4x0x0| 4" 4 4" 4 2 4x0x0| 4" 4 4" 4 21 ;.
Re(K(X“Lly))“_Fszl[ 31 3 _y2’X]+ Flexl[ 111 —yz,x]/,xe[R/\ye[R
2 1313, 8 Ll
V5150 5 ' 5i 50 5
08.02.19.0003.01

Re(K(e¥)) = % cos(z) K(l - Sinz(;)) + % K(sinz(;)) sin(;) iXeRAO<X<7
Imaginary part

08.02.19.0002.01

y 3 5 3 5... 97Xy 5 7 7 5..
/e T A A g /e T A A g
. _ 4x0x0| 4" 47 47 4 2 4%x0x0| 4’ 4’ 4’ 4 2 .
ImKx+iy)=—F g © 55—V ¢+ Foriia| 5 5 5 —YoX|ixeRAYeR
1355 64 2,255
22" 2 22" 2
08.02.19.0004.01

Im(K(e¥)) = % cos(z) K(sinz(z)) - % K(l— sinz(;)) sinG) ixeRAO<x<nm
Differentiation

Low-order differentiation

08.02.20.0001.01
0K (2 E@-1-2K(®

0z 2(1-2z

08.02.20.0002.01

K@ 2Q2z-DE@+(32-52+2)K©@
02

4(z-172 2

Symbolic differentiation

08.02.20.0003.02

K@ T (%)nz

1 1
== 2F1(n+—,n+—;n+l;z)/;neN
a7 2n! 2 2
08.02.20.0004.02
0K nmz" _

F(l L, )/
- —i1—-Nnz ;nEN
a2 2 “ N2 2

12
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13

Fractional integro-differentiation

08.02.20.0005.01

K@ n~nz* _(1 1
== —zFl(—, —1l-a; z)
0z* 2
Integration

Indefinite integration

Involving only one direct function

08.02.21.0001.01
2(E(az+(@z-1K(@z)
fK(a 2dz=
a

08.02.21.0002.01

fK(z)dz:: 2(E(2+ (z- 1) K(2)
Involving one direct function and elementary functions

Involving power function
Involving power

Linear argument
08.02.21.0003.01
Vg 11
fz‘"l K@zdz=—2" 3F2[—, — &l a+1 az)
2a 2 2
08.02.21.0004.01
nz 11
fz‘"l K2dz= — 3F2(—, —ala+1; z)
2a 2 2

08.02.21.0005.01
2((@az+4)E@2+(3a’Z+az-4)K(@2)
fzK(az) dz=

9a?

08.02.21.0006.01

K(az 1
f ( )Li/z::ﬂ\/;:.}':z(g,

Vz

3
L= aZ)
2

N[ -
N[ -

08.02.21.0007.01

K(az) 1 3 3
f dz= gn(az4F3(l, 1, 5 E; 2,2, 2 az)—4y2—8Iog(4)+4log(—az)+4)
z

08.02.21.0008.01

K(az) 1 55
f dz= [n [Qaz 4F3[1, 1, -, —:23,3; az] Z+16(-2az(log4) - 1) +azlog(-az) —4)]]
Via 128z 2 2
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Power arguments

08.02.21.0009.01

1 n 1
fz‘” K@z)dz= —z“ng(—,
2a

a
;1,—+1;az’)
2

N -

08.02.21.0010.01

fZK(azz)dzzz ElaZ) +({az -1)K(aZ)

a
08.02.21.0011.01

fz?, K(a7)dz= (aZ+4)E(a?)+ (3822 +aZ - 4)K(a?)

9a?
08.02.21.0012.01
fz'5 K(aZ)dz=
08.02.21.0013.01
1 11
fK(azz)dz: Ezrngz(E, >

08.02.21.0014.01

po— (9?2 +16a7 +64)E(aZ) + (4583 P + 38’ + 1627 - 64) K(aZ))

1, g;azz)

N -

K(az) 1 33
f dz= 1—67r[a4F3(1, 1, > E; 2,2,2 a22)22—4y2—8Iog(4)+4|og(—a22)+4]
z

08.02.21.0015.01

K(az?) E(a?)

f el Pl
b

4

08.02.21.0016.01

fK(azz)d 1 [(ng[“”zsa 2|7 +16(-2a(og4 - 1) Z +alog(-aZ) Z 4)])
- <|oa 1-2233a +16(-2a(log(4) — +alog(-a _
2 256 22 22

Involving algebraic functions

08.02.21.0017.01

f ZE(2) p E(Z)+(Z-1)K(?)

(1-2)* 1-2

Definite integration

For thedirect function itself

08.02.21.0018.01

1 Vg 11
ft"‘lK(t)clt = —3F2(—, —ala+l 1) /: Re(a) >0
0 2« 2 2

08.02.21.0019.01
1 2
r(3-ef T@ 1

fwt‘“ K(-dt= —————/;0<Re(e) < -
0 2I(1-a) 2
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08.02.21.0020.01

2 e
foo vai+x> —a 1 K[\jbz+x2 —b] p a-ya-b’
X== ——m
2,2
0 a+x b+ b?+x2 b

sech’(a) K (sech’(@)) K (tanh*(@)) /;
b+ b%+x?

\/b+\/2a2—2a\/a2—b2

Re(a) = Re(b) > 0 /\ cosh™
V2b

Representations through more general functions

Through hypergeometric functions

Involving »,F;

08.02.26.0001.01
K T F [1 1-1- )
(Z)__EZ 135 A
Through Meijer G

Classical casesfor thedirect function itself

08.02.26.0002.01
11
2 E]
0,0

Classical casesinvolving algebraic functions

08.02.26.0142.01

1 11
K(1-2=—G55z| 2’ 2|/;z¢ (—e0, —1)
2z | o0

08.02.26.0003.01

]/; z¢(-1,0

o NIk
O NIk

1 K( 1 ) G2l
—_— == - 'Sl Z
Varl \z+1) 2 %2

08.02.26.0004.01

O NI-

]/; Z¢ (—o0, -1

o NIk

1 K( z ) Gl2
—_ = - Sl Z
Vz+1l z+1) 2 **

08.02.26.0005.01

2
Vz-1]] 4 22
K|- =—Gyjlz| | 1|/z€ (0,0
4z 2n yia
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08.02.26.0006.01

1 aVz | L
K . = =G3[|z 2' 2
Vz +1 (Vz +1) 2 0,0
08.02.26.0007.01
2
1 1-Vz 1 (|51t
K = Gylz| 2' 2
Vz +1 1+vVz 4n 0,0
08.02.26.0008.01
33
K[—(l—\/z+1))=— GHYlz| %4
or (L 2 0,0
(3)
08.02.26.0009.01
1 1-vVz+1 n 11
K 2 == 3 G%:g Z 4’ 4
z+1 3 0,0
2r(3)
08.02.26.0010.01
2(Vz+1 -1 . 55
VVz+1 -1K - = 2(35;;2 ) :/ze(—l,O)
2r(3) 22
08.02.26.0011.01
\ — 3 3
Vvz+1 -1 K 2( z+1 l) B bd G2 73 10
5 = S G220l 2] 1 z¢(-1,0
Vz+1 21—(%) 53
08.02.26.0012.01
1 2(Vz+1 +1) x 33
K|- - - Zeﬁ;g[z ‘6'8)/;2$(—1, 0)
Vz+1l -1 21"(%) '
08.02.26.0013.01
1 2(Vz+1 +1 . 11
2,1 217
K- == 262’2[2 4 4)/;295(—1, 0
z ’ 0,0
Vz+1 VVz+1 -1 2r (3

08.02.26.0014.01

33
4’ 4]/;2$(—1, 0)
0,0

z+1 -1 n

1 2 n 21
K = Gyo|z
1-vVz+1) op ( 1)2
4
08.02.26.0015.01

1 [ 2 ] 2,1[
K == Gyl z
Vorivzit o1 Vert) or(dy

08.02.26.0016.01

o Ak
O~k

]/; z¢(-1,0

VTN L) x| b1
K == 262:22 11 /Zi(—l,o)
2vVz 21"(%) 4" 4
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08.02.26.0017.01

1 vz -vVz+1 n 21 %%
K = Goolz z¢ (1,0

5 22 11

z+1 2Vz ZF(%) 72

08.02.26.0018.01

1 Vvz+1 -1 1 (]33
K == 2:2 Z 4’ 4
Vz+1  2Vz+1 2v2 0,0
08.02.26.0019.01
1 Verl -vz) 1 L ]33
K = Gyl z L |z2e(-1L0)
Vz+1 2Vz+1 2vV2 03
08.02.26.0020.01
33
1 1 i
K == Ggéz 4 f /iz¢ (-1, 0)
Vz+1 2(\/?+\/z+1)\/z+1 2vV2 0 5
08.02.26.0021.01
1 z 1 31
K == G%:g(z 4’ 4]
Vz+1 |2(Vz+1 +1)\/2+1 2V2 0,0
08.02.26.0022.01
1 Vz+1 -1 n L |32
K = 26212 z| 474
z+1 +1 1 0,0
\/\/z+l +1 v 2\/7F(4)
08.02.26.0023.01
1 Vz+1l -1 n o | %2
K Gyalz| @2
’ 0,0
VzrT Vvzrt+1 Wzl +1) oyar(g)
08.02.26.0024.01
1 1-vz+1 1 13
K =~ Gyilz| 4’ 4
Vvzrt+1 \teVzel) 4 0.0
08.02.26.0025.01
1 Vz+1 vz n o |32
K == 5 Gyolz| 4 41/,z¢ (=10
Vz +Vz+1 Vz +1+Vz 2\/71“(%) 0.0
08.02.26.0026.01
1 Vz+l -Vz n o | %2
K = 2 Gyolz| 4 4(/ize(-1,0
' 0,0
z+1 VVz +Vz+1 Vz +Vz+1 2\/71"(3)
08.02.26.0027.01
1 Vz-vz+1) 1 L[ |33
K =-Ghz| [ |/z2€(=L0)
Vz +Vz+1 Vz+vzel) 4 03
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08.02.26.0028.01

\/m—\/? K(Z(\/22+z —z)) =

08.02.26.0029.01

ﬂK(Z(m_Z)):_

Vz+1

08.02.26.0030.01

a7

Vol V7

08.02.26.0031.01

! K(—2(2+
Vert Vet vz

08.02.26.0032.01

4vz+1 1

(Vz+1 -1)K =~ G

(Vz+1 +1)2 2

08.02.26.0033.01

08.02.26.0034.01

(Vz+1 —\/?)K INZ+z

08.02.26.0035.01

(\/?+\/H)K B 4N Z+z

08.02.26.0036.01

1 (VZ+1 —1)2 1

K|- = -Gy}
Vz+1 avVz+1 2
08.02.26.0037.01

1 (\/z+1—\/?)2 1

K|- =_G

Vz+1 4z Vz+1 2

4Vz+1 1
(Vz+1 +1)K __oveRs —~ — G2

(1—\/z+1)2 2

(\/?+Vz+1)2

o NIk

(Vz-Vzri)

o NIk
[@RINTIN

Bl MW
Bk DMlw

33
4’ 4)/; Re(2 =0
0,0
11
4’ 4]/; Re(» =0
0,0

33

4’ 4]/; Re( =0
0,0

o |32
G,5lz| 4" 4|/;Re(®=0

e 25}

]/; Re(2 =0
)/; Re(2=0

]/; Re( =0
0

]/;2$(—1, 0
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08.02.26.0038.01

(V?II—V?)KQJZ—VYIIf}=%Gﬁ%

o NIk
O NI-

08.02.26.0039.01

1 4 1
—K((\/?—x/ul) ):: —Gﬁé[z
VZ vz 4
08.02.26.0040.01
1 1 ,,(1]%2
(VZ+1—\/7)K —4 ::_GZ:ZZ 2! 2
Wz+vze)) * 0.0
08.02.26.0041.01
1 1 1
K . == — Ggé[z
vz + Vz+1 (\/? + m) \

08.02.26.0042.01

4
(Vz+1-1)| 1 3 3
R R (e
2 4727 1,1
08.02.26.0043.01
4
1 (1-Vz+l)| 4 11
K I Gig(z 27 2]
Vz+1 +1 ra 4 0,0
08.02.26.0044.01
z 1 33
(Vz+1 -1)K — = ZG%:%[Z 2’ 2]
(Vz+1 + 1) L1
08.02.26.0045.01
1 zZ 1 11
K =_@$zw]
“"] 0,0

Vzrl sl ((Wzet+1)) ¢

Classical casesinvolving unit step 6

08.02.26.0046.01

bis 11
01-12)K (1-2 :=—G§’2[z 2’ 2]/;2%(—1, 0)
2 '] o0
08.02.26.0047.01
T o2 11
002 -DK(1-2=—-Gz| 2’ 2
e 2]
08.02.26.0048.01
1 T 0 1,1
0(1—|z|)K(1— —) —GYz| 1 1
z 2 7 313

]/; z¢(-1,0)

11
2! 2]/;2$(—1, 0)
0,0

]/;zeE(—l, 0

11
2! 2]/226’5(—1,0)
0,0
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08.02.26.0049.01

1 T oo 1,1
6’(|Z|—1)K(1——) == —szz[z 1 1]/226E(—°0, -1
z 2 513

08.02.26.0050.01
l—\/; T 5o %, %
6(1-1zh K =-Gyplz| [ |/z¢(-10)
2 0, >
08.02.26.0051.01
3 3
1-Vz =,
0(Z4-1K = — Ggé z| ¢ f
2 2 0, >
08.02.26.0052.01
vz -1 T 20 % 1
0(1-|zhK = -G,z 11 iz¢ (=10
2\/; 2 17
08.02.26.0053.01
Vz-1) = 02 % 1
04 -1K =—-G5[z 11
2\/? 2 i

08.02.26.0054.01

o1~ |2)) K[l—«/?
\/?+1 1+\/;

08.02.26.0055.01

Ve
|- = et
2vV2

13
4 4]/;29;(—1, 0
0,0

N
o Ak
O rw

izg(-1,0)

O blw
NIF MNw

004-1  (1-Vz T o
K = G5
\/?+ 1 1+\/; 2V 2
08.02.26.0056.01
oi-12)  (Vz-1) 1,
K = G5
2,2
\/;4_ 1 \/?+1 2V 2
08.02.26.0057.01
o4-y  (Vz-1) o« ,
K == GZ,Z
\/; i1 \/; +1 2\/7
08.02.26.0058.01
2
Wz —1)
01— 2K |-———|==G2Jz
4z
08.02.26.0059.01
2
Vz-1f) «
002 -DK|-———[= = Gy3z
4z

O hlw
NIF MNw

]/; z¢(-1,0

INTERNTR)
INTERNTR)

B MW
AP Mw
N———
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08.02.26.0060.01
2
oa-a [1—~GZ] T
Vz +1 1+Vz

08.02.26.0061.01

1

2
od-1 |(1-Vz T oo | 2
K = -G,z 2' 2
vz +1 1+Vz 4 0,0
08.02.26.0062.01
2V1l-z
01l-1zZ)V1-v1i-z K[i)--
Vvi-z +1

08.02.26.0063.01

0(1-12) K[ZVl—z ]
VVi—z+1 \(Vi-z+l

08.02.26.0064.01

03z - 1) K[ZVl—z]
\/m+1 Vi-z +1

08.02.26.0065.01

0z2-1H)Vvi-z +1 K[

08.02.26.0066.01

0(1-12) K[ZVl—z ]
Vi-vi-z \Vi-z-1

08.02.26.0067.01

01z - 1) K[2V1—z]
Vi-vi—z Wi-z-1

08.02.26.0068.01

6(1-12)
Vvi-z +1

2
(Vi-z +1)
08.02.26.0069.01
o(1 - |2) 41—z

1-Vv1-z

(Vi-z -1

08.02.26.0070.01

2V1-z

vi-z -1

4y 1-2z m

/4

= -Gy

K|- = -Gz
> 2 2,2[

11
2’2
0,0

2V1-7z (1-V1-7)

9(1—|z|)\/ 1-v1-z K

z

1
2’ 5]/; z¢(-1,0)
0,0

NIF MW
Nl O

]/; Re(2 >0

N

N

|
@
NN
NR=)

NIF MW

NIFR MO

]ﬂ2¢(—L0)

]ﬂ2¢(—m,—n
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08.02.26.0071.01

3 3
T 17
002 -DVVz -Vz-1 K(z(\/?-\/z-l)«/z-l):Eegé[z o
03
08.02.26.0072.01
3 3
2vz-1 Vg 22
o2-DVVz —Vz-1 K[i =-G3lz| ¥ I/z¢ (oo, -
Vvz-1 +\/; 2 0, >
08.02.26.0073.01
6(1 - [2)) 2Vz-1 7 o |33
K = —szz z . /iz& (-1, 0)
VT vz Wzl+vz 03
08.02.26.0074.01
0(2 - 1) 2Vz-1 oo |53
K ==_62:2 z 1 /i Z¢& (o0, =1
VVzmT vz Wzl+vz 03
08.02.26.0075.01
3 3
2vz-1 g 27
ol-12hVVz-1 +Vz K[i = - Gyy|z 4 f /iz¢ (-1, 0
Vz-1 -Vz '3
08.02.26.0076.01
0(L-12) 2Vz-1 o |33
K =-Gy5lz /i € (-1,0
Vz-1-vz) 2 7| |o:
VVz-vz-1 2
08.02.26.0077.01
oa-v [ 2v-1 ™ o2 : 2
- — 2:2 Z 1
\/ 7-1 +Vz Vz-1 +Vz 0,3
08.02.26.0078.01
(2 - 1) aNz-1Vz | 7 o | L2
K ==G,5[z| 2" 2[/;Re(®>0
z-1+Vz (’—z—1+\/?)2 2 0,0
08.02.26.0079.01
(2 - 1) aNz-1Vz | 7 o | L1
K- 175 oo(Z| 272 |/;Re(@>0
Vz -Vz-1 (1/—2_1_\/;) 2 0,0

Classical casesinvolving sgn

08.02.26.0080.01

— == 22

ond -1 4Vz : ﬂGl’l[z
1-Vz (Vz -1)

Classical casesinvolving powers of complete ellipticintegral K
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08.02.26.0081.01
2
1-vz+1 \/7 13
Kf———| = —G33|z

2 4 38

11
2’ 2
0,0

|

1,11
11 1]/:26?(—1.0)
2'2' 2

O Ni-

08.02.26.0082.01

[rv—l] Vv [
K G332z

2Vz

08.02.26.0083.01

"T 33

1 22 Vrn 111
7K((\/z+1 —\/7)) ::—Ggé[z 2" 2 2]/;zsg(—l, 0)
Vz +Vz+1 8 0,00

08.02.26.0084.01
22
1 Vzr1 -1 v 111
K ==—G§§[z 2" 2! 2]/;29;(—1, 0)
VZil 41 z 8 0,0,0

Generalized casesinvolving algebraic functions

08.02.26.0085.01

3 3
z-0%) 1 | 1|73
K|- =—Gy5|z — /1 Z2& (=00, 0)
[ 42 ] 2r 72| Lt
47 4
08.02.26.0086.01
1 4z T 1%t
— K ::_GZ’Z zZ, — 2' 2
z+1 \(z+17? 2 7 2|00

08.02.26.0087.01

1 (@-22y 1 (1
—K = —Gylz -
z+1 1+ 27 4

08.02.26.0088.01

K Z—\/22+1 T
=) gy

08.02.26.0089.01

11
1 z-VZ+1 bd 1|55
K > = . Gﬁé Z, 5 i i]/; Re(2 >0
z 11
VZ2+1 21"(%) 4" 2
08.02.26.0090.01
3 3
1 2+1 -z 1 1|z =
K = G231 z, — 474 /iRe(2 >0
2,2 2 0 1
VZ+1 2VZ2+1 2v2 ' 2
08.02.26.0091.01
3 3
1 1 1 1| 7 5
K — Gg;;[z, 5 4 f] /;iRe(2) >0
\4/22+1 2(z+\/22+1)\j22+1 2v2 0.3
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08.02.26.0092.01

1 VZ+1 -z 1133
K + ]: il lngé(z’E‘ g’SJ/; Re(2)>0
oz Wewied) avaef 0200

08.02.26.0093.01

1

1 Z
’ 4]/; Re(2) >0
0

K
VZ+1 \/\/22+1 +z

08.02.26.0094.01

avar(yf

\/22+1 +z

Z, —

o B

VA+1 - 1
+ Z] n GS%[

1 z-VZ+1 1, 1 2,%
K = ZGZ:Z z,E . /i Re(2) >0
z+VZ2+1 0.2

JedEt

08.02.26.0095.01
b 1
JVZ+1 -z K(Zz(\/zz+l —z)]:: —Géﬁ[z, 5

08.02.26.0096.01

EK(“(EZD"H@Z 1
BN K(;zz(z+m )= oo
\/E 2F(4)

08.02.26.0098.01

o Mlw

o B

o MW

: <[-22fzeZ 1)) :2@$§‘
NETEUN N g 2r (3)

08.02.26.0099.01

AT I Ry
e

08.02.26.0100.01

(Z+\/22+1)K _& :=EG%§(Z,E

O Ak
O rI-
N ——

1
'SJ/;iZ$(—°0, “DAizg (1, o)

o NIk

1

’g]/;ize(—oo, -DAize (1, )

o NIk
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08.02.26.0101.01

08.02.26.0102.01

oer (o2 )] - e

08.02.26.0103.01

z+V 2 +1

08.02.26.0104.01

1 1 .4 1
[\/22+1 —z)K —[=-Gylz =
4 2

08.02.26.0105.01

1 1 1

K G !
== — ! Z, —
2,2 2

2oVt |(zozen) |

Generalized casesinvolving unit step 6

08.02.26.0106.01

z n 1 83
B 4’ 4
0(1—|z|)K(—):: -Gz -
2 ) 2 %7 2|0
2
08.02.26.0107.01
vk (=)= ek t
—1Z | === d zZ, —
2z) 2 72|t
4’ 4
08.02.26.0108.01
1-z T o2 1 %,%
9(|z|—1)K(—)=: -Gz =|
2 2 210 =
12
08.02.26.0109.01
1
z-1 n 15,1
2
02 —1)K(—):: —GYilz =
2z) 2 72|t t
4’ 4
08.02.26.0110.01
3 3
9(1—|2|)K(z—1) m o,
el g i) L P
Vz+1 \z+lU o472 2|03

)2

)/; Re(2 >0

]/; Re(2) >0

J/; Re(z >0

]/; Re(2) >0
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08.02.26.0111.01

01-12) (1-z o 1L

()= e ]

z+1 1+72 a2 2|0,
08.02.26.0112.01

3

00z2-1) (z-1 n 1] 3

FENEIRTL

z+1  Z2+l) o2 2|0,

08.02.26.0113.01

iz (-1,0)

O rlw

/1 Z¢ (=00, =1)

NIF MNlw

(2 - 1) 1-z bis oo 1 13
(D) e
z+1  1+Z) o2 200
08.02.26.0114.01
3 3
(z-1)? T Lo 1) 23
01-|zhK |- =-G5z, —
47 2 #7221t
a2
08.02.26.0115.01
3 3
(z-1)%? T o2 1| 732
02 - HK|- =—-G,5z -
4z | 2 72|12
4’ 4
08.02.26.0116.01
6(1-12) 1-27° T Lo 122
K = - 212 y 2" 2 /;25‘5(_110)
z+1 (z+ 1)? 4 0,0
08.02.26.0117.01
02-1 (A-27) 7 o 1]2%1
K ==Gy5z = | 2 2|/iz¢ (-0, -]
z+1 (z+ 1)? 4 - 2|00

08.02.26.0118.01

62—\ 2-VZ-1 K(z(z—\/z) \/Z) 26315

08.02.26.0119.01

0(|z|—1)\/z—\/22—1 K b/i

z+\VZ2-1

08.02.26.0120.01

61— 2V Z2-1 1
a-i v HGZ'O[Z,E

- /—22_1 z+VZ2-1

08.02.26.0121.01

aa-v 2VyZ-1 T oo

NEE
z-|* *Re@>0
2|01
2
3 3
b 1| 7 5
=-G2z =|* */Re@>0
2 ” 200 1
' 2
33
4 f]/; Re(z >0
0’5
3 3
1 7 5
z-|**/Re@>0
2 O,%
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08.02.26.0122.01

2\ 2-1 P 1] 32
9(1—|z|)\/z+\/22—1 K \/7 =-Gz - 441 Re(>0
2~ 2|01
VZ2-1-z 2
08.02.26.0123.01
3 3
61 - |2) 2V Z2-1 n 1| 7.3
K :5@;3 2> " iRe@>0
0 =
2-1-z '3
\/z—\/zz—l \/
08.02.26.0124.01
3 3
62 - 1) 2y Z2-1 1|33
K ::Zeggz Y hRe@>0
, 0 L
2-1-z2 '3
\/z—\/zz—l \/
Generalized casesinvolving sgn
08.02.26.0125.01
— 1 1
ond 'Z')K[_ 4z ]f ;g[z,i 3 5]
1-z (z-1)? 2 " 2100

Generalized casesinvolving power s of complete elliptic integral K

08.02.26.0126.01

2
z-\VZA+1 Voo . 1] LL1
K| ———| =—G33z-| 11 1|/iRe@®>0
2z 4 7 2|3 73
08.02.26.0127.01
22
K(\/zz+1—z)
( ] Vr af 1% %8
==?st3 5 22" 21/,Re(®>0
zey 241 %.0.0

Through other functions

Involving incomplete elliptic integrals
08.02.26.0128.01
T
K(2) = H(O; — z)
2
08.02.26.0129.01
K@ =110 | 2

08.02.26.0130.01

K2 = F[—

bis
d
2

08.02.26.0131.01

K(2) = % F(s‘n*l(x/? )

z

3
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Involving elliptic theta functions

08.02.26.0132.01

4 2
K(m) == > d3(0, g(m)

I nvolving inver se Jacobi functions

08.02.26.0134.01
K@ =sn"%1]|2

08.02.26.0135.01

K(2) == dn’l(\/ 1-z | z)

08.02.26.0136.01
K@=cn'0|2/,zeRAz<1
I nvolving some elliptic-type functions

08.02.26.0133.01
/8

2agm(1, \/1—2)

08.02.26.0137.01

ol 22 o

wq

K(Z ==

{e1, &, &) = {p(w1; G2, T3), (W1 + W} Tz, Ga), P(W2; G, G2)} A G2, Ga} == {0 (w1, W), U3 (w1, W)}

08.02.26.0138.01
Kl-2  iwp

=—— /2= q’l(exp(mw2 )) /\ (w1, wa} = {w1(9z G), w2 (G2, Bs))

K(2) w1

Involving L egendre functions
08.02.26.0139.01
Vs

K@=-P 11-22
2 72

08.02.26.0140.01
K@®=Q :1(2z-1)
2

I nvolving some hyper geometric-type functions

08.02.26.0141.01

Representations through equivalent functions

With inverse function
08.02.27.0001.01

b
am(K(m) | m) == >
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With related functions
08.02.27.0002.01

E@QK1-2-K2K1-2+EQ1-2K(@) = -

08.02.27.0003.01

V2 732 r(%)z ~12EQ

oy

K(2) =

Theorems

The period T of a mathematical pendulum in a gravitational field

The period T of a mathematical pendulum of length | in agravitational field with acceleration g and maximal angle

of excursion « isgiven byT::4\/E K(sinz(%)).

The partition function for a one-dimensional monatomic ideal classical gas

The partition function Z for a one-dimensional monatomic ideal classical gas of n atoms in a box of length| at
n

[ \/ 2 K(q*l(exp(— M))) — 1], where A(T) is the thermal de Broglie

7f 8rl?

temperature T is given by Z ==

2"n!

wavelength.

The magnetic induction of an infiniely long selenoid

The magnetic induction B of an infinitely long solenoid formed by a wire (parametrized by ¢)
{Rcos(¢), Rsin(¢), R¢ tan(a)} carrying the current ig is at the center lineis given by

B {O —ig(cot(a) Ko(cot(a)) + Ki(cot(a))), i a )}
10, a o ))), .
0 0 1 0 >2R

The lattice Green function for the body-centered cubic lattice

The lattice Green function G(e) == ﬂ% Jo o (1= % (cos(x) costy) cos(z)))f1 dxdydz for the simple cubic lattice
can be expressed as

4 3 1 1 B 2-p) 1 B (—/3)
,?\/1_2“2EK(5+ZV4_B_TV1_B]K[E_Z‘/ V! )
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The probability that a random walk in three dimensions will return to its origin

The probability pg that a random walk in three dimensions will return to its point of origin is given by
n® -2
Po=1-—(6+ 23 +V6)K(35+242 -20V3 -14V6) * ~ 0.34053732955099914283 ...

History

—A. M. Legendre (1811, 1825)
—C. G. J. Jacobi (1829)
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