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Notations

o H ! ¢ axpaitherratieal Freereting
tce of tnformarion abont mathematical functions.

Traditional name

Jacobi theta function ¢4

Traditional notation

01(21 q)

Mathematica StandardForm notation

EllipticTheta[l, z q]

Primary definition

09.01.02.0001.01

tz =2yq > DEg*Dsin(2k+1)2) /; gl < 1

k=0

Specific values

Specialized values

For fixed z

09.01.03.0001.01
(91(2, 0)=0

For fixed g

09.01.03.0002.01
%10, 9==0

09.01.03.0005.01

01[—; q) —\/? Vata VK(a @)

09.01.03.0006.01

01(; q) = \/? Vi@ VK(a @)

09.01.03.0003.01

(91(2 (2m+1), q) =)0, q/;meZ
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09.01.03.0007.01

1 2,
01(" (m+ 5)’ q) =0 - Va't@ VKai@) imez

09.01.03.0008.01
$(mr, q)=0/;me”Z

09.01.03.0004.01
t(mr+nat,@=0/,(mneZ /\ q=¢€""

General characteristics

Domain and analyticity

¢1(z, ) isan analytic function of zand qforz, ge C and |q| < 1.
09.01.04.0001.01

AxzxqQ)—d1(z O :: (}RCRC)—C

Symmetries and periodicities
Parity
¢1(z, g) isan odd function with respect to z.

09.01.04.0002.01
d1(=z, ) = -d1(z Q)

09.01.04.0003.01

im
01(21 —Q) = eXp(— 7 %n(lm(q))) (91(21 q)

Mirror symmetry
09.01.04.0004.01
01(2 q) == (91(2! q)
Periodicity
The function ¢41(z, ) isaperiodic function with respect to zwith period 2 7 and a quasi-period i log(q).

09.01.04.0005.01
h(z+7 Q) =-d(z Q

09.01.04.0022.01
¢1(z+2n, Q) =1(z, Q)

09.01.04.0006.01
h@Ez+mr, o =(-D"d(z q/;meZ

09.01.04.0007.01
e—Zéz
HM(Z+rmT, Q) =—

0z Q) /=" [\ Imz) >0
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09.01.04.0008.01
2iz

(z+ilog(a), g) = - a

01(21 q)

09.01.04.0009.01
G+ mat, Q) = ()" g e CmEMIM 4,7 g pme 7 [\ g= e

09.01.04.0010.01
Syz+imlog@), @) = (- ™™ 2™Z9i(z, ) ;me Z
09.01.04.0011.01
S@Z+mr+naT, @ = ()™ q"™ e 2"% 3,z q) /; (m N} € Z /\ g=e'""
Poles and essential singularities
With respect toq
The function ¢4(z, q) does not have poles and essential singularitiesinside of the unit circle|g| < 1.

09.01.04.0012.01
Sing(01(z, @) = {}

With respect to z

09.01.04.0013.01
Sing (h(z, 9) == {}
Branch points
With respect to q
For fixed z, the function ¢1(z, g) has one branch point: g = 0. (The point q == —1 isthe branch cut endpoint.)

09.01.04.0014.01
BPq(1(z, Q) == {0}

09.01.04.0015.01
Rq(01(z, @), 0) =4

With respect to z

For fixed g, the function ¢41(z, q) does not have branch points.

09.01.04.0016.01
BPA(z @) = {}

Branch cuts
With respect toq

For fixed z, the function ¢,(z, ) is a single-valued function inside the unit circle of the complex g-plane, cut along the
interval (-1, 0), whereit is continuous from above.

09.01.04.0017.01
BCy(%1(z, }) = {{(-1, 0), —i}}
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09.01.04.0018.01
lim $(z, q+ie)==M(z @) /; -1<qg<0
e—>+0

09.01.04.0019.01

Iirn0 Nz g-ie)=-i%h(zqQ/,-1<g<0

€+

With respect to z

For fixed g, the function ¢4(z, g) does not have branch cuts.
09.01.04.0020.01

BCd1(z @) = {}

Natural boundary of analyticity
Theunit circle |g| == 1 isthe natural boundary of the region of analyticity.

09.01.04.0021.01
ABL01(0, 2) = (¢’ ("””)}

Branch cut endpoints

The function ¢4(z, g) has one branch cut endpoint: g = —1.

Series representations

g-series

Expansions at generic point z== 7z,
09.01.06.0027.01

2

w0 7% (20, ) 0772, Q)
h(zZ, Q) < 31(Z0, Q) + 017 (Z0, P (Z—-Z) + — (Z-2)"+ ———

(z-2)*+0((z- 2"

09.01.06.0028.01

0770, 0 ° 077, 9
+ -

012, O) o 01(2, §) + (20, Q) (2 2) + lT z-2 (2-20° + O((z- 2)%)

09.01.06.0029.01
o qkO
%z, @)

hzQ =,

k=0

(z-2)"

09.01.06.0030.01
$h(z 9) o d1(Z0, P (1 + Oz - 20))

Expansions at generic point q == g

09.01.06.0031.01

92 (2 do) , 7@

91(2, @) &< 91 o) + IV (Z o) (G- o) + lT (@-0o)* + (@-90°+0((a- go)*)
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09.01.06.0032.01

@ #%%(z, qo)

hz Q=) ———[@- g~
o k!

09.01.06.0033.01
$1(z Q) o 31(z, o) (1+O(q — o))

Expansions on branch cuts

09.01.06.0034.01

x| 2940 32z %) 102 %)
0z ) oce? 5 01z %+ 02z % (@-x + IT @-x°+ ”T @-x°%+0(@-x")|/;

XeRA-1<x<0

09.01.06.0035.01

oo & ¥z, %)
hzg=e2l 2

q@-%*/;xeRA-1<x<0
k=0

09.01.06.0036.01
ni PQ(qu)

MEZ Pxezl 2 J(?l(z, X)(L+0(g-x)/;xeRA-1<x<0

Expansionsat q ==
09.01.06.0037.01
01z @) « 24/q (SN@ -SNEB2 @ +snG2® -sn(72 G2 +...) /; (@~ 0)

09.01.06.0001.01

0z @ =2yq Y Dg“ D sin(2k+1)2) /; gl < 1

k=0

09.01.06.0002.01

01z ) =—iy[a Y (DD e@ebiz g <1

k=—c0
09.01.06.0038.01

01z ) < 24/ q (8n@ + O(c?)) /; @~ 0)

Expansionsat q ==

09.01.06.0039.01

2ivn ey -1l 7 4242 nz 22 3z
h(z Q) « e 2n (1+T—%(q—1)2+...)e4'°9‘q’ sinh(—]—e"’g(q’sinh[ ]+ /i

Vog-1 log(a) log(a)
@->DAlg <1
09.01.06.0040.01
2i \/7 in _ gD 42472 o0 1\ k (- 1)] m(m+1) 72 em+rnz
hz g = e 2n Je‘”og(q) Z[ T2 )Z [k) Pk (@- D Z( DHMe 'ow@ snh[—) ;
q-1 ol k Jim2i+1 0 log(q)
_1)k—

/\p]O_l/\ p]k___Z(Jm K+ m) Cm Pj k- m/\keN*

(|q|<1/\|q—1|<1)/\ck—
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09.01.06.0041.01
2ivrn ,MPWD J a2 nz i 3rz
H(z, Q) e 2r 1 (1+0(q- 1)) e 41ov@ sinh[ ]+ O| g'o9@ sinh[ ] /ilg <1
vg-1 log(a) log(9)

Other g-seriesrepresentations

09.01.06.0003.01
& (Z, q) oo 2k
! = cot(2) + 42 sin2kz
&l(zr q) k=1 1- q2k

09.01.06.0004.01

M@+h, sin@+b © 1 ok
OQ[U] = lo ( ( )] Z— — sin2ka)sin2kb)
H(@-b, q) sin(a—-h) okl

09.01.06.0005.01
o q2 k
log(d1(z, @) == 10g(d1(0, o)) + log(sin(2)) + 42 ———sin*(k2)
1 k(1-07)

09.01.06.0006.01

310, 9 1 (@a+b, q) 1 g?*sin2 (ka+ b)) — g*ksin(2k a)
- (cot(a) + cot(b)) + Z

/i Im@)| < Im(t) /\ q==€""
494(a, q) d1(b, o) e 1- 2cos(2b) g2k + gk /\

09.01.06.0007.01
. PRI 3k-2
N sn(2k-1)a+b)q 2+sin(2k-a-b)q " 2

(93_(01 Q) (91(a+ b, q) N i K
4038, dz(b, ) i 1+ q** 2+ 2cos(2b) g2kt

/i Im@) < Im@) /\ g= "

09.01.06.0008.01

9,0, @) d1(@a+h, @ 1
B —— (Cot(a) + cot(b)) + g™k sinam+ 2bk) /; [Im@)| < Im(x) /\ [Imb)| < Im(7) /\ q = &'~
40,@ @ 030, @ r;lkz A A

09.01.06.0009.01

w ii( 1)m+k (2W1)(2k l)SH"I((Zm a+2k-1)b)/;
4(93(a1 q) (93(b, q) m=1k=1

Im@] < Im@ /\ Im®)] < Im@) /\ g == &'**

09.01.06.0010.01
#0,90z Q9  tan@) Pk _
! ! - £ (-1 T neka /: Im@) < Im(r) \ g ="
40,0,00z9 4 o 1+

09.01.06.0011.01

$0, Pz g tanz & (D(gFsin22) |
- " /; Im(2)] < |m(‘r)/\q:: Py
48,0, g) d2(z, q) 4 < 1+2cos(22) q2k " q4k

09.01.06.0012.01
%0, 9dsz g 1 k1
T - Z
4830, q) d1(z, 9 4 o1 1+ Pk

—sin(2k-1)2)/: IM@)] < Im(x) Na=er
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09.01.06.0013.01
01(07 q) 03(27 q) N 1
4930, g) d1(z, )

4

09.01.06.0014.01

%O Dz
403(0! q) (93(21 q)

=S}

k=1

09.01.06.0015.01

310, 9 (2 9 &
i e A Z(_ k-1
4(93(01 Q) (93(21 Q) k=1

09.01.06.0016.01

© (~D*((1+ ) g*sin)
+
a1 1-2c0s22) g?* +g*K

/i Im@| <1m@ [\ q= "

2 . 1 )
———Sn(@2k-D2) /; Im(@) < Elm(r)/\q:e

1
(1-?*1)d 2 sin@
1+2c0s(22) g2t + k2

1 .
/: Im2)] < EIm(T)/\q:: T

#0, 9daz g 1 o g2kl .
=~ + sin((2k-1) 2) /; [Im(2)| < Im(7) /\ q=¢'""
49,0,z g 4 1 gkt

09.01.06.0017.01

O Dz 1 @ (1+g?¥)gfsin@ ‘
- === C$(Z) + /’ ||m(z)| < |m(T) /\q =T
40,0,z 9 4 i1 1-2cos(22) o?* + ¢k

09.01.06.0018.01

(91(01 CI) (91(21 CI)

Im

4940, 9) d4(z, 9)
09.01.06.0019.01

(9;.(01 q) (91(21 q)

zk : sn(2k-1)2 /; Im2)| <

(1+0?%1) qk_% sin(2)

Z(T) /\ g= eiﬂ'{'

Im

Nk

4&4(07 q) (94(27 q)

=~
1)

1

09.01.06.0020.01
30,9  cs2

40,z q 4

0 00

m=1k=1

09.01.06.0021.01
310, ) csc(2)
= +

1-2cos(22) 2kt + k2

© q*ksin2kz) - ?*sin(2k-1) 2

(7) ,
/1 “m(Z)l < > /\q== T

+ 33 Df ™Y sin(2k- 1) 2) /; Im@)] < Im(z) [\ g = ¢

40zq) 4 &

09.01.06.0022.01
#,(0, )

1-2cos(z) 2% + gtk

& P tsin(2k-22) - g2 sin(2k- 1) 2)

/ Im@] < 1m@) [\ ="

A4z 9 5

09.01.06.0023.01
#,(0, )

1-2cos(22) 21 + gk

00 (_1)k (qk(k+1) + qk(k+3)

/ Im@] < 1m@) [\ ="

40,z q
09.01.06.0024.01

%0, 9°  cs(2)

4

= 2 i ko?
k=l

464(z 9)°

k1 1-cos22) X+ g

, Cos(2k-2)2) ~ g?*cos(2k2)

/i lIm@| < 1m(@) /\ g= e/

[ 1Im@)| < Im(r) /\ q=¢'""
1-2cos(22) oK + k2 /\
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Other series representations

09.01.06.0042.01

2 \/7 42472 K(k+1) 72 . QRk+nz
iz ) = ———— e*ou0 Z(_ ke '@ th(i)
-1 Og(q) k=0 I OQ(Q)
09.01.06.0025.01
i2) & 1z _
*(z, q) = —iexpl—— Z (-1 " exp nri(n+—+—) /iq=¢€""
Tt )= 2 &t

09.01.06.0026.01

Vi & ni(z 1)2 _
Mz q=— Z (-D"exp| - — (— +n—- —] /iq=¢€""
vVt T

T n=-co T 2

Product representations

09.01.08.0001.01

Sz, Q) =2 % sin(2) l_[(l - ?)(1-29?* cos22) + %)
k=1

Differential equations

Ordinary nonlinear differential equations

09.01.13.0001.01
(91(2, q)

W (2 = (9200, 9 ~ W2 93(0, %) (930, @) ~W(2)? 8,(0, 0)°) /; W(2) == iz
Uy\4,

Partial differential equations

The elliptic theta functions satisfy the one-dimensional heat equation:
09.01.13.0002.01
d%1(z, Q) ni 0°04(z Q)
ot 4 o272

09.01.13.0003.01
8%1(z,9) 8°%(z 9
4q +
aq b

Transformations

Transformations and argument simplifications
Argument involving basic arithmetic operations

Transformation involving inversion of T (Jacobi's transformation):




http: //functions.wolfram.com

09.01.16.0008.01

472472

i\/ﬂ e 4log@ [ ;
1

inz i]
¢ Gl
log(a)

01(21 q) =

2
Y €=y ~log(g)

09.01.16.0001.01

Z in e i .
01(—,e f)::—%i\/—i-r expl — |01z @) /: = &'™"
T exp( M) T

n -th root of g

09.01.16.0002.01

2r n-
0o i

oz @) =| [T | 1 nfe+ )

z+ —,qf/
r=1 (1_ qzr) n-1 n

multiple angle formulas:
09.01.16.0003.01
4/ n
q T q2nr n-1 nr
d1(nz, g") == l_[ 1—1&1(2+ —, q) inez*
g iz (21— n

09.01.16.0004.01

r=0

n \qu o 11— =]
Nz, ") = (- 1)[2J o [g (1 - qu)n ) r={7;1J
09.01.16.0005.01
(91(7r ((n “Dz+ %) re“”)
01(n (z+ %) em)

09.01.16.0006.01

(‘}1((n— 1) nz e"’”) [

n-1 01(7r (nz+ kt+ %), rein”T) -1 9k, N7) e(M?-n-2K)inz

/;Im(t) >0AneN
k=1 (91(7r(kr+ %) einnr) i Mnz+kr,nr)

-1 9k, n7) e"P-n-2Kinz

n-1 (91(71 (nz+kT), @“"”)
ba(rz, )

- /iIm(t)>0AneN
kel (‘}1(k7r T, @”"”) =y dnz+kr,n1)

09.01.16.0007.01
01(7r ((n -z~ %) e"’”) [ﬁ (91(7r(nz+ k- %) e“"”)]
Hrle-Bem)

n-1 9k, nt) el-n-2k)inz
k=1 01(7r (k‘r - %), e“"”)

/;Im(t)>0AneN
i dnz+kt,n7)

Identities involving the group of functions
Basic Algebraic Identities

Relations involving squares
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09.01.18.0001.01

8(0, 2% 83(0, 2% + 84(0, 2)? 9,4(0, 2)°
2 3 1 4 _ (—q‘l(z)
9200, 2% + 34(0, 2*

09.01.18.0002.01

92z, @) 930, 9% +34(0, ) 1(z, Q) = 35(0, 0)* ¥3(z, 4)°
09.01.18.0003.01

930, 0% 012, % + 940, Q) 92z, % = 82(0, 4)° da(z, 9)°
09.01.18.0004.01

820, 0% 01(z, D + 940, 9 93z, 0 = 93(0, 0)° da(z, 9)°
09.01.18.0005.01

820, % 05z, ) + 940, @) 94z, O == 93(0, 9)° d3(z, §)°
09.01.18.0006.01

82 (0, Q)% 03z, ) — 940, @) 91(z, O == 93(0, 9)° d(z, §)°

Relationsinvolving quartic powers
09.01.18.0007.01

92(0, @) + 94(0, @) == 35(0, g)*

09.01.18.0008.01

1z D* + 03z 9* =0z ' + 4z *

Addition theorems

For ¢.(z, Q)

09.01.18.0009.01

820, @) d1(X +Y, @) d1(X =Y, O) = d1(X, @) da(y, @) = da(x, @) d1(y, @)
09.01.18.0010.01

920, @) d1(X+ Y, @) d1(X = Y, ) = da(X, Q) Ia(y, Q) = da(%, O da(y, @)
09.01.18.0011.01

930, @) d1(x+Y, Q) d1(X— Y, G) = d1(X, @) Ia(y, @) = da(x, @) d1(y, @)
09.01.18.0012.01

930, @) d1(X+ Y, @) d1(X =Y, O) = da(X, @) Ia(y, Q) = da(X, Q) da(y, G)°
09.01.18.0013.01

940, @ 1(X+Y, Q) d1(X =Y, @) = d1(X, Q) da(y, Q) = da(x, O 1y, @)°
09.01.18.0014.01

3940, @) d1(X+ Y, @) d1(X = Y, O) = Ia(X, Q) Ia(y, O = da(%, Q) d(y, @)

For &(z, Q)

09.01.18.0015.01
9200, ) da(X+Y, Q) Fo(X— Y, G) == da(X, B> (Y, G° — d1(X, D’ d1(Y, O
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09.01.18.0016.01

82(0, )% Fo(X+ Y, Q) do(X - Y, Q) = d3(% Q) I(Y, D7 = a(x, Q)7 da(y, O)°
09.01.18.0017.01

930, @) da(X + Y, @) d2(X = Y, O) = do(X, Q) Ia(y, Q) = da(% O da(y, @)
09.01.18.0018.01

930, @) do(X+ Y, @) d2(X - Y, O) = dg(X, Q) Ia(y, O = d1(%, Q) da(y, @)
09.01.18.0019.01

940, @) do(X + Y, Q) do(X = Y, O) = Io(X, Q) da(y, @) = da(x, @) d1(y, @)°
09.01.18.0020.01

940, @) do(X + Y, @) do(X = Y, O) = da(X, Q) da(y, @) = d1(x, Q) da(y, @)°

For ¢3(z, Q)

09.01.18.0021.01

920, @) Ja(X + Y, @) Ja(X = Y, O) = da(X, Q) da(y, O + da(%, O d1(y, @)
09.01.18.0022.01

92(0, @) da(x + Y, ) Ia(X = Y, G) == do(X, Q) da(y, @) + d1(x, Q) da(y, @)
09.01.18.0023.01

93(0, @) Ja(x + Y, @) Ia(X = Y, @) = Ja(x, @) Ia(y, @) + d1(x, @) da(y, @)°
09.01.18.0024.01

93(0, @) Ja(X +Y, @) Ia(X =Y, O) = Io(X, Q) da(y, Q) + da(X, Q) da(y, @)°
09.01.18.0025.01

940, @) Ja(X+ Y, @) Ia(X = Y, O) = Ja(X, Q) da(y, O = da(%, O d1(y, @)°
09.01.18.0026.01

3940, @) Ja(X+ Y, @) Ja(X = Y, O) = da(X, Q) Ia(y, O = d1(%, O d(y, @)

For d4(z, Q)

09.01.18.0027.01

82(0, )% da(X+Y, Q) da(X— Y, Q) = d3(%, Q) d1(Y, D + da(x, D da(y, O)°
09.01.18.0028.01

8200, )% a(X+Y, Q) da(X— Y, Q) = d1(% Q) I3(y, D + I2(x, D da(y, O)°
09.01.18.0029.01

930, @) da(X + Y, Q) da(X — Y, O) = da(X, O d3(y, O + (X, D) 1(Y,
09.01.18.0030.01

930, @) da(X + Y, @) da(X— Y, G) = d1(X, Q) Oa(y, G + J3(X, ) da(y, O)°
09.01.18.0031.01

940, @) da(X + Y, @) da(X =Y, G) = da(X, Q) da(y, O = 1(X, D) 1(y,
09.01.18.0032.01

3940, @) da(X + Y, Q) da(X — Y, O) = d3(%, Q) d3(y, O = (X, D) (Y, O
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For mixed pairs
09.01.18.0033.01
33(0, ) 34(0, @) d1(X+Y, ) Fo(X =Y, O) == F1(X, Q) F2(X, ) F3(Y, Q) F4(Y, Q) + F3(X, ) Fa(X, Q) d1(Y, ) Fo(Y, Q)

09.01.18.0034.01
32(0, @) 44(0, @) F1(X + Y, Q) F3(X =Y, Q) == d1(X, Q) d3(X, Q) F2(Y, Q) da(Y, Q) + Fo(X, ) Fa(X, A) F1(Y, ) I3(Y, D

09.01.18.0035.01
32(0, ) d3(0, @) d1(X+Y, @) da(X =Y, Q) == d1(X, O) da(X, Q) Fo(Y, O) I3y, Q) + F2(X, Q) I3(X, ) F1(Y, O) Fa(y, O

09.01.18.0036.01
32(0, ) 33(0, @) do(X+Y, ) dz(X—Y, ) = do(X, @) d3(X, @) F2(Y, A) I3y, @) — F1(X, @) Fa(X, Q) F1(Y, O Ia(y, )

09.01.18.0037.01
#2(0, @) 94(0, @) Jo(X +Y, Q) da(X =Y, Q) == d2(X, q) da(X, O) I2(Y, Q) da(y, Q) = F1(X, Q) d5(X, ) d1(y, Q) d5(y, O)

09.01.18.0038.01
33(0, @) 34(0, @) d3(X+ Y, q) da(X =Y, o) == d3(X, @) d4(X, ) I3y, A) Ia(Y, @) — I1(X, @) F2(X, A) F1(Y, ) I2(Y, O)
Relation between thefour theta functionswith zero argument

09.01.18.0039.01

0;[(01 CI) = (92(01 q) (93(01 q) 04(01 q)

Double angle formulas

For ¢.(z, Q)

09.01.18.0040.01
(92(01 CI) (93(01 q) (94(01 CI) (91(2 Z, q) == 2(91(21 q) (92(21 q) (93(21 q) (94(21 q)

For &(z, Q)

09.01.18.0041.01
920, 9)° 9222, @) = 02z, 9" - 01z, @*
09.01.18.0042.01
920, 9)° 9222, Q) = 93(z, 9" - du4(z, @*
09.01.18.0043.01
83(0, ) 3,(0, Q) 0227, Q) = 05z, 0 03(z, O — 012, O da(z, O)°
09.01.18.0044.01
9(0, 0> 35(0, G) 0222, G) == 0(z, 0)° 0a(z, O)° — 01(2, O)* 0(z, O)°

For ¢s(z, Q)
09.01.18.0045.01
930, 9% 3327 O) = 91(z, 9" + 33z *

09.01.18.0046.01
930, 9)° 3527 Q) = 95(z, 9" + da(z, "
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09.01.18.0047.01

92(0, ) 33(0, §) 0322, Q) == 0(z, 0)° 0a(z, O)° + 01(2, O)* da(z, O)°
09.01.18.0048.01

3940, 9)° 930, 9) 9322, Q) = 93(z. Q) da(z, D° — (2, O 02(2, O)°

For d4(z, Q)

09.01.18.0049.01
940, 0° 0422, O) = da(z, 9" - 4z, @*
09.01.18.0050.01
940, 0)° 9422 0) = 03(z, 9" - 0,z "
09.01.18.0051.01
92(0, )% 34(0, Q) 0422, Q) = 01z, 0’ 03(z, O + 02(2, O da(z, O)°
09.01.18.0052.01
83(0, )% 04(0, Q) 0422, Q) = 01z, 0 052, O + 33(2, O da(z, O)°

The 16 fundamental algebraic identities (from Enneper)

09.01.18.0053.01
d,(a, ) d,(b, ) ¢2(C, ) d>(d, Q) + ¢3(a, g) d3(b, q) d3(c, ) d3(d, Q) =

1 1 1 1
02(5(a+ b-c-d), q)&z(g(a—b+c—d), q)é‘g(z(a—b—c+d), q)&z(z(a+ b+c+d), q)+

1 1 1 1
03(5 (a+b-c-d), q)ﬂg(a(a—bﬂz—d), q)og(a(a—b—c+d), q)&3[5(a+ b+c+d), q)

09.01.18.0054.01
d3(a, 0) d3(b, 0) d3(c, 0) d3(d, ) — d2(a g) da(b, 0) da(C, G) d2(d, 0) =

1 1 1 1
191[5(a+ b-c-d), q)&l(a(a—b+c—d), q)&l(g(a—b—c+d), q)&l(a(a+ b+c+d), q)+

1 1 1 1
&4(5 @a+b-c-d, q)04[5(a—b+c—d), q]04(§(a—b—c+d), q)04(5(a+ b+c+d), q)

09.01.18.0055.01
0l(av CI) ’91(b1 q) (91(01 q) (91(d! q) + (94(a, q) (94(b1 q) (94(C! q) (94(d1 CI) ==

1 1 1 1
03[5(a+ b+c+d), q)é‘g(a(a+ b-c-d), q)ag(g(a—b+c—d), q)¢93(5(a—b—c+ d), q)—
1 1 1 1
02(5 (a+b+c+d), q)&z(a(a+ b-c-d), q)oz(a(a—b+c—d), q)!}z(a(a—b—c+ d), q)

09.01.18.0056.01
(94(av q) (94(b1 q) (94(01 q) §4(d! q) - (91(a, q) (91(b1 q) 01(C1 q) (91(d1 q) ==

1 1 1 1
(94(5(a+ b+c+d), q)(94(5(a+ b-c-d), q)04(5(a—b+c—d), q)04(5(a—b—c+ d), q)—

1 1 1 1
01(5 (a+b+c+d), q)é‘l(g(a+ b-c-d), q)ol(a(a—b+c—d), q)dl(a(a—b—c+ d), q]
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09.01.18.0057.01
d1(@, ) d1(b, @) do(C, ) do(d, ) + d3(C, ) d3(d, q) da(@ ) da(b, o) =

1 1 1 1
(91[5(a+ b-c-d), q)&l(g(aw b+c+d), q)02(§ (@a-b+c-d), q)&z(i(a—b—c+ d), q]+

1 1 1 1
63(5 (@a-b+c-d, q)03(5(a—b—c+ d), q)&4(§(a+ b-c-d), q)&4[§(a+ b+c+d), q]

09.01.18.0058.01
d4(a, ) da(b, ) d3(C, ) d3(d, Q) — ¢1(a, 9) d1(b, O) d»(C, ) I»(d, Q) =

1 1 1 1
01[§(a—b+c—d), q)&l(g(a—b—c+d), q)§2(5 (@a+b-c-d, q)&z(g(aw b+c+d), q)+

1 1 1 1
(93[5 (@a+b-c-d), q)03(5(a+ b+c+d), q)04(£(a—b+c—d), q)04[5(a—b—c+ d), q)

09.01.18.0059.01
d1(a, q) ¢1(b, g) d5(c, ) d3(d, Q) + ¢2(C, Q) ¢o(d, Q) da(a, g) da(b, Q) =

1 1 1 1
&1[5(a+ b-c-d), q](91(5(a+ b+c+d), q)(93(£ (a-b+c-d), q)§3(5(a—b—c+ d), q)+

1 1 1 1
02(5 (@a-b+c-d, q) 02[5 (a-b-c+d), q) 04(5 (@a+b-c-d, q)éﬁ(; (a+b+c+d), q]

09.01.18.0060.01
04(3, CI) 04(b1 q) &Z(Cv q) &Z(dv q) - (91(3, q) &l(br q) (93((:1 q) 03(dl q) ==

1 1 1 1
(91[5(a—b+c—d), q)&l(g(a—b—c+d), q)z‘}g(E (@+b-c-d), q)¢93(5(a+ b+c+d), q]+

1 1 1 1
&2(5 (@+b-c-d, q]é‘z(g(a+ b+c+d), q)&4(§(a—b+c—d), q)(‘}4(5(a—b—c+ d), q]

09.01.18.0061.01
d2(C, Q) d2(d, Q) d3(a, ) d3(b, ) + ¢2(a, 9) dx(b, q) d3(c, ) d3(d, Q) =

1 1 1 1
02[§(a+ b-c-d), q)&z(g(a+ b+c+d), q)§3(5 (a-b+c-d, q)ag(g(a—b—c+ d), q)+
1 1 1 1
(92(5 (a-b+c-d), q)&z(a(a—b—c+ d), q)03(5(a+ b-c-d), q)é}g[g(a+ b+c+d), q)

09.01.18.0062.01
d4(a, ) d3(b, ) d2(c, ) do(d, g) — ¢2(a, 9) dx(b, q) d5(c, 9) d3(d, Q) =

1 1 1 1
é‘l[z(a+ b-c-d), q](91(5(a+ b+c+d), q)&(; (a-b+c-d), q)§4(5(a—b—c+ d), q)+
1 1 1 1
01(5 (a-b+c-d), q)¢91[§(a—b—c+ d), q)04(5(a+ b-c-d), q)04[5(a+ b+c+d), q]

09.01.18.0063.01
01(01 q) (91(d1 q) &4(av CI) (94(b7 q) + (91(a1 q) 0l(b1 q) (94(01 q) (’4(d, q) ==

1 1 1 1
<93[5(a+ b+c+d), q](93(5(a+ b-c-d), q)é‘z(i (a-b+c-d), q)<92(5(a—b—c+ d), q)—

1 1 1 1
6}2(5 @a+b+c+d, q) 02[5 (@a+b-c-d), q) 03(5 (a-b+c-d, q)%(; (a-b-c+d), q]
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09.01.18.0064.01
da(@, ) d4(b, @) d1(c, O) d1(d, @) — d1(a, @) d1(b, ) da(C, O) Ja(d, O) =

1 1 1 1
04[5(a+ b+c+d), q]§4(£(a+ b-c-d), q)é‘l(i (a-b+c-d), q)dl(g(a—b—c+ d), q)—

1 1 1 1
(91(5 (@+b+c+d, q) 01(5 (a+b-c-d, q) 04(5 (a-b+c-d, q)(u[E (a-b-c+d), q)

09.01.18.0065.01
d2(C, 0) d2(d, ) d3(@, @) d3(b, @) + d1(C, @) d1(d, q) da(@ Q) da(b, o) =

1 1 1 1
(92[5(a—b+c—d), q)&z(g(a—b—c+d), q)(?g(g (a+b-c-d), q)¢93(5(a+ b+c+d), q]+

1 1 1 1
(‘}1(5 (@a-b+c-d, q)&l(i(a—b—c+ d), q)&4(5(a+ b-c-d), q)(94[§(a+ b+c+d), q)

09.01.18.0066.01
d3(a, g) d3(b, q) d2(c, g) d2(d, ) — d4(a, g) da(b, ) d1(c, g) ¢1(d, Q) =

1 1 1 1
02[£(a+ b-c-d), q)&z(g(aﬁ- b+c+d), q)ﬁg{g (@a-b+c-d), q)03(5(a—b—c+ d), q)+

1 1 1 1
(91[5 (@a+b-c-d, QJ01(5(3+ b+c+d), q)04(£(a—b+c—d), q)04[5(a—b—c+ d), q)

09.01.18.0067.01
d41(d, q) &»(b, 0) d3(a, g) da(C, Q) + ¢1(C, Q) I2(a, g) d3(b, Q) d4(d, Q) =

1 1 1 1
(‘}1[5(a+ b+c+d), q](94(5(a+ b-c-d), q)é‘z(i (@a-b+c-ad, q)(93(5(a—b—c+ d), q)—

1 1 1 1
(94(5 (@+b+c+d), q) 01(5 (@a+b-c-d), q] 03(5 (@a-b+c-d), q)(92[5 (@a-b-c+d), q)

09.01.18.0068.01
d3(@, ) d2(b, @) da(c, ) d1(d, @) — d(a, @) d3(b, ) d1(C, O) da(d, 0) =

1 1 1 1
(93[5(a+ b+c+d), q)&z(g(aw b-c-d), q)¢‘}4(§ (@a-b+c-d), q)&l(i(a—b—c+ d), q]—
1 1 1 1
62(5 (@+b+c+d), q]03(5(a+ b-c-d, q)&l(g(a—b+c—d), q)(94(§(a—b—c+ d), q)

Four linear combinations of the fundamental identities

09.01.18.0069.01

1 1 1 1
01(§(a+ b+c+d), q)&l(a(a+ b-c-d), q)&l(g (@a-b+c-d), q)&l(g(a—b—c+ d), q) =

1
5(01(31 o) d1(b, @) d1(c, q) d1(d, @) — d2(a, 9) d2(b, @) d2(c, G) d2(d, o) +
(93(a, CI) (93(b, q) (93(C! CI) (93(d1 CI) - (94(&, q) (94(b! CI) (94(01 CI) (94(d1 q))

09.01.18.0070.01

1 1 1 1
02(£(a+ b+c+d), q)oz(a(aw b-c-d), q)é}z(E (a-b+c-d), q)&z(a(a—b—c+d), q) ==

1
Ehmammmmmmmm@m+%am%mm%mm%@m+

ds(a, ) d3(b, ) d3(C, g) ¢5(d, Q) — da(@ q) d4(b, ) d4(c, Q) d4(d, Q)
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09.01.18.0071.01

1 1 1 1
03(5(a+ b+c+d), q)03(£(a+ b-c-d), q)03[5 (a-b+c-d), q)¢93(5(a—b—c+ d), q) ==

1
E (gl(av q) (91(b, q) 01(C1 CI) &1(d1 CI) + 02(a1 q) 02(b1 q) 02((:1 CI) (92(d, q) +
ds(a, ) d3(b, g) d3(C, Q) d3(d, Q) + da(@ q) d4(b, ) d4(C, Q) d4(d, Q)

09.01.18.0072.01

1 1 1 1
6‘4[5(a+ b+c+d), q)04(§(a+ b-c-d), q)éﬁ(g (a-b+c-d), q)04(5(a—b—c+d), q) =

1
> (=d1(a, q) d41(b, ) ¢1(c, q) ¢1(d, ) — ¢»(a, g) d2(b, Q) d»(C, Q) d2(d, Q) +
ds(a, g) d3(b, ) d3(c, ) d3(d, ) + d4(@, g) da(b, ) d4(C, Q) d4(d, Q)

Alternative version of fundamental identities (from Tannery and Molk)

09.01.18.0073.01
$d-b, )di(b+d, d(@a-c gdi(a+c g+
$ib-c, aydi(b+c dia-d, gdi@a+d, q+d(@a-b, qdi(@a+b, qd(c-d, gdi(c+d, g)==0

09.01.18.0074.01
—-d(d—=b, g)d1(b+d, q)(a-c Qi (a+c, g -
do(b—c, g)d(b+c, g dra-d, g dx(a+d, g +da—b, g d(a+b, g)d(c—-d, g d(c+d, q) =0

09.01.18.0075.01
$1(d=-Db, q)d1(b+d, d(@-c qdi(a+c g -
d3(b—c, g ds(b+c, q)dz(@a—-d, qdz@+d, g +ds@-b, gds@+b, gdsc—d qdsc+d, g =0

09.01.18.0076.01
da(@a—b, g)ds(@a+b, @ d4(c—d, q) d4(c+d, q) —
d1d=b, Hb+d gdi(a-c g H@+c g —dib-—c, gdb+c qdi(a—-d g dia+d q==0

09.01.18.0077.01
dr(@a—b, ) da(a+b, ) d(c—d, ) d,(c+d, g) +dz(@a—b, g) ds(@+b, g)ds(c-d, g d3(c+d, q) =
d(d—b, q)d(b+d, g d(a—c, g d(a+c, q) +d3(d—b, q)d(b+d, g)dz(@a-c, g ds@a+c, q

09.01.18.0078.01
dr(@=b, ) dx(a+b, Q) dx(c—d, @) do(c+d, g) +dz(@a—b, g) dz(@a+b, g)ds(c—d, Q) dz(c+d, q) ==
(92(b -G q) 02(b +C, q) 02(3— d, q) 02(a+ d, q) + (93(b -G, q) 03(b +C, q) (93(&- dv q) 03(a+ dv q)

09.01.18.0079.01
d3(a—h, q)dz(@a+b, q)d3(c—d, g)ds(c+d, g+ ds(@a-b, @) ds(@a+b, g)da(c—d, q)da(c+d, g) ==
d4(d—b, @) d3(b+d, g)d3(@a—c, Q) ds(@a+c, g +da(d—b, g)da(b+d, q) ds(a-c, g) dg(@+c, q)

09.01.18.0080.01
ds(@a—b, Q) ds(@a+b, q)ds3(c—d, q)ds(c+d, g) +dq(@a—b, g)da(@a+b, g)da(c—d, q) da(Cc+d, ) =
da(b—c, g ds(b+c, g ds@a—d, g dz@+d, g +dalo—c, qdsb+c, g ds@a—-d, g)da(a+d,q

Automatically generated triple addition formulas (using 16 fundamental relations)

09.01.18.0081.01
—02(0, @) d2(X+Y, Q) 2(X+ 2, Q) Jo(y + Z, Q) + F2(X, Q) d2(Y, O) 2(Z, Q) o(X+ Y +Z Q) —
93(0, @) d3(X+Y, @) I3(X+ 2, Q) d3(y + Z, Q) + d3(X, ) I3(Y, Q) I3(z P d5(X+y+2Z ) =0

09.01.18.0082.01
=da(X, @) da(Y, A) I2(Z, ) F2(X+Y+2 Q) +
F3(X, Q) d3(Y, ) F3(z, Q) da3(X+ Y+ 2 Q) = d4(0, Q) F4(X+Y, Q) da(X+2Z Q) da(y+2 Q) =0
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09.01.18.0083.01
—01(X%, Q) 41y, @) 31(Z, ) d1(X+Y+Z Q) + 320, Q) do(X+Y, O) d2(X+ 2, Q) do(y +Z Q) —
93(0, O) d3(X+Y, @) I3(X+ 2, Q) d3(y + Z, Q) + Ia(X, ) Ia(Y, Q) Ia(Z Q) da(X+y+2Z ) =0

09.01.18.0084.01
G1(X, ) (Y, D (Z DI (X+Y+2Z Q) -
34(0, ) Fa(X+Y, Q) Fa(X+Z Q) Fa(Y + Z, ) + Fa(X, Q) S4(Y, A Fa(z, @ da(X+Y+2 Q) =0

09.01.18.0085.01

(X Q) dr(y, @ F2(Z D F2(X+Y+2 Q) +
33(z, @ d3(X+ Y+ 2 0) da(X, Q) daly, O) — I3(X+Z, O) I3y + 2 ) 34(0, @) da(X+Y, @) == 0

09.01.18.0086.01
H(X+2 q)d1(y +Z ) d2(0, @) d2(X+Y, Q) = d1(X, D) d1(Y, D) I2(Z @) Fo(X+ Y +Z Q) +
d3(z, ) I3(X+ Y+ 2 Q) da(X, Q) da(y, @ — I3(0, Q) I3(X+Y, Q) da(X+Z Q) daly+2 ) =0

09.01.18.0087.01
01()(: q) 191()/, q) (93(2: Q) 03()( +y+z q) +
F2(z, o) G2(X+ Y + 2, Q) da(X, Q) 4y, @) — F2(X+ 2, @) 2(y + Z, ) 34(0, ) da(X+Y, ) =0

09.01.18.0088.01
h(X+2 Q) d1(y + 2z ) d3(0, Q) d3(X+Y, Q) = d1(X, D) d1(y, D I3(Z Q) da(X+Y+Z Q) +
32(z, ) Jo(X+ Y+ 2, Q) da(X, ) da(y, @ — F2(0, Q) Jo(X +Y, Q) da(X+Z Q) daly+2 ) =0

09.01.18.0089.01
32z, Q) do(X +Y+2 0) d3(X Q) d3(y, O) — d2(X+2 Q) dao(y + 2 0) J3(0, q) d3(X+Y, Q) —
3200, O) do(X+Y, Q) I3(X+ 2, Q) d3(y + Z, Q) + Jo(X, ) Io(Y, Q) I3(Z Q) d3(X+y+Z ) =0

09.01.18.0090.01
%2(z, Q) d2(X+Y+ 2, q) d3(X, Q) d3(Y, 9) —
d2(X, Q) Iy, Q) I3(Z, D I3(X+ Y +2Z Q) + 1(X+Z Q) d1(y +Z Q) (0, ) da(X+Yy, ) =0

09.01.18.0091.01
=0a(X+2 ) d2(y+ 2 ) 330, 0) I3(X+ Y, @) + 20, @) Jo(X+Y, P dz(X+2 ) d3(Y+ 2 Q) -
(91(2, s)) dl(x +y+z0 (94()(! Q) 04(y! Q)+ (91()(, Q) 01(y1 a 04(21 a (94()( +y+2z0 == 0

09.01.18.0092.01
=01z P I1(X+Y+2Z O Ia(X Q) gy, O +
$1(X+ 2, ) d1(Y + 2, 4) 34(0, Q) d4(X+ Y, O) = F1(X, Q) d1(Y, A Fa(z, P da(X+Y+2Z @) =0
09.01.18.0093.01
F2(z, @) do(X+ Y +2Z ) d3(X, ) d3(Y, @) — d2(X+ 2, Q) d2(y + 2 ) 330, @) da(X+Y, 0) —
31z o) 1 (X+ Y+ 2, Q) da(X, Q) 4y, @) + F1(X+ 2, @) d1(Y + 2 ) 340, ) da(X+Y, @) =0

09.01.18.0094.01
32(z, Q) do(X+ Yy +2, Q) d3(X, Q) I3y, O) =
3200, @) da(X+Y, Q) a(X+ 2 Q) da(y+2 @) +d1(z, o) d1(X+ Y +2Z O) da(X, O) daly, @) =0
09.01.18.0095.01
Gi(X+y, P day +2Z, ) d3(X+Z ) 3a(0, @) —
(91()( ty+2 q) (92(y1 q) 03()(! q) (94(21 q) + (91(2, q) 02()(! Q) §3(yv q) 04()( ty+27 Q) =0
09.01.18.0096.01
—01(X+Y+2Z @) da(y, Q) I3(X, o) da(z, o) + Fa(Y + 2 @) a(X+Y, @) I3(0, @) da(X+ 2 @) +
dl(x +Z q) (92(0! q) ‘93()( +Y, q) 04(y+ Z, Q) - (91(2, Q) (92()(: q) &S(yi Q) (94()( +ty+z q) =0

Triple addition formulas (from Enneper)
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09.01.18.0097.01
F3(X+Y+2 q) da(X, o) I3y, @) d3(Z, q) — (X + Y+ 2Z O da(X, Q) d2(Y, ) F2(z, ) =
G1(% @ d1(Y, Q) d1(Z, P I1(X+ Y + 2, @) + da(X, O) 4y, A) 4(Z, @) J4(X+Yy+Z Q)
09.01.18.0098.01
F3(X+Yy+2 q) Iz3(X ) I3y, P I3(Z, Q) — (X + Y+ 2, Q) do(X, 0) oY, Q) F2(Z, @) == 34(0, q) F4(X+ Y, Q) da(X+Z, Q) da(Y+ 2 Q)
09.01.18.0099.01
Ga(X+Y+2Z q) da(X, Q) day, @ I3(z, @) — (X + Y+ Z Q) d1(X, Q) Fo(Y, Q) d2(Z, Q) ==
1Y, P 31(Z, @) Fo(X, Q) (X + Y+ Z, Q) + F3(X, 0) F3(X+ Y+ 2, 0) Fa(Y, A) d4(z, Q)
09.01.18.0100.01
Fa(X+Yy+2 ) 34X, ) I3(Y, @ I3(Z, Q) — F1(X+ Y+ 2 Q) F1(X, ) Fo(Y, A F2(Z, ) == 34(0, Q) F3(X+Y, Q) F3(X+Z Q) da(y + 2 O

09.01.18.0101.01
Fa(X+y+2 Q) da(X, O d2y, Q) F2(z Q) — F1(X+ Y+ 2 ) d1(X, O d3(y, Q) F3(z Q) =
1Y, @ 31(z, ) I3(X, Q) I3(X+Y +Z ) + d2(X, O) F(X+ Y+ Z, Q) da(y, 9) Fa(Z, )
09.01.18.0102.01

Ga(X+Y+2 0) da(X ) do(Y, ) I2(Z, O) = d1(X+ Y +Z Q) d1(X, ) d3(Y, Q) F3(Z O) == J4(0, Q) do(X+Y, ) d2(X+2Z Q) da(y + 2 Q)

09.01.18.0103.01
d3(X+Yy+2z q)d3(X Q) day, O 2z Q) — Fo(X+ Y+ 2 Q) da(X, ) d3(Y, Q) d3(z ) ==
(X D d1(X+ Y+ 2 ) daly, D) Fa(z, ) + F1(Y, D) 31(Z, D) Fa(X, D Ia(X+Y+Z, Q)

09.01.18.0104.01

d3(X+Y+2 ) d3(X 9) da(y, ) d2(Z, O) = d2(X+ Y + 2, Q) do(X, O) d3(Y, Q) I3(Z Q) == d4(0, Q) d1(X+Y, @) d1(X+Z Q) da(y +2 Q)

09.01.18.0105.01
0h(z @) d2(X, D) Iz(X+Y+2Z Q) daly, D) + Fa(Y, D Fo(X+ Y+ 2 0) d5(X, Q) da(Z, Q) =
h(X+Y+Z ) da(X, Q) d2(Y, D I3(Z, @) — da(X+ Y +Z ) d1(X, Q) I3(Y, Q) 32z, Q)

09.01.18.0106.01
91(Z, Q) 92X, Q) Ig(X+ Y +2, Q) a(y, O) + S1(Y, O So(X+ Y+ 2, Q) Ig(X, Q) Ia(z, O) == 94(0, @) do(X +Y, O) I3(X+ 2, Q) d1(y+7 O)
Automatically generated addition formulas with two variables
09.01.18.0107.01
~8a(y = X, &) S2(X+Y, &) 2(0, ) + I2(X, Q) I(y, D) + Ia(X, Q) Ia(y, O = 330, Q) da(y — X, Q) Fa(X+Y, §) = 0
09.01.18.0108.01
=82(%, Q) Ia(y, % + I3(X, Q) O3y, D = 940, D a(y — X, Q) da(X+Y, @) =0
09.01.18.0109.01
1% @) 91y, Q7 + da(x, Q)7 da(y, O + 9200, O Fa(y - X, O a(X +Y, Q) — 330, ) 3y — X, @) 3(X+Y, ¢) == 0
09.01.18.0110.01
~81(%, % 310y, D + (X, D) Ia(y, D = 940, @ da(y — X, Q) da(X+Y, G) = 0
09.01.18.0111.01
10X, ) d1(Y, d) F2(%, @) d2Y, @) + F3(X, ) d3(Y, 0) da(X, O d4(Y, @) — F3(0, @) I3(y — X, ) d4(0, ) da(X+Y, @) == 0
09.01.18.0112.01
—01(X, O) 31y, O Fa(X, O) FaY, Q) + F3(X, O) Fa(Y, O) Fa(X, O da(y, Q) — 3(0, @) I3(X+ Y, &) 94(0, @) Ia(y— X, 0) =0

09.01.18.0113.01
1%, @ d1(y, 9 d3(X, Q) d5(y, Q) + F2(X, Q) Fa(Y, Q) da(X, @) daly, 9 — F2(0, ) Jo(y - X, ) J4(0, @) da(x+Y, @) =0
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09.01.18.0114.01
—01(X, Q) d1(Y, Q) d3(X, @) d3(Y, @ + d2(X, O) F2(Y, A da(X, ) Ia(y, @) = F2(0, Q) d2(X+ Y, 0) 34(0, @) daly — %, @) =0

09.01.18.0115.01
2(X, o) do(y, ) d3(X, ) I3y, @) — 320, @) d3(0, ) (Fo(X + Y, Q) I3(Y — X, @) + do(y — X, O) I3(X+Y, @) == 0

09.01.18.0116.01
3200, @) 3(0, @) (F2(X +Y, A I3(y = X, O) = Fo(y — X, Q) Fz(X+Y, @) + 281(X, @) F1(Y, G da(X, Q) daly, @) =0

09.01.18.0117.01
d2(X, @) da(Y, ) Fa(X, Q) I3y, ) — 32(0, @) d2(y — X, ) 33(0, @) d3(X+Y, Q) + F1(X, @) d1(Y, ) Ja(X, @) 4y, @) =0

09.01.18.0118.01
do(X, Q) da(Y, d) F3(X, Q) I3y, d) = 32(0, Q) F2(X + Y, ) F3(0, @) d3(Y — X, q) — F1(X, Q) d1(Y, ) Ja(X, @) 4y, @) =0

09.01.18.0119.01
G1(X+Y, Q) d2(y = X, &) I3(0, 0) 34(0, @) — d1(y, Q) Fa(Y, ) d(X, ) da(X, O) = d1(X, Q) F2(X, Q) I3(Y, O) daly, @) =0

09.01.18.0120.01

91y = X, O Fo(X+Y, ) 93(0, @) 940, ) — B3(Y, Q) I2(Y, @) Ig(X, O) Ia(X, O) + F3(X, Q) Fo(X, ) I5(Y, O) Ia(Y, O) = O

Automatically generated double angle formulas
09.01.18.0121.01

2%, * + 93(x, @) — 920, @)° 322 %, @) — 33(0, ° 93(2%, ) =0
09.01.18.0122.01

~05(x, O +93(x, @)* ~ 940, @)° 942X, g) == 0
09.01.18.0123.01

910x, @ + da(x, @)* + 9200, 9° 022 %, G) — 33(0, 9 93(2%, @) = 0
09.01.18.0124.01

—01% @) + 0a(x, D) - 940, 9 (2%, @) =0
09.01.18.0125.01

91X, @) 020% Q) + Ia(x, D> da(%, A — I3(0, @) 94(0, ) da(2, G) =0
09.01.18.0126.01

~01(% Q) I2(x, D% = 93(0, 0) 33(2%, @) 940, @) + Ia(x, O da(X, Q)7 =
09.01.18.0127.01

~04(0, Q) 42X, ) 92(0, ) + S1(X, O F3(%, Q) + (X, D da(X, @)° =0
09.01.18.0128.01

—01(% Q) I3(%, D = 92(0, ) 322X, Q) 940, Q) + Io(x, D da(x, )7 =0
09.01.18.0129.01

205(%, Q) d3(%, G = 32(0, §) 95(0, Q) (92(2%, G) 33(0, ) + 35(0, ) I3(2, q)) = O
09.01.18.0130.01

201(x, 6% 9a(x, )+ 02(0, 4) I3(0, §) (32(2X, Q) 3(0, O) — J(0, G) I3(2X, @) == 0
09.01.18.0131.01

=030, Q) 03(2%, ) 92(0, ) + 8a(X, O d3(%, Q) + I (X, D da(x, )7 =0
09.01.18.0132.01

=050, Q) 02(2%, ) 93(0, ) + 8a(x, O d3(%, Q) — Iy (X, D Fa(X, @)° =0
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09.01.18.0133.01
(2%, ) 320, q) 330, q) 34(0, ) — 281(X, ) Fa(X, O) I3(X, @) da(X, @) == 0

Identities involving transformation of nome q

Equationsfor z— 2z,q- q*

09.01.18.0134.01
20522 q*) = 03z, @) + d4(z )

09.01.18.0135.01

N

20,2z, q') = (93(z, ) = d4(z, Q)

Equationsfor z— 2z, q- ¢?

General argument
09.01.18.0136.01
01z 902z, q)
i 94(0, ¢?)
09.01.18.0137.01
322 9% - 012, 0)°
205(0, o)

91(22 o) =

09.01.18.0138.01
93z, Q) — da(z, O)°
20,(0, o)
09.01.18.0139.01
0(z Q) + 05z, O)°
20,(0, ¢?)
09.01.18.0140.01
93z, Q) + 0a(z, O)°
9322 f) = ——————
205(0, ¢?)

09.01.18.0141.01
d3(z, ) da(z, O)

D= o)

Argument equal to zero

09.01.18.0142.01
29(0, o) 34(0, o) == 9(0, 0) 9»(0, 9)

09.01.18.0143.01
205(0, 6?) 95(0, ¢?) == 350, @)°
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09.01.18.0144.01

20,(0, )’ = 35(0, @7 - 94(0, 9)?
09.01.18.0145.01

205(0, )’ = 35(0, 47 + 94(0, 9)?
09.01.18.0146.01

34(0, 6?)° == 93(0, ) 9a(0, )
Equationsfor g » \/E

General argument

09.01.18.0147.01

201(z, Q) da(z, Q)
(91(2, \/E) == W

09.01.18.0148.01

29(z, 9 d3(z, @)
(92(2, \/E) == ﬁ

09.01.18.0149.01

94z, ) — 01(z, O)°
)=

09.01.18.0150.01
92(z, Q)% + 93(2, 0)°
(93(2, \/E) == W

09.01.18.0151.01

94z, ) +01(z, O
)=

09.01.18.0152.01

93z, ) — 02z, O)°
)=

Argument equal to zero

09.01.18.0153.01
(0. y/a)82(0, Y a ) =280, 940, @
09.01.18.0154.01

0s(0, /0 )92(0, y/a ) = 000, @®

09.01.18.0155.01
2

00,y @) =20,0,0050, @
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09.01.18.0156.01
2
03(0, V@) =00, 0" + 950, ”

09.01.18.0157.01
2

0(0.{/a) =050, 0" - 0,0, 0

Equationsinvolving integer powersof g

09.01.18.0158.01
a+b-1 )
da(X, OP) da(y, o°) = Z o e® Y o3(x+y+brrr, ) d3(-bx+ay+abrrr, ?P@D) /(a, bj e Z* /\ q=¢""
r=0

09.01.18.0159.01
a+h-1 )
da(X, OP) da(y, o°) = Z P e X Oy(x+y+anrt, ) d3(bx—ay+abxrr, FPEP) / (a, b} e Z* /\ q=¢""
r=0

09.01.18.0160.01
a+b-1 ) . 1
9a(%, ) da(y, ) = Z D" " e Y d3(x+y+brr, ) 03(—bx +ay+abrrr+ 57 ((@a-b)mod2), q""b(a*b’) /;
r=0

abez \q=é

09.01.18.0161.01
a+b-1 5 . 1
Ia(x, &) d4(y, o°) = Z (-1 " e® X dy(x+y+anrT, ) 03(bx— ay+abrrr+ 57 ((a—b)ymod 2), qab(a“’)) /:
r=0

{a,bjez* /\ q=€""

Algebraic addition theoremsinvolving o?
09.01.18.0162.01
I3(X, Q) d3(Y, O) == Ip(X = Y, ) (X + Y, OF) + I3(x =y, 0P) da(x + Y, F)
09.01.18.0163.01
Ja(X, @) da(Y, ) == dp(X+ Y, O%) d3(X =y, OF) + da(x+Y, &) d2(x -y, &F)
Landen'stransformation

09.01.18.0164.01
0z 34z ) 950, 9340, O

9a(2z ) 94(0, ¢?)

09.01.18.0165.01
92(2, Q) 01(Z, Q) d3(0, ) ¢4(0, q)

912z P 94(0, ¢?)

Differential identities

09.01.18.0166.01
WO _ %09 %09 #09
#0.9)  920,0)  930,0)  34(0, Q)
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09.01.18.0167.01

890, 9 390, g
2 — 2 == —2(93(0, q)4 (94(01 q)4

%20, 0 9,00, g

09.01.18.0168.01

o0, 9 390 9° 32t
- == e —-e)(e -6/,
%209 9,00, 9)* n*

w
w1, w2, W3} == (W1(G2, Ga). ~W1(G2, Ga) — Wa(G2, Ba), w3, B} [\ 4= exp[m' —3) /\ &= 9(ni 62 ) \ne (1, 2,3
w1

09.01.18.0169.01
00,9 390, 9

_ = 20,(0, 9)* 940, 9"
930,0) 90, @)

09.01.18.0170.01

090, 9  3050,9° 320
=—— (- (&) /;
330, 0 9,0, g)° piad

w
{w1, Wy, w3} == {w1(F2: G3), ~W1(T2, Y3) — W3(G2, T3)s W3(Tr Ga)} /\ q== eXF{” —3) /\ €n == P(wn; 92, Ga) /\ ne{l, 23
w1

09.01.18.0171.01
90,9 390 o

= -208,(0, ) 93(0, g
90,0 9,0, g2

09.01.18.0172.01

000, 9  3%0,9° R
- =-—— (@ -&) (& -&)/;
90, 9,0, g n*

w
{w1, w2, w3} = {w1(G, G3), —~w1(F2, G3) — W3(T2, F3), W3(T2, G3)} /\ q== eXF{” —3) /\ €n == P(wn; 92, Ga) /\ nefl, 23
w1

09.01.18.0173.01
0;[("! q) 0i+l(vl q) - 01(Vl q) 0i’+l(vi Q) == 0i+l(01 Q)Z (9]+1(V1 q) 0k+l(vv q) /1 {|, jl k} € {11 21 3} /\I * j * k

09.01.18.0174.01
(9|,<+1(V, q) §j+l(v! q) - §k+l(v! q) (9].',1(1’, q) == §i+l(ol Q)Z (91(1’, q) 0i+l(vi q) /v {I! j! k} € {11 21 3} /\I * J * k

Differentiation

Low-order differentiation

With respect to z

09.01.20.0001.01
0Nz, Q)

=01z 9



http: //functions.wolfram.com

24

09.01.20.0002.01
8%(z,9)

= 23q > (DK gD 2k+ 17 Sn@k+ D 2) /; gl < 1
0 k=0

With respect to q

09.01.20.0009.01
304(z, 1 9z 0? @z’
L L L . L
aq 4q 01(21 q) 4q(91(z‘ q)
1 72 log(a) log(a)
- 01(21 q) [_ (03(01 q)4 + (94(01 Q)4) + {(11 g2[1v —]1 g3[1v . ]]]
qn? 12 mi ni

09.01.20.0003.01
oz, *(z Q) & 3
16 Y 14 a +2) (~Dfkk+ 1) P i sin(@k+ ) 2) /ol < 1
q k=1

09.01.20.0004.01
8°%(z,9) 7

o 3 1
=2q4 Z(—l)k gD (kz +k- —) (k2 +k+ —] sn(k+1)2) /;1g <1
Glon ko0 4 4

Symbolic differentiation

With respect to z

09.01.20.0005.01

"%(z Q) © n
B G B —kgkkeDd 2k+1"sin(—+ 2k+1 z) (g <1AneN*
= \/Ek;( YD @k 1" sin{ — + @k+ D2) ;1

With respect to q

09.01.20.0006.01

" (z 1 5
(al—nq = 2qr"2(-1)k gD (k(k+ H-n+ 4_1] sin(Rk+1)2) /;lg<1AneN*
q k=0 n

Fractional integro-differentiation

With respect to z

09.01.20.0007.01

" N(z Q) o B a 3-a 1
THEw 2V g 27 Y (1F gD 2K+ 1)1|=2[1;1——, -l k+ 1)222)/; gl <1
oz £ 2' 2 ' 4

With respect to g

09.01.20.0008.01

801z, q) o (=D gk r(k2 +k+ %) sin((2k+1) 2 <1
—_— == 4 X <
aq” k=0 F(k2+ k—a+ %)

Integration
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Indefinite integration

Involving only one direct function

09.01.21.0001.01
(= 1)k gk s

f&l(z, Ddz= —2%2)—qcos((2k+ 12 /10 <1
o 2k+1

Involving only one direct function with respect to q
09.01.21.0002.01
5
(-4 “ V7 sin(2k + 1) 2)

f&l(z, Qdq= 22 fila<1
k=0

k(k+1)+%

Representations through equivalent functions

With related functions

Involving theta functions

Involving &»(z, q)
09.01.27.0013.01
Vs
*(z Q) == —(92(z+ —, q)
2
09.01.27.0001.02
T
(2, =2 =,
2
09.01.27.0005.02

1
O1(z, @) = (=)™ (92(5 72m+1)+z q) imeZ

Involving &s(z, Q)
09.01.27.0004.02
, 1 :
Mz g =-i ﬁ 43”03(Z+ 571(7' +1), q] fiq=e""

09.01.27.0014.01
2

H(z q) = —2™? e“z"”l)zq('m%) 03[z+ %n(z mr+7+ 1), q) meZ /\ q=e""
09.01.27.0015.01

oz @ =-ie?[q 03(z+ %(n— i log(@), q)
09.01.27.0016.01

. 12 1
H(z q) = —2™? e”Zm”)Zq("”E) 03[z+ 5 (m—i(2m+ 1) log(q)), q) LimeZ
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Involving 4(z, Q)
09.01.27.0002.02
. nT X
0(2, G = w‘”%m(u - q) /iq==e T
09.01.27.0006.02
) 1) 1 )
$4(z, Q) = j2m+l e—x(2m+1)2q(m+§) (94(24. E (1) (2m+1), q) /imeZ A g=e "7
09.01.27.0003.02
, 1
Nz, Q) =i ﬁ e‘”04(z+ Eilog(q), q)
09.01.27.0007.02
1 . 1
0(z, @) = ™" e‘@”“)”&(a (ilog(@) (2m+1) +z, q) imez

I nvolving Jacobi functions

09.01.27.0017.01
*(z, g(m 2K(m)z
1(z o( )):msc( (m)
d2(z, q(m)

"

2K(m)z

T

09.01.27.0018.01

$1(z, g(m “
m =1/ m(l_ m) g‘j[
03(21 q(m))

"

T

"

Involving Weier strass functions

09.01.27.0009.01
¢4 (z, g (M) 2K(m)z
J1( 9tm) vm sn(

94z (M)

T

09.01.27.0010.01

3
T 2n w1 22\ [ 2w, 2
di(z ) = w—\“/q exp[—il 21 ][n(l—qzn)] 0'( ! 0o, gg) /i
1

;
T n=1 g

ﬂ'l‘(,l)3
w1

w1, 03] = (W1(G2, B), 3@z, G} [\ M = {(@1: G2 Gp) [\ 4= exp[

09.01.27.0011.01

(91(2, q) T 2 N w1 22 2 w1Z
= _—&Xp - 0'( iQnga)/;
#0,  2w; 72 Vs

7TE‘U)3)

w1

w1, 03] = (W1(G2, G), W3(@2: G} [\ M = {(@1: G2 Gp) [\ 4= exp[

09.01.27.0012.01

(9&(2, q) 2(.4)1 (2(1)12 47]1 w1 Z

01(21 q) T

miw3
» G2 93) - i {w1, wa} = {w1(92: G3), W3(T2, G3)} /\ M = {(w1; G2, 93) /\ q= exp[ ]

b8 wq

Zeros
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09.01.30.0003.01
91z, 0)=0

09.01.30.0002.01
$1(0,9)=0

09.01.30.0004.01
$(mr, q)=0/;me”Z

09.01.30.0001.01
Mq(mr+nt, =0/ {mn ez /\ q=e'""

Theorems

The Green's function for the Laplace operator in the rectangle
The Green'sfunction G(x, X, y, ') for the Laplace operator in the rectangle (0, a) x (0, b) isgiven as:

01 (n(x+i y+X'=iy') , eiﬂb/a) (91 (n(x+i y-X'+iy') eiﬂb/a)

1 2a 2a ’
G X,y,¥Y)=—Rellog - - 5 )
on o1 (n(x+u;—ax'—ny’), e_”b/a) 01(77(X+M;+;<’+W)' e—zrb/a)

Zolotarev's problem

Zolotarev'sproblem, min max |[X"-not"t+at" 2+ ... +a,

&,a3,...,8n —1<x<1

can be solved in closed form using elliptic

theta functions.

History

—J. Bernoulli (1713)

—L. Euler; J. Fourier

—C. G. J. Jacohi (1827)

—C. W. Borchardt (1838)
—K. Weierstrass (1862—1863)
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