WOLFRAM functions.wolfram.com

RE 5‘ EARCH 1he .'-'.':."l'_!'.': le mrost ¢ L ve aitd i .-:.l'.u'-:'r.'I RO l'-'.l'. information about mathematical _l".’.".l'.'L'."J:l'-'.l'u'.'-.

Gamma

Wiow the onling version at Download the
® functions.weolfram.com @ PDF File

Notations

Traditional name

Gamma function

Traditional notation

r'@

Mathematica StandardForm notation

Gamma [ z]

Primary definition
06.05.02.0001.01

I'(2) == f t7letdt/; Re2) > 0
0

Specific values

Specialized values

06.05.03.0001.01
rm=mn-1!/;neN*

06.05.03.0002.01

n 2X"Vx (n-1)
r(—) = rnew
2 n-1,
=
06.05.03.0003.01
M=m=c&/neN
06.05.03.0004.01
n+1
ny (D2 2z th
F(——) = /;neN*
2 n!

06.05.03.0005.01

1y 1 ()"
F[n+ _) == —F[—)l_[(4k_3)/v nEN
4) 4 R4
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06.05.03.0006.01

1 (-n"4n 1
) e
[T, 4k-1) \4

06.05.03.0007.01
1

-
Mn+=|=—r1[= ~2)/ineN
3= 5 3];( )/ine

06.05.03.0008.01

1 "3 1
(2= =2 () e
[T, Bk-1) 3

06.05.03.0009.01

1 Vo o
F[n+—)== —[]@k-v/inen
2 k=1

06.05.03.0010.01
1 )" Vrx 20
M, 2k-1)

06.05.03.0011.01

2y 1 (2\."
r[n+—]::— [—)n(3k—1)/;neN

3/ 3 3/}

06.05.03.0012.01

2 (-p"3n 2
f2on) = - (2 nen
3 [T, Bk-2) \3

06.05.03.0013.01
3

1 (3\.0
r[n+—)::—r[—)nmk—l)/;nem
4) 4 \4) ]

06.05.03.0014.01

3 (=140 3
(2= -2 (%) e
[T, 4k-3) \4

06.05.03.0015.01

1 n
F[n+ E]::—F[E)l_[(p+kq—q)/;neN/\pel\ﬁ/\qel\!”/\p<q
" \a)ia

06.05.03.0016.01
(_1)n n
F[E—n]:: n—qF[E)/; neNApeN"AgeN*Ap<q
q [T-1(ak-p \a
Values at fixed points

06.05.03.0017.01
(-3 =&

06.05.03.0018.01
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06.05.03.0019.01

[(-2)=&
06.05.03.0020.01
3y 4vVn
-
2 3
06.05.03.0021.01
-1 =&
06.05.03.0022.01
1
r(_ _) PN
2
06.05.03.0023.01
[0) ==&
06.05.03.0024.01
1
(-7
2
06.05.03.0025.01
]"(]_) ==
06.05.03.0026.01
3y Vn
-7
2 2
06.05.03.0027.01
rQ) =

06.05.03.0028.01

-2

4
06.05.03.0029.01
(3=
Values at infinities

06.05.03.0030.01
(o) ==

06.05.03.0031.01
M(~e0) =

06.05.03.0032.01
I'ioco)==0

06.05.03.0033.01
[(~ic0)==0

06.05.03.0034.01
['(&0) == ¢

General characteristics
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Domain and analyticity
I'(2) isan analytical function of zwhich is defined over the whole complex z-plane with the exception of countably
many pointsz= -k /; ke N. 1/T'(2) isan entire function.

06.05.04.0001.01
z—I(@2:.:C—C

Symmetries and periodicities

Mirror symmetry

06.05.04.0002.01
'@ =T@®

Periodicity

No periodicity

Poles and essential singularities

The function T'(2) has an infinite set of singular points:

-1k .
k! !

a) z== -k /; k e N are the simple poles with residues
b) z== & isthe point of convergence of poles, which is an essential singular point.

06.05.04.0003.01
Sing (L(2) == {{{-k, 1} /; k e N}, {&, oo}}

06.05.04.0004.01
(-1)k
res,(I'(2)) (-K) = 0 /ikeN

06.05.04.0005.01
. CE AN
res,F(@a+2w? (-k-a)= Twa* /ikeN

06.05.04.0006.01
k-1

res(F@a-2w? (k+a) = wak/keN

A B _
Formulas for residues of ratios of products of gamma functions such as r&es( ([, (50 T z’s) (-aj—1)in

(ﬂlel‘(s+ck)) nE:lr(dk_S)
regular and logarithmic cases are represented in the subsection Residues of ratios below.

Branch points

The function I'(z) does not have branch points.

06.05.04.0007.01
BPI'(2) = {}

Branch cuts
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The function I'(z) does not have branch cuts.

06.05.04.0008.01
BCAI'(2) = {}

Series representations

Generalized power series

Expansionsat z==0

For the function itself

06.05.06.0001.02

1 1 2 3 3 2 3 4 4 2. 2
F(z)oc——)v+—[3y2+ﬂ—]z+[ © v ox ]22+[y{() y—+n—+u)23+-.-/;(2—>0)
z 6 2 3 24 160 24

3 6 12

06.05.06.0018.01

1 1 n’ (3 v oy v(@® vt PR

FDoc——y+=|37%+—|z+|-—-—-—|2+|— + —+ —+— |2+ 07
z 6 2 3 6 12 3 24 160 24
06.05.06.0002.01

1 &= 1) £

re=- >

k=0

f1d<1

06.05.06.0003.02

1
I@«--y+0@)
z
Expansionsat z==27 /; zp # —n

For the function itself

06.05.06.0004.02
1 1
['(@) o [(2) [1 @) 2-20)+ (¥(@)* +y V(@) 2~ 20)" + . (@) +3v P (@) Y(20) + ¥ P (2)) (2~ 20)° + ] /;

Z->2)N\N-(ZeZ N2 <0)

06.05.06.0019.01
1 1
I'(2) « T(2) [1 @) 22+ - (W@ +y @) z- 2 + 5 (¥(20)° + 3y (20) Y(20) +¥?(20)) (2- 20)° + O((2~ 20)4)) /s
~(eZN2g=<0)

06.05.06.0005.02

= T®(zp)

I =I()
; I(zo) k!

Z-20)%/,~(eZ N2y =0)

06.05.06.0006.02
['(2) xT'(2) 1+O(z-20)) /; ~ (20 € Z N2 < 0)

Expansionsat z==—n
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For the function itself

06.05.06.0007.01
=" ="
@ o« +

1
n'(z+n  n! (¢(n+ D 6 (Byn+ 172 +722-3yP(n+ D)+ +

1
. (w(n+ 12+ (x* -3¢ P(n+ D) y(n+ D +y2(n+ 1)) (z+n)* +

1
- (15((n+ D%+ 2(x* = 3yP(n+ D) y(n+ D + 4¢P+ Dyn+ ) +yP(n+ 1) (3yP(n+ 1) - 2727)) +

77t - 1549 (n+ 1) (z+ n)3) +0(z+m*) /; z->-mAneN

06.05.06.0008.01

-D"(1+O(z+n)y)
Idgc ———— " /i(z> -NANeN
n!'(z+n)

06.05.06.0009.01
=1)" . =D"¢(n+1)

n!(z+n) n!

I'(2 o«

+0(z+n)/;(z—»-nNAneN
Expansionsof I'(z+e€)ate==0/; z# —n

For the function itself

06.05.06.0020.01
[(z+6 «T(@)(L+0() /=~ (ze ZNz<0)
06.05.06.0021.01

Iz+e «T@)(1+y@e+O(€) /s~ (ze ZAz=0)

06.05.06.0022.01

V@ +yP@
—€

Iz+e)«cT@)|1+v@e+ +o(63) i=(zeZANz=<0)

06.05.06.0023.01

I'z+e)«xT'@|1+y(2e+

+ 0(64)

v@2?+yP@ | v@*+3yP@u@ +yv? @2
. e+ € ;= (ZzeZANz<0)

6

06.05.06.0024.01

I'z+e)xT'@|1+yY(2)e+

V22 +yP@  w@®+3vP@u@ +y? @
5 €+ 5 e+

1
” (v@* + 68U @ Y(@? + 42D U@ + 39V D + YD) e + 0(65)] /i~ (@zeZAz=0)

06.05.06.0025.01

o0 F(k)(z)

I'(z =TI(z
z+o ()k;r(z)k!

&/a@zezNz<0)

Expansionsof I'(-n+¢€) at e== 0
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For the function itself

06.05.06.0026.01
n

(=n+6) « (1+0() /ineN

nle

06.05.06.0027.01
_1\n

) (L+y(n+De +0(€?) /ineN
€

T(-N+e) o

06.05.06.0028.01
n

) [1+:,[/(n+l)e +
le

3yn+ 1% + 72 -3y D+ 1)
6

I(-n+e€) o €+0(€)|/ineN

06.05.06.0029.01
n

) [ 3yin+ 1%+ 72 -3yP(n+1)
l+yn+1e + e+
€

I'(—n+¢€) x
6

1
" W+ 1+ (7* -3¢ P(n+ D) y(n+ D +yP(+ 1)+ Oe*) | ,neN

06.05.06.0030.01
I(-N+é€)

"

n'e

3y(n+ 1% + 72 -3yP(n+1)
6

1
[1+w(n+ e+ e+ — (zp(n+ D3+ (7 =3y P+ D)y(n+ D +yP(n+ 1)) € +
1
0 (15(w(n+ D%+ 2(n? - 3yP(n+ D) y(n+ D + 4¢P+ Dyn+ 1) +yP(n+ 1) (3yP(n+ 1) - 27%)) +

77 -15y¥(n+1)e* + O() [ /;neN

06.05.06.0031.01

J
" oo k+l i = l)l”

1+7T€ZZ(]+1)Z pr,jck_jek /;neN/\(Eﬁo)/\Czk=0/\

k=0 j=0

T(e—-n) o

(-DF2(2241 — 1) By p 124 r®m+1
Cok+1 = (2k+2)! /\p]O_l/\pjk_ Z(Jm+m k)bmp]k—m/\ k = Nkl
06.05.06.0032.01
j-1
D" & 3 pe d ”( )( b .
[(-n+6) « ZZ l+Z Z élineNAs =yAsc=20/k>1\ag=-7/\

quO(q_k)! i=1] j=

D" 50 1
a=— k>0 \po=-D"y" /\ pc=— Y. (mj+j-Kapj/ik>0Am=q-k
k+1 a ki3
06.05.06.0033.01
(-=1D)" 7w csc(re)
Me-nN=———/neN

r(n-e+1)
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Expansionsof 1/I'(2)

For the function itself

06.05.06.0034.01

1 1
— =——01+0z-2)
'@ I(zn)

06.05.06.0035.01

— = —— (1-¢(2) (- 20) + O((z— %)
I r<20)( ( )

06.05.06.0036.01

1-¥(2) (z— 20)+— W(20)? - ¥y P(20)) (- 29)* + O((z— 20)3)
=l ( ) (z- %))

06.05.06.0037.01

1 1 !
r@ @) [1 V(@) (2~ 2) + ~ (W(Zo)z V@) @2 - < (W20 = 3020 Y@) + 4P @) (2 20° + Of(2- Zo>4))
06.05.06.0038.01
o (K gkl (—1)i TD(L - Z) n(k-1j)
= Z Z . - sin[nzo+ ] @-2)"
l"(z) Vid k=o\j=0 ]’(k—])’ 2
06.05.06.0039.01
1 1 S (1)
Z ( ) Pr, kE /s
T(z+ e) F(Z) -0

r®()
r@k!

/\keN/\neN

1 k
(e 0)/\ Pjo = 1/\ Pjk=— Z(i m+ m-K) by, pj,k—m/\bk:
k m=1
06.05.06.0040.01

1 o [ k . (_1)k7r2k (_1)k ]
—]'(—n+€) OCE(_l)nZ Zaj bk—j € /[, = /\a2k+l=0/\bk= k_!l"( )(n+1)/\keN/\neN

H\4 @k+1)!

Asymptotic series expansions
06.05.06.0010.01
1
T(¥) oc V21 X7z e /; (X > o)

06.05.06.0011.01

Lt 1 1 139 571 163879 5246819
I[2ocV2n Z 2e %1+ —+ - - + + -
12z 2837 518407 24883207 2090188807 7524679680027

534703531 4483131259 432261921612371 [ 1

]]/ larg(@| <7 A (12 = o)

- +
9029615616002 86684309913600Z2 514904800886 784000 2 0

06.05.06.0041.01
1 5 Bok+2
—— k=0 . . . ok.1
T@«V2r Z2e%e 2wnennZt | jarg2)| < 7 A (12 - o)
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06.05.06.0012.01

> 2k (DI P@2(j+k), Hz*
@« TR 1+ZZ( ) P2(J +K), J)

k=1 j=1 2+ k!

(arg@l <7 A(2d = ) AP(N, P=(n-D(("-2P(N-3, j-D+Pn-1, ) A
PO,0)=1APN, 1)=nN-D!APN, j)==0/;n<3j-1)

06.05.06.0042.01

v csc(zm) 1 yoo T
(@ ———— (-2 22 T2wvewn?l [agz) =1 \z¢ Z \ (|12 - o)
V2

06.05.06.0043.01
arg(2)+m
2 J

1 i ag2+n z Zw_ 2k+2
I'2) « (5 csc(zzr)) V2r [e { 2r Jz) e 2o vl o (ze ZAz< 1) A(|Z > )

06.05.06.0013.01
Ir@«v2r & Ze_z(1+0[ ))/ larg)| <7 A (12 = o0)

06.05.06.0014.01
-t

2 : 1
(1+ O(;)) filag@| < A (12 - o)

e

z
r@o«V2r [

06.05.06.0015.01

1 n
ITx+iy)lecV2r Iy z2e 2"/ (yl > ) AxeRAYyeR

06.05.06.0016.02
I@a+z (= 1)k b-2
@+2 Z © BE* @) 7% /; larga+ 2| < 7 A (12 - o)
I'b+ Z)

06.05.06.0017.01

I'(z+a) (a+b-1)(a-b)
w7 [1 Larbmh@rh

I'(z+b) 2z

1
+ o[;]] /ilarg@+ 2| <x A (|12 - o)

Integral representations

On the real axis

Of thedirect function

06.05.07.0001.01

[(2) = f “ttetdt/;Re@ > 0
0

06.05.07.0002.01

0 (_1)k
r@=| ttetdt+
@ j; Zk'(k+z)
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06.05.07.0003.01

00 n _tk
I'(2) ==f [e“—zl]tz‘ldt/; neNA-n-1<Re&32 < -n
0 k!

k=0
(Cauchy-Saalschutz integral)
06.05.07.0004.01

1 1
['(2) = f IOQH(;)dt /;Re(2) >0
0

06.05.07.0009.01
1 X2-log(x?)-1
[(2)=e"?e” *Do ) Re(2) >0

A. Radovill

06.05.07.0010.01
1 X2-z(x-1)-1 d

[(2) == ej" x-Dlogw /- Re(2) > 0

A. Radovill

Contour integral representations

06.05.07.0005.01
00 0o ju .
@ = szf et dt/;Red > 0 /\ 6 + arg(s) < 5 \/0<Red <1 /\ 5 +args) = 5
0

06.05.07.0006.01

1 i
—=— [ (-t dt
re 2zJv

(Hankel's contour integral.) The path of integration L starts at co + £ 0 on the real axis, goesto € + i 0, circles the
origin in the counterclockwise direction with radius e to the point € — i 0, and returns to the point co — i 0.

06.05.07.0007.01

1
fe-‘ =1 dt
EZM'Z —1JL

(Hankel's contour integral.) The path of integration L starts at co + £ 0 on the real axis, goesto € + i 0, circles the
origin in the counterclockwise direction with radius e to the point e — i 0, and returns to the point co — i 0.

F(Z) ==

06.05.07.0008.01

1
— =— [ t7edt
' 2=xiJdo

(Hankel's contour integral.) The path of integration L startsat —co — i 0 on thereal axis, goesto —e — i O, circlesthe
origin in the counterclockwise direction with radius € to the point —e + i 0, and returns to the point —co + i 0.

Product representations
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06.05.08.0001.01

1 d Z\ _z
— == Zezi’l—[(l+ —)e k
' kel k
06.05.08.0002.01
1 z
1 (1+ E)
r@=-[|——/-z&N
z k=1 1+ M
06.05.08.0005.01
1 \k+z-1
7_1\#1 1\l (1+ m)
o[ e 2
e z-1 _ 1\K
k=1 (1+ —)

(van der Pol 1954)

06.05.08.0003.01
1 1z [ g(2k+1)22k+1]
exp —-—

INz+1= ka1
+

e\ sn(r2)

06.05.08.0004.01
o (-D* (k) - 1)
[(z+2) = ** exp[—

Limit representations

06.05.09.0001.01

~ (n+D*n!
r@=Im———
Nn—oco (Z)n+1

Euler—Gauss limit

06.05.09.0002.01

n!n?
I'(2) == lim
N-eo (Z)n+1

06.05.09.0003.01
(1)n r]z—l

I'(2) == lim
Nn—oco (Z)n

06.05.09.0007.01

z- 1)2‘1 n (1+ k+;—1)k+z_l

l"(z)::(— lim+v2nn I_l— /i—z&N

N—oo
e k=0 e

06.05.09.0004.01
I'(2) == lim n*B(z, n)
N—oo

06.05.09.0005.01

W
['(2 == vlvm 5 1F1(z 2+ 1, —-w)
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06.05.09.0006.01

n t n
F(Z)==Iimf(1——) t71dt/; Re(2) > 0
0

N—oco n

Differential equations

Ordinary linear differential equations and wronskians
For thedirect function itself

The gamma function does not satisfy any algebraic differential equation (O.Holder, 1887). But it is the solution of
the following nonalgebraic equation:

06.05.13.0001.01

oW(2)
. =W ¥(2) /; W2 =T(2)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.05.16.0001.01
7T CSC(7T 2)

rz+1

I'(-2)=-
06.05.16.0002.01
I'(z+1)==2zI'(2

06.05.16.0003.01
[(z+n)=2,I

06.05.16.0004.01

I'2
rz-1=——
-1
06.05.16.0005.01
=1"r(@
I'z-n=—/ne”Z
(l - Z)n

Multiple arguments

06.05.16.0006.01
22 z-1
rQ22 =

1
r@ F(z+ —)
2

T
06.05.16.0007.01

F3 1 2
I'B2) = I'2 F(z + —) F(z + —)
2 3 3
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06.05.16.0008.01

1 10 N1 k
rhz)=n""22mn2 F[z+ —] /ineN*
k=0 n

06.05.16.0009.01

B

T _ nz+b-1 1;n—1 ( b+k) . +
(nz+b)=n 2(2n) 2 Iz+ —|/;neN

Products, sums, and powers of the direct function

Products of the direct function

06.05.16.0010.01

r@rl-z-=

sin(r 2)
(additiona formula)

06.05.16.0012.01

IFr@Ir(-2=-—
zZsin(rr 2)

06.05.16.0019.01

r@Trn-2 =

(1-2,./neZ

n(mr 2

06.05.16.0011.01
1 1 T
r(z+ _]r(_ _z)
2 2 cos(n 2)

06.05.16.0013.01

F1+2T(1-2) = —
sin(r 2

06.05.16.0014.01

w+z-2)!
rorw) = — ——
W+2-2
z-1 )
06.05.16.0015.01
I'2
— = (W)
I'(w)

I'2) -1
—=(z-w)! ( )
r'(w) Z—W
06.05.16.0017.01
['(z+n)
= (2,
I'2

06.05.16.0020.01

rz+n ™1
== k ) N+
@ ]_[(z+ )/;ine

k=0
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06.05.16.0021.01
I'(z-n) ="
== /ineN
' 1-2,

06.05.16.0022.01
I'(z-n) no1
= l_[ —— /ineN*
I'2 z-k

k=1 <"

06.05.16.0018.01
I'(2) T(W)

T(z+W)

Identities

Recurrence identities

Consecutive neighbors

06.05.17.0001.01
'@ =(z-1)T(@z-1)

06.05.17.0002.01
rz+1

F(Z) ==

Distant neighbors

06.05.17.0003.01
T(z+n)

(@n

06.05.17.0004.01
r@=-H"1-2,I'z-n/nez

Functional identities

Relations of special kind

06.05.17.0005.01
f@=z-Dfz-D/ {@=T@Q92Agz+D) =g Af(1)=

I'(x) isthe unique nonzero solution of the functional equation f(x + 1) == x f(x)
which islogarithmically convex for all real x > O, that is, for which log (f (x)) is aconvex function for x > 0.

I'(x) isthe unique non-zero continuously differentiable solution of the system of functional equations

f(2x) = % £ f(x+ ) and f(x+ 1) = x f(%),

06.05.17.0006.01
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Complex characteristics

Real part

06.05.19.0001.01
1k k

X

00 R (_
Re(C(X + i y)) = f et costylog(t) dt + )|
1

+
o K L k+0%+y2 (k+0%+y2

Imaginary part
06.05.19.0002.01
. S (D
IM(C(X+ i Y)) = f e L sin(ylog(t) d't — yz -
1 koo k! ((k+ x)? + ¥?)
Absolute value

06.05.19.0003.01

/e
T@yl= [ ——— /iyeR
ysinh(z y)

06.05.19.0004.01
1
‘F(E + iy)‘ =4/ msech(ry) /;yeR
06.05.19.0005.01
TA+iyl=yrycsch(ry) /;yeR

06.05.19.0006.01

’F(xwy) 2 ﬁ 1
rog | ko Y
(k+x)2

Argument

06.05.19.0007.01

> y y
arg(T(X+ i y)) == Y¥(X) + (——tan’l[—)); RAXx>0
gr(x+iy)) == y¥(¥) kZ:;kH —))iyeRA

Conjugate value

06.05.19.0008.01
F2=T@

Differentiation

Low-order differentiation

06.05.20.0001.01

T'(2
— =Ty
0z
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06.05.20.0002.01

8T
@ r@y2*+T@yY @

Symbolic differentiation

06.05.20.0003.02

T2

=T@RN, 2 /;RN 2 =y@RN-1,2+RPn-1,2 \RO,2=1/\neN

06.05.20.0004.02

M@ o . -1)"n!
::f t“tlog"t et dt + nFn(Z, 2, s Zo; 2+ L, 2+ 1, s i + 51
0z 1
212222::---::2n+1::z/\n€N

Fractional integro-differentiation

06.05.20.0005.01
T(2) © T0(1) 7ot
= FCon(z, Dz 4 Y ————
o = kI'k-a)

06.05.20.0006.01

re cY(z, -1zt 3 Y ﬁ(l 11-0; Z) < " zlogn)” (@ log(t)) et dt
= FCop(z, -7 +2 ; TR Rk iy fl (zlog)" (1- Q(-a, zlog(t) e
Integration
Definite integration
Involving the direct function
06.05.21.0001.01
y+ico 2ni T(@@+o)T@+dT(b+c)T(b+d)
f M@+t b+t c-trd-t)dt= /;
y—i oo I'@+b+c+d)

—min(Re(a), Re(b)) < v < min(Re(c), Re(d))

06.05.21.0002.01

yrico T(@+t) [(b+ 1) T(C—1) 7iT(Z5)T(b+0)
f dt= /; ~min(Re(a), Re(b)) < y < Re(c)
y-ieo T@-b-c+1+1) I(1-b+%7)
06.05.21.0003.01
yrico T(@+t) T(b—1) 2ni T@a+b)Tc+d-a—b-1)
dt = /i-Re(@)<y<Reb) ARe(a+b-c-d)y<-1
i T(C+DT(A-1) Ic+d-1)I(c-ard-b

06.05.21.0004.01
vrieT(@+ )T (b+t) I(c+t) [(d-t)I'(-1) 4 2ri T@TI' (I (a+d)I'(b+d)I(c+d) p

y—ico Na+b+c+d+t) I'h-aT'(h-b)T'(h-c)
h==a+b+c+dA -min(Re(a), Re(b), Re(c)) <y < min(Re(d), 0)
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06.05.21.0005.01
fﬁm F@+HT(3+1+tT(b+HTc+HTA+HT(-a+b-HT(-b)
d

y-ico rS+t)r@-c+1+HT@-d+1+1t) Fa-c-d+DI(-a+b+c+d)

Re(a)
—min(Re(a), + 1, Re(b), Re(c), Re(d)) <y <min(Re(b - a), 0)
06.05.21.0006.01

fymr(an) [ +1+t) T+ T(c+ I+ T(e+ I (f + [(b—a—t) [(-t)
dt =
Y

i oo r(§+t)r(a—c+ 1+t)Ia-d+1+tH)l@a-e+1+t)f@-f+1+t

7iT(L) T T TET(f)Ib+c—a)l(b+d-a(b+e-a)
I'b+f-a/T@-c-e+HI(a-d-e+DHIl'@a-c-d+DHlr@-c-f+Hr@a-d-f+Hra-e-f +1))/,

Re(a
2a==b+c+d+e+f - l/\—min(Re(a), ) + 1, Re(b), Re(c), Re(d), Re(e), Re(f)) <y <min(Re(b - a), 0)

06.05.21.0007.01
fw-m TTo, Tt +a) TTE., T(be — 1)
Y

=i [T Tt + 60 [Ty T(dh — 1)

1—b1, ceey 1_va Cqy ovns
ai, ...,an, 1-dg, ..., 1-

Z'dt=2riGgt A+D(t

cc
;A=A-B-C+D
&) “o/\

A B C D
E=A+B-C-D /\v=>a+y b~ > 6~ d/\-minRe@), ..., Re@y) <y < min(Re(by), ..., Rebg)) /\
k=1

k=1 k=1 k=1

(larg(z)|< %/\E>O\/|arg(z)| - %/\E>O/\yA+Re(v)— g <-1\/

1
z>0/\E=0/Aa+0/\yA+Rey) < E\/z>0/\1~:::0/\A::0/\(Re(v)<0Az;e: lVRe(v)<—1/\z::l))

Integral transforms

Inverse Mellin transforms
06.05.22.0001.01
M1 (1) = ¢ /; Re(9) > 0
06.05.22.0002.01
MST(9T(@- 9] (1) == (t+1)2T(a) /; 0 < Re(s) < Re(a)
06.05.22.0003.01
I'(s)

,1[ 2Re(a)+1
*lra-s

] =t7 Jaa(2Vt ) /;0<Re(s) <

06.05.22.0004.01

g Te 1-0*tea-v
] 0= J; Re(@) > OARe(s) > 0
I'a+9) I'(a)

7i TO)T(© () T(~a+b+c)[(-a+b+d) \
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06.05.22.0005.01
[T, T(s+a) T, T - 9)

M‘l[
s c 5
[l T+l F(di—9)

A::A—B—C+D/\E::A+B—C—D/\v::iak+ibk—ick—idk/\
k=1

k=1 k=1 k=1

1—b1, ceey 1_bB! Cqy vy Cc)/
ap, ..., Aa, l—d]_, ceey l—dD

AB
® = GB+C,A+D(t

—min(Re(ay), ..., Re(@y)) < Re(s) < min(Re(by), ..., Re(bg)) /\

(larg(t)|< %/\E>o\/|arg(t)| - %/\E>0/\—§+ARe(s)+Re(v)<—1\/

1
t>0/\E==0/\A¢O/\ARe(s)+Re(v)<E\/t>O/\E==O/\A==O/\(Re(v)<0/\t:/:lVRe(v)<—1/\t==1))

Summation

Infinite summation

06.05.23.0001.01
00 k

Z k—') Irk+2¢(k+2=-T2/,Re(z) < 1

k=1

Products

Finite products

06.05.24.0001.01

-1 k+z 1, n-1
r[—] =n?@mz [@/neN
k=0 n

Operations

Limit operation
06.05.25.0001.01

ny 1
lim |T(x+iy)lez y2 *=+v2r /;xeRAyeR
y—o0
06.05.25.0002.01
T 1
lim |T(x+iy)le 2/ (-y)2 *=v2r /;xeRAyeR
y—)OO

06.05.25.0003.01
['(@a+nyn>2

e T(b+n)

Residues of ratios of gamma functions

Case of simple poles
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06.05.25.0004.01
(Hﬁlr(s-'-ak))(H;(B:lr(bk_s)) s ay, ...,ay{; bl! ""bB;
resy Z°|(-y -)=TR g o
(M1 T(s+ G)) [T, Tk — 9) GG Gaen G
|€N/\aj—al$Z/\ZSjSﬂ/\—bj—aliN/\lsjSB/\Cj—az—quN/\lsjSC/\—dj—az—|$N/\1$jSD

a;, 1 1; Z) J&

06.05.25.0005.01
eﬁs[(Hfflr(s+«':\k))(ﬁf_lr(bk—s)) _S](bﬁl):m&( a, ... ax by ..., by
(TS, T(s+ ) T2, T(c - 9 e G Gy Op;
leNAb-b¢ZAN2<j<BA-aj-b eNAl<sj<AAd - - 1¢NALl<j<DA-¢-b-1¢NAl=<j=<C

bl,l | Z]/

06.05.25.0006.01
[(nfilr<aks+w)(nf_lr(bk—lsks” ][ a”l] (- (IR (A 57)) (T Tbe+ B 35)) o
ress rad | B

- ff,
(Hgﬂ T(Ccs+a) (H‘Zl T(c = D) a (Hk 1 (Ck Cx e )) (Hk 1 (dk + Dy e )) Z

len /\a- a2 $Z/\2<J<5‘I/\ b; - Bja1+|$ /\
15]58/\CJ—

06.05.25.0007.01
(T2, T(aw + sAY) (T, T(ox — By 9) ][bl + |] (Gl B i (ak + 8, "“')n‘k_ (bk ~B bl*') Jml
r zS ==

B/,
(M1 T(ck + SCW) T, T — Dy S) By B I, T (ck +C, bl*')nk . ( Dy b“')

leN N\ by -8, 'bl+|6€N/\

l<]<.?l/\d -D— ¢N/\l<]<.’D/\ ¢ - bl+|eEN/\l<j<C

Case of double poles

06.05.25.0008.01
[(Hffll"(s+ak))(nk3—1l"(bk—s)) z—S](—a _I)::FR#al,...,aﬂ; by, ..., bg;
(Hler(5+0k))l_[f=1r(dk—s) 2 C,...,Cc; Oy, ..., dp;
-4 ¢ ZA3<j<AN-b-a¢NALl<j<BAc-a-1¢NAl<sj<CA-dj-a-1¢NAl<j<D

a, 2, 1; z)/ a-aeNAleNA

06.05.25.0009.01
[(Hfilr(s+ak))(Hf_lr(bk—s)) Z_S](b ) rRa(al,...,aﬂ; by, ..., by
2+ == . .
(I_Igzlr(s"'ck))ni):lr(dk_s) Q, ey Cc, dl! ceey dz),
be-b ¢ ZA3<j<BA-a-b ¢NAL=|<ANd-b— | ¢NAL=|<DA—C-b—l¢NAL=|=C

b2,2,|;z)/;b2—b1€N/\|€N/\

Caseof triple poles
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06.05.25.0010.01

[Ty T(s+a) (T, T —9) wax by ... bg
[( 1 ) T )2‘5](—a3—l)==FR:£(al' e I a3,3,I;z)/;az—aleN/\ag—azeN/\
(M1 T(s+ G)) [T, Tk — 9)

C,...,Co; O, ..., dp;
|€N/\aj—al$Z/\4SjS.?[/\—bj—a]_%N/\lSjSB/\Cj—ag—|€N/\1$jSC/\—dj—ag—léN/\]_SJSD

06.05.25.0011.01

[T, T(s+ &) (T, T(bx - 9) o as by, .., b
ess( - )( — ‘ )Z_s (b3+|)==l"Reﬁ(al' P D B‘. b3,3,|;Z]/;b2—b1€N/\b3—b2€N/\
(M1 T(s+ ) [Tiey T(c - 9)

C, ..., Co; Oy, ..., dp;
leNAb-b¢ZANd<j<BA-aj-b eNAl<sj<AAd-bs-1¢NAl<j<DA-¢-bz3-1¢NAl=<j=<C

Case of quartic poles
06.05.25.0012.01
[(nfil I(s+ay) (e, T - 9)
resg
(M1 T(s+ G)) [T, T — 9)
a-aeNANag-aeNAay-a3eNAleNAaj—a ¢ ZAS<j<AN
-bj-a ¢eNAl<j<BAc—au-1¢NALl<j<CA-dj-ay-1¢NALl<j<D

Z—S

a, ..., aq, bl:---nbgg; )
— —D=TR al '
(-4 6( C,...,Co; O, ..., dp; ay, 4,15 2| /;

06.05.25.0013.01
T2, T(s+a) (T, T(bx - ) v @s by, ., by
ress[( - )l T )z-S]<b4+|>=FR@(al’ e b4,4,'?z)/;
(I1E_, T(s+ G)) [T, T(ck — 9) CrwesCor Oy O,

b,—b, eNAbs—b,eNAb;—bseNAIleNAb-b ¢ ZAS5<|j<BA
—aj-b eNALl<j<AANdj b -1 ¢NAL<j<DA-cj-b—-1¢NAl<j=C

Representations through more general functions

Through other functions

I nvolving some hyper geometric-type functions

06.05.26.0001.01
I'2==T'(z,0)/; Re(z) > 0

Representations through equivalent functions

With related functions

06.05.27.0001.01
I'29=(z-21)!

06.05.27.0002.01

L Ty
F(Z) — 24(3 4 7+CoS(2 7t 2)) ﬂzsm (72 (22_ 2)”

Inequalities

06.05.29.0001.01
IT'(2)| < II'(Re(2))]
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06.05.29.0002.01
I =xe™/;xeRAx=1

06.05.29.0006.01

X \x-1 X\ %1
[—) =I'¥ = s(—) [iXxeRAXx=2
e 2

06.05.29.0007.01

rn+1)
N —— 5 @D e NF AXeRAO<Xx<1

T(n+x)

06.05.29.0008.01
[ 1 I'x+1) [ 1 1
x+§ > r(x+1) > X+Z /;xe[R/\x>—Z
2
06.05.29.0009.01

yA\Y T(x+1)
[(+3) <oy
I'(x+y)

y+1
> >€(1‘y)‘1’(7+x)/;xe[R/\X>0/\y€[R/\0<y<1

06.05.29.0010.01

nf TO+y) (1—y)1//(y;—1+x)
T(x+1) €
=" s >0/;neNAXxeR*AyeRAO<y<1
X

06.05.29.0011.01
n F(x+l)( X)y—l
n T(x+y) 2
(-1 0—" >0/ineZAn=0AXxeRAXx>0AyeRAO<y<1
X

06.05.29.0003.01
n n n
Mpex|= D nro i pe> 0 A x>0\ 1=k=n A\ D pe=
k=1 k=1 =y

06.05.29.0004.01

ﬁxfk]sﬁr(xk)"k /; Pk>0/\xkza> O/\lsksn/\w(a)Jraw(l)(a) :0/\
k=1

k=1

—

—

a == 0.2160987453133341405108158167798198775870564925506445459749606352433903\
55016505581 272221260167 439143622018 214 555137493 697...

06.05.29.0005.01

r[ﬁxfk] zﬁr(xk)pk fim>0/\o<x=a/\1=k=n/\v@+ayP@=0/\
k=1

k=1
a == 0.2160987453133341405108158167798198775870564925506445459749606352433903\
55016505581 272221260167 439143622018 214 555137493 697...

Zeros

06.05.30.0001.01
Iro+0/;vVz

Theorems
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Riemann-Liouville fractional integration

Fy-xet -
fo ::ff — —dxe f(0= — | fapx=y"tdy/in-1< N*
) ) T@ X () = ax V) (x=y) y/in @<nAne
Cc Cc
The value of the Barnes integral
yHico Fra+orlr@+dI(b+c)I(b+d)
f I'a+9I'b+s)Ir'c—9Ir'd-s)ds== /; —Re(a),
y—ioco '@a+b+c+d)

—Re(b) < y < Re(c), Re(d).
The scattering amplitude in the outgoing wave function

The scattering amplitude f(k; n’, n) in the outgoing wave function

lﬂ(l’) - eikr+i/k|0g(kr—krn’.n) + Eeikr—»‘/klog(Zkr) f(k' n n)
X300 r Y

for the Coulomb potentia V(r) = % after renormalization is given by

1 & T(+1+i/k ; i T(L+i /K
f(k; n’, n) ==—Z(2|+1)(+7+L/)P|(n'_n = (ain-n[?)} pId+i/l
2iki= rd+1-:i/k 2K2 r@a-i/k

where n == n(Kk).
Selberg's integral

l_[ (XJ - XI) |271_[(Xﬁ_1 1- Xk))ﬂ_l dXidXy ...dXn ==

0 Jo 0 ljl=1 k=1

j<l

FrA+y+kyT(@+ky)T(B+ky) _

Do FrA+y)(@+B+(n+k-1y)

(1 Re(a) Re(b)
Re(a), Re(B) > 0, Re(y) > —mln(—, , )
n n-1 n-1

Dirichlet integral

1 A1 1 (0 n n n 1
f f f f(ZXk]l_[sz_ldX]_dXZ e dXy = ]_[F(ak)/F[Zak]f f(x) Xzﬂzlwk—l dx /; Re(ay) > 0,
0 0 0 k=1 k=1 k=1 0

k=1
Xy +Xo+...+ %=1

k=1,2,...,n

Another Dirichlet-type integral
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T r ...r
ff K@ g dX ... dX = (@)l (@z) ... (@)

Ilap+...+an+1)
X1, X2, -1 Xn>0
Xp+Xo+...+% =<1

The micro-canonical single particle distribution function for a multi-dimensional ideal gas

The micro-canonical single particle distribution function p(z, v) for an f-dimensional ideal gasin a gravitational
field with acceleration g is given by

2(2—f)/2 r ( (f + 2) N / 2) ((f+2) N=(f+4))/2

Pz V)=
F/r(f+2(N-1)/2

2
(gm@hr2 yi=1 g0z [_ mve_ Moz, 1)

2¢ g

where misthe particle massand ¢ its energy.

History

— L. Euler (1729) derived integral representation for n!, leading to gamma function

— J. Stirling (1730) found main asymptotical term for n!

—A. M. Legendre (1808, 1814) suggested the notation I' and discovered known duplication formula

—C. F. Gauss (1812) derived the multiplication formula

—F.W. Newman (1848) found product representation for the reciprocal of the gamma function that are valid for
whole complex plane

—B. Riemann (1856) proved important relation between gamma and zeta functions

- K. Weierstrass (1856) widely used gammafunction in hisinverrstigations

—H. Hankel (1864, 1880) derived a contour integral representation for complex arguments

—0O. Holder (1887) proved that gamma function does not satisfy any algebraic differential equation

—H. Bohr and J. Mollerup (1922) proved that the gamma function is the only function that satisfies the recurrence
relationship and islogarithmically convex

Encountered often in mathematics and the natural sciences.
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