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Notations

Traditional name

Fresnel integral S

Traditional notation

2

Mathematica StandardForm notation

Fresnel S[z]

Primary definition

06.32.02.0001.01

{3
S(z)::fsin —|dt
0 2

Specific values

Values at fixed points

06.32.03.0001.01
S0)==0

Values at infinities

06.32.03.0002.01

1
Soo) = =
2
06.32.03.0003.01
g 1
—00) == ——
2
06.32.03.0004.01
i
Sioc0) == ——
2

06.32.03.0005.01

i
S(—io0) == —
2
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06.32.03.0006.01

S0) ==,

General characteristics

Domain and analyticity

S2) isan entire analytical function of zwhich is defined in the whole complex z-plane.
06.32.04.0001.01
z— Y2 ::C—C
Symmetries and periodicities
Parity
S(z) is an odd function.

06.32.04.0002.01

-2 =-S2

Mirror symmetry

06.32.04.0003.01

S2 =32
Periodicity
No periodicity
Poles and essential singularities

The function §(2) has only one singular point at z = co. Itisan essential singular point.
06.32.04.0004.01
Sing (S(2) == {{c0, co}}
Branch points

The function S(2) does not have branch points.

06.32.04.0005.01

BPAS2)) = {}

Branch cuts

The function Sz) does not have branch cuts.

06.32.04.0006.01
BCAS2) == {}

Series representations
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Generalized power series

Expansions at generic point z== 7,

For the function itself

06.32.06.0011.01
%

2

1

S2) «« Y7p) + SN (Z—Zo)+§7T

&

CO —_—
2

06.32.06.0012.01

%

S o« S(29) +sin >

1 nz
(z ZO)+27T >

06.32.06.0013.01

o k-1 2j-k+1 1 Z(Z)J"k*l
S2)=Sz) + - - sin(
;JZ:(; k@j-k+D!(k-j-1!

06.32.06.0014.01

v 278 3 5k
S(2) = n*? Fof - 1, = 1-—,
é ko o 47 4
06.32.06.0015.01
S2) o« S(zp) (1 + Oz~ z))
Expansionsat z==0
For the function itself
06.32.06.0001.02
s 2 oA
S« -2l1-—+ -...|/i(@z-0
6 56 7040
06.32.06.0016.01
Pis 2 A
S« -2|1-—+ -0(z%)
6 7040
06.32.06.0002.01
o 9-2k-1 72k+1 _AK
az — 232#
o (Ak+3)(2k+ 1!
06.32.06.0003.01
g s . 337 it
)= — — = o ——
= Y27 e

06.32.06.0004.02

S« g 2(1+0(2))

20Z-2+... [, (2> 2)

20 (Z- 2% + O((z- 2)°)
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06.32.06.0017.01

S2)=F.(2 /;
[[ n p-2k-1 2k+l (_z4)k

(_1)n 2—2 n-3 7T2 n+3 Z4n+7 7
@An+7I'2n+4)

@)=Y —
@ kZ(l)(4k+3)(2k+l)!

neN]

Summed form of the truncated series expansion.

Asymptotic series expansions

06.32.06.0005.01

Jz 1[_

06.32.06.0006.01

el

2nz
06.32.06.0007.01

\‘y; 1[ nZ
C07

in

+e 2

S2) «

(S5

16 1 (=2 35
, :;——)+—Sn — [sFo[ =, = L,
2z TR 2 4 4
06.32.06.0008.01

N2 1 {RZZ] 1 1 nZ 1
~ — cod — 1+o[_)]— —sin[— (1+O(—)] /5 (12 > o)
2z nz 2 2)) 3B 2 z

Residue representations

S(2)

S2) «

06.32.06.0009.01

7{2 -S
71-29/4 oo (_E 24) 3 - 3
T e 3
V2 (A 2% o |rs+or(é-gra-9 * 4 4
06.32.06.0010.01
i —4s
3nmi 1 el

e 4 X (564 \/72) 3 3

- Sy o2l

V2 % |res+ 1)r(§—s)r(1—s) 4 4

Integral representations

On the real axis

Of thedirect function

s

5 11

16
]]/; (12 - o0)
27

1

JFalLn+ = n+2,n+ =, n+ — ——n
4 2 4

16

24]] A
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06.32.07.0001.01

2 (nt?
S22 ==f sin{—)aﬂt
0 2

06.32.07.0002.01
1

Van

S2) =

% sin(t) P
f —— dt/; lag@| < -
0 \/T 4

Contour integral representations
06.32.07.0003.01

8 1
= f

l"(s+ §) 2 \°
- ds
V2 (2)" (-9 27 ﬁr(s+1)r(§-s)r(1-s)[ 16 )

4

06.32.07.0004.01
3ri 3
re & 1 F(S“L Z) 1 = —4s
S2) = — (—m \/72) ds

V2 2nmi Lr(s+1)l“(%—s)F(l—S) 2

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
06.32.13.0001.02

W@ - W' @+ W (@) =0/, WD =2 [\w©0) =0 Aw©) =0/\ w0 =x
06.32.13.0002.01

W@ -W@D+m° W@ =0/, W2 =¢;, 2+, C(2) +C3

06.32.13.0003.01
W1, S(2), C(2)) == -7z

06.32.13.0004.01
/(Z 307 (z (2 3 //ZZ_ /(7 (S)Z
V\/(?’)(Z)—(g() 9”2 g()+ 9@ -9@972

9@ g2

wW@wz =0/

+
g2 dJd@

W(2) = ¢; S(g(2) + ¢, SC(9(2) +¢C3

]W'(z) + [nz 92%9@*+

06.32.13.0005.01
WA(S(9(2), Cg@), 1) = -7 9@ g 2°
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06.32.13.0006.01

‘(2 3h(@ 39’z
Wa)(z)_(g(>+ @, 39D s
92 h®@ g@
s 5., 2N@Y@ 6@’ 6h@Y'® 9@ 39 -d@¢°® 3h@
9292 + + + + + - W (2) +
h@g@  hp® Jd@h@ 92 g(2? h(2)

[6h’(z)3 20@h@°* 69'@h@° 6h@N@ 39'@°hW@
- - - + - +
h2®  g@h@’ h2’ g2 h(z)” h(2) ¢ (22

Y@ON@-N29'2@ 3¢7@N@+N@d®0@ ru2*N@g@*+h9@2
92 h ’ h2g@ B h@ ] "
0/; W@ = ¢, h(2) S(g(2) + ¢ h(2) SC(g(2) + c3h(2)
06.32.13.0007.01
W,(h(2) S9(2)), h@) C(9(2), h@) = -719@ h@’ g (2°

06.32.13.0008.01
2wWI@) +(-4r-3s+3)Z2W'(2) +((a* 22" +3)r’ + 8s-Hr+3(s- s+ 1)zw(2) -
s((@ 72" +3)rP+4sr+ )W =0/, W@ = ¢, £S(@z) +, 2C@z) +c 2

06.32.13.0009.01
Wy(ZS@az), 2C@z), 2 = -a* nrd £7+3s3

06.32.13.0010.01
W(2) + (-4log(r) - 3log(s) W’ (2) + ((a* n* r** + 3) log?(r) + 8log(s) log(r) + 3 Iogz(s)) W (2) —
log(s) ((a* 72 142 + 3) log?(r) + 4log(9) log(r) + l0g’(s)) W(2) = 0 /; W(2) = ¢; §* S@r?) +c, & SC@r?) +c; &

06.32.13.0011.01
Wy(& S@ar?), §Car?), §) = —a* nr*?%log’(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.32.16.0001.01

S-2=-S2
06.32.16.0002.01

Si2) = -iS2)
06.32.16.0003.01

S-i2=iS2)

06.32.16.0004.01

Complex characteristics
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Real part

06.32.19.0001.01

3
. o (_1)k22k+1ﬂ2k+§ Ak+3 3 2kt (Y
Re(S(X+ i Y) ::Z F(2k+—) 1+ = cos((4k+3)tan (—))
P (4k+3)! X2 X

06.32.19.0002.01

) 1
oo 2Kk+1 (_l)]+k 22k+1 7'[2k+5

Re(S(x+iy)) = , ,
g;; @2pHl'ék-2j+3)!

o ey
2

06.32.19.0003.01

Imaginary part

06.32.19.0004.01
2k+§

® (_1)k22k+1 2k+% xAk+3 3 2
IM(SX+ i Y) Z( ) i F(2k+—)[1+ i] sin((4k+3)tan’1[z))
e (4k+3)! 2 X2 X

06.32.19.0005.01

. 1
0o 2k+l (_1)J+k 22k+1 ﬂ2k+5

3
| [ y)) T2k + — |xAk-2is2y2is1
M(S(X+iY)) ZZ Rj+D!'@4k-2j+2)! ( + 2] Y

k=0 j=0

06.32.19.0006.01

x| ¥ ¥ y
IMESX+iy)=— | -—— X=X [—-— [-9x+X_| ——
2y x2 X2 X2

Absolute value

06.32.19.0007.01

[SX+iy)| = X=X | —— X+X | ——

Argument

06.32.19.0008.01

L 7 2 ERE 7 7
agSx+iy)=tan-|9x+x | -—= [+9x-x | -— || — | -= |Ix-x_ | -=— [-Hx+x | -—
2 NG X2 2y X2 X2 X2

Conjugate value
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y 2

06.32.19.0009.01

1 v y

Differentiation

Low-order differentiation

06.32.20.0001.01

092 ) [7122]
-  =—=sn —
0z 2
06.32.20.0002.01
8292 S{ﬂzz]
=nm1ZC0§ —
07 2

Symbolic differentiation

0z

"2
07"

06.32.20.0006.01
n-1 2k—n+1 ﬂ.k sz—n+l (n- 1)!

S
k-n+ D! (n-k-1)!

06.32.20.0003.01
n-1 k (_l)m 22 m-k ﬂ.k Z2k—n+1

= On S(Z)"'ZZ

o (k=m!@2m-n+1)!

06.32.20.0004.02
u _ (3 5 5-
= 22" 2R E =1, — 1
474

n
4 4

Fractional integro-differentiation

06.32.20.0005.02

;

>

1

2

'n(in(zz+k))/; neN

)msin(%n(zz—k))/;neN

4

6-n 7-n 27
4

]/;neN+
6

5 ¢ 5-a 6-a T-« 71224]

Yz 11 3
52 — 22”7? o2 e 3|E4(—, 1, -1-—,
P 4 4 4 4
Integration

Indefinite integration

Involving only one direct function

Linear arguments

06.32.21.0001.01

1 {nzz)
fS(z)dz::zS(z)+ —co§ —
bid 2

4 4 16
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06.32.21.0002.01
cos(% alr 22)
fS(az)aZz:: — +285a2

anm

Power arguments

06.32.21.0003.01
fs(a«/?)dz:: nzs(a\/?) 2+Vz cos(% aznz) a— C(a\/?)

an

Involving onedirect function and a power function

Linear arguments

06.32.21.0004.01

[rsman="ss Lo 7w T o) 5 (i) (0 T 2) 6 T 2))

06.32.21.0005.01

fz" Saz)dz= ——
2a(n+1

s (= E R RN AR LR

Power arguments

06.32.21.0006.01

\/_ 2 la?n
Sa z)dz: cos(za Z)+2\/fs(a\/?)
vz arn

Involving direct function and other elementary functions

Involving exponential function and a power function

06.32.21.0007.01

e‘bﬁs(a\/?)
gz
vz
i L Ly (inVz a2+b 3 2+l (xVz @+ib
! (E+—) —e 2;2,, i erfi (2 2)( i ) +ea§2” erfi (2 2)( i ) —(Z—Zi)"_bﬁs(a‘/?)
b|\2 2 a\/? a«/?

Involving trigonometric functions

Involving sin
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06.32.21.0008.01

fsin(bz)s(a\/?)dz:m
(R e S e 1 Nt R g AN et P
m(na +2b erf(( )m\/_)
RPN et [N N rrerales IO g O Nt
2bmem(( )mx/—)) (4~ 40 (a7 - &' ) costb2 Sa vz )

06.32.21.0009.01

1[1 '“@[M[G+9@%V?—w] #[@+9@V?¥+m] {@+9@_¥ﬂ¢a]
5 (— + —)e 22x | ga?x erf +e@r erf + erfi -

avr avr

» (%+ %)(n\/;a2+b) _(4_4”@% Cos(b\/?)S(a‘/;)
avrn

Involving sin

06.32.21.0010.01

fcos(bz)s(a\/?)d’z::—m
a- L)[aw/_(nmem(( )m\/_)a +nmem(( )mr)
\/E(na+2berf[[ )m«/_) (@r-2b)ra+2b
ol 7 8 3 )
2b\/Wem(( )MW)) 4+ 4i) 4b2—an)s(ax/?)sin(bz)))

1

06.32.21.0011.01

cos(b\/?)s(a\/?)
dz=
==
1[1 i-ﬁi[ﬁ.[6+9@%4?—w] ﬁ_[@+9ﬁV?¥+®] [@+g@_¥ﬂ¢a]
—= (———)e 22x | g2n erf — e erf —_ erfi _
b{\4 4 avr avr avr

m{@+9@v;¥+@

ib?
= ]—(4+4L‘)e26‘2” s(aw/?)sin(b\/?)]]
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Involving logarithm and a power function

06.32.21.0012.01

f Ii)/giz) S(aﬁ)dz:: ai[Z((cosG a2n2)+a7r\/;8(a\/?))(|09(2)—2)—Ci(%a2ﬂz)))
z w

Involving power of the direct function

06.32.21.0013.01

vz ) )
fS(a\/;) dz= %(?ﬁﬂﬁs(ax/?) +4cos(%a2nz]5(a\/7)—\/75(\/?a\/7))
Involving products of the direct function

06.32.21.0014.01

f%jbmdz:% Zs(aﬁ)(cos(%b2n2)+bn\/78(b\/?))+

g[Zbcos(%aznz)s(b\/?)+;(—\/az—b2 \/a2+b2 S(\/az—b2 ﬁ)—(a2+b2)s(\j a®+b? \/?))]]

a2+ b?

Definite integration

For thedirect function itself

06.32.21.0015.01

a+l

o 1 /n *7) bis a+1
f gty dt == — (—) cos(— (@+ 3)) 1"(—) /; -3<Re(@) <0
0 2a \2 4 2

a

Involving the direct function

06.32.21.0016.01

[Fensvar= 2_[{;](2 o2)- )[;] 2s(2) -1

06.32.21.0017.01

. 1 202 ;=571 Ta o o+l ao+2 «a 1 35 a+5 z
f e 'S dt=—7T(a) + —cos(—)l“(—+1)3F4 , , =+l = - - — = +
0 2 a+1l 4 2

/i Re(2) > 0

N———r

1 vS a+l a+l a+3 o 1 1 3 a 7
—(—) COS(—(a+3))F[ )3F4 ; e B M +
20 (2 4 2 4 4 4424 4 1622

1 o-1  a+3 b a+3 a+2 a+3 a+5 3 5 3 a+6 z
22 1 2 Zco Z(a+5))l"( . ]3F4 , S

a+2 47 4 47442 4 1pp2

2

2277528 a (ma a+3 «a a+6 5 3 7 a+7 2
_ ( Z)Sll"l( )3F4 ,—+1, — -, -, -, ——;———|/;Re(2) > 0ARe(@) > -3
3(@+3) 4 4 4 2 4 4 16 72

Integral transforms
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Laplace transforms

06.32.22.0001.01
1 Z z 2 z
Li[St)] (2 = —— [cos(—] (2 C(—) - 1) + sin[—J 2 S(—) - 1]J /i Re(2) >0
2z 2n T 2n b

Mellin transforms

06.32.22.0002.01

z+1

1 (n ‘7) b z+1
M[SD] (2) = — (—) cos(— (z+ 3)] F[—] /i-3<Re(2<0
2z\2 4 2

Representations through more general functions

Through hypergeometric functions

Involving ,Fq

06.32.26.0001.01
1z [3 37 71224]

S
6 " a2 4 16

Involving hypergeometric U

06.32.26.0002.01

iz | 1 [ 1 i, (11 in 1 1 ooy
S?) = 1-—e > u(—, —,—22) - 1-—¢2%U
2vV2 | ;2 Vr 22 2 Joiz vV

Through Meijer G

Classical casesfor thedirect function itself

06.32.26.0003.01

2 1
S2 = S S—T G}g[— ﬁ 3 1 ]
\/7 (22)3/4 (_2)3/4 ' 16 | 707 0
06.32.26.0004.01
T st o 2z 1 bis
S2)=—e + G3- 31 A|i-—<ag@=<0
3 16 | 3.5.0)" 2
06.32.26.0017.01
1 %z 1
S(\A/Y) =G| — |3 1
2 216|307

06.32.26.0005.01
T 23/4 7T2 4
Gl,O[_

IN|

R
o

N ——
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06.32.26.0006.01
1 1 nz
4 2,0
Vz)= 2 2 G”[ 16

1 ]
3 1
033
06.32.26.0007.01

S[(1+rz)\/7\/—] nGlS[Z %,0' %)

Classical casesinvolving powersof Fresnel C, S

06.32.26.0018.01
oz +gizf -y G;;i[%

Generalized casesfor the direct function itself

1

1
2
1 31
2220

06.32.26.0019.01

1 - \/—z 1] 1
S2) = - —_—, 3 41
2 4 e 0, i
06.32.26.0008.01
m 1 1] 1
32)::—6 4 Glg( e \/72,— 3 1 O]
\/7 2 4|

Generalized casesinvolving cos, sin and Fresnel C

06.32.26.0009.01

nZ 7z T 4y \/72 1 %
cos| —|C(@ + sin| — (S =, = G5l —, -
2 2 2 | 2 "a|igt
4 2
06.32.26.0010.01
1z n T 1 \/;Z 1 ?—1
Cos| — 32) C(Z) == — —_ Gl’3 , =
2 2 7| 2 4|31
32
06.32.26.0011.01
1z (1 c ) 722\(1 S ) 3/2631 \/;Z
cos| — || = - (z))+ sin| — [—— z)]::( Gy :
2 )2 2 )2 B2
06.32.26.0012.01
722\(1 72\ (1 31 \/72
cos| — (——C(z))+ sn| — [——S(z)) =232 G;;
2 2 2 2 ' 2
06.32.26.0020.01
1
21l 3 ]
! 1 1
22|30;

06.32.26.0021.01

[/22] _ [22 T,
cos2Cl,/ — [+sn@ Y, — =,/ = Gi3
b8 T 2 '
S{ 22]
cos(2) /— -sin(»C| .|
Ve

|

FN

INTSRFNTN

NIFE MNw

Mlw
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06.32.26.0022.01

1 / z 1| =
cos(2) ——C +sn(z) —— =(2 )‘3/26 - = 4

2 2’2ot 1

075

06.32.26.0023.01

1 2z)) . (1 27 a(z 1| 3
cos(2)| — - — |[-sn@|=-C|,| — ||=@m ¥ Gi3| = -

2 bis 2 b4 2' 2 0, %, %

Generalized casesinvolving powersof Fresnel C, S

.

06.32.26.0013.01
1 Vrz 1
C22+S2P% =] = G| —, =
2 ' 2 4

Through other functions

Blw N[+
NI

1

06.32.26.0014.01

S e [1_ir(i,_zzz)]]
2\/— \/1722 \/; 2 2 \/; \/7 2 2
06.32.26.0015.01

s [ el o)A b))

06.32.26.0016.01

S el e 5

2vV2 z 4 2

2

Representations through equivalent functions

With related functions

06.32.27.0001.01

o= o157

Zeros

06.32.30.0001.01
S2==0/;z=

Theorems

Cornu spirals
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Freeway exits will often have the shape of clothoids (Cornu spirals), which are curves with the parametrization
{8, CH} .

History

—A.J. Fresnel (1798, 1818, 1826)
—K. W. Knochenhauer (1839) found a series representaion
—N. Nielsen (1906)
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