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Notations
Traditional name

Gegenbauer polynomial

Traditional notation

Ci@

Mathematica StandardForm notation

Gegenbauer C[n, A, z]

Primary definition
05.09.02.0001.01
YN

Ch@ == ineN
" Z; o2l "€

Specific values

Specialized values

For fixed n, A
05.09.03.0001.01

22Vr T(A+3)

Ch(0) = ——
r(T) I(n+1)TQ)

05.09.03.0002.01
C21+n)

r@N)T(n+1)

05.09.03.0003.01
cos(r (A +n) T'(2A + n)sec(n A) 1

CM=1) = /i Re() < =
re)rin+1 2

05.09.03.0004.01

1
Ch(-1) =& /; Re(d) > 3

For fixed n, z
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05.09.03.0005.01
Ch(2) =

05.09.03.0006.01
C"@2=0/;meN

05.09.03.0007.01
1

Ci(2 =Py
05.09.03.0008.01
Ch2 == Un(2

05.09.03.0009.01

k+n

Ch2(@=&/keN
05.09.03.0023.01
: @m-1nn o 2m:1

Cn 2(2) = Z Z 622@'”]‘[P(z)/meNAneN

2, &

05.09.03.0024.01

Ch@ = Z Za Inl_[u @ /;meN*AneN

i1=0  in=0
For fixed A, z

05.09.03.0010.01
Cé(z) =

05.09.03.0011.01
Ci(z) =21z

05.09.03.0012.01
Ci@=21A+1)Z-2

05.09.03.0013.01

4
Ci@ = g?t()t+1)(/1+2)23—2/1()t+1)z

05.09.03.0014.01

2 1
Cy@ = 5A()L+1)(/1+2)(/\+3)z4—2 /\(/1+1)(A+2)22+£/\(/\+1)

05.09.03.0015.01

4 4
Ci(@ = E/\()L+l)(/\+2)()t+3)(/\+4)25—5/\()L+1)(/\+2)()L+3)23+/1(/\+1)()L+2)Z

05.09.03.0016.01

4
Ci() == 4—5/\()L+1)(/\+2)()t+3)(/\+4)()t+5)26—

2 1
5/\(/1+1)()t+2)(/1+3)()t+4)z4+/\(/1+1)(/\+2)()L+3)22—E)L(/\+1)(/1+2)
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05.09.03.0017.01
8
Cé(z):: EA(A+1)(/\+2)(l+3)(k+4)()t+5)(l+6)27—
4 2 1
1—5)L(/\+1)()(+2)(/\+3)()L+4)(/\+5)25+5A(h+l)(k+2)()t+3)(k+4)23—5A()t+l)(/\+2)()u+3)z
05.09.03.0018.01
2 4
Cé(z):: EA(A-{-1)(A+2)(A+3)(A+4)()L+5)(A+6)()L+7)28—4—5A(A+l)(A+2)(l+3)(A+4)(A+5)()L+6)26+
1 1 1
5/1(/1+1)(A+2)(/1+3)(/1+4)(/1+5)z4—5)L()(+1)(/\+2)(/1+3)(/1+4)22+Zz\()t+1)(/\+2)()t+3)

05.09.03.0019.01
AAA+D A+ A+ A+DHA+5A+6)A+7)(A+8) 2

2835

Cs(2) =
8 2
E)L()L+1)(/\+2)(7L+3)(/1+4)(/1+5)()L+6)(/\+7)Z7+E)L(/\+1)()t+2)(/\+3)()t+4)(/\+5)(/1+6)25—

2 1
5/\(/\+1)()L+2)(/1+3)(/\+4)(/1+5)23+ E/\(A+1)(/\+2)()L+3)(/\+4)z

05.09.03.0020.01
AAA+D A+ A+ A+DHQA+5QA+6) QA+ (A +8)(A+9) 70

14175

2

E/\()w1)(/1+2)()t+3)(/1+4)(/\+5)(/1+6)(/\+7)()L+8)28+

2 1
E)L()\+1)()L+2)()\+3)()L+4)(/1+5)()L+6)(/1+7)26—§/\()L+l)(/1+2)()L+3)(/\+4)()L+5)(/1+6)z4+

1 1
—AA+DA+2DA+YA+DHA+5Z - —2AA+DQA+2A+3) A +4)
12 120
05.09.03.0021.01
C'@2=0/n>0
05.09.03.0022.01

Cl@=&/;20eZA\21=-n

Values at infinities

05.09.03.0025.01
Cl(o0) = ()0 /; N> 0

05.09.03.0026.01
Ch(~0) = (-1)" W) 0 /;n>0

General characteristics

Domain and analyticity
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The function Cjy(2) is defined over N® C ® C. For fixed n, A, the function Cj(2) isa polynomial in z of degree n.
For fixed n, z, the function Cﬁ(z) isapolynomial in A of degreen.
05.09.04.0001.01

(NxA1%2)—C:2::(N®CR®C)—C

Symmetries and periodicities

Parity
05.09.04.0002.01
Ci(-2 = (-1"C\(2
Mirror symmetry
05.09.04.0003.01
Ch@ = Ch(@
Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed A the function C(2) is polynomial and has pole of order nat z = .

05.09.04.0004.01
Sing,(Ch(2)) = {{%, n}}

With respect to A

For fixed n, z, the function C}(2) has an infinite set of singular points:

n+j

@) A=-=1/ j eN, arethesimple poles with residues S F 2|51(—j, _y; 12 %)

it r(—T’) 2
b) A == co isan essential singular point.
05.09.04.0005.01
n+ j
Sing,(Ch@) == {{{— — 1} lie N}, (&, oo}}

05.09.04.0006.01
X n+jy ni2ityro o
mﬁ,\(on(z)) —— = k-], -
2 . n+j
ntj! r(— T)

1-n-j 1—ZJ/.
s — |/ 1eN
2 2 ’

Branch points
With respect to z

For fixed n, A, the function C(2) does not have branch points.
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05.09.04.0007.01
BP,(CND) = {}

With respect to A

For fixed n, z, the function C(2) does not have branch points.

05.09.04.0008.01
BP\(Ch(2) = {}

Branch cuts

With respect to z

For fixed n, A, the function C}(2) does not have branch cuts.

05.09.04.0009.01
BCACND) = {}

With respect to A

For fixed n, z the function C(2) does not have branch cuts.

05.09.04.0010.01
BC,\(Ch2) = {}

Series representations

Generalized power series

Expansionsat generic point A == Ag

For the function itself

05.09.06.0019.01
n
{EJ (2 Z)n 2s

Cy (z)oc6n+zs'(n 23)'

05.09.06.0020.01
H

27— 2s
C”(z)o<6n+2 @2

s!(n— 23)'

05.09.06.0021.01

n-s

Z( 1)]+n§11) )Ll 14

n-s

Z( a1+

5 (Zzn—ZS n-s

CA(z)—5n+Zk' ZS' = 25)'

05.09.06.0022.01

CL(2) « Cr’(2) (1 + O = Ag)

Expansions at generic point z== z

(-Dja-29°

J(A=20)
+

Ao

JA=2g)
+

222

(-Dja-219°

Ao

222

Z( D &l —k+ DAY A - 2o

+...]/; A -2

o( - /10)3)]
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For the function itself

05.09.06.0023.01
Ch(@) o« Ch(Zo) + 21 C11(20) (2= 20) + 2 X (X + 1) CY5(20) (2= 20 + ... [; (2 2)

05.09.06.0024.01
CA(D) o< CMz0) +2X Ci1(20) (2~ 29) + 2A (A + 1) CY'5(2) (- 20)% + O((2— 2)°)

05.09.06.0025.01

Ci(@ = 2—0“ (2) (- 20)

05.09.06.0026.01

2120\ T(n+2)) &, (Zo-D7* 1 1-z
Ch(2) = Z 3F2(1, “nN+22,1-k A+ —; (z- 7o)
nirQy L 2

05.09.06.0027.01
Ch(D o« Ch(20) (1+ Oz 7))

Expansionsat z==0

For the function itself

05.09.06.0001.02
n n n+1 nr n n+3
e 2V (5 +4) . 2Vr 1 (—+7t) Zcos(?)l“(z +A+1)2 . 2”\/_F(—+/1)z3 s
n r(lg—”) nray  (1-3)(-1!TQ) rr(3) 3I(1-3)(n-2)!TQ)

05.09.06.0028.01
. 2 Vr r(3+4) . 2Vr ("t 42z i 2008 %) (2 +1+1)2 ) 2 Vr (%2 +2)2 vo
n r(%) nirqy (- g) (n-1!TQ) ) r(g) 3r(1- g) n-2!TW)

05.09.06.0002.02

§ 2124 TRA+1N) o 0.0 ~M24+M5 1 2z
Cn(Z) = Fl><0><0
n!T)

N+3m 2 2
05.09.06.0029.01
ey e, ) QL

C/}](Z) 1-n 1 k+ n 3
m)r( - )n' pary (—)k ! rOI(1-3) -1 i (E)kk!

05.09.06.0030.01

2V T(A+3) n n 1 2n\/—zr(,\+ﬂ) 1-n n+1 3
Cl@ ::—gFl(——,)L+—' —;22)+ 2 1( A _;22)
F(A)F(lg—n)n! 2 2 TI(1-3)(n-1! 2 2 2
05.09.06.0003.02
2Vr r(a+3)
Clddoc ——— = (1+0(2)

T r(l;_—”) n!
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05.09.06.0004.01

L 1 222
Cl(z) = n-k
"=, k! (n—2Kk)!

k=0

05.09.06.0005.02

1zl W, 12/ @ 223

2

Ch(2) (1+0(Z)/in>0

Expansionsat z==

For the function itself

05.09.06.0006.02

2120/ (21 +n) 1 NRA+nN)Z-1) -n@-nN@A+n)2A+n+1)(z-1)?
Cﬁ(Z)OC + + +...|/;(@z-1
niT@) F()L + %) 21"()\ + g) sr(A + g)
05.09.06.0031.01
21, nin+22) (=1+mnn+20)@A+n+2A) 1
C\@) « [1+ “1+ (z—1)2+‘..]/;(z—>1)/\—)t——eEN
n! 1+22A 2(1+20)(3+21) 2
05.09.06.0032.01
2120\ T(21 +n) 1 NERA+NZ-1) -n@-nE@A+n)2A+n+1)(z-1)?
CAD) + + +0(z-1?)
niTQ) r(A + %) 21"(/\ + g) 8r(A + g)
05.09.06.0033.01
21, nin+22) (=1+mnn+20)@A+n+2A) 1
Ch@) o [1+ -1+ (z- 1%+ 0O((z- 1)3)] [i-A—=¢&N
n! 2(1+20)(3+2)) 2
05.09.06.0007.02
212237 TRA+N) O (=N A +N), (1— 2\
Ci@ = (—)
n! @) k=0 F(k+/1+%)k! 2

05.09.06.0034.01
Q2N M (=N @A+n)y (1-2z\¢ 1
Cho=—") (—) fi=A— = &N
nt i (/\+ 1) k! 2 2
2)

05.09.06.0008.02

22 r@A+n) 11-2
2 1(—n,2A+n;A+—; —)
n!T(A) 2

Cl(2) =
@ >

05.09.06.0035.01

o 21, ( 5 1 1—2) 1
(2 = Fil-n,n+24;A+ =, — |/} -A——¢N
n(2 A 2 2 2

05.09.06.0009.02
[(2A+n) 1
Ch@ o« ——————— (1+0@z-1) /; -1 - = &N
renrn+1) 2
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Expansionsat z==-1

For the function itself

05.09.06.0010.02

CoS(m (A + n)) sec(rA) (21), n2A+n) N1-nNQ@A+n)@A+2A+n)
CH2) [1— (z+1) - (z+ 1)2—...]/;
n! 21+1 22A+1)(221+3)
1
@--1 A1+ S¢Z
05.09.06.0036.01
cos( (A + N)) sec(rr A) (2),, n2A+n) N1-n@A+n)(L+21+n) 1
Ch(2) [1 - - (z+1)?-0O(z+ 1)3)) [id+—¢Z
n! 21+1 2A+1) (21 +3) 2
05.09.06.0011.02
cos(m (A + M) sec(m A) 2A), N (=) (A + Ny (z+ 1)K 1
Ch(D = > (—) A+ - ¢Z
n! k=0 (/\+ %) k! 2 2
k
05.09.06.0012.02
CoS( (A + n)) sec(m A) (2), 1 z+1 1
Cl2 = gFl(—n,2A+n;/1+—; —)/;)\+—¢Z
n! 2 2
05.09.06.0013.02
cos(rr (N + 1)) sec(rr A) (2 1), 1
Cl2) — 1+0z+1)/; (z—>—1)/\/\+£$l
05.09.06.0014.02
N D" (21,
Ch(2 — (1+0(z+1)
n

Expansionsat z == co

For the function itself

Expansionsinl/z

05.09.06.0037.01

272" (L), n(l-n) nl-nN@@-n(@-n)
CH2) (1— + —...]/;(|z|—>oo)/\/\+n$N+
n! 41-n-1)Z 3R1A-n-1)@2-n-12Z
05.09.06.0038.01
272" (), nl-n) nl-n@@-n@-n) 1
CH2) (1- + +o[—]] fiA+ne¢N?
n! 41-n-0Z 3RA-n-)E@-n-17 2

05.09.06.0039.01
| (-9, (

S (1—n- k!

n
2

1-n

_)k

2

2wy, L (-3
Ch(@ =

n!

Z2K/ A +ne Nt
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05.09.06.0040.01

o 272" (), . n 1-n 1 N 1 i .
(2= - —/—1-n-A —|/iA+ng¢N
n 2 l( 2 2 22]
05.09.06.0041.01
2" (), 1
CH2) (1+O(;]) /ineN*

Expansionsin1/(1- 2

05.09.06.0015.02

—...]/; (2 5 0)A2A+2ng¢Z

—]]/;2A+2n$Z

2" (M), n nl-n@B-21-2n)
Cl2) « z-D"|1- -
n! 1-z  4@0-2-n@-2?
05.09.06.0042.01
2" (D), n  nl-n@B-21-2n) 1
Ch2) (z-1"|1- - - o[
n! -z 40-2-m@A-2? b
05.09.06.0016.02
1o
2" (), n (—n)k(g— _n)k 2 K
ChD = (z—l)”Z—(_) [i2A+2ne¢Z
n! o 1-221-2n) k! \1-2z
05.09.06.0017.02
2" (D), 1 2
Cl2) = z-1" zFl(—n, —A-n+—; -21-2n+1; —) [;2A+2n¢ Z
n! 2 1-z
05.09.06.0018.02
2", 1
Ch2) z"(1+o(—])/;21+2n¢z
n! z

Expansionsat A == 0
05.09.06.0043.01
\EJ (2 Z)r‘l—Zk (_1)n+1 S‘Bk
CM2) o 6n + Z
k=0

A+

k!(n-2k)! k!(n-2k)!

k=0
05.09.06.0044.01
El con o

Cl2) x 6, +COD A + Z
0

jtin=2j!

05.09.06.0045.01
n |3
Cl2=6,+CO2A+ ZZ

k=2 j=0

(_ 1)k+n (2 Z)n—2 j

K kg
A 0
TR TRk

05.09.06.0046.01
n |3)
CM2) o 6 + ZZ

k=1 j=0

(_1)k+n (2 Z)n—2j
itn-2j)!

K
s,

El @or2 1 g2,

/\2

+

i A>0

$12_)j/\2+.../; A->0AN>0
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05.09.06.0047.01
N a
=Y e(n —k- bJ - 1)

k=0 i

L cnn -,
ifn-j-ktm-2j!

NS

22" 2j BE]”_JHl)(n i+

Iy
o

n—k —1 k+n i _ n .
(k n+{ J) ( ) (J )nilik (ZZ)H—ZJ B(” l+1)(n ]) Ak
Sin-j-k!n-2])!

05.09.06.0048.01
C2) x 6, +CP2A(1+0Q) /;n>0

Expansionsat A == oo
05.09.06.0049.01

e (-DEZ-1)n M-20-D(3n(1-22)-(3-22))n
Ch2) « 1+ + +o [/ (Al = )
n! 4722 %722

05.09.06.0050.01

( k(22"
ChND) o 6 + A7 gk
@ oo+ ZZ TR

k=0 j=0

05.09.06.0051.01
Ci@ =

5 ko CDRG- oo L5 oG-y
AN —k'(zz)n 2B J+”*”(n— DAk Z —k'(zz)n 2i g J+n+1)(n— pak
3+

kom0 )1 (k=Dl(n-2))! i1 (k={!(n-2j)!

k=| 2|+ J=
2

05.09.06.0052.01
C\@=

n n L G-y @2 B ’,-””(n—n DK~y 222 B Pn- )

_ n K .
2|k [5)-2 Tz 3 -
Age( 2 )j:O Jtk=pHrin-2j! ( )J; Tk=pPln=2j! 1

05.09.06.0053.01

N (22)”/\”( (1))
C\@) 1+0| -
n! A

Expansionsat n == oo
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05.09.06.0054.01

) 211 -1
Ci(2)
n A2

ro(1-2)

A QA=A A 1 A
co - N+ cosl(z)] + 5 co! F N+ cosl(z)] + sin[? —(N+1-1) cosl(z)] +
n
Vi-2

A 6(A-1) 1
[(3 A-1) 003{7 —(N+2X) cosl(z)] - cos(g A+ -(n+1-1) cos’l(z)) -

1-7

a-nE2-1nA

24.n?

3(A+1 1
cos(—n(/1+2)—(n+)(—2)cos’1(z)) +...[/;(n> )
Z-1 2

05.09.06.0055.01

(-2l (1- 22)'% (L- D V)

21—/1 n)t—l o k Y ]
Ch@ o > _ _ cos((n —j+)cos () - rd+h B =N/ (0 o)
T (1-2)" 0= (k=) 2
05.09.06.0056.01
2ttt mA
Cl2) « ———— co e (n+2) cos-l(z)] 1+..)/;(n> )

ray(1-2)"

Integral representations

On the real axis

Of thedirect function

05.09.07.0001.01

212 T(n+21) "
Cﬁ(z) = 71‘ (z+ Z-1 cos(t)) sin ) dt/; Re(d) >0ARe(2 >0
n! T(A)? 0

Integral representations of negative integer order

Rodrigues-type formula.
05.09.07.0002.01

1 1
1" F()L + %) rn+2)(1-2)7" o (1-2)"

C%(Z) == 1
n!2”1"(2)t)l"(n+)t+§) 07"

Generating functions
05.09.11.0001.01

Ch@ = (I"1(2-22t+ 1)) i -1<z<1
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Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

05.09.13.0001.01

(1- AW @ - @A+ D ZW@ +n(+2)W2) =0/, WD) = ¢, C@) + o (1-2)+ " Qriil(z)
2

05.09.13.0002.01

l_,l —/1—1
WZ(C?](Z), (1_ 22)%(1—2)0 Qé—/\ l(z)] _ 22 \/7 (l - 22) 2
w3 rQ

05.09.13.0003.01

@Ar+DHg29>@ g’ nNE2A+n)g2? a1
T )W(Z) +——————— W@ =0/, W@ = ¢ Cie@) +c2(1-9@%) ¢ Q* ,(92)
1-9@° 9@ 1-9@? xen-L

W’(Z)—(

05.09.13.0004.01

1-21

. 2 I 2 Vr (1-00%) P g@
Wz(cn<g(z)), (1-9@°) * Q;nl(g(Z)))
2

')

05.09.13.0005.01
) ( 2A+D)y@9@ 2K 9’
w’(2) - + +
1-9(2? h@ 9@

)W’(Z)+

n2A+mg@? RA+1DIDN@9@ 2h@° W@g'@ K@
+ + + - w2 =0/
1-g(2? (1-9@?)h hz? h@g@ h@
2 1,
W(2) = ¢ h(@) Cr(g@) + 2 hd (1-92°) * Q2 1 (9(2)
05.09.13.0006.01
1
s 1 2V (1-92?) i g @’
Wz(h(z) Chg@), h@) (1-9@%) * Q2 1(92)|=
r@

05.09.13.0007.01

—a?(2s-2rA-1) A" +r+2s-1 a2 (s+rn(s—r2A+n)—sr+s)
w’(2) + W (2) + w2 =0/

z(a?2"-1) Z@7 -1
2 1,
W2 =, 2Ci@az)+ 2 (1-a27") + QAZ ,@7)
05.09.13.0008.01
1 1
2 1 2 avr rzeest(1-a22T) e
W]ZChaZ), Z(1-aZ") ¢+ Q* ,(@aZ)|=
/1+n—5 F(A)
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13

05.09.13.0009.01
a2 (21 + 1) log(r) r??

w’(2) — +log(r) + 2log(s) |W (2) +

1-— a2 rZZ
a2r2Z(nlog(r) + log(9)) (log(s) — (24 + n) log(r)) — log(s) (log(r) + 10g(s))
wW(2) =0/,
a2 rZZ -1
a1,
W) =¢ SCh@ar’) +c, s (1-a’r??) 4 Qi [(ar?
A+n->
05.09.13.0010.01
a1, 2%”‘ avr r? (1-a? rzz)ﬂfE £Zlog(r)

W& Chard), §(1-a%r?%) + Q> ,(ard)|=
)L+n7§ )

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

05.09.16.0001.01
Ch\-2=(-1)"Ci®

Products, sums, and powers of the direct function

Products of the direct function
05.09.16.0002.01

m+n 1
CH@CiD == Z (1-(k+m+nymod2) (k+2A)k! [5(—k+ m+n+2)t—2))!

k=|m-n|
1 1 1 1
(—(k+m—n+2/1—2))!(—(k—m+n+2/1—2))!(—(k+m+n+4/1—2))!/((—(—k+m+n))!
2 2 2 2
1 1 o1 N
(5(k+m—n))!(£(k—m+n))!(/\—1)! (E(k+m+n)+/\)!(k+2)L—1)!)Ck(z)/; neNAmeN

05.09.16.0003.01
A A
Cn(@dCh(2 ==
Min(m,n)

Z ((=2k+m+n+ ) T(=2k+m+n+ D) T(k+ ) T(—k+m+ ) T(=k+n+ ) T(—k+m+n+22)) C')Mmm(z))/
k=0

(T(k+ HT(—k+m+ 1)F(—k+n+1)F(/1)2F(—k+m+n+/1+1)F(—2k+m+n+2)L))/; neNAmeN

Addition formulas

05.09.16.0004.01
n (@ (n-K)!

Ch(cos(6p)) =
(Co(to)) g‘(a—l/Z)k(Zk+2a)n_k

sin‘(©) sin“©)

Cr¥(cos(9)) Co(cos() Cp%(cos(@)) /; n e N A cos(flp) == cos(6) Cos() + Cos(¢) Sin(6) sin(d)
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Identities

Recurrence identities

Consecutive neighbors

With respect to n

05.09.17.0001.01

2A+n+1)z n+2
cgg=—Cc.@»-——C' L@
" 21+n m 214+n ™2
05.09.17.0002.01
N 20+n-1)z N 21+n-2 \
Ci(2 = Y Ci1@ - — C(2

With respect to A

05.09.17.0007.01

21(22-2(Z-1)@A+n+1)+1) 40A+D)(Z2-1)

Clh(2) = Ch@2 + CM2(2)
2A+n)2A+n+1) 2A+n)2A+n+1)
05.09.17.0008.01
20-1)Z2+2n(2-1)-41+5 nN+21-4)(n+21-3
Ch@ = =) Cil+ il o ) G4
2(Z2-1)@A-1 4(Z2-1)(A-3)1+2)

Distant neighbors

With respect to n

05.09.17.0009.01

\ N m+n+1
CA@ = Cm(M, A, D) Chron(@ —~ —————— Cin-1(N, A, 2) Choy 1@ [ Col, 4, D =1 /\
m+n+2A-1
2(n+/\+1)z/\ 2z(m+n+Q) m+n /\ .
CinA, )= ——— /\Cn(, A, ) == ————CL1i(n, A, ) - ————  C2o(N, A, 2 /\ meN
! n+21 " m+n+2A-1 mt m+n+2A-2 m2
05.09.17.0010.01
n-m+2A-1
CA(Z =Cm(n, 4, 2) C;}],m(Z) - W Cm-1(N, A, 2) Cﬁ_m_l(Z) /; Co(n, A, 2) = 1/\
2n+A1-1)z 2z(n—m+2A) n-m+2A
Cin, A, 2= ——— /\Cm(n, A= ———Cn1(n, A, ) - ——— Cn2(N, A, 2 /\ neN*
n n-m+1 n-m+2

With respect to A

Functional identities

Relations between contiguous functions
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Recurrence relations

05.09.17.0003.01
2A+n-1)C,@+M+1C) ., @=20+nzC\2

05.09.17.0004.01

1
Cl@ = T (@a+n-1C)_,@+(+1)C),,©)

05.09.17.0011.01

. N 21+n 1
Ci(@=2C _,2+ T Ci (@

05.09.17.0012.01
n+bz 20(2-1)

\+1
n+1(2) — @

Ch@ =

Normalized recurrence relation

05.09.17.0005.01
nn+21-1) nt
zp(n, 2= ———  p(h-1,2+ p(n+1, 2/ pn, 2 =
AN+1-1D(n+A) 2" (D)

Cﬁ(z)/\n> 0

Relations of special kind

05.09.17.0006.01
A+MNCA@-2zA 21+ 1) CY 1@ -4(Z-1) 1A+ D CY5@) =

Complex characteristics

Real part
05.09.19.0001.01
2] (—1yi 221 i

Rdclr}(x"'iy))::ZT n_zj(x)yzl/ XEIR/\yER/\AEIR
i=0 !

Imaginary part
05.09.19.0002.01

| Cl [%J (_1)J 22j+1 (1)21-*1 C2J+/\+l yZJ 1 /\ /\ b
M(C(X+iY)) == —C. X))yt i xeR R R
(Chx+iy)) JZ; 2D S0P ixeR Aye e

Argument
05.09.19.0003.01

2] (<1 2241 (),
@j)! Crai0¥ 0, <21+1)v—J Coli 1002 i xeRAyeR AL ER
j=0 : j=0 :

L8]~ 221 @y,
arg(Ch(x+iy)) =tan™!
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Conjugate value
05.09.19.0004.01
L]~y 221

Chx+iy) = > ————ClHl00y2 =i >

4@ o @j+

Differentiation

Low-order differentiation

With respect to A

05.09.20.0001.01

2n(z-1HTr@2a+n)
@A+ DF35E
oA @A+ DTN+ 1) TR

ICi(2

1-n20+n+LL LA+ 5 1-2

3..
on

(A+n)F2:lx2
2, A+

3.
A+5,

2220\ T@A+n
C(n+1)TQ)

05.09.20.0009.01
2(k+1)

=) vl 2 @y,

1-n,22+n+1;1;1,22+n;, 1-2z
2,0+ 3520 +n+1; 2

=)

) . 11-z
((!/(ZA) —lp(Z/l‘i' n)) ZFl[—n, 21+ n; A+ 5, T)

2 j+A+1

Cloii0 Yy ixeRAyeRALER

1-2z
2

AC\z» ™t [ 2(1+ (D" ) (k+2)
k

& k+n+2)(n-K

05.09.20.0010.01
32 C‘A(Z) {EJ (2 Z)n—Zk n-k-2

= 2 CYT DG+ 285
28 k=0k!(n—2k)!lZ=;( M+ 1) (j+2) 55

With respect to z

Forward shift operator:

05.09.20.0002.01
IC(

0z

=21C @

05.09.20.0003.01
*Ci@

=411 +1)C52
07

Backward shift operator:

05.09.20.0004.01
0Cr\2 nN+H(n+21-1)

2(A-1)

(1-2) +2(1-20)C\@) = - Cri@

2
' +( . )Cﬁ(z)]
(k+20)2k+2A2+1) k+n+2A
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05.09.20.0005.01

P
a[(l—zz) 2 Cﬁ(z)) nN+H(n+212-1) -2
o 1-22chio
8z 20-1)

Symbolic differentiation

With respect to A

05.09.20.0011.01

om CA(Z) |_2J (2 Z)n—2k n-k ) . )
a;m = 0mn +Z‘k‘. (n—2k)! DD g (- me A s meN
k=0 ™ VT N

With respect to z
05.09.20.0006.02
I"Ci(2
az"

=2"0), C™A(2) /; meN

05.09.20.0007.02

IMCl 2207 (z-1)™MT@A+n)
= 3F2(1, -n,21+nm1-mA+
7" T(n+1)TQ)

1-z
;—)/;meN
2

N[ -

Fractional integro-differentiation

With respect to A
05.09.20.0012.01

@ s ol ki@ g e

= +
N TA-o FHE jtm-2)Tk-a+1)

With respect to z

05.09.20.0008.01

"C\@  222AVr T@A+n)  _o.q.0f —N 244015z 1
== Z%F1 1.0 1. . )
li¥ad r(in+1IrQ@) A+35il-a 22

Integration

Indefinite integration

Involving only one direct function

05.09.21.0001.01

C)L . 1 A-1
n(2dz== C1(2
20 -1

05.09.21.0002.01

f C2(@ dz=Pp(2
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05.09.21.0003.01

1
f Ci@dz= 2 Una(@
Involving onedirect function and elementary functions

Involving power function

05.09.21.0004.01

[gJ (_1)k ()t)n—k 2n—2k Zn—2 K+

fz“‘l CM2dz= Z
L1 (-2 (n-2k+a)

Involving algebraic functions

05.09.21.0005.01
1
2(1-A)"22

f (1-2) 2 cldz=-——"—
nin+22)

Ci(2

05.09.21.0006.01

1
1 (1_22)5(—n—1)
f(l_zz)z( " Chodz=- WC?M(Z)

05.09.21.0007.01
1
N 1- 22)5(n+211—1)
= (n+21-3)
f (1-2)"" 7 S dz= -0
Definite integration
Involving the direct function
Orthogonality:
05.09.21.0008.01

1 1
f (1-2) 2 ChH City dt =
-1 n!(n+) @)

n2172 T(n+22) 1
——— mn/; REQ) > —E/\Ho

Summation

Finite summation

05.09.23.0001.01
(DK 4 T(N—k+ D) T(k+ )% 2k+21 1)

n
kzz(; I'k+n+22)

mcﬁ,(zlzz—\/zi-l VZ-1 a)

r(r-3)

!
(Z-1"(#-1" i@ ez ¢ @ =
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Infinite summation

05.09.23.0002.01

> Ch@w' = (W -2zw+1) " f-1<z<1AMi<1
n=0

05.09.23.0003.01
1

= [+ 3), 2 i
Z Claw" _—(1—wz+ W2—22W+l)2 fi-l<z<1AW <1
o (2Mn VW2 —2zw+1

05.09.23.0004.01
© Claw" 1
Z --eZWOFl( A+ = —(22 1)wz]/;—1<z<1/\|w|<1
@), 2" 4

n=0

05.09.23.0005.01

© 11 11
Z Cﬁ(z)w”::oFl(;)H—;—(z—l)w)oFl(;/\+—;—(z+1)w)/;—1<z< 1AW <1
n:O(Z)L)n()(+—) 2'2 2' 2

05.09.23.0006.01

(Y (22 -7) 11
Z¥Cﬁ(z)mﬂ:2|:1(y, 20y, d+ ) E(1—\/\/\/2—2zw+1 —w))

o (2, (7( + %)n

11
2F1[y,2/1—y;/\+5; E[1—\/wz—2zw+1 +w)]/;—1<z< 1AM <1

05.09.23.0007.01

© (Mn LA+l 1 (B-yw
> YW = (L-W2) Fy| =, ——; A+ —; i-1<z<1AW <1
n=0 (22, 2 2 2 (1- WZ)2

05.09.23.0008.01
 ni(n+A) g 2l2a 1-21 1-21

oy S Gy = 1) ¢ (1-y7) ¢ 6 Re)>-— /\1#0/\ -1 1/\-1 1
24T 20 () Ch(y m)2( ) (1-y?) * 8(x-y) /; Re(d) > /\ N-1<x<1/\-1<y<

Operations

Limit operation
05.09.25.0001.01

1
lim-Cl@=C%32
A-0 /1

05.09.25.0002.01

2
I|m CA(z) = — Tn(z)

05.09.25.0003.01

n V4 2
1im A2 Cﬁ(F] = Hn(@ /14 <1
—00 A !
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05.09.25.0004.01

) M
lim (22" Ck(2) == —
Z—00 n.

Orthogonality, completeness, and Fourier expansions

2 P
n! (n+A) (1) (1_ X2) 2)

The set of functions C;(x), n=0, 1, ..., forms a complete, orthogonal (with weight =TT

system on theinterval (-1, 1).

05.09.25.0005.01

S nt(n+ 1) T2 21-1 nt(n+ 1) T2 211
Yl —————— 1-¥ 7 am||,| ————— 1-¥) 7 Cm|=sx-y/
ol V 7222 T(n+22) 72172 A+ 22)

Re(/l)>—%/\/1¢0/\—1<x<1/\—1<y<1

05.09.25.0006.01

i | m!m+2)TQ)? 211 nt(n+1) T2 21 1
f mmrHIy (1-2) % cho O DIy (1-1) % CM|dt="0mn/;REV)> = /\2%0
-1\ 72122 T(m+22) 72172 r(n+22) 2

as ageneralized Fourier series, with its

Any sufficiently smooth function f(x) can be expanded in the system {Cr(x)} _ .

sum converging to f(x) almost everywhere.

05.09.25.0007.01

o 1 n!(n+)TA)? 211
fX) =) e (x)/;cn::f Un® fOdt [\ ()= | ——— 1-x3) % C/\-1<x<1
;o " 4 Ao \ 72t2 r(n+ 22 (=) = cion /\

Representations through more general functions

Through hypergeometric functions

Involving oF 1

05.09.26.0001.01

220\7x r2A+n) _ 11-z
Cl(2) = zFl[—n, 214N A+ —; —)
T(n+1)TQ) 2" 2
Involving 2F;
05.09.26.0002.01
I'n+2A) -z 1
N == ——————» 1(—n, N+20 A+ —; —)/ -A-—¢N
rRN)T(nN+1) 2

05.09.26.0003.01
cos(mr (A +n))sec(rA)I'(2A + n) 1 z+1 1
Cl2) = zFl[—n,Z)L+n;/\+—; —)/;/\+—¢Z
Lih+1) @A) 2 2 2
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05.09.26.0004.01

. 2'T(A +n)

T+ D)TW)

1 2
ClQ=—(z- 1)"2F1(—n, “A-nti-2h-2n+l—

1-z

Through hypergeometric functions of two variables

05.09.26.0005.01

2120\ T2A+n) ~2X0X0( -n, 24 +n;;

C/‘(Z) == F x 0x
" rn+prey 00 A+

Through Meijer G

Classical casesfor thedirect function itself

05.09.26.0006.01

| =2y LfZ-1] m+
Ch(2) = ————— lim sin(xm) Gy3| —

V™"

Classical casesinvolving algebraic functions

05.09.26.0007.01
Cos((A + Nn) ) (21),

(z+ 1)17% N 2z+1) =
cos(Am)T (% - A) rn+1)

05.09.26.0008.01
1 2 co((X + N 1) (2),
(z+1)"2C} (1+ —) =
z

cos(Am) T (% - /1) rn+1)

05.09.26.0009.01

1-z 1
iy 1,2
(z+172* ”Cﬁ(—): Gylz

1+2) rey(+i) rn+1

05.09.26.0010.01

1z
2" 2

1, —m—27L+l)
1
(0 E—)L

1
A+ E,ZA
-n,2A+n

Gi:%[z

|

]/;2/1+2n<-,tl

iz¢(=1,0)

[y Z¢& (=00, =1)

pn (271 1 ) 1-210-n, -1-n
(z+ 1) -”cn(—): - G35z 1 /iz& (=10
2+ reya+;z) tn+1 0,3-4
2/n
05.09.26.0011.01
1-n n
=-A1-1-3

z+1 ™" 2C)

1 2 o2
== N V4
Var1) I+ 2

05.09.26.0012.01

L z 2" 21
(z+1) "2 Ch = Gy,|z
z+1 roayrin+1 -

05.09.26.0013.01

n z+2 1
z+1) "2 C} ] = ;3(2‘
ovz3i1) TWT+1)

1
O,E—A ]

1-1,-22-n+1
0,1-2A

)

1—_n
2 ]/:zsé(—l, 0
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05.09.26.0014.01

ot 2z+1 1 21 1

(z+1)2C; G|z

2VzVz+1 ) TWIn+1
Classical casesinvolving unit step 6

05.09.26.0015.01
1

i (Z)L)nl"()l+ E) o

0l-12)(1-2"2CRz-1)= ————G5,|Z
r(n+1)

05.09.26.0016.01

L @, r(m %)

ol2-1)@z-1)"2C@2z-1)= —— G2
rn+1) '

05.09.26.0017.01

A+n+%, -A-n+>

n
-A-5 -

1+l

2]/; z¢(-1,0)
T 2

1
2

]/; z¢(-1,0

1
. 2 @N,T(A+2 el o
oL-12)(1-2"2 C‘}\(——l) = L gg B
z I'(n+1) 21+n,-n
05.09.26.0018.01
L (2 @nT 1+ 3) A+122
012 - 1) (z- 1"z Cﬁ(——l) =G} 2% ) 2¢ (—o0, 1)
z r(n+1) 21 +n, —n
05.09.26.0019.01
1
1 (ZA)nF A+E E+A'1__n
o1-12)(1-2"2 G (VZ ) = Zanrie3) Gz 2 L2 hzec10
rn+1 ' L
05.09.26.0020.01
1
) r(mz)(n)n Lnoy,mt
004-1@-1"2Cl(Vz )= ———— &3z ¥ 7
rn+1 E
05.09.26.0021.01
1
At 1 F(A+5)(2A)" 20 ’\'/\+%
01-1Z)1-2 2 C|—|= —————G55|Z o nl/ize(=1,0
z F(n+ l) ' A+ CIR)
05.09.26.0022.01
1 1
RN @0, (A+3) of | 1+t
02-D(z-1)" 2G| — ==#Gz,zz n n
z (n + ) - A+ >
05.09.26.0023.01
1-n n
n 1 -2"T(1-1) h_y1-0-a
o1-12)(1-272 " C} ] ezl *
1-z n! 0,5-4
05.09.26.0024.01
n z (=2"T (1-2) L P
604~ 1 (@z-1z " C) Gz ° ’
z-1 n! ' 0, %
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05.09.26.0025.01

e 2-z =D"r@-2a n_ _
oL-12)(1-27z " C) ]: gzg( ‘ n 02/1+;,A1 A)
2V1-z n! 1=
05.09.26.0026.01
_n_ 2z-1 -D"r@d-2) 1-2-,a-12
o2-D -1 G ] GAz| W, n
2Vz Vz-1 n! 3+ =3
05.09.26.0027.01
z+1) T@A+n) A-2 22412
61-12)1-2"7 G ) Gzl 1. W C|hze-10
2vVz I'(n+1) )HE‘_E

05.09.26.0028.01
A-2 22+

62— 1) (2 1?11 Cﬁ[ z+1 ):: r@2a+n gg(

oz r(n+1)

Generalized casesinvolving algebraic functions

05.09.26.0029.01
n z n 1]1-a-2, %0
(Z+1)"2C) Gz'l[z, 5 > 2 |;Re@>0
JZe1) Tros 1) 0,3
05.09.26.0030.01
L 22+1 1 1| 1-2-2,2-2
(22_}_1)}L ZCA ::F)tr 1 Gg:;[z,i n i n 2]/, Re(Z)>O
2z 72 +1 Wrn+1) 2" 2
Generalized casesinvolving unit step 0
05.09.26.0031.01
1 @ 1 1| 2 B0
01— 12)(1-2) 2 Cl (2 = i F(/\+ -] Gz =| * 2
r'n+1) 2) 2 2 0, %
05.09.26.0032.01
Z 3 ol 1"(/\+%)(2)L)n 02 1 l;_n’)wmzf_l
002-D(z-1) 2C(D=——"""""Gy5(z = /;Re(2 >0
F-y 26 rn+y 472 L
05.09.26.0033.01
1
11y DA+ 3)@20, 1] A a+2
1-12)(1-2) 2 G (_) _ i 2 P B
z I'in+ 1) ' 212+ 5735

05.09.26.0034.01

1
002 -1)(Z-1) "z C} (—
z I'nh+1)

2’ 2

1) @O, (A +3) 0’2[ 1
=——G)5|2 >

A+, A
L2 n]/;Re(z)>0

05.09.26.0035.01

o z —2"r(1-2 1
012 -1)(Z-1) 2" C) _ O )Gg;g[z,a

Ny

Y 1;_”] .
/i Re(2) > 0
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05.09.26.0036.01

0 22-1 (-D"T(1-2) 1]1-2-2-1
01z -1 (Z-1)2"C) = —cdila - W, _n |/Re@>0
22y 2-1 n: 27072
05.09.26.0037.01
Z+1) T@A+n) 1]2-22a+1
21-1
o1-12)(1-2)" C Glz=| . .
22 I'm+1) 2 /\+5,—E
05.09.26.0038.01
Z+1) T@x+n 1]a-222+2
21-1 0.2 2
004-1(Z-1)" C; Gy5lz - /iRe(2)>0
SRS rn+y 472 a+5,-2

Through other functions

I nvolving some hyper geometric-type functions

05.09.26.0039.01
(20, (-3~
7 pie

(1+3),

1

Ci(@ = 2)<z)

05.09.26.0040.01

W (ot L
Cho@ = — NEEP Y

2/n

05.09.26.0041.01
(A)n+1 z

P(nA'%'%)(z Z-1)

Cg 1@ =

2/n+1

Representations through equivalent functions

With related functions
05.09.27.0001.01
1
22 r T(n+2)) a1 1

Cl) = 1-2)+ P2
rn+1HT Q) A3

05.09.27.0002.01

21/2-1 \/; T(2A+n) 1-21 120 1y

Ch@ = @+DT @-DE P @
2

rin+1)IrQ)

05.09.27.0003.01

212 A+nNI(2A+n 121
Cio= — LB o)t v (s, 0)
A+mTQ) rn+1) !

Theorems
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Expansions in generalized Fourier series

o 1 2V274\ g T (21 +n) =
0= ) GWk(X /i G = f f(t) Y dt, Y0 = (1-%) * G, keN,
k=0 -1 ravn!a+n

Eigenfunctions of the angular part of a d-dimensional Laplace operator

2
The eigenfunctions of the angular part L2 == —Zid>j (>q % = X %) of a d-dimensional Laplace operator
]

1 _
_ ﬁrdli_'_

2 . . .
T o o :—2 where u, U’ are two unit vectorsin RY, has the representation

L2CH% ) =n(n+d-2) CI* Huw).

Removing Gibbs oscillations from Fourier series

Let f(x) be a doubly periodic function with f(-1)+ f(1). Let fk be its Fourier components
fc= 2 [ f(0 e"*"*dx. Then the Fourier sum S, i k" * exhibits Gibbs oscillations,

It is possible to recover the origina function f(x) as a sum without such Gibbs oscillations in the following

£ A g ne
manner: T_o o Ce(X), where gf = Sox fo + T) & (k+ 1) T, (1= 60) I D (Z) filsa = 220,

This sum converges pointwise to f(x).

Quantum mechanical eigenfunctions of the hydrogen atom

The quantum mechanical eigenfunctions y, mi(p, 8, ¢) of the hydrogen atom in the momentum representation are:

-1 1 ap ) 2 _ 2
Umi(p, 0, &)= 165V @211 [ L ( w ]CLt%_l[Kz—_pz]\ﬁ“‘(e, 0)/; kn =
p

(n+D! (Kr21+p2)2 K5+ p? K2 +

T
—/it>0,nleNIlsnmeZ |m| <l
n

History

— L. Gegenbauer (1893)
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