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Notations

Traditional name

Incomplete elliptic integral of the third kind

Traditional notation

II(n; z| m)

Mathematica StandardForm notation

EllipticPi [n, z m]

Primary definition

08.06.02.0001.01
z 1
II(n; z| m) ==f dt

° (1-nsin’()) V 1-msin’()

Specific values

Specialized values

For fixed n, z

08.06.03.0001.01

tanh_l(\/ n-1 tan(z))

n-1

II(n; z| 0) ==

08.06.03.0013.01
Vn tanh (V' sin(z)) ~ log(sec(2) + tan(2))

Vs
(n; z| 1) = /; IR&2)| = —
n-1 2
08.06.03.0014.01
Vn tanh (V' sin(z))—tanh‘l(sin(z)) .
nm 2| 1) = — J: IRet2) < -

08.06.03.0002.01
1++vn sn@
nlog ———
1-+/n sin@

II(n; z| 1) ==

T
] - 2log(sec(2) + tan(Z))) / IRe(2)| < —
2(n-1) 2
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08.06.03.0015.01

T
II(n; z| 1) = & /; IRe&(2)] > >

08.06.03.0003.01

1 nsin(2z
I(n; z| n) = —— [E(z| n) -

1-n 2
2V 1-nsin“(2

For fixed n, m

08.06.03.0004.01

T
H(n; - ‘ m) =TII(n| m)
2

08.06.03.0005.01

knm
n;, —
s

m):: KIIin|m) /; ke Z

08.06.03.0006.01

1 n
Al ) = — [

m

g
m
08.06.03.0016.01
1 n|i
H(n; rk+escH(Vm ) ‘ m) = —H(— ‘ —]+2kH(n Im)/;keZ
\/H m|m
For fixed z, m
08.06.03.0007.01

HG; z| m) == F(z| m)

08.06.03.0008.01

Vi- msinz(z) tan(z) — E(z| m)

I(1; z| m) == — +F(z| m)

Values at infinities

08.06.03.0009.01
I(co; z| M) =0

08.06.03.0010.01
II(—oc0;z| M ==0

08.06.03.0011.01
II(n; Z| 00) == 0

08.06.03.0012.01
II(n; z| —0) =0

General characteristics

Domain and analyticity

I(n; z| m) isan analytical function of n, z, and mwhich is defined over C3.
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08.06.04.0001.01
Nxz+xm)—II(n; z| M) :: (CRCRC)—C

Symmetries and periodicities
Parity
II(n; z| m) isan odd function with respect to z.

08.06.04.0002.01
H(n; —z| m) = —TI(n; z| M)

Mirror symmetry

08.06.04.0004.01
nmzim=II(n; z|m /; =(MmeRAM>1Ane RAn>1)

Periodicity
I(n; z| m) isaquasi-periodic function with respect to z.

08.06.04.0003.01
nn; z+ k| m=2kIn|m+In;zilm/;keZAN-1<n=<1
08.06.04.0016.01
Re(2)

T

Re(2)
H(n;z|m):rl(n;z—7r{ Hm]+2{—}ﬂ(nlm) /i-1l<n<l1l
T

Quasi-symmetry

08.06.04.0017.01
X

X
I(n; Xx+iy|m) == H(n; ﬂfrac{—)wy‘ m)+259n(x){qu'[(n| m/;xeRAyeR
/4 /s
Poles and essential singularities
With respect ton
The function TI(n; z| m) does not have poles and essential singularities with respect to n.

08.06.04.0007.01
Sing, (II(n; z| M) = {}

With respect to z
The function T1(n; z| m) does not have poles and essential singularities with respect to z.

08.06.04.0006.01
Singz(l'[(n; z|m))={}

With respect tom

The function I1(n; z| m) does not have poles and essential singularities with respect to m.

08.06.04.0005.01
Sing, (I1(n; z| M) = {}
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Branch points
With respect ton
For fixed z, m, the function IT(n; z| m) does not have branch points.

08.06.04.0014.01
BPIN; | M) = {}

With respect to z

For fixed n, m, the function T1(n; z| m) has an infinite number of branch points at z== isin‘l(i) +nk/; ke Z,
vm
z::tsin’l(i)wrk/; keZ,z=2+nk/;keZAme¢ (O, 1) andz==%.
T 2

08.06.04.0009.01

BPLII(N; z| M) = {{sin_l[%] +rk/i ke Z}, {—sin‘l(im] +rk/i ke Z},
{sin"l[%]wrk/; kez}, {—sin_l[% +k/; keZ}, {g +rk/;keZ Ame (O, 1)}, &,}

08.06.04.0010.01

1
R TI(N; z| m), sinl[—]+7rk] =2/ kezZ
m

08.06.04.0011.01

1
R TI(N; z| m), —sin_l[—] +7rk) =2/kez
m

08.06.04.0012.01

1
R, TI(N; z| m), sin‘l[—)wrk) =log/;kez
n

08.06.04.0013.01

Re

1
I(n; z| m), —sinl[—] +7rk) =log/;keZ
n

08.06.04.0018.01

RZ(H(n;z|m), %+nk)==2/;kez/\m$(o, 1)

With respect tom
For fixed n, z, the function I(n; z| m) has two branch points at m == csc?(z)and m == &.
08.06.04.0008.01
BPRII(N; z| M) == {csc?(2), o}
Branch cuts

With respect ton
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For fixed z, mthe function I1(n; z| m) does not have branch cuts.

08.06.04.0015.01
BChII(N; | M) == {}

With respect to z
General description

For fixed m, n, the function I(n; z| m) can have up to eight infinite sets of branch cuts (it has at least six), which
form very complicated curvesin the case of genericm, n.

For fixed real m, n/; max(m, n) < 1, the function Il(n; z| m) does not have branch cuts on the real axis and on the
vertical intervals {csc™ (Vm ) + 7k, 71— csc i (vVm ) + 7k} ke Z Ame (=0, 1).

For fixed real m < 1, the function I1(n; z| m) has six infinite sets of branch cuts, four of them are located on vertical
intervals starting at the points z== 7k = csc™(v'm ) /; k € Z and extending to imaginary infinity.
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1) red intervals {rk + csc{(Vm), mk + 2} ikeZ Am>1Ang(m, o), where II(n; z| m) is continuous
from below; if 1<n<m these intervals include two sets {rk+csc™(Vm), mk+csci(vn )} and
{rk+csci(Vn), nk+ ~}» where TI(n; z| m) has different values of jumps (for generic complex m these branch
cuts deform into a complicated curves; for generic complex n the intervals {71' k+ CSC_l(\/F ) mk+ g} also deform
into a complicated curves); in the case max(m, n) < 1 these real intervals vanish

2) real intervals {r k + Zoa(k+1) - (‘sc‘l(\/ﬁ)} ikeZ Am>1Ang (m, o), whereTI(n; z| m) is continu-
ous from above; if 1<n<m these intervals include two sets {rk+ %, 7 (k+ l)—csc*(x/?)} and
{rk+1) -csc}(vVn), w(k+1) - csc(v/m )}, where TI(n; z| m) has different values of jumps (for generic
complex m these branch cuts deform into a complicated curves; for generic complex n the intervals
{n K+ % ak+1) - csc*l(\/F)} also deform into a complicated curves); in the case max(m, n) < 1 these rea
intervals vanish

3) real intervals {r k + CSC‘l(\/F), nk+ 2} /ikeZ Ame (n, o) An> 1, whereTI(n; z| m) is continuous
from below; if 1<m<n these intervals include two sets {rk+csc™(Vn), 7k +csc}(Vm )} and
{rk+csci(vVm), ik + %}, where TI(n; z| m) has different values of jumps (for generic complex n these branch
cuts deform into a complicated curves; for generic complex mtheintervals {rk + csc™(vVm ), 7k + %} also deform
into a complicated curves); in the case max(m, n) < 1 thesereal intervals vanish

4) redl intervals {rk + Zak+1) - csc‘l(\/ﬁ)} ikeZ Ame (n, o) An> 1, whereIl(n; z| m) is continu-
ous from above; if 1<m<n these intervals include two sets {wk+ %, 7w (k+ 1)—csc*1(\/ﬁ)} and
{r(k+1) -csci(vVm), 7 (k+1) - csc™}(V'n )}, where II(n; z| m) has different values of jumps (for generic
complex n these branch cuts deform into a complicated curves; for generic complex m the intervals
{rk+ 3, nk+1)- csc}(v'm)} also deform into a complicated curves); in the case max(m, n) < 1 these real
intervals vanish

5) vertical intervals {3 +2rk, 5 +2rk+ioco}/;keZ Ame (0, 1)0r
{rn- CSC‘l(\/F) +2nk, Z+2nk+ico} ;keZ Ame (0, 1), whereTI(n; z| m) is continuous from the left;
6) vertical intervas (32 +27k 3 +2rk+ico}/ikeZAme (O 1), or
{27 - c&‘l(ﬁ) + 27k, 37” +2nk+ioco) /;keZ Ame (0, 1), whereTI(n; z| m) is continuous from the right;
7) vertica intervals {5 +27k-ioo, 5 +27k}/;keZ Amg(0,1), or
{F+2nk—ioco, 2mk+ csci(Vm)} ke Z Ame (0, 1), where TI(n; z| m) is continuous from the left;
8) vertical intervals {37” +271k—ioo, 37” +2nkl ;keZ Amg (0, 1), or

{37” +2nk—ico, 2nk+m+csci(vVm)} /s ke Z Ame (0, 1), whereTI(n; z| m) is continuous from the right.
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08.06.04.0019.01
BCLATI(N; | M) == {{{(nk+csc’1(ﬁ), ak+ g) i} fkeZAmeRAmM>1ANg @, ),

{{(nk+csc Y ) mk+csc )) i}/;keZ/\me[R/\m> 1/\ne[R/\1<n<m},

nk+osct )nk+ ) /keZ/\me[R/\ne[R/\1<n<m}

(nk+%,n(k+1)—csc’ (W)) ~i} fkeZ AmeRAM>1ANE (1, ),

nk+g,n(k+1)—csc*1(«/ﬁ)), —i}/;keZ/\me[R/\ne[R/\l<m<n},

(r+ ) - e (Vm ) wk+ D -csc YV ) -if fke ZAmeR AneRAL<m<n,

2nk+ g 2k7r+g+ioo), 1}/; keZ}, {{(27Tk+ 3?7{ 2km+ 3?ﬂ+ioo), —l}/; keZ},

—_—

n . Ve Ve . T
27Tk+5—ﬂ00,2k71+5), 1}/,keZ}, {{(27Tk+5—l00,2kﬂ'+5),—1}/,kEZ}}
Formulas on real axis for real m, n

For max(m, n) < 1

For fixed real m, n/; max(m, n) < 1, the function I1(n; z| m) does not have branch cuts on the real axis.

Form<1l<n
08.06.04.0020.01

ﬂi\/ﬁ
lim TI(n; X+ ie | m)==TI(n; x| m) +

e ——
0 vn-1+Vn-m
XE[R/\me[R/\ne[R/\m<l<n/\nk+csc’1(\/ﬁ)<x<7rk+g/\kez

08.06.04.0021.01

lim TI(n; X—ie| m) = H(n;xlm)/;xe[R/\me[R/\ne[R/\m<1<n/\nk+csc‘l(ﬁ)<x<nk+g/\kez

e->+0
08.06.04.0022.01

lim TI(N; X+ i e | m) = H(n;x|m)/;xe[R/\me[R/\ne[R/\m<1<n/\;rk+g<x<zr(k+1)—csc‘1(\/ﬁ)/\kel

e->+0
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08.06.04.0023.01

. rivn
lim I(n; x—ie| m=TI(n; x| M - — /;
0 Vn-1+vn-m

XE[R/\me[R/\ne[R/\m<l<n/\7rk+%<X<ﬂ(k+l)—csc’l(\/ﬁ)/\kel

Forn<l<m

08.06.04.0024.01

1 x 1
_)+4( +1]H(n|m)—rl(n;x|m)/;
m 7'(

lim II(n; X+ ie| m)= ——TII| —
e->+0 \/H

xe[R/\me[R/\ne[R/\n<1<m/\nk+csc‘l(\/ﬁ)<x<nk+g/\kez

2 (n

m

08.06.04.0025.01
lim H(n;x—z’elm)::H(n;x|m)/;xe[R/\me[R/\ne[R/\n<1<m/\7rk+csc’1(\/m

e—>+0

)<x<nk+g/\kez

08.06.04.0026.01

lim 11 x+ e | m ==H(n;x|m)/;xe[R/\me[R/\ne[R/\n<1<m/\nk+g<x<n(k+1)—csc‘1(ﬁ)/\kel

08.06.04.0027.01

. 2 nil X
lim H(n;x—u’e|m)::__n(_ _)+4(
e vm mlm/

xe[R/\me[R/\ne[R/\n<l<m/\7rk+%<x<n(k+1)—csc’l(m)/\kez

+1)H(n|m)—H(n;X|m)/;

m

Forl<n<m

08.06.04.0028.01

) 2 nji

lim H(n;x+ie|m)::—H(—‘—)—H(n;x|m)/;

e—>+0 \/H m

xe[R/\me[R/\ne[R/\l<n<m/\nk+csc‘l(\/m)<x<nk+csc‘l(\/F)/\keZ
08.06.04.0029.01

] 2 n|1l ni\/F

lim H(n;x+n’e|m)==—H(n;x|m)+—H(— —)——/;

e>+0 m ‘MM Vn-1 vVn-m

xe[R/\me[R/\ne[R/\l<n<m/\nk+csc‘l(\/ﬁ)<x<7rk+g/\kez

08.06.04.0030.01
lim H(n;x—ielm)::H(n;x|m)/;xe[R/\me[R/\ne[R/\1<n<m/\7rk+csc’1(\/m

e—>+0

)<x<nk+g/\kez

08.06.04.0031.01

lim H(n;x+n’e|m)::H(n;x|m)/;xe[R/\me[R/\ne[R/\l<n<m/\7rk+g<x<n(k+1)—csc’l(ﬁ)/\kel

e—>+0
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08.06.04.0032.01

2 n|l rivn
lim H(n;x—n‘elm)==—l'[(n;x|m)——H(—‘—)+—/;
0 Vvm MM n_1 vVn-m

xe[R/\me[R/\ne[R/\1<n<m/\7rk+g<x<n(k+1)—csc’1(\/ﬁ)/\kel

08.06.04.0033.01

2 n|l
lim II(n; X —i e | m) ==——H(— ‘ —)—H(n;xl m) /;

e—>+0 \/H m|m
XE[R/\me[R/\ne[R/\1<n<m/\nk—csc’l(\/F)<x<7rk—csc’1(\/ﬁ)/\kez

Forl<m<n
08.06.04.0034.01

) nu'\/?
lim TI(n; X+ i€ | m)==TI(n; X | m) —

e —
0 vn-1+Vn-m
xe[R/\me[R/\ne[R/\l<m<n/\nk+csc‘l(\/ﬁ)<x<nk+csc‘l(\/ﬁ)/\kez

08.06.04.0035.01

2 n|l Hi\/F
lim H(n;x+n’e|m)==—H(n;x|m)+—H(— —)+—/;
e ym o mim T Ve m

€ vVm)<x<n +z kez
X [R/\me[R/\ne[R/\l<m<n/\nk+csc (\/_) k 2/\

08.06.04.0036.01
T
lim H(n;x—ielm)::n(n;x|m)/;xe[R/\me[R/\ne[R/\1<m<n/\7rk+csc’1(\/ﬁ)<x<7rk+5/\kel

e—>+0
08.06.04.0037.01
T
lim TI(n; x+ée|m) = x| m /;xeR AmeR /\neR /\1<m< n/\nk+E <X<7r(k+1)—CSC’1(\/F)/\keZ

e—>+0

08.06.04.0038.01

2 nii rivn
Iiml'[(n;x—n‘e|m)==—H(n;x|m)——H(— —)——/;
40 vm \mim) Tt Vaom

xe[R/\me[R/\ne[R/\1<m<n/\nk+%<x<n(k+1)—csc*1(«/ﬁ)/\kez

08.06.04.0039.01

. ni\/ﬁ
lim TI(n; Xx—ie | m) ==TI(n; X | m) +

e ——
e+0 vn-1 vn-m
xe[R/\me[R/\ne[R/\1<m<n/\nk—c‘sc‘l(\/ﬁ)<x<nk—csc‘1(\/ﬁ)/\kez

Formulas for vertical intervals

Form<1
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For fixed rell m<1, the function TI(n;z|m) has branch points csc™(Vm)+rk/;keZ and

- CSC‘l(\/ m ) +nk/; ke Z. In this case branch cuts lay at the vertical lines beginning from these points and
going to imaginary infinity. By this reason for fixed real m < 1, the function I(n; z| m) does not have branch cuts
onthevertical intervals{csc}(Vm ) + nk, r—csc}(Vm ) + 7k} ke Z Ame (-0, 1).

Form>20

08.06.04.0040.01

e—>+0

Vs w
lim H(n;2nk+u‘x—e+5‘m):1‘[(n;2nk+ix+5‘m)/;XE[R/\keZ

08.06.04.0041.01
T

2 n|i
m)::——n(—‘—J+4(k+1)H(n|m)—H(n;ix+— m)/;
Vvm ‘mim 2

me[R/\xe[R/\(0<m<l/\x>—Im(csc‘l(\/m))\/m>1/\x<0)/\keZ

08.06.04.0042.01

Ve
lim H(n; 2nk+iX+e+ —
e->+0 2

) bid 2 n|i g
lim H(n;an+ix+e+— m):: —H(— ‘ —)+4k1‘[(n|m)—H(n;L7x+—‘m]/;
2 m|m 2

e—>+0 \/H
me[R/\xe[R/\(0<m<1/\x<Im(csc‘l(\/ﬁ))\/m> 1/\x>0)/\keZ

08.06.04.0043.01

2 n|l 3
m)zz_—l'[(— —)+4(k+2)H(n|m)—H(n;u‘x+—
m 2

\/H m
me[R/\xe[R/\(O<m<1/\x>—Im(csc’l(\/ﬁ))\/m> 1/\x<0)AkeZ

08.06.04.0044.01

3
lim H(n; 2nK+iX—€+ —
e->+0 2

m)/;

1 3

3
—)+4(k+ DII(n| m)—H(n; IX+ —
m 2

lim H(n;Zﬂk+zfx—e+ ?

e>+0

2 n
SRR
mm
me[R/\xe[R/\(0<m<l/\x<Im(csc‘l(\/m))\/m>1/\x>0)/\kel

08.06.04.0045.01

m)/;

3 3r
lim H(n;an+ix+e+?‘m):H(n;an+n’x+7‘m]/;xe[R/\keZ

e->+0
With respect tom

Branch cut locations: complicated.

Series representations

Generalized power series

Expansionsat generic point n == ng

For the function itself
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08.06.06.0008.01
I1(n; z| M) « II(Ng; z| M) +

(m—n3) (no; | m) m V1-msn’@ sin2)n,
- |E@zIm- +F(z|m)[——1)+ (N—np) +
2(m—ng) (No — 1) Mo No 2(npsin’(@ - 1)
1 1
— (E@I m) (=ng) (2ng m+m+ g (2— 5ng)) + F(z| m)
4(m-ny2(ng—172|2m

(1-4ny) M +3ny(3Ng— 1) m+n2(2—-5ng)) +II(ng; z| M) (3ng + 2m(2 - 5ng) Ny + NP (4 — 1)) +
0 0

sin(22) 3 )
(515 — 2(M+4)n§ — mMng + €oS(22) (2Ng M+ M+ Ny (2— 51g)) Ny + 6 M)

8(no sn?2) - 1)2
vV 1-msn2 ](n—no)2+ AGELD)

08.06.06.0009.01

omn; z| m) o« (ng; z| M + —M8M8M8M8Mm™
2(m-ny) (g —1)

(m=ng) I(n; 2| M) m vV 1-msin’(2 sin22)ng 1
E(z| m) - +F(z|m)(——1]+ (n—ng) +
Ny Mo 2(nosin’ - 1) 4(m-no)’ (ng - 12

1
—Z(E(z| M) (—Ng) (2N M+ M+ Ny (2= 5ng)) + F(z| m) (1 —41ng) n? + 3o (3ng — H)ym+nj (2-5np)) +
2n;

sin(2z
T(ng; z| M) (3§ +2mM(2-5ng) Ny + N7 (4np — 1)) + 22

8(no sin(2) - 1)2
(5n —2(M+4)n3 — mng + €oS(22) (2ng M+ M+ g (2= 5Ng)) Ny + 6m) Y 1 - msin’(2) |(n- no)? + O((n - ng)®)

08.06.06.0010.01

> 1
nm; zjm= >’ o n*%%9(ng; z| m) (n - n)*
k=0 ™*

08.06.06.0011.01
I(n; z| M) e T(Ng; | M) (1 + O(N — ng))

Expansionsat n==0
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12

08.06.06.0001.02
- dn?(2), msin (z)]

NI w
N e
N e
th )]

n {RB(Z)‘I
Inm;zlmocF@E|m+ — ( 1) sm(z)F[

3sn® (5117 , , 3sn’® (7119
1| = =, = —;siN“(2), msin“(2) | n+ (—; -, —; —;8n (z) msin (z)) S
5 2222 2'2'2° 2
nn | Re(2 31 3 51 5 71
—{—w 2F1(—, -2 m)+—2F1 - =3m n+—2F1(— - 4 m)n2+... /; (n—>0)
2 s 22 4 2 2 8 22

08.06.06.0012.01

I(n; z| m) «

2 _ ; _ in2
Fz|m) - Ez| m) (4(m+1)E(z|m) 2((m+2)F(z|m)+mcos(z)sm(z) 1-msin“(2 )) .
F(z| m) + n- n‘+
m 6n?
Re(2) E(m) — K(m) 2(m+ 1) E(m) — (m+ 2) K(m)
o(n®)|+2 } [K(m) - - — n? + O(n?’)] /; (N> 0)
T 3

08.06.06.0002.01
RS sin

H(n; z| m) = (=Dt ~
k=0

2k+1

2 Re(2)
( } Ti(n| m)
T

Fl K+
2k+1

111 3
— =, = k+ —; sun(z) msin (z))n +2
222 2

08.06.06.0013.01
I(n; z| M) oc F(z| M) (1 + O(n))
Expansionsat n ==

08.06.06.0014.01

> ]
; —; sin“(2), msin“(z
> ‘@, ‘@)+

l\)ll—‘

I1(n; z| M) oc ( 1)l@] sin(z F [1' 3
) 1 21 21

si n5(z)

l\)l\l

571
Fof =5 = =
222

s (3515
Fl[—; —, = =i sin“(2), msin (Z)](n D+
222" 2

(m+ 1) E(mM) + (m-1) K(m)

Re(z) 2E(m)
+2K(m)+2 . n-1) -
/ - 3(m-1)
2m? — 7m-3)E(m) — (m? + 2m - 3) K(m) 2R
( ) ( ) (n-1)7+ /(nal)/\ﬁie(Z)-HT

2
15(m-1)3

- §n%(2), msin (z))(n 12+ ]+
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13
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4
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b m-1 222 2
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n 222 2 32 2 222 2

3
D= E; msinz(z), sinz(z)] + ] -

1 51
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5n3 7 2 2 2n 2n 8n?
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+ + +. ]+
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T l@} (—1)[$W nese) V —nsin’(2) 1
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Expansions at generic point z== z

For the function itself
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Ky ok p i(7(j+p- + + A -
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-1 (1_j)2(i—i>—2 i . o
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1 1 i, 1
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i i

2 3
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kO
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Expansions on branch cuts

Formulas on real axis for real m, n

Form<1l<n csc(Vn)+ru<x<na(u+; 5)iuez
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ue
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TI(n; z | m) o TT(M; X | m) — 2

(),
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(z—»x)/\xe[R/\me[R/\ne[R/\m<1<n/\nu+g<x<n(u+1)—csc’1(ﬁ)/\uez
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ue
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(z—>x)/\xe[R/\me[R/\ne[R/\m<1<n/\7ru+g<x<n(u+1)—csc‘1(\/F)/\ueZ
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T

z-x/\xeR/A\meR /\neR \An<l<m/\ru+csci(¥Vm)<x<zru+—/N\uez
(Vm 2
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08.06.06.0035.01

[ X 1 1 n 1 _ni [B’Q(Z’X)J ni [arg(zfx)J
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m mim
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(z—>x)/\xe[R/\me[R/\ne[R/\n<1<m/\nu+g<x<7r(u+1)—csc’1(\/ﬁ)/\uez
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ue
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Forl<n< m,csc*(x/ﬁ)+nu<x<7r(u+%)/;uez

08.06.06.0038.01

1 n
II(n; z| M) o —H[—

i) (1 _e™ {#J) +TI(n; x | m) e_”rrgz(xﬂ_Z)J +
- m

m
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e 2 - Z-x%+...|/;

_ 2, 2
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Vi-msin’x) (1-nsin’x) 4(1-msin®0) (nsin“0 - 1)
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i
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.
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*ﬂrg(“)J SRS 1J = k ——s(7r(+ -k —2k)+2 (kg +2kp- 30 (1 — K1
LRI ()z< D st o 2l 7570 Bt 1K)

plp']lJ'kl() ko
= 1= Dagi-2 i
i1 ZZ( l)l i +ipHg— S (i +ip+ig; g, g, |3)n1m|3
i= 0(]_|_1)'(25m(x))J " i1=0i,=0i3=0

1 1 i
(_il)il(a] (—) (1—nsin2(x)) ! cos 212 ') (1-msin (x)) o 2(z x)p]/

2 i3

XE[R/\I’T‘IE[R/\NE[R/\1<m<n/\7TU+CSC_1(\/H)<X<7TU+g/\
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08.06.06.0054.01

II(n; z| M) oc | TI(N; X | M) — 1+0(z-x) /s

_ mivn [1_/4”%)
2vn-1 vn-m
(z- x)/\xe[R/\me[R/\ne[R/\1<m<n/\nu+csc’1(\/ﬁ)<x<7ru+csc’1(\/ﬁ)/\uez

08.06.06.0055.01

[[ 1 n|1l T \/F ] ni rg(H)J i [arg(x—z)J
I1(n; z| m) —n(— —)+— (1—e 2m )+H(n;x|m)e 22 111+ 0(z-Xx) /;
Vvm ‘miml ovn=1 Vn-m

(Z—)X)/\XE[R/\TT]EIR/\I’]E[R/\1<m<n/\7rU+CSC_l(\/H)<X<7TU+g/\UEZ

Forl<m<nz(u+3)<x<zau+1-ccivn)/uez

08.06.06.0056.01

1), rin ][1_@—4“9;*1}
m’ 2vn-1+vn-m

i ) [ 1 (n
In; z| m) o« TL(M; X | M) e PR —H(—

\/H m

_”rg(z—nJ 7-X sin(2 x) (3mnsin2(x) -m-2n)
e 2 - Z-x%+...|/;

. 32, . 2
Vi-msin’x) (1-nsin’x) 4(1-msin“0) (nsin“0 - 1)
(z—>x)/\xe[R/\me[R/\ne[R/\1<m<n/\nu+g<x<7r(u+1)—csc’1(\/ﬁ)/\uez

08.06.06.0057.01

i \/F ai [argu—x)J
H(n;zlm)ocH(n;xlm)+—[1_@ 21 ]+
2vn-1+vVn-m
-”VQ(H)J zZ-X sjn(2x)(3mn§n2(x)—m—2n)
e 2n - Z-x2+...|/;

3/2 2
vV 1-msin(x) (1—nsin2(x)) 4(1—msin2(x))/ (nsinz(x)—l)
(z—>x)/\xe[R/\me[R/\ne[R/\1<m<n/\nu—csc’l(\/ﬁ)<x<nu—csc’1(\/7)/\uez
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08.06.06.0058.01

1 njl mi \/F ﬁu-rfg(z’x)J ni {arg(zfx)J
TI(n; z | m) oc - _H(_ _)"'— (1—r€ 2n ]+H(n;x|m)e 2r |4
m MM 2vn-1+vn-m

i 5 L 1807)& Ky -2ky) 2k 2K j—k
B Z Z Z( )Z( 1 2975 §infi () (kg + 2k — )P e S (P -2k 42 (g + 2k~ J)X)( 1)

o1 P! ko

-1 [

21 ZZZ( D' 6 siyigei (in +1p + 33 i, ip, 13) Nt s
i=0 (J—i—=D!(2sin(x) i1=0i,=0i3=0

o 3),3)

12
xe[R/\me[R/\ne[R/\1<m<n/\nu+72—r<x<7r(u+1)—csc‘1(\/ﬁ)/\

ue
VA

1= )z oi)-2

3

(1—nsin2(x))_ ! cos 2 ') (1-msin (x)) 2 (z—x)p] /;

08.06.06.0059.01

ivn LY
H(n;zlm)ocH(n;xlm)+—[1_@ 21 ]+

2vn-1 vn-m
n[ag(ZX>JW A ESERSIOAYS k (1 (j+p-ky-2ko)+2 (kg +2kp=) %) [ ] = K1
i - kg oki—j P 57rj+p + + X -
e Z Z( )Z( Dl 2971 SN (x) (kg + 2k, — )P e 2 reeRER ( K )
Plp lj ko=
i1 1= )z oi)-2 L . T
o ZZZ(—l)Il6il+i2+i3—i (iy+1ip+ig; iy, ip, igyn't ms
20 (j—i— 11 @sinx) 2" ohoo0

1 1 i
(—il)il(a)_ (—) (1—nsin2(x)) ! cos 21z ') (1-msin (x)) 2(z—x)p]/;

iz i3

xe[R/\me[R/\ne[R/\1<m<n/\nu—csc‘1(\/ﬁ)<x<nu—csc‘1(\/F)/\
u

zZ
08.06.06.0060.01
|20 [ 1 (n|1 mivn | 2]
II(n; z| M) oc | TI(N; X | M) e 2r | — —H(— —)+— [1—@ 27 ](1+O(z—x))/;
vm ‘mim) o Tt vacm

(z—>x)/\xe[R/\me[R/\ne[R/\1<m<n/\;ru+g<x<n(u+1)—csc‘1(\/ﬁ)/\uel

08.06.06.0061.01

II(n; z| m) o | TI(N; X | M) + 1+0(z-x) /;

LA
zmm[ ¢ )

(z-»x)/\XE[R/\me[R/\ne[R/\1<m<n/\nu—csc*l(\/ﬁ)<x<nu—csc’1(ﬁ)/\UEZ

Formulas for vertical intervals



http: //functions.wolfram.com

25

For Re(—— —)eZ

08.06.06.0062.01

,r’g(z‘ %) %J {3 agz-z)

I(n; z| M) < —e J] II(n; o | M) +

prd 22 sJnim _)][ J]

-7 sin(220)(3mnsin2(zo)—m—2n) 1
- (z—zo)2+.../;(z—>zo)/\Re(———]eZ
.2 .2 . 2 32 i 2 2 2n 4
vV 1-msin’(z) (1-nsin‘(zy)) 4(1-msin“(%)) (nsin“(%)-1)

08.06.06.0063.01

2n 4 2n

2n 2 271

[aa(z— %) J [ e %)

T(n: 2| m) == —TI(; 2o | M) @_”H@%HE_MJ] +
78

1 2z
> 1 150 i~k
Z_ Z Z( )Z( 1)kl 2k1 Jsmkl(zo) (k1+2|(2— J)Pe > (”(Hp Ky =2Kp)+2 (K +2 Ko~ J)Zo)(J l)

p! ko

p=1 =0

[ zz 1 1 n
2fond 2 2)ot)mim-

2n 4 Vm 'm

e = 1] )

j-1

1= )z iy-2 i 1
i1 Z Z( 1) 6|1+|2+|3 i ('l + I2 + |3 I1 I2 |3) nll m|3 ( Il)|1 ( )
20 (j—i—1)!(2sin(z)) 2" i Toh0is0 2/

2

1 L
[—) (1-nsirt(z) " cos22Y(zy) (1 - msin(z) * 2(z z)°
I

i3

1
/iR ———)eZ
2n 4

08.06.06.0064.01
) [B'Q(HO) 3J [3 agfz-2)
+2 ]+ ==
4|4

-ni
2n

I(n; zo | m) + 2(2Re(—— —)+1)H(n|m)— —H(—
2n 4 vm m

gl

II(n; z| M) [—e

—ni
e

2n 4 2n

]+1 (1+0z-2)) /: (z )/\Re[zo 1) z
— X - ———]e
% % 2n 4
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08.06.06.0065.01

1 n|1 Zz 3 —ri
I(n; z| M) « —1'[(—‘—)+2(2Re(———)+1)ﬂ(n|m) l-e
W m|m 2n 4

a2

e
H(n, ZO | m) e 2n 4 4 2n

4 2n

rg(HO) %H 1 @dz7)

2n 4

)]+

[
+

v 1-msin®(zy) (1-n sinz(zo))

sin(2z) (3mnsin2(zo)— m-2n)

% 3
2 2(Z—zo)2+.../;(Zazo)/\R{___)ez
4(1-msin’(z)) (nsin’(z) - 1) 27 4

08.06.06.0066.01

1 n|l 2y 3 -
II(n; z| M) o —H[—‘—)+2(2Re(———)+1)n(n|m) l-e
\/ﬁ m|m 2n 4

)]w

)Z( D4 247 §in(z) (kg + 2k — )P e 3 4pky2Kp) 20 2k~ ”Zo)(j‘kl)

k;
kp=0 2

o)

o

o)
) p -1

T(m; zo | m) + Z [Z Z[
p=1 1) =

=3 1= Dz(j-i-2 ‘

1
Y ZZ( D6 siyeiyi (i1 +ip +igi iy, i, ig) Nt mis (- |1).1( )
20 (j—i—1)1(2sin(Zy) 2" {Toim0ism0 i

2

/Re(———)el

1 G
[5). (1—nsin2(20)) "cos 2l Yzo) (1~ msin’(z)) - 2(2 70)°

J]+

08.06.06.0067.01
1

1 n z 3 -
H(n;z|m)oc[[ﬁn(a E)+2(2RE(Z_Z)+1)H(n|m)][l_e
| ez

| 1) g

-

I zp [ me

(1+0z-2))/; (Z—>20)/\ e(———)ez

Expansionsat z==0

08.06.06.0003.01
T(n; | M) o

m+2n
Z+

1
Z+— (9P +4m+2n)(3n-1)2 + —— (2251 + 90n7? (3n—2) + 8(M+2n) (2— 30n + 45n7))
6 120 5040

362880(11025m4+12600m3(ln—1)+3024mz(1—5n+5n2)+64(m+2n)( 1+63n-315n +3151°)) 2
o(Z%) /;(z-0)
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08.06.06.0068.01

5
22+ n 1
I(n; z| m) o — p 1+
m-2[y 1-m +1 1-m
A

© (—1)8220+1 20 k ok 1)ijipi m < i1 1
S8 Ll ( k.) S ((\/1—n +1) 7 —(1-vVi-n)’ )
o @a+D! s TS r(j-k+ ) 1-vV1-m

11 3 11 1 Z(Vl—m+1)

Fil = = — =i j—k+ = = - : 29 4<1
2 2 2 2 2 2,/1_m m

08.06.06.0069.01
T, z| m o« 2+ O(2%) /; (z— 0)

Expansionsat z== csc‘l(\/ m ) +nu/,ue”Z

08.06.06.0070.01

1 niil mv2 y-vVm-1 (z-2) .

n? - (9n+2)m+10n) (z— 7o)
H(n;z|m)o<—H[— —)+2uH(n|m)— +
Vm ‘mim (n-m+vm-1

m 12Vm-1 (m-n)

((M@mM-=4) + 4 n? + 2(M(15m- 68) + 44) nm+ (M (345 m— 628) + 292) n?) /(480 (M- 1) (M- n)?) (z— Z0)* —

(15mP — (21n+ 26) NP + (-1155n° + 214 n — 12) ' + (- 1911 n® + 4258n* — 284N + 8 +
2n(2385n% - 2578 + 68) ¥ — 4n? (941 n - 502) m+ 920 %) /

(2688 (m—-1)¥2 (m-n)*) (z— 2)% + ...]/; (z— 20)/\20 = csc‘l(\/ﬁ)wru/\uel

08.06.06.0071.01
(n; z| m) =

1 n
2ull(n| m)+ —1‘[(—

\/ﬁ m

e v ()
1y mVy2y-Vm-1@z-2z) & 1 & ) r .
] > Di+he ), O (2= 2/,
n-mvm-1 koo 2k+ 175 o r+1
(_1)k 22k (_1)k—1 22k (2 _ m)
zoznu+csc‘1(ﬁ)/\uez/\a0=1/\a2k= /\a2k+1=—
(2k+ 1! Vvm=-1 (2k+2)!
2nvm k (=1
bo—l/\bk akl/\ck—_( )Z (j)pj,k/\pu,ozl/\

j=0 2]

1V 1.k
Puy = ;Z(Uj +]=V)aj Py /\qU,o= 1/\Qj,k= EZ(“H - K by g i /\kEN
i1 i1

m

08.06.06.0072.01

mv2 vV -vVm-1 (z-2z)

1 nj|il
H(n;zlm)oc—H(—‘—)+2un(n|m)— 1+0z-2)) /;
VYm ‘mim (n-mvVm-1

(z-»zo)/\zo csct )+7TU/\U€Z
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Expansionsat z== —csc‘l(\/ m ) +ru/;ue”Z

08.06.06.0073.01

1 niil mv2 y-vVm-1 (z-2) m? - (9n+2)m+10n) (- %)
H(n;zlm)oc—H[—’—)+2ul‘[(n|m)— 1- +
Vm ‘mim n-m+vm-1 12Vm-1 (m-n)

((M@mM-=4) +4) P + 2(M(15m- 68) + 44) nm+ (M (345 M- 628) + 292) n?) /(480 (M- 1) (M- n)?) (z— Z0)* —
(15nP - (21n+ 26) NP + (-1155n° + 214 n — 12) i + (- 1911 n® + 4258 n* — 284N + 8) P +
2n(2385n? - 2578+ 68) n¥ — 4n? (941 n— 502) m+ 920n°) /

(2688 (M- 1)¥? (M—1)®%) (2 20)° + ...)/; 2-2) \zo= csc*l(x/ﬁ)wu/\uez

08.06.06.0074.01
I(n; z| m) =

1 n
2ull(in| m) - —H[—
Vmom

1) mvV2 yVm-1 (z-2) & (-1 1 1)r[ )

( Ve ZZk 12(1 +1)CK—JZ o (2-20)%/;
n-m -

m

(_1)k 22k (_1)k—1 22|< (2 -m)
/\ 1= —————

k+ 1! Vm-1 2k+2)!
) _
akl/\ck—g( )Z [J-)Pj,k/\pw:l/\

j=0

1YV 1Kk
Puy = ;Z(Uj +ji-va pu,v—j/\qu,O: 1/\Qj,k= EZ(jHi—k)bi qj,k—i/\kEN
j=1 i=1

08.06.06.0075.01

zo=ﬂu—csc‘1(\/ﬁ)/\UEZ/\a0=1/\a2k=
bo=1/\bc= 2n

mv2 VVm-1 (z-2)

1
—)+2uH(n|m)— 1+0(z-2)) /;
(n-mvym-1

1 n
H(n;zlm)oc——H(—‘
vm \mim

(Z—)ZO)/\Z():—Cgfl(\/H)+7TU/\UEZ

Expansionsat z== csc‘l(\/F) +ru/,ue”Z

08.06.06.0076.01
log(z - Zp) [ N=2)n+m(4-3n)

2\/n1/m 2\/n1/ 2vn-1(n-m

(21n*-40n+22)n? - 2n(3n*—4n+4)m+n? (3n° —4n+4)) /(24(m-n)® (- 1)) (z— 20)* +
(-n=2)r°+3mn-2)n*+3n? (n*-6n?+10n—4)n+n?(15n° - 38n? + 30n - 8)) /(24 (n- ¥ (n- m)*)

.'1
T =
n

(n; z| m) o —

(Z-2)+

(z—zo)3+...]+ /;(z—>zo)/\20=7ru+csc‘l(\/ﬁ)/\uel
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08.06.06.0077.01

log(z-z)
nmzim=-——
2vVn-1 /%F
. 1
1 o0 1 k+1 ] (_1)[’ j ﬂl[‘\’ n
Z Z(j+1)cfj+k+lz (r)qr]( _ZO)k+1+ /
o k+145 o+l R N
2 v n-1 2 1-5 1_F

(_1)k 22k (_1)k—1 22k (2 -m)
/\ Q1= ————

n=ru+res'(Vin) Auez Nao=1/\ax= @k+1)! Vm-1 2k+2)!

(

N w
~—

2nvVym (=1

k
vk ZZJ+1(])pj’k/\pu’0:1/\

j=0

bo—l/\ k= ——""— akl/\ck—

=~

1V 1.k
Puy = ;Z(UJH-V)bj pu,vfj/\qU,o=1/\qJ',k= EZ(ji+i—k)a,-qj,k,i/\keN
=t i1

08.06.06.0078.01

. 1
log(z— 2) ”\/T (N=2)n+m(4—3n)(z-2)
Ii(n; z| M) oc — (1+0(Z—Zo))/;

2vn-1 l 2 /1- % 44n-1 (n-m+vn /

(z—»zo)/\zoznu+csc’1(\/ﬁ)/\uel

Expansionsat z== co

08.06.06.0079.01
M(n; sn(2 | m) o

b bt

\/22\/ o (G)(G),
e my ZZZNK u)'(2k+k3) 7%/ 12 > o) /\

k=0 u=0 i=0

)l

)

((O<arg(n)< g/\0<arg(m)<7r)\/(g <arg(n)<7r/\0<arg(m)< g/\(|m| <1V(nl>1An > |m|)))\/

(g <agm <z [\ g <agm < /\In> |m|))

Expansions at generic point m == mg

For the function itself
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08.06.06.0080.01

1 [E(z| o) mo Sin22) ]
II(n; z| m) o TI(N; Z| M) + +TI(n; Z| mg) — (M=) +
Zn-m{ Mot 2(my—-1y 1-mesin’(2)
1| (4mg—(n+2)my—n) Ez| my) F(z| my) 311(n; z| my)
- . . .
2| 4mp-12mymo-n?  AMy-DMiMo-m  4(my-n)?

((4m§—(n+2)rrb—n)rrbsinz(z)—Srr%+2n+rrb)sin(22)
32
)

(Mm-mp)? + ... /; (M- mp)
8(my — 1)? (my — n)? (1 - my sin(2)

08.06.06.0081.01

1 E(z| mp) my Sin(22)
H(n;ZIm)ecH(n;ZImo)+2 1 +1I(n; z| mg) — (Mm-mp) +
(N=Mmo) | M= 2(my -1V 1-mesin’(2)
1{(4mg - (n+2) my—n)Ez| my) F(z| mp) 3TI(N; z| my)
— + + +
2 4(my — 1% my (Mg — n)? 4Mp-Dmp(Mo—N)  4(my—n)?

((4m§—(n+2)m)—n)rTbsinZ(z)—Smg+2n+mo)sjn(22)
3/2
)

(M- mp)® + O((m - my)®)
8(my - 12 (my — n)? (1 - mpsin’(2)

08.06.06.0082.01

=1
i 2| m = )= 1% m; 2| my) (- mo)*
k=0 ™*

08.06.06.0083.01
I1(n; z| m) oc TI(N; Z| My) (1 + O(M - my))
Expansionsat m==0

08.06.06.0084.01

R 3 2 tanh™(Vn-1 tan(2)
H(n;zlm)oc{ e(z)}[ T i (Vl—n—l)m— " [n— +2]mz+..‘]+ )+
m Vvi-n 2+v1-nn 16n? 1-n n-1
m tanh_l(\/ n-1 tan(z)) 3(4tanh_1(\/ n-1 tan(z))+\/ n-1 (nsin22-2(n+2) z))m2
— -z|+ +.../,(m=0)
2n n-1 32vVn-1r?
08.06.06.0085.01
II(n; z| M)
R 3 2 tanh™(Vn-1 tan(2)
{ eﬂ[ L Witn-ymo— [n— +2]rr12+0(m3)]+ )+
n Vvi-n 2+v1-nn 16n? Vvi-n n-1
m tanh_l(\/ n-1 tan(z)) 3(4tanh’1(\/ n-1 tan(z))+\/n—1 (Nsin22) -2(n+2) z))m2
— —z|+ +0(n?)
2n n-1 32vVn-1r?
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08.06.06.0086.01

tanh"l(\/ n-1 tan(z)) m

II(n; z| m) = + —
Vit [ 4n
(§ 27K mf j+1 . I3 .
o 2) k kil i+ NI i—1 n \2a+l 9, cot?P(22)
D - Z(—l)'( :1)(—) Z(—l)'(li ) q!(z +1)(—) sn”®22 )"
=0 (k+1)' j=0 J i=0 a=0 a 2-n pzo(g)q—pp!
(111 n \24
[TJ( 2q )(E)q(ﬁ) 9 (p—1)!cos?P(22) Re2)
4z+tan(22) +2{ }H(n|m)/;|m|<1
parc 2q! o1 (%)p b

08.06.06.0005.01

(E)l( sinZk(z)

Re(2 © \2 11 3 Re(z
I(n; z| m == pl)l#w sin(z)zi Fl[k+ — = L k+—; sinz(z), nsinz(z))mk+2 ™ Wl‘[(n lm)/;im<1
o 2k+Dk! 2 2 2 b

08.06.06.0087.01

tanh"l(\/ n-1 tan(z)) x R
T Vi =]

II(n; z| m) o [ (1 + O(m))

Expansionsat m==1

08.06.06.0088.01
T(n; | M) o

-2l

n-1 4(n-1)>

1
(m-1) + —(—(n—l) (-3n+(n-5)cos(22) — 1) tan(2) sec3(2) +
64(n-1)>3\2
Re(z
(n?—6n—3)tanh (sin() + 8V n tanh*(v/n sin(z))) m-172%+... —{ ™ )}
Ve

+
1-n n-1

|Og(1— m) (n+ 1) (m_ 1) 3<n2 —-6n- 3) (m_ ]_)2 \/F (|Og(\/F + 1) — |Og(l— \/F)) —4|Og(2)
1+ - +... =
4(n-1 64 (n—1)2

(2n|og(2)+2Iog(2)+\/F(Iog(l—\/ﬁ)—log(\/ﬁ+l))—l) (m-1)

2(n-1)7?

1
- (—5n2 + 12n+24(|og(«/?+ 1)— log(1 - \/F))\/F +12((n-6)n—-13)log(2) +21) (m-1)2+
64 (n-1)°

2Re(2) +
...]/;(m—>1)/\—|¥62
n

e [«/F tanh™(V'n sin(z)) ~tanh ™ sin@) (n+Dtanh '(sin@)-2vn tanh *(vVn sin(z)) +(n—1) sec(2) tan(2)
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08.06.06.0089.01

T(n; | m) o

3sn°(2)
40

o

08.06.06.0090.01

I1(n; z| m) ==

e

k=0

Re(2)

{T} log(1—m) Z

o (k+ %)S(2¢(k+ l)—l//(k+

1-+n sin@

1
(% [\/F tanh(v/n’ sin(z)) (n—1)*14

1 3 5
]— 2log(sec(2) + tan(z))] + gsinS(z) Fl(? 2,1 E; sinz(z), nsinz(z) (m-1) +

5 7
Fl(a; 31 > §n@), nsjnz(z)) M=-12%+.../;(m= 1)/\ IRe(2)| < g

_1ykp
L g CU T Parcn [(_1>P(<1—m“+<m1)“)

2k! b0 22K P(k-p)!

p i—D— i—D—
tanh™X(sin(2) p! +tan(z)sec(z)Z( ?](—1)'“'1' (p- j)!((l—\/F)J P 1+(\/F+1)J P 1)
i=0

i-

q

oo (l_

j 0o
722F1(1]+— —I"I) Z

j=0

,_\

(2 1+ZQ+lq'tan2q(Z))( 1+20+2)q-9)

o

m(3),
(in

1

—_— k_

a-m(y);

k=0 (k')

3)-vlkese3))e . 2Re@+x

08.06.06.0091.01

II(n; z| m) ==
> (%)k

k=0

(2

> o Vn tanh*(vn' sin(z)) (n-1*1 ™ >

/i= ez
4

1 & D P (P . o
7 [(—1)"((1—«5) e

b0 22KP(k-p)!

p — L
sin(z))p!+tan(z)sec(z)2( 'JF’)(—l)F"i(p—j)!((l—x/ﬁ)J ) 1)

-1 (27j+2q+l q! tanZQ(z)) (-j+2q9+ Z)Z(j—q—l)

j=0

T

a=0

08.06.06.0092.01

o

Re(2)
Inm; z|m = (—1)lTW sin(2)
k=0
2Re(2) + 7
-—eZ

4

@

- 2k 1
sin (Z)(E)k
@k+1)k!

1 3 ) )
Fl[k+ 5; k+1,1; k+ E; sin“(2), nsin (z)) (m-1%+2

2

]] (m-1%/; IRe(2)| = —
-gq-1!

Re(2)
—} mn|m /;
/e




http: //functions.wolfram.com

08.06.06.0093.01
lRe(z)-‘ Re(2)
GV

- (Vn (log(v/n +1)~log(1-Vn )) - 4 Iog(2))]

Tn; 2| m o («/_ tanh (v sin(z)) —tanh (s n(z))) +
{@]Iog(l—m) 2Re(2 +
(1+0(m-1) - =————— 1+ Om-1) [~ — —€Z
- T

Expansionsat m == oo

08.06.06.0094.01

Re2)(log-m) (- 2n+1 3(8r+4n+3) Vosni(Vn) 5 g
1'[(n;z|m)oc2{ } + o+ — |1 ——+ |+
™ Il 2v-m 4m 64 n? Vicn vV—m 2m  gn?
2log(2) +n(4log2) -1) -1 28n?+26n-12(8n?+4n+3)log(2) + 21
4log(2) + - +. ||+
2vV-m 2m 64 m?
1\ &2
|2y ¥ ~msin@ - L, (3); 5@ 1
(-7 | ————— | -log(-4msin“(2)) + 2Iog(cosz(—))—nsm (@) — F|L -j; ——J;n) +
2msin(2) 2 o0 (Gg+vj! 2

- (2) sn?l2) L
~—|[-nsin Z (11—1'—1:—1'——;n)+
(J+1)(J+l)' 2

=0

2 (n + Cot(2) csc(2) + Iog(cosz(g)) + 1) -(2n+1)log(-4 msin’(2) |+

1
—— |21+ 24ncsci(2) + 6cot(2) (2c¢X(2) + 3) esc(2) + 2n(12n+ 7) + 18 Iog(cosz(f)) -
64 m? 2

& (g)jsmzj(z) 3
3(8n2 +4n+3)log(—4msin2(z))— 18nsin’(2) +2F1(1, —j-2-j-—; n) /; (Im| = o)
i (+D(+2! 2
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08.06.06.0095.01
II(n; z| m) =

k(1 1 2]
Re(2) [@1 v —-msin’(2) y m (E)k(z)pks‘n @
2{—} nnim+nl= | —— —nsin(z)zz : :
. 2msin(z2) oo U+DkI(G+K!

2log(-4 msinz(z)) 1 1 33 1
_— K(—) + —4F3(1, 1,-,-1222 —]+ log(4) -
bis m/ 4m 2 2 m

cscA(2) nlog(-4msin’(2))
1 _

2lo +
g 2m Z (k+1)!k!

n m (%)k(z)k 1 sinz(z) i mﬁk(%)k(g)k
—zFl[l k; — —k; n)—

2m& (k+D)N? 2 okt k+ D!

3csc(z) & m_k(g)k(g)k 5 i) 9 & m knk( )k k

8P k; (K+1)! 3F2[11k+_k+ m ] s & (k+2)! .Z'+k+3
9 & mfk(E)kz 3n =K mfk”j(g)k(%)k_,-

Zk: ZZ - 3'52[1, 1,k+§;k+3, 2;

8mzk0((k+2)')2 .:o'+k+3 AP s’ koo K=D!

an & & ™ Gk G

K
ZZ —j+D!k+2)! Z(;|+k+3

kO]O

3
3F2(1, 1, k+ 5 2, k+2; sinz(z)) +

1
o 1,—j—k;—j—k+5;n)—

]+



http: //functions.wolfram.com

08.06.06.0096.01
I(n; z| m) =
N ; i (3),
Re(2) |Fe2] -msin’(2) = (') i
2{—} nn|m+n = | ————|-nsin’(2) ( )Z
n 2msin(2) i ! =

cscA(2) nsnt(z) & ( ) nyi
2logl .| 1- +1 —Iog( msin (z) Z (2 —, 1;3;sin (z) nsin (z))( ) +
m o ! m

3

o ek o
(

1
—log(-4 msinz(z))) zFl(l, —k; . k; n) -

3F2(

2m& kik+ D! \k+1
_i(3 1 (3
sn’ &M (i)i(i)i 3 ) 1 & mk(g)k
>— 3F2(1,1,i+—;2,i+2;sin(z))+—z
2 i ii+21! 2 ka:O (k+1)!
5 3
Scscz(z)(i)k 5 cscz(z) (E)k L, k1 o
3Fo|1, L k+ — k+3,2 log(—4 msin“(2)) -
4m 2 m ) 2k+1! £
5
n o 3cs<:2(z)(5)k ) 5 cscz(z) (E) 1 Sk 1
_Z aFo|L L k+ — k+3,2 ( )Z_(_
Mico 4m 2 m (k+1)'|:0|+k+2 m/ < j1 \2);

08.06.06.0097.01

1

Zi+k+2 k+1

(n; z| m) =
1 . _1 i sin?! 1
Re(2) {Re(z)'| \V —msin (Z XX (_) nl = 5 J+k-1 ( 2)j+kfi m sin”(2) (
2{—wn(n|m)+(—1) " Y——|2msr’® Y ————— - —
n 2msin2 - 00 ! o (+D(+k=i=-1! (j+k!

(2)..

1
(Iog( msin®(2) +y(j +k+1) - lﬁ( +k+ 2))+ 73%[1, 1,

2msi nz(z)

08.06.06.0098.01
nl( ) sm2]+2k+1(z)

Re(z) ©

Re(2)
I(n; z| m) = I(n|m 1 Falj+k+ =,
(mzim { x } LI W) @j+2k+1k! “(H "2

k=0 j=0

08.06.06.0099.01

2

V msin’(2) o
m- nz

2msin(2) o (k!)?

(_)ka 1
|

Re(2) =
H(n;zlm):Z{—}H(nlm)H—l) i
T

2my 1-msin (z)

— ——k 1, —;1-msin“(2,

>

k=0

j+k+£;j+k+2, 2;

11 2
- j+k+ —;msin“(2

2

L k+1;

2 2 2 n-m

(3)m* Fl[l 1 3 , (1—msin2(2))]

3

n-m

)

1,1+ 5;2, j +1;sin2(z) -

]+

|
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36

08.06.06.0100.01

1 . 2k+1
Re(2) |22 i (E)ksm @
H(n;zlm)=2{—11'[(n|m)+(—1) B
/e

S 2k+nkt U 272

08.06.06.0101.01

|Feo]  Sin@) log(1 - nsin(2)) 1

H(n; z| m) = (=t = > m
v -msin(2) 1_1 | i
n

Z SFol1, 1, k= k+2, 2
Amsin®(2) ko K+ D! 2 msin®(2)

_k() 3 1 ] nk (g)k

o 1%(2), (log(-msirf@) +uk+ D-u(k+ 2))| (3),

£ 22k+1k! . C2nk+rt
~n

38n°(@) & m‘i(i).(—)i « S @ @2 @), i+

) Conk+ 1)’
N

3 1
F [1, k+ 5; k+2; —) -

11 3
F (k+— -1 k+5 msin’(2), nsin (Z))

3
Fl(l, k + 5; k+2;

n

5
o0 5)-+ log(1 - nsin’(2) Re(z
S i
8n 3 iMi+2! 50 JTKY (2 (i + 3)j4x , [ n
08.06.06.0102.01
Re(2) [@W nvy —msinz(z)
H(n;z|m)=F(z|m)+2(H(n|m)—K(m)){—}—(—l) T —
s msin(z)
tanh ™ —c‘)s(z)‘m]—tanh"l[—‘m ] [1— m]
[ n-1 -1 m [ 1[\/Fcos(z)] 1[ vn ])
+ tanh - ———— [ cos(2) — tanh
Va1 Vi [on 1, Vn-1 Va-1
m
3 _k 1 1
1 = z)km k+2 5, L% n-1 k+2 3,11
m;{ " [F}Xfxé[ s 1, — —cos(z) Fi:2:1 53 co(2), ——
= 5 D5

1

n

_)+
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08.06.06.0103.01

[@] vV —msin’(2)
omzimoe (-Ht = | —
2msin(2)

(—Iog(—4 msin’(2)) + [2 Iog(cosz( g)) _

2vn [ l[cos(z)ﬁ] 1[ ey ]]
tanh"| —— [-tanh
Vvn-1 Yn-1 n-1

) Vi sy
) ) o

Other series representations

ExpansionsTI(n; sin™'(2) | m) at z==

08.06.06.0104.01
M(n; si n2 | m) o

L e
| m+ ~—————— F sz]zu:r:u(kknl u)(' ()zil)?)) 22402 - ) [\

k=0 u=0 i=0

o)l

)

((O<arg(n)< g/\0<arg(m)<n)\/(g <arg(n)<7r/\0<arg(m)< g/\(lml <1V(nl>1An > |m|)))\/

(g <arg(n) < 7r/\ g <arg(m) < 7r/\ [n| > |m|))

Other expansions

08.06.06.0006.01

[ Vr myk+1 1 m
IIn; z| m) = Zn 1+— ——(—) zFl(l,k+—;k+2;——)
F(%—k)(k+l)! n 2 n

ﬁr(k+§) F(ll . B ) . 1\o A n
-co —, ——k —:co =m <n —<z<
2kl S(2) oF1 2’2 @1/, < < > z

08.06.06.0007.01

[ n
nmn,zjm= | ——
(n—=1)(m-n)
2ing & m)k kra [(n-1)(m-n d m)k kra krxF(z|m
Fzim ”TZ q(m) sin( b )+ ( ) ( ) —2172 q(m) sin[ Vg ]sin( mF(z| )) p
KM {7 1- gm)?* K(m) n ket k(1 - q(m)2¥) K(m) K(m)

a::snl[\/g m]/\—lsnsl/\—lsmsl/\—%szsg
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08.06.06.0105.01
1 1 1 i 2042
e nk (k+ _)' (_) (_) mi Sn2|+21+2k+1(z)
2)ivj\2)i\2);

nmzim =0l 1YY

Re(2)
+ 2{ } II(n | m)
Vs

k=0 i=0 j=0 2k+1) (k+ g)nj irj!
08.06.06.0106.01
] o e e (B @B (3)
n; z| m = (- 1) =] sm(z)zzz (Z)HHk (Z)I (2)1 nksin?™ 0z ml 42 Re(Z)}H(nl m)
k01200 (E)I+j+kk!i!j! n

08.06.06.0107.01

[Reaw & nksn2k+l() 111 3 5 5 2)
on; z| my = (-1t = Fl(k+ —; —, — k+ —;sin“(2, msin (z))+2 —}H(n | m)
o 2k+1 222 2 bis
08.06.06.0108.01
1
im=2| =2l im -l ZE)SMZ)[ 1 ks nsri(@, men'ta)
n; z|m =2 In| m + sin k+ —; 1, —; k+ —; nsin“(2), msin“(z
( ) . } ( ) +(=1) (2) Kl 2ks D Fy > > > 2 2
08.06.06.0109.01
K 2 j+2k+1
Re(2) |2 o o (3 ) sin @ 4 1 3 ,
nmn; zlm=2 { }H(nlm)+( 1) SII’](Z)ZZ zFl[—,j+k+—;j+k+—;msin(z))
big parE 2j+2k+1j! 2 2 2
08.06.06.0110.01
1 1 s 2j+2k+1
Re(2) S (E)k (3) ;S0 @ 1 3 ,
H(n;z|m)=2{ }H(n|m)+( 1) sm(z)zz - - gFl(l,—+k+j;—+k+j;nsin(z))
bis k00 2j+2k+1)k!j! 2 2
08.06.06.0111.01
1 1 j
ad (5) = (2)'+ n 1 I lirgn®(z
l'I(n;z|m::Z X Z _Jk z——sin(ZZ)Z @
o K i +k)! 2 _— (g)
Integral representations
On the real axis
Of thedirect function
08.06.07.0001.01
z 1 Vi Ve
II(n; z| m) == dt/; 5 st
° (1-nsin’®) V 1 - msin’(t)
08.06.07.0004.01
[@l cos(t) Re(2)
Inn; zfm = (=1t = f dt+2 —ln(mm)

° (1-n sinz(t)) \/ 1-msin’(t) \/ cosA(t)
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08.06.07.0002.01

sin(z) 1
1'[(n;z|m)::f dt/; -
° A-n?)y1-2 y1-me

08.06.07.0005.01

Re2] (SiN@ 1 Re(2)
H(n;zlm)z(—l)[ n Wf clt+2{—wn(n|m)
0 Fis

(1-n?)y1-12 y1-mt?
08.06.07.0003.01

F@m) 1
H(n;z|m)==f ——dt
0 1-nsnt|m?

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

With respect to n

08.06.13.0002.01

3Pw(n) 82w(n) ow(n) V1-msin’(2) sn22)
2(n—-1)(m-n)n +(-13n+8mn+8n-3m) +4M-4n+1) —— —2w(n) = /;
on® an? an (nsinz(z) - 1)3
w(n) ==TI(n; z| m)
With respect to m
08.06.13.0001.01
Sw(m 82w(m) ow(m) 3sn(22)

8(m-1)m(m-n)

+4(11n? —6nm-7m+2n) +6(7Tm-n-2) p +3w(m) =
m

an? .
24/ (1- msinz(z))

w(m) == TI(n; z| m)

Ordinary nonlinear differential equations
08.06.13.0003.01
(W@ - 1) (4W @ (m-n)® + 27 P n)2 (M- (n-12W@*+1)W@° +(8(M-1)(M-n°(n-Dnw(@2° -
2m-n?(4(n-)@n-2m*+n@nG-11n+8 P -3(n-9n’ 2n- P +2(n-10)n*m+4n*)w(2* -
9n?n((6n(@n-5)+16)nT +3n(n(3n-16) + 4 n? - 3(n- 12) " m- 10n°) W (2)* - 243 n?) W’ (2° W (2)* +
n(-27nn — (m-n? (M©@n-8) - 10N W @* n? + (m-1) (m-n*nw @) W' @* w2’ -
m 2w’ (2)® == 0 /; w(z) = TI(n; z| m)

Transformations

Transformations and argument simplifications
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Argument involving basic arithmetic operations

08.06.16.0001.01
I(n; —z | m) = =II(n; z| M)

08.06.16.0002.01
N, z+ 7k | my=2kIIn|m+II(n; z|m /; ke ZA-1<n<1
Products, sums, and powers of the direct function

Sums of the direct function

08.06.16.0003.01

n [ Y(@A-nnn-m sin(2 sin(z) sin(z)
I1(n; z | m) + II(N; 2, | m) ==TI(n; z| M) — tan™t
V @-nnh-m

—nsin’(@) +ncos(2) V 1-msin®(2) sin(z) sin(z,) + 1

1[ cos(z;) c0s(z,) — sin(z;) sin(z) \/ (1-ms nz(zl)) (1-ms nz(zz))
Z== COS

]/\0<m<n<1/\0<zl<1/\0<22<1

1-ms nz(zl) s nz(zz)

Identities

Functional identities
08.06.17.0001.01

e(2)
—}H(n | m)
Vs

1 Re(z
—)+2
m

. \/@ tan(z) + m

m
1'[(n;z|m):F(z|m)—H(—;z|m)+ |
n

09
2 | (n—m)n(n—l) \ 1-msin’z) - | w tan(2)

M(n; i sinhY(tan(2)) |1-m)== lﬂ— (F(z| m) - nII(1-n; z| m)
-n

1
nm z| m = —— H(E; sn(Vm sin(z))
Ym 'm

08.06.17.0004.01

08.06.17.0003.01

08.06.17.0002.01
E(@ | M F@| m) + cot(®) (T(msin’@); ¢ | m) — F(@ | m) ¥ 1-msin’(@) ==

cot(@) V 1-msin’(¢) (T(msin’(¢); 6| m)— F@| m)+E@ | m F@|m)

Differentiation

Low-order differentiation

With respect ton
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08.06.20.0001.01

ATI(n; z| m) 1 m-n n2-m ny 1-msin’(2) sin2)

== E(z|m) + F(z|m) + I(n; z| m) -

an 2(m-n(n-1) n n 2(1-nsin’(2)

08.06.20.0002.01

S2TI(n; z| M) sn22V 1-msin’2)

. = . (Bn-8n’+nm@2n +1)+n(2-5n)cos22 - m(2n° + n-6)) +
an 16(m-n)? (n- 1? (nsin’(2) - 1)
m1-4n)+n(Gn-2) 3nt+2m@2-5nn+m(@4n-1) 2n+1)m+n2-5n)

F(z|m) + In; z| m) — E(z| m)

4(m-n)(n-1)>2n? 4(m-n)?(n-1)>?n? 4(m-n(n-1°%n

With respect to z

08.06.20.0003.01
oIl(n; z| m) 1

9z vV 1-msn2 (1—nsin2(z))

08.06.20.0004.01

PI(m; z|m)  cos()sin@ (-3mnsin’(2) + m+2n)

oz (1- msinz(z)):i/2 (1-n sinz(z))2

With respect tom
08.06.20.0005.01
oIl(n; z| m) 1 1 msin(22)

= E(z| m) +II(n; z| m) —
om 2(n-m)| m-1

2(m-1) vV 1- msinz(z)

08.06.20.0006.01
I zlm  4mP—-(nN+2)m-n

Ezlm+ ——FZ|m+
an? 4(m-1?m(m-n)? 4(m-1)m(m-n)

3 (m(4rr12—(n+2)m—n)sin2(2)+m+2n—3rr12)sin(22)
(n; z| m) +

4(m-n)y? 8(m-172(m-ny?(1- msrinZ(Z))a/2

Symbolic differentiation

With respect ton

08.06.20.0007.02

OPTI(n; z| m) © (k+p)!
g F’+1(Z) 7{)
onP o Ck+2p+Dk!

3
Fl[k+ p+ ,— k+p+ 5; sin’(2), msjnz(z)) nksin?@ /; peN

08.06.20.0013.01

1 1 1 ki 2 (ktkotks) 3
oPTI(N: z|m)  sin?P* o x (p+2)k1+k2+k3(p+1)k1(Z)kz(z)k3nlsn @

@ p! ,
anP 2p+1 222 3 fpen

Ky =p ky=0ks=0 (+—) kqlko!ks!
1=Pky=0k3 p 2k1+k2+k3l 2 K3
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08.06.20.0014.01

PTIM; z|m)  sin”P(2) p!

= F(Ds)(p P+, E L p+§ nsin’(2), Sn’(2), msm(z))/ peN
onP 2p+1 2 2' 2 2

With respect to z

08.06.20.0015.01

OPII(n; z| M)
ozP -
p -1 ik . ((j+p-ky-2kp)+2 (—j+k+2kp) 2 (| — K
nm; z| ms ) (1) 2971 () (kg + 2k, — )P 2 TUTP Rk ZZ( 1)
b Zﬂ; Z= ZZ: 1 2 k2
ji-1 1= )z oi)-2 Lo i i1
— -2i-1 ZZZ(_l)Il 5—i+i1+i2+i3 (il+ i2 + iS; il’ iZ’ i3) n' s
20 (j—i—1)!(2sin@) 2" {oim0ism0

1y (1 e y
(—il)il(g)_ (—) (1—nsin2(z)) ! cos 212 Y2 (1-msin (z)) & 2/ peN

2 i3

08.06.20.0008.02

OPTI(n; z| ) Pl op-2 p2iz /1 2(Vi-m + 1)+(eziz_1)m
——— =TI(n; Z| M) 6p +

0z _
Y1-n Vl—msinz(z) 1-m

. -3/2 . j
f/,2:z(m_2(\/m+l)) P*lezr‘kZ (kzl k (k) (J _k)kfj m i
- - el r(3-i) (e2-1ym-2Vi-m +2
ikt j—k-1
2(1+V1-n) 2(1-V1-n)
R N TPt I L A |
n n

11 31 m(1-e??)+2V1-m -2 m(1-¢*?)+2V1-m -2
Fa| = IE , /ipeN
2'2° 22 aVi-m m+2vV1-m -2

With respect tom

08.06.20.0009.02

APTI(n; z| M) 2p & ( 1)
P i) S

11 3
1(k+ p+—; —, L k+ p+ —; sn’(2), nsinz(z))mksinz‘((z) /ipeN
armP L 2k+2p+Dk! 2’2 2

08.06.20.0016.01

J— m) 2p+1(2)( ) i Z Z( ;)k1+k2+k3 (1),(1(%) (p+ )k i gip?latieria) ) nﬁ/ N
pe
omP 2p+l Ky =pk;=0ks=0 (p+g)k+k+k klvkz'kg' P
L TR2TR3

08.06.20.0017.01

2p+l(z)( )
APII(n; z| m) p F‘3>( 1 11 3 ng_nz() sinz() msin( ))/ N
== + =1L - —+pP P+ —; 2), 2), Z ) €
amP 2p+1 p(Proh g TRPTS P
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08.06.20.0018.01

OPTI(n; z| m)
amP -
tah (V-1 tan@) y cos(@) secd (1 m msing & K+ () 2*mk (%)'
mP IE(—,l;l— ;—J—
— R - an & (k-p+1)! JZ(k—J)v

j+1 (_1)i+i—l lizlJ

Zi'(j—i+1)z 2

!
i=0 " q=0 q

(iZ_ql)(l) n 24| 2sin}(sin@) v cosi(2)
()

4 (p-1!cos’P22)
- + Z +
2-n sin(z) cos(22)

)

2n+ cos(2) 32 i—1 29 4 tar?P(22)
7Zq'(2q l)COSZq(ZZ)( ) Z /ipEN
2-n w0 @-p!(3)
Fractional integro-differentiation
With respect ton
08.06.20.0010.01
k
STI(M; Z| M) ©  k!(nsin’() 111 3 ,
— =n%sn® Fl(k+ —; —, — k+ —; sin“(2, msin (z))
on” o Ck+DIk-a+1) 2 22 2
With respect to z
08.06.20.0011.01
°TI(n; Z| M) ® 0 (L 1)]+k+| 2—2] —2k- 2|m|nk 1
T eSS 210
iD0iokoo j+2k+21+Djrr 12/512)
jHk+ a 3-a 1
e 1)"(2J+2kp+2|+1)(21+2k+2I 2p+1)lF2(1 -2 i (@i 2k 21-2p+ D 22))
p=0
With respect tom
08.06.20.0012.01
1 . 2. K
O%TI(n; z| m) ) © (z)k(msm(z)) 1 1 3
— — =m?%sn® Fl[ — =, L k+ —;sin (z) nsin (z))
aom o Ck+DIk-a+1) 22 2

Integration

Indefinite integration

Involving only one direct function
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fH(n; zlmdz==

2

iii(—lﬂ*k*"lrﬁnkZ*ZJ*Z“' (1) (1) & ()P eos((2] +2k+21-2p+1)2) (2]+2k+2|+1)
j |

SLL 2jv2k+ 214Dt \2); 2j+2k+21-2p+1 p

p=0

Involving one direct function and elementary functions

Involving trigonometric functions

Involving sin

08.06.21.0002.01
\/?tan‘l YV m@2-n-(2-mn sin(2
Y €0S(22) m—mu+-2

fsin(z) (n; z| mdz== - cos(2) TI(n; z| m)
Vm@-n-@2-mn

Involving cos

08.06.21.0003.01

tanl[ 2V n-m cos(2) )

\/ 2-2n \/ Cos(2 2) m—m+2

fcos(z) n;z|mdz= +1II(n; z| m) sin(2)

Y1-nvn-m

Involving only one direct function with respect ton

08.06.21.0004.01

) (nsinz(z))k 111 3 ., )
fl‘[(n; zlmdn=singn ) ——— Fl(k+ —; —, — k+ —;9in“(2), msin (z))
o Ck+D(k+1 22 2 2

Involving only one direct function with respect tom

08.06.21.0005.01

fl‘[(n; zlmdm= \/2cos(22)m—2m+4 cot(2) +2E@z|m -2F(z|m)+2(m-n)II(n; z| m)
Involving one direct function and elementary functionswith respect tom

Involving power function

08.06.21.0006.01

fmrl(n; z| mP)dm=TI(n; z| n?) n? + E(z| n?) - F(z| n?) = nTI(n; | n¥?) + cot) V 1 - m? sin(2)

Representations through more general functions

Through hypergeometric functions of several variables
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3 ) .2 ) &

5; nsin“(z), in“(2), msin (z))+ 2{—} II(n | m)
T

[@w ) @ 1 11
Hm; z|m == (-t =~ 'sn@ Fy'| -, 1, =, —;
2 2 2

Through hypergeometric functions of two variables

08.06.26.0001.01
Rl
H(n; z|m) = (-1t =
o 2k+1

2k+l(Z) Z)“
II(n| m)

T

111 3 L
F (k+ —; =, — k+ =; sin°(2), msin (Z))nk+2
222 2

08.06.26.0004.01

5
227 n 1
II(n; z| m) = — P 1+
wz[ l—m+1) 1-m
[7Vm ] Vi

©_(=1)d 22q+1 24

k 2-k(—1)ij!ni(kk )[ m ]kj ((«/ﬁ v @It )fH)
1

2o St e
oo 2a+D! i o F(j—k+%) - 1-m
11 3 11 1 2(Vi-m+y
Filoioo—oii—k+ - - = : 2% 14 <1
2'2' 2 2'2 oyicm m

08.06.26.0002.01
Re(2)
—} H(n| m)
n

Re(2)

T

s (%)k Sil’l2k(2) 1 3
II(n; z| m) == (—1)l lsin(z) —Fl[ + = -, 1;k+—;sin2(z), nsinz(z))mk++2
o k+Dk!

Theorems

The length of the geodesics of an ellipsoid
Thelength's of the geodesics of an dlipsoid can be expressed in terms of II(n; z| m) .

History
—A. M. Legendre (1811)
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