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Notations

Traditional name

Gegenbauer function

Traditional notation

Ci(@

Mathematica StandardForm notation

Gegenbauer Clv, 1, z]

Primary definition
07.14.02.0001.01
2120\ x Tv+2)0) _ 11-z

Clz) = 2F1(—v, V22X A+ —; —)
VITQ) 2 2

Specific values

Specialized values

For fixed v, A
07.14.03.0001.01
2Vr ra+)
" 2
C 0 =

r(%) v+ 1)TQ)

07.14.03.0002.01
T2A+v)

renry+1)

07.14.03.0003.01
cos(m (A + ) T(2 A + v) sec(zr 1) 1
CM-1) = /; Re() < —
rREH)ITE+1) 2

07.14.03.0004.01

1
Ci(-1) =& /; Re(d) > 5

For fixed v, z
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07.14.03.0005.01
CA9=0

07.14.03.0006.01
C,"@=0/;meN

07.14.03.0007.01
1

C}(2=P,(2

07.14.03.0008.01
Cl2=U,(2

07.14.03.0009.01

k+v

C ?2@=x/keN

For fixed A, z
07.14.03.0010.01
Ci@=1

07.14.03.0011.01
Ci@ =21z

07.14.03.0012.01
Ci@=21A+1)Z-2

07.14.03.0013.01

4
C5(2 == 51(7L+1)(A+2)Z3—2)L()L+l)2

07.14.03.0014.01

2 1
Cy@ = g?t()t+1)(/l+2)(/\+3)z4—2 )\(/1+1)()\+2)22+E)\(/1+1)

07.14.03.0015.01

4 4
Ci@ = E/l()t+1)(/\+2)(7t+3)(/\+4)25—g/l(A+1)(/\+2)(7L+3)z3+/\(/1+1)()L+2)z

07.14.03.0016.01

4
Ci(@ = E/I()H1)(/\+2)()L+3)(/\+4)()L+5)z6—

2 1
5)\(/\+1)()L+2)(/1+3)()\+4)Z4+/\()L+l)(/1+2)(7t+3)22—gl(/\+1)()t+2)

07.14.03.0017.01

8
@(z = E/\(/l+1)()L+2)(/1+3)(/\+4)(7L+5)(/\+6)27—

4 2 1
1—57L(/\+1)()(+2)(/\+3)()L+4)(/\+5)25+5/\()(+1)(/\+2)()L+3)(/\+4)23—5/\()(+1)(/\+2)()L+3)Z

07.14.03.0018.01

2 4
Cé(z):: E)\(A+1)()l+2)(/1+3)()\+4)()L+5)()\+6)()L+7)28—4—5/1()L+l)(/\+2)()L+3)(A+4)()\+5)()L+6)26+

1 1 1
5/1(/1+1)()(+2)(/1+3)(/1+4)(/1+5)z4—5/1()(+1)(/\+2)()(+3)(/1+4)22+ZA(A+1)(/\+2)(A+3)
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07.14.03.0019.01

A+ DAHDA+D A+ HA+H A+ B A+ (A +8) 72
Co@= 2835 B

8 2
EQLUH1)(/1+2)()L+3)(/1+4)()\+5)()L+6)(/\+7)Z7+EA(A+1)()L+2)(/1+3)()L+4)(/1+5)()\+6)25—

2 1
5/\(/\+l)(7L+2)(/1+3)(/1+4)()t+5)Z3+ E/\()t+l)(/\+2)()t+3)(/\+4)z

07.14.03.0020.01

o AAA+D A+ A+ A +DHQA+5QA+6) A+ (A +8)(A+9) 70
Z) == —
102 14175

2
E)L()H1)(A+2)(A+3)(A+4)(A+5)()L+6)(A+7)()L+8)z8+

2 1
E)L(/\+1)()L+2)(/\+3)()L+4)(/\+5)()L+6)(/\+7)26—§A()L+1)(/\+2)()L+3)(/1+4)()L+5)(/1+6)z4+

1 1
E)L(/\+1)(?L+2)(/\+3)()L+4)(/1+5)22—EA(A+1)(?L+2)(/\+3)()L+4)

07.14.03.0021.01

L) 1k o 22m2
Cl ::Z ineN
L Kki(n-2k!

07.14.03.0022.01
Cl@=0/;neN"

07.14.03.0023.01
CL (@=%/keN

General characteristics

Domain and analyticity
Cl(2) isan analytical function of v, A, zwhich is defined in C3. For integer v, C}\(2) degenerates to a polynomial in
2

07.14.04.0001.01
(v#1%2)—Cl2) :: (CRCRTC)—C

Symmetries and periodicities

Parity
07.14.04.0002.01
Ci(-2=(-D)"Cy@ /ineN
Mirror symmetry
07.14.04.0003.01

Cl@ =C\@ /; 2¢ (~c0, 1)
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Periodicity

No periodicity

Poles and essential singularities
With respect to z

For fixed v /; v & Z, A, the function C(2) does not have poles and essential singularities.

07.14.04.0004.01
Sing(Cy@)={}iveZ

For positive integer v, the function C(2) is polynomial and has pole of order v at z = .

07.14.04.0005.01
Sing (CM(2) = {0, v}} /; v N

For nonpositive integer v, the function CJ(2) is constant (O for v < 0 or 1 for v == 0).

With respect to A

For fixed v, z, the function C(2) has an infinite set of i ngular points:
) 2 Vr

V4]

8 A=-—/; ] €N, arethesimple poleswith residues ( J) 2[31(—], -, l_zﬂ %)
vijIT -

b) A == co isan essential singular point.

07.14.04.0006.01
Sing,(C(2) = {{{—ﬂ 1}/;j €N}, (%, ool

1 2
07.14.04.0007.01
v+iy  (=Di2ivyo 1-v—j 1-z

(i) LT

V4] 2
vijt r(—Tj)
With respect to v

For fixed A, z, the function C(2) has an infinite set of singular paints:
a) v=—j=-21/;] €N, ae the smple poles  with residues
2N (i = X 1, 1-7y,
NTA-]—20)TQ) 2F1(_J’ JH205 4+ 21 T)
b) v == o isthe point of convergence of poles, which isan essential singular point.
07.14.04.0008.01

Sing (Cy(2) = {{-] - 21, 1} /; | €N}, {0, oo}

07.14.04.0009.01

(-pi2-2 1 1-2
Fl(

res,(C}(@) (-~ 20) = ——— , —j,j+2A;A+—;—)/;jeN
jIT(L—j-20)TWQ) 2" 2

Branch points
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With respect to z

For fixed v /; v ¢ Z, A, the function C(2) has two branch points. z== -1, z== .

For fixed A and integer v, the function C.(2) does not have branch points.

07.14.04.0010.01
BP(Cy(2) ={-1, &) ;veZ

07.14.04.0011.01
BP(CYD)=1{}/;veZ

07.14.04.0012.01
1 1
R{Cl(@, ~1) =log ;A - ez\/1- E ¢Q/\-eNV-21-veN
07.14.04.0013.01

1o
R{CYD, 1) =5/ A~ - = ~Arez \s-1en \godr, 9 =1/ \-(veNV-21-veN)
S

07.14.04.0014.01
RACH2D), ®)=109/;20€Z\ ~(veQA21+v€Q)

07.14.04.0015.01
Ry(C1(2), %) = lem(s, U) /;

v::g/\2A+v::5/\{r, S, t, u}eZ/\s>l/\u>l/\gcd(r, s)::l/\gcd(t, u)::l/\ﬂ(veN\/—ZA—veN)

With respect to A

For fixed v, z, the function Cﬁ(z) does not have branch points.

07.14.04.0016.01
BP\(Ch@) =1}

With respect to v

For fixed A, z, the function C(2) does not have branch points.
07.14.04.0017.01
BP,(C)(2) = {}
Branch cuts

With respect to z

For fixed v /; v ¢ Z, A, the function C(2) is a single-valued function on the z-plane cut aong the interval
(—o0, —1) whereit is continuous from above.
For fixed A and integer v, the function C.(2) does not have branch cuts.

07.14.04.0018.01
BCAC@) = {{(-c0, 1), —i}} ;v & Z
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07.14.04.0019.01
BCAC)2) =\ ;veZ
07.14.04.0020.01

lim CMx-ie)=C}x) /; x< -1
e->+0

07.14.04.0021.01
lim Ch(x—ie€) =™ (2cos(r (v + 1)) Cj(-X) — '™ C}(x)) /; x < -1
e—>+0

With respect to A

For fixed v, z, the function C(2) does not have branch cuts.

07.14.04.0022.01
BC(Ch@) =}

With respect tov

For fixed A, z, the function CJ(2) does not have branch cuts.

07.14.04.0023.01
BC,(CH2)=1{}

Series representations

Generalized power series

Expansions at generic point z== z

For the function itself
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07.14.06.0037.01

. 21-21 COS(ﬂ'(A+V))Sin(7TV) 3 . iﬂ(%,A)lag(j;zo)J \‘arg(Z—ZO)J {arg(zo+l)+7r N
C (2« —in¥?cso(nv) 4 T e Cl~29) -
72T 2n 2n
O = B = P RS R S
[20+1 (+1) Gz,2[5(20+1) 0,%—/1 ]+
1 agz- ) arg(z arg|z—
1l( 1 (z*‘)[ g(zﬂZOJ (%—/\)IQ{Z—ZO) of 1 v, ~21—v sn(g_,\)[@J agz- z)
- (Zp+1) TG = (2+ D) 1 |[+2rnie ! {7J
2 [20+1] '[2 0—)*—5] 2n
agzp+1)+n - 31
{7 l"(l—v)l"(2)t+v+l)2F1(1—v, 20 +v+ 1A+ —; —(zo+1)] (z—279) +
2n ] 2 2
1 m(;A)rg(;z")J agz—2z) || AYZ+ 1) +7
—|2nie i H T2-vWIRA+v+2)
2n 2n

_ 51
2F1(2—v,2/\+v+2;)t+5; E(ZO+1))_

[ 1 ]@—‘) rg(:O)J

Zp+1

) la@z—z@

2 2n

v—1-21-v-1

Z+1) J Gﬁé[a (Z+1)

2
0’_/\_% ](Z Z5)° +

| [ (2Z> )
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07.14.06.0038.01

2121 Gos(x (A + v)) sin(z v) in(3-2) rgfﬁ) J agz-2z) || agz + D +x
CH2) —in¥?cse(nv) 4 T e § { H Cl(=20) -
72T 2n 2n
1 (%"‘) arg(zz;ZO)J (%—A)rg(:;%)J ,of 1 v+l -21-v+1
(Zo+1] (»+1) G2,2[5(20+1) 0,%_/1 ]+
1 a(z— ) arg(z— arg(z—
1 1 (E’)[ gz,rZOJ 1(%4)[ 9(2”20)J 22 L v, =20-v . s‘n(%—A)[g(Z—”ZO)J arg(z— z)
> [Zo"'l] (+D 22 E(Zo+ ) 0]_)(_% +2rie {—ZN J
agzp+1l)+n - 31
{ l"(l—v)l"(Z)L+v+1)2F1[l—v,2/\+v+1;/\+—; —(zo+1)) (z-79) +
2n ] 2 2
1 in }A)rg(;z‘))J agz-z) || agzp+1) +7 B 51
—|2nie " H F(2—v)F(2/\+v+2)2F1(2—v,2)t+v+2;/\+—;—(Zo+1) -
L 2n 2 2 2
1 (%f\)lag(;:o)J (%7/1)[?:(” i 1 v-1 -2A-v-1 5 s
[20+1] (Z+1) 6212[5(20+1) 0,12 ) (z-20° + Oz~ n)°)
07.14.06.0039.01
2121 cos(m (A + v)) sin( v)
Cl@ ==
72T
=~k 2k m(i—A)[—ﬂg(Z’Z"]j agYz-2) || AYZH+ 1) +x
Z 2ni(-De 2 { H JF(k—v)F(k+27L+v)
o 2n 2r
~ 1 zp+1
zFl[k—v,k+2/\+v;k+/1+—; ]—
1|l L[ @ln)
1 GV = G| J so(%+1| —k+v+l —k-21-v+1 )
[Zo+1) (z+1) Gz,z[— 0, —k—h+% ] (z-29)
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07.14.06.0040.01
2120 gin(ry) &, 27

Clz = —
Vr T@Q) ico K
L %—k—l+(%—l)[ag(;_zo)J Ly i 1 1 3 7+l
22 rsec(m ) (2o + 1) § [ ] gFl()L+v+—,—/\—v+—;—k—/\+—; +
z+1 2 2 2 2
_ m(%-,x)rg(:")J rrg(zo+ 1)+7rJ r\rg(z— zO)J
cosSr(A+v) T(k=VT(k+2A+v)|2ie —sec(m )
2 2n
1 (%"‘)rg(:o)J (%—A)rg(j_z")J ~ 1 7+1 1
[ ] (Zp+1) ” 2F1(k—v,k+2/1+v;k+/\+—; ] (z-20));—-deZ
Z+1 2 2
07.14.06.0041.01
o 21722 cog(rr (A + v)) Sin(zr v) ap AT i,,(%_l)r’g(:o)J agiz-z) ||agzo+ D)+ ol
v(2) oc — . indeescnv) 4 T e { Py H - v (Z0) +
1\ MJ (g_l)[@J of 1 v+l -20-v+1
1 "G - 1 O(z-
(ZQ‘I‘].] (ZO+ ) 2,2[2(20"' ) 0, %_/\ ]+ (z ZO)

Expansions on branch cuts

For the function itself

07.14.06.0042.01

. 2122 cos(rr (A + v)) Sin(zr v)
v(Z) &

72T

arg(z—-x)

2n

) 1 ag(z—x)
[_,2 24 ¢ G sy oy { 2

riloon| X2 X+1
JC&(—x)—e @) JGS:Z[

v+1, -2A-v+1
+
x 0,51

L, (3| |39Z-X) . 3 x+1
—|2e 2 2n iﬂ{ JF(l—v)F(Z/\+v+l)2F1(l—v,2/1+v+l;)t+£;T]+

2 2n
Vv, —2A—-V
0, _/\_% (z—x) +

ria-2n| 5| 29 1
e 22—

1 in(3-)| 22 | @92 = %) . 5 x+1
—|2nie ‘2 2 { JF(Z—V)F(2A+V+2)2F1 2-V,2 +v+2A+—; —— |-
8 2n 2 2

yv=-1 -2A-v-1
3
0, —/1—5

. argz-x) X+ 1
mi(1-22) 22
e

]](z—x)2+...]/; (z-XAXeRAX< -1
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07.14.06.0043.01
21722 cog(zr (A + v)) Sin(zr v)

Cl2)
72 TQ)
in(foa) e 9(z-x) ri agzx Xx+1| v+l -21-v+1
i g G Jcso(:rv)l"(/\) T T et 20| JG%% - L +
2r ' 2 O,E—A

1 M(l_)rg‘z‘x’J. arg(z—x) . 3 x+1

—|2e 2 2zn Jjn| ———|TA-»TRA+v+DoF1-v, 22 +v+ LA+ -, — |+

2 2n 2 2

ri(1-20) PQ(H)J x+1
e 2 622

Vv, =2A—-v
0, /\__]](z X) +
=)

1 m(-_)rg(z‘”J ag(z—x) 3 5 x+1
—|27nie ‘2 2 {7JF(2—v)F(2/\+v+2)2Fl 2-V,2A+Vv+ 20+ —, —— |-
8 27 2 2
(12 | 9P x+1|v-1-2A-v-1
Fﬂ&(l 2)L){ o JGZZ[

3 ]](z—x)2+0((z—x)3)]/;xe[R/\x<—1
0,-1-12

07.14.06.0044.01
2122 cos(rr (A + v)) SiN(zT v)

Cl2 =
72TQ)
> (- 1)“2k ()| | @12 %) N 1 x+1
Z 2ri(-1ke "'z 2n 7Jl'(k—v)F(k+2/1+v)2Fl(k—v,k+2)t+v;k+)t+—;
= 2n 20 2
agzx x+1|-k+v+1 -k-21-v+1
ni(1-22) 22 ’ i
e { JGz,z[— O,—k—l+% ]](z—x)k/,xe[R/\x<—1
07.14.06.0045.01
Cl@ ==
21 ”SIn(Jrv) x 2k 1 iaeen|FERl 1 1 3 x+1
(2k+A Zrsec(rd) (x+ 1) Kz 20|, J2F1[7L+v+—, A=vd = KA = ——
x/_m) ko K! 2 2 2" 2

(L1722 | arg(z— X it T
cosr (A + ) T (k= v) T(k + 2)L+v){2m”’(z = J{L)J—w(m) a-20| J)
e

5 1 x+1 1
zFl(k—v, k+2/1+v;k+/\+£; T))(z—x)k/; E—Ael/\xe[R/\x<—1

|+
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07.14.06.0046.01
2 in(l—/\){—me
22"V e ‘2 2r J'sec(r ) sin(rv)

Cl=-
)

@ (~1K 1 agz-x | 11 3 1-x
> ——|2i-x»2 ’cos(n()t+v)){ JgFl()L+V+—, S P —)+
s 2r 2' 2 2 2

1
m(X+ 1)7'(’A

Fl-k-2A-»T(-k+1)

. arg(z-x)
[212080(71 V) csc(m (24 + v)){ Jcosz(n A+v)+

T

ag(z—x)

T (—cscr v) csol (24 +v)) coS(r (A +v) — 1) sec(r A)]

11 1 1-x 1
IE(A+V+—,——A-v;k+A+—; —) (z=x%/i—=-2¢2Z [\ xeR [\ x<-1
2t 2'2 2 2 ] 2 A A

07.14.06.0047.01

212 cos(nr (A sin N Rt arg(z— X
Ch2) o — S+ ) sintry) [i7r3/24A em(z A){ 2x JCSC(ﬂv) F(A){ < )J Cl—x) +
72TQ) m
1 o | FIED Xx+1| v+l -2A-v+1
s “ﬂ 27 JG%%(— 1 )+O(z—x)]/;xe[R/\x<—1
0,5-24
Expansionsat z==0
For the function itself
General case
07.14.06.0001.02
G 220/ TQ2A+v) Vr oNmz 24+ r(1-3)7 20
v(2) & - ” ~+ +...|/i@z->
T(v+1)TQ) r(%— %)F(“%* %) T(A+3)T(-3) vV T(=v)T2A+v)
07.14.06.0048.01
o 2120\ T2 A +v) Vr 2Vr z 2+ 5+ 1r(1-3)2 o)
Y Z * N v v + +
Tv+1)TQ) r(% _ %) F(/l +14 %) r(A+3)T(-3) Vr T TQRA+v)

07.14.06.0002.01
. 22\ TRA+Y) & & (“M)jk RA+1)j,x (-2)!
Cy(2) == — ;14 <1
Fv+DHI)  ioic F(j +K+ A+ %)j!k!Z”k

07.14.06.0003.01
2120 T4 +v) ~2xoxo[ v, 204V 1 Z)

Ci(2 = Fio- - —-=
Y ro+pray U0 A+3m 20 2
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07.14.06.0004.01

22T TRA+Y) & & (V@A + V) (-2)

Clz = fld<1
rv+DHray  i5i% I“(k+/\+ %) il k=)
07.14.06.0049.01
2Vr ey e G, 2V ) & (F)0F ),
Ci@ = > 25+ D Z¥)1d <1
T r( )F(v+ 1) koo (%)k k! TrWHI(1-3)Te) i (5)k k!
07.14.06.0050.01
co ) r(a+ < 1 2V\/—rf\+ﬂ 1- 1 3
Cs(Z)zz —S(VZ) ( 2) 2F1(_K,A+Z; _;22)"' ( ) ( V,V+ +A _122]
T(Z+1)r@ 2 22 rr(1- 5) F(v) 2 2 2
07.14.06.0005.02
cos(?) r(a+ —)
Cl(D o« ————— (1+0(2)
I(3+1)r@
07.14.06.0051.01
Ci@ =Fu(z v, N /;
VA A+ m(-3) (A+§)k 2V\/7zr(x+ﬂ) m (55 (5 + ),
Fm(z, v, A) = Z Z 2k
T r( )F(v +1) ico (E)k ! TOT(1-3)Te) i (E)k
2V 2™+ )+ 5) L (5, v y 3
CW(z) - 3F2[1,m—§+1,m+/\+§+1;m+ 5,m+2; 22)—

m+ D! T () ro+1(3)

v+l

PV £ ), 0

)m+1 v 3 v 3
3P|l m——+ - m+A+—+—; m+2, m+—
2 2 2

M+ r(2-3)ro(3)

Summed form of the truncated series expansion.

Special cases

07.14.06.0006.01

L 0k Wy @22
C@=> - fin
par k! (n-2k)!

eN

07.14.06.0007.01
(12 W, 12/ @ 223!

Ch(@) (1+0(Z))/; 2> 0 AneN?

Generic formulas for main term

] [\ men
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07.14.06.0052.01

0 -veN*
© -21-veN
<—1>B/J W v (2z)V’ZH
C@« L veN /1 (Z-0)
2[5

r(g+1) T
Expansionsat z==1

For the function itself

General case

07.14.06.0008.02
2120\ T2 +v) 1 vRA+M(EZ-1) —-v@A-v)2A+V)2A+v+1)(z—1)?
+ +

Cl(D) e +
To+DTW  (raed)  2r(i+d) 8r(r+3)

1
(z—>1)/\—/1—5$N

07.14.06.0053.01

. 212072 T2 +v) 1 YA+ (2Z-1) —v@A-v)2A+V)2A+v+1)(z—1)? ol
C)(2) « Fo DI r(,1+ 1) + 21*(,1+ E) + 81“()L+ §) +0(z- 13| /;
2 2 2

1
P
2

07.14.06.0009.01

2120 TRA+Y) & (V) RA+V) (1-2z\¢ |1-z
Cl@ = (—) o s
Fv+DHIA) o F(k+)\+ %)k! 2 2
07.14.06.0054.01
FRA+Y) & (V) A+V) (1-2z\ 1
Ch(@) e (—) fi=A= = &N
reyre+1) & (A N 1) ki 2 2
2 )
07.14.06.0010.01
2120\ T2A+v) 11-z
Ci(@ = zFl(—v, 24V A+ —; —)
v +1)TQ 2
07.14.06.0055.01
Q2A+v) 11-2 1
C@o — 2F1(—V, 204V A+ —; —)/; A-— &N
renre+1 2 2
07.14.06.0012.01
TQ2A+v) 1
Cl@oc ————(1+0@z-1) ;2> D [\ -A- = &N
TN+ 1) 2
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07.14.06.0056.01
Ci@ =Fu(z v, N /;

FRA+vY) & (=M (A + V)

1-2z\ 2712 A+ ) (=V)mer QA+ Ve (1 — 2™

Fm(z v, A) = (—) =Cl2-
reyre+1) = (H %) K! 2
k

3 1-7 1
3|:2[1,m—v+1, M+ 204yl M2, mads T) /\meN/\—/\—EeN

Summed form of the truncated series expansion.

Special cases

07.14.06.0011.01

2120 \/7 T2A+n) M (-N2A+n) (1—2z\¢
cia - o
n! @) k=0 F(k+/1+%)k! 2
07.14.06.0057.01
\/7(2—22)%_)Lsec(7r(/1+v))sin(7rv) QCA+2v-1)2A+2v+1)
Clg=- {1+ z-1+
rwr(3-2) 4@3-22)
(2A+2v-3)2A+2v-1) (221 +2v+ 1) (21 +2v+3) 1
(Z—l)2+...)/;(2—>1)/\—1——€N
32(3-20)(5-2)) 2
07.14.06.0058.01
\/7(2—22)%7A$c(n(/l+v))sin(7rv) @A+2v-1)@2A+2v+1)
Clgy=- [1+ (z-1)+
m)r(;—a) 43-2))
2A+2v-3)2A+2v-1)(2A+2v+1)(2A+2v+3) 1
(z-1?+0(z- 1)3)] fi-A-—¢€N
32(3-21)(5-21) 2
07.14.06.0059.01
1 A 1 A A 1
Vi (2-227 " sec(r A +v)) Sin(ry) & (5‘ ‘V)k( +V+§)k 1-z\k
C‘/}(Z)Z— (T) /i-A——€eN

@) k=0 F(k -A+ g) k!
07.14.06.0060.01

Vr 2-2 z)é"‘ sec(r (A + v)) Sin(z v)

1 1
N 0 (E—A—V)k(/\‘i‘V‘FE)k 1-7 Kk
CG@=- 3 Z 3 (—) /i-A——€N
rr(3-4) @ (3o ?
07.14.06.0061.01
1
V7 2-227  secr A +v)) Sin(y) 1 13 1-2 1
C@=- 2F1(—/1—v+—,)t+v+—;——)\; —)/;—)L——EN
) 2 2' 2 2 2

M+D!ITRHTH+1) (/\ + %)ml
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07.14.06.0062.01

1
V7 2-227 " sec(r (A +v)) Sin(xv) 1 13 1-2 1
ZFl(—/\—v+—,/\+v+—; —_x —)/- A-—eN
2 2' 2 2 2

Clg=-
@ o r(g - /\)

07.14.06.0063.01
1
V7 2-227 " sec(r (A +v)) sin(n v)

Cl@) = - (1+O(z—1))/'(z—>1)/\—/\—EeN
m)r(g—a) 2

Generic formulas for main term

07.14.06.0064.01

0 -veN*t
s -2A-veN
Y 1
Cl2) oc{ _Vr 22" sectn(A+v)sinery) (1-22 a_len h@=D
3 2
r(;,\) oy
T'2A+v)
F@NT+D) True

Expansionsat z== -1

For the function itself

General case

07.14.06.0013.02

cos(m (A +v) et ) TRA+v) ( v(2A+V) VA=) RA+v)(1+21+v)
Cl2) « (1- (z+1) - z+1)2—...]—
v+ 1)T2A) 21+1 221 +1)(21+3)
1 1
27 snvmI(A-3) L @-2n-2m@+2a+2y)
(z+1)2 [1+ zZ+D+
VI T 43-221)

1-21-2v)B-21-2v)(1+21+2v)(3+21+2v)
32(3-22)(5-22)

1
(z+ 1)2+...]/; (z—>—l)/\7t+ 5 ¢Z

07.14.06.0065.01

cos(m(A+v))sec(r )T (2A+v) v(2A+V) vA-v)2A+v)(1+2A+V)
Ci(2) (1 - Z+1)- (z+1)%-0((z+ 1)3)] -
F(v+1)T(21) 20+1 2(20+1)(21+3)
1y 1
22 S'”(Vﬂ)r(i—z (. @-21-29)(1+21+2v)
(z+1)2 [1+ z+D+
\/;F(K) 4(3-22)

A-22-2v)(B-22-2V)(1+22+2V)(3+21+2V)
32(3-20)(5B-21)

1
@Z+1?+0(z+ D3|/ A+ 3 ¢Z
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07.14.06.0014.01

- cos(m (A +v))sec(m V) TRA+v) &, (V) (2 +v), (2+ l)k
” Z) == — -
Fv+1T(22) o (A + 1) k! 2
2)k
1
2: ' sinvm T(A - 3) _ v+ 3} G2 a1y (2 1
(z+1)5“z ( ) ;—<1/\)L+—<EZ
VI T par 2- /\)k k! 2 2
07.14.06.0015.01
cos(r (A + v)) sec(r ) T(2 A + v) 1 z+1
C(2) = zFl(—V, 20+ Vv, A+ —; —)—
[(v+1)T2A) 2 2
1
2 snvmr(A-3) 11 3 z+ly 1
(z+1)7 2F1[A+v+ - —=A-v, —— X —)/;/1+ -¢Z
VI T 22 2 2 2
07.14.06.0016.01
oSt (v + ) secr )Y T(v + 2 0) 227" din(vm) r(7L - %) 1
Cl2) (1+0z+1) - (z+D2 " (1+0(z+1) /;
v+ 1)T2Ar) vV T

1
(z- —1)/\/1+ 5 ¢Z
07.14.06.0066.01

Ch@=Fu(z v, ) /;

Fn(z v, A) = (z+ 1)34

cos(r (A + v)) sec(r ) T(2A + ) m(—wkak+vn(z+1Jk 2 dnv (L= 3)
T(v+1)I(2A) |@(M9J! 2 Vr T

271 sec(r 1) coS(T (A + V) T A + V) (=g A + V)1

(A+v+%)k(%—)t—v)k [z+1

k
]=@®—
2

m
k%; (g—x)kk! (m+1)zr(2A)r(v+1)(A+§)ml

3 z+1
(z+1)””13F2(1, M-v+1 M+21+v+1,m+2 m+A+ E; 7) +

2 s ) )
2

1
(z+1)

VvV (m+DITQ) (g - A)m

3 3 5 z+1 1
3F> 1,m—/1—v+5,m+)L+v+§;m+2,m—/\+E;T /\meN /\—|)L+§€Z

Summed form of the truncated series expansion.

Special cases
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07.14.06.0018.01

snvm)T(2A+v) z+1 1 z+1
Q= —70o-v— | (—)zFl[—v,27L+v;)L+—; —]—
alTv+1)I(22) 2 2 2
1. 3 (1 1
2: dnvm (A= 3) 11_3’5(5‘A‘V)k(“”5)k z+1\¢ 212 dn(ym T(v +22)
=2
Vr T pare kz(g —A)k 2 Vr v+ 1T
O (=V) (2A+v) 1 z+ 1\ 3
7((//(k+1)+¢(k+)t+—)—w(k+2/\+v)—w(k—v)](—) /;A——eN/\ve,t_Z
k=0 k!F(k+/\+%) 2 2 2
07.14.06.0019.01
snva)T'2A+v) z+1 1
Cﬂ(z) <« — (Iog(—) - w(/\+ —] +Y(=v)+ YA +V) +y) 1+0(z+1)-
AT+ 1) TR 2 2

1
227V sin(v ) r(x -3

NER )

07.14.06.0020.01

3
(z+1)%_l(1+0(z+ 1) /; (Z—)—l)/\)t— 5 eN/\ve,t_Z

C%() sin(v ) | (z+1) F( L1 zZ+ 1) i(—v)k(v+l)k ks D - vk bk ))(z+1)k /

22 = og| — |oFa| -V, v+ 1 L; - + 1) —pk+v+ 1) —yk-v)| —| |/;

d ’ 2 )%t 2 k=0 k1? 2
vl

07.14.06.0021.01

1 sin(v ) z+1
C?(2 (|Og(7)+¢/(—v) +y(v+ 1)+ Zy) 1+0(z+1)/;z->-DAvezZ
b

07.14.06.0022.01
1
22 cosmr(A +v))  (z+1 1 11 3 z+1
c@=-— Iog(—)(z+ 1)2 zFl(A+v+ Y P Y )+
(3 -2V 22 2 2

T e e e e e [ e (29 1))““
e A (O L R G R G R S | S

257} cosr (A +v)) 1
(z+1)2

Vv T

k=0 k'(k A+ 1)'

2124 cosr (L +v) (-1 - 2) 1 T@A +v) A @A) (24 11K 1

(—) i-A--eN/\vez
Va T[T +1) par (/1+ %)k 2 2
07.14.06.0023.01
242X cos(m (L +v)) (-4 - 3) 1 T@A+v) 257 cos(r (L + 1) -
Clz) = 1+0z+1)- ——— 2
Va TO)To +1) (% —7()! NERYO))
z+1 3 1 1 1

(log(T)—lﬂ(E—)L)‘Fw(g—l—v)-Fw()t‘i’V‘i’ 5)+')Y)(1+O(Z+ 1))/: -A- E EN/\V$Z

07.14.06.0017.02
(-1)"T(n+221)
Cl)) « —————— (1+0@z+1)/;neN
n'r2A)
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Generic formulas for main term
07.14.06.0067.01
Cl2)
0

(©e]

sin(v ) [(2+v)
T+ T(22)

(log22) + w(-v) + v + 1) + 27)

1
21-2 cog(n (A+v)) (717%)! r@iw)

sin(v )
n

1
! costr ) 2412

1
|og(ZL
vV T[T+ (%—)L)!ﬁ o ( 2
1, 1,
2121 cog(x (A+)) I‘(%—/\) r@awy) 22 siney) r(x—%)(zu)z !
V7 T Tv+1) v ry
07.14.06.0068.01
0
)

L/\ : 1 L/\
22" sin(ry) I‘(/\— E) (z+1)2

Vr T

sin(v ) log(z+1)

Cl2)

e

212 cost (\+) (-1~ %)v r@a+y)

V7 T Tr+1)

1 1
212X ot (A+v) F(%—}L) reae) 22 sney) (- %) @z

Vr T@)

V7 T)Tr+1)

Expansionsat z== oo

For the function itself

Expansionsinl/z

07.14.06.0069.01

(log(%%) — (A + 3) + w=») +v@A+v) +7) -

2o 3ol )

l_,\ . 1 l_,\
22" sin(ry) l"(/\— E) (z+1)2

Vo T

True

-veN*t
-2A-veN

Re) > 2 /\veN
A:%/\VQEN

Re(d) < %

/i (@Z--1)

True

272 9N v) T(=A = v) T2 A +v) 224

Ci(@)
2TA+v) 2 [1 A-v)v (=3+V)(-2+V)(-1+v)v
- +
r)re+1) 4(1-1-v)Z 322+2+V)(-1+A+n 2

nI'(d)

(1 RA+V)A+22+v) CA+V)A+22+v)2+2A+v)(3+2A+V)
+ +

4(1+2A+v) 2

RA+A+V2+A+n) L

+...]/; (2> cx)AA+veZ



http: //functions.wolfram.com 19

07.14.06.0070.01
22TA+v)2 [ A-v)v (=3+V)(-2+V)(-1+v)v 1
1 + O[ )J -

- +
rHIry+1 41-2-VZ2 32-2+2+V(-1+1+nZ
2722 gnv) T(=A —v) TRA +v) 272+

Cl2

aT(d)
( RA+V)A+22+v) QCA+v)A+22+vV)(2+2A+V)(3+2A+V) 1
1+ + +O[—]]/;/l+vezl
4Q+A+v) 7 A+ 1+ 2+A+0) 2

07.14.06.0071.01

v 1-vy v v+1
2TA+v)2 & (_E)k(T)k 222 Gnrv) T(=A =) TRA +v) 7724 = <A+§)k(k+%)k

CMz) = 2K 72k
’ TOTE+1) &2 (1-2-»)k! 7T S Atvel
1Z>1AA+veZ
07.14.06.0072.01
22TA+v)2 v 1-v 1

) ==72F1[——. p-A-v+ —]—
T T +1) 2" 2

v+1

2722 gin(v) [(=A = v) TRA +v) 72 v 1
SFq A+ 5,/\+ T;/\+v+1; ; [iA+veZNze¢(-1,0)

7T

07.14.06.0073.01

n 1-
r 2w, & G35,
Cl(2) = 72K +neNt
n! o (L—-n-=2) k!

07.14.06.0074.01

272" (L), n 1-n 1
zFl(——, —;-n-2+1; —]/;A+n$N+
2 Z

Ch2 =
n(2 5

n!

07.14.06.0075.01

. 2TQA+v)7Z 140 1 229N v) T(=A = v) TRA +v) 224 (1 o 1 P .
(2o« ———— |1+ 0| — || - +O[—[|/iA+ve
" Twro+1 [ [zzn AT Q) (22)] ’

07.14.06.0076.01

2'"T(N+2) 1
G 2 (10 e
rQyn! 2
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07.14.06.0077.01
Ci@ =Fu(z v, N /;

v+l

v 1-v
=3 (_) -2k 221 §in(ry) [(=A V) T A+ v) 22~ . (A+3) (/“7),(

m
Fn(z v, ) = >
T +1) & A-1-v)k! 2T S v+ k!

2TA+v) 7

272D eqo(r (A + v)) T2 (M+ A + 1) + v) Sin(r v) Zz 2(MA+D-v v
2k = Cl(z) - o1, m+a+ —+1,
M+D!ITA)T(M+A+v+2) 2

v 3 1\ 272M™v-2ce(r (A +v))Sin(@v)[(2m—v +2) z2™v-2
M+A+—+—M+2 M+A+v+2; —]+
2 2 M+D!ITQTM-A-v+2)

y y 3 1
3F> 1,m—5+1,m—5+5;m+2,m—/\—v+2; ;] /\meN /\qu;Z

Summed form of the truncated series expansion.

Expansionsinl/(1- 2

07.14.06.0024.02

22TQA+v) " [1 % v(1l-v)(3-2A-2v) ) 2722 gny ) T (=A =) TRA+v)
_ -V |1- — - - |-

rv+1HIr@) 1-z  20-2-v)(1-272 r ()

204+v B+22+2v)2A+v)(A+2A+V)
+

Ch(D)

(2—1)‘2A‘V[1+ +...]/;(|Z|—>oo)/\2?t+2v$l

1-z 4A+2+v)(1-2)?

07.14.06.0078.01

. 2’TA+v) z—1)V[ v v(l—v)(3—2k—2v)_o(1]]_2-2f‘-Vsin(vn)r(—x—v)r(zmv)

rv+Hr@) 1-z 20-2-v)(1-272 z x()
21 +v . B+22+2V)2A+V)(A+2A+V)

Cl

4

1
(2—1)‘”‘V[1+ O{;))/;Z)HZMEZ

1-z 4A+2+v)(1-2)?

07.14.06.0025.01

1
22T +v) oo(_V)k(i_/\_v)k 2\
gy

A v
VZ == - — - @ | —
@ v+ 1)TQ) g(l—n—zv)kk! 1-
1
224 Sy m) T (- =) T2 A +) o @UEnKavag) o g,
@-npy ( )/ “>1\20+2vez
7T L a+2v+ 1kl \1-2

07.14.06.0026.01

2’TA+v) 1 2
Cﬂ(z) = (z-1Y 2F1(—v, “A—v+—; =2A-2v+1, —)—
Tv+1TQ) 2 1-z
228Ny ) T (A -v)TCA+v) 1 2
(z- 1)‘2A‘V2F1(2/\+v, A+v+ —22+2v+1; —)/; z¢ (-1, DA210+2ve¢Z
xA) 2 1-z

07.14.06.0027.01

2TA+v)7Z 1 227 gny ) T(-A —v) T2 A +v) 224
o A (1 . o(_]) -

Frv+1)TQ) n ()

1
Cl2 (1+o(—))/; (2l » o) AN22+2v ¢ Z
z

4
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07.14.06.0028.01
(=ML 2120~ gny By T2 +v) z-1 1
Iog(—)(z— 1)’2"’V2F1(2/\+v, A+v+ P 20+2v+1; 1—) +
-z

C@=
AT)TA +v +1)

(=DM 1212 Gin(y 1) T2 A + V)
(z- 1)—2}L—V

AT TA+v+1)
(A +v) 1 1 2
(/\+v+—) (w(k+1)+(//(k+2)t+2v+1)—w(£—k—/l—v)—gb(k+2/\+v))(1—) +
k -z

ék'(2A+2v+1)k

2120\ (2= 1) 221 20+ 2y —K= D! (=) [ 2 \K
(—) /iA+veNAveZ

[v+DIQ) k=0 k!l"(%—k+/1+v) 1-2

07.14.06.0029.01
(_1)A+v—1 21-2A-y snvm)T(2A+v) z-1 1
Z—2A—v(|og( )“”(5 —A—v) —Y2A+V)+yY(2A+2v+]) —w)(1+0[—))+
z

alA)TA+v+1)

2TA+v)2Z 1
—(1+O[—))/; (lZ=>c)AA+veNt Avez
rare+1 z

Cl2)

07.14.06.0030.01
sin(rv) 2+t 2/ 1
——— (y—10g(2) - log(z~ 1) + ¥(-v)) (1 + O(;)) L(Zd—)A\veZ

C" (2 «
Ve
07.14.06.0031.01
. 27T Q22 +v)sin(v ) (z— 1)724 U2V1(—2/\—2v—k—1)!(2/1+v)k( 2 )k
v(Z) == — —
Vv T pany k!l"(%—k—/\—v) 1-z
(_1))L+v2v+1 1 1 2
Iog(—)(z 1y 2F1( Vv, —=A—-v;1-21-2v; —J+
Tv+1)TA-1-v)TQ) 2 2 1-z
_1A+v2v+1 ) ( V) 1
(G Z k (——?L—v)
I“(v+1)I“(1—/\—v)F()L) kI(1-21-2v) K

1 2 K
[zp(k+l)—¢/(£—k+/1+v)+¢,//(k—2)L—2v+1)—¢/(k—v))(—l ) /i-A-veNAveZ
-z

07.14.06.0032.01
(_1)/\+v 2v+l Vid z—-1 1 1
- oo =) s o+ 2)e w2220 -5+ 0f 2] -
Tv+1)TA-1=»TQ) 2 2 z
272 gin(v) T(=A =) T(2A +v) 724~ 1
(1+O(—))/; (2= c0)A-2—veNAveZ
aT () z

Ci

07.14.06.0033.01

1-z

2T\ +v)

ClQe=— " (z-1 S
" =D Z KI(1-21-2v),

)vaf ( y)k (_ —A- y)k 2 K
v+ & ( ) -

1
(D" 2 2120 gn(y ) 1 2
T2A+v)(z- 1)‘2"‘V2F1(2)L+v, A+v+ 5; 20+2v+1; 1—]/; A+v— 3 eN/\vezZ
-z

FT)TA+v+1)
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07.14.06.0034.01

1
A+v+ =

2TA+v) 1 (-2 212V gin(y 1)
rororo )
Tv+1TQ)

Cl2

1 1
T2A+v) z‘V‘”(l+ o(—)) /i (2 » oo)/\A+V— —eN
TAWTA+v+1) z 2

4
07.14.06.0035.01
l—}L—v
(_ 1) > 2v+1 T

i rv+Hra-a2-»r)

1 2
Cl2 = (z—l)VzFl(—v, ——A-v;1-21-2y; ]-
2 1-z

1 1
27207 [(=X = v) (2 + ) Sin(v ) s (v E)k @A +v)
(

7— 1)—2}L—V Z
AT S KA+ 2v+ 1)

2 K 1
—| /i-A—-v——€eN veZ
(1—2) 2 /\

07.14.06.0036.01

(—1)3‘“ 21y 1 272V (A =) TRA+v)sSin(v ) 1
big (1+ O(—))— 72\ (1+O(—)] /i
Tv+1HTA-1-v)TQ) aTQ) z

CM2) «

4

z
WPWQA—NW—%ENAv$Z

07.14.06.0079.01
Cl@=Fuz v, N/

1
2T +v) m (‘V)k(z‘)“v)k 2\ 229 Sn(ym) T (=A =) T2 A +)
Fm(z v, ) == ————— z—1VZ [ ) _
T+ 1T L1210 -2v)k! \1-2 AT

m (2/1+v)k(/\+v+%)k k

2
71 —2A-v (_) —
( ) g 2A+2v+ D k! 1-z

220 ()M sin(ry) T(-A = V) TRA+v) (A +v + 3 @A)

Cé(Z) - (z- 1)*W2A7V71
a(M+D!ITQ)2A+2v+ 1)y

3 2
3F2[1, m+/1+v+£, M+2A+v+1,m+2 m+2A1+2v+2 1—) +
-z

2L ()M +v) (-2 - v+ %)m (V1

(z- 1)—m+v—l

M+ DITA) T+ 1) (20— 2v + Dy
3 2
3F2[1, M=y+LM-d=y 4 —ime 2, m-20-2v+2 1—) AmenN|A\-21+2vez
-Z

Summed form of the truncated series expansion.

Generic formulas for main term
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07.14.06.0080.01
Ch(@)

0
&

Pz 27 cosr A+ TRA+y) sinGry) 724 (Iog(2)—|og(z)+w( %7,14)“//(2 A+V)—h(20+2 v+1)+y)
T T(r+1) 7TQ) T(A+v+1)

2"+1 2’ sin(v) (~10g(2)-log(2)+y(—v)+y)

e

2 py T sny 720 2 eosr () 2 (log@-log@-+u(-v)r(A+v+ %)—(//(1—2 1-2v)+)

aTQ) () T(1-A-v) T(v+1)
2T+ 2’
() T(v+1)
2TA+0 2 272V Ty TRA+y) sin(ry) 724
() T(v+1) Q)

/;

(12 = o)

07.14.06.0081.01
Ci(@

) —/\—%EN/\—ZA—VGN/\/\+V<%
2" 2’ T(A+v)
TOTorD) ReA+v)>0
v+1 o e v
_2 sin(. :)Iog(z)z Ar+v=0
272V [(A—y) TR A+v) sin(m v) Z 24
- -0 Re(A+v) <0
2TA+) 2 2722V (=A—y) [(2A+v) sin(r v) 724~
rro+y L) True
/i
(12 - o)
Integral representations
On the real axis
Of thedirect function
07.14.07.0001.01
212 r(v+21) (7 ’
Cl2 = —— f (z+ VZ-1 cos(t)) sn** () dt /; Re()) > 0ARe2) > 0
vIT(A) 0

Integral representations of negative integer order

Rodrigues-type formula.

(—veN*)\/(—A—%eN/\((—Z
~A-teNN\-20-ven \d+
2(A+v)eN+/\%+/\+v¢Z

A+v=0

—2()L+v)eN*/\%—)L—veEZ

—K—%EN/\VGN/\/\+V>—§

True

0 veny\/(-a-2enA((-2r-ven Ansv= )\ (ven Aasv:
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07.14.07.0002.01

e r(A+3)rm+2n(1- 27" on(1- 2"
C,(2 = /ineN
n!2”l"(2)t)l"(n+)t+%) oz

Generating functions
07.14.11.0001.01
Ci@ = ([t"] (¢ - 22t + 1)‘1) sneNA-1<z<1

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself
07.14.13.0001.01

1
2

(1-2)W@-2A+1DzW@ +v (¥ +2)W2) =0/;W2) = ¢, C}(2) +C,(1- 22)4_(1_2” QM:_E(Z)
2

07.14.13.0002.01

L L 5 r (-2
Wz[cﬁ<z>, (1-2) V@ f 1(z)] a-7)

ro
07.14.13.0003.01

, A+DHo2g@ g'@ YA+ J(2? . JEEIN
wW'(2) - +— W@+ ————— W@ =0/, W2 = ¢, C}(gD) + ¢ (1-92?) * Q* .(g2)
1-92? 9@ 1-92? Aoy

07.14.13.0004.01

22 L, 2%% vV (l - g(z)z)_)t_i g@
W Cyo@), (1-92°) * Q7 1(e@)|= o
2

07.14.13.0005.01
2A+Do2d@ 2@ 9@ ]
+ wW(2) +

+
1-92? h? g@

W’(Z)—(

+ + + - Wz =0/
1-92? (1-9@%)h@ h(2)? h@g@ h@

o0 1
1-21 \

W@ = ¢ h@ Cjg@) +¢:h(2) (1-9@°) * Q7 1(g@)
2

+V-

[v Cr+ng@? 2A+)gN@g@ 2hE@° hWE@9'@ h@

07.14.13.0006.01
2V (1-92%) " 2 g@h2?
(V)

1-21

A 2 3
Wz[h(z) Cie@) hd(1-9%) * Q@) |=
2
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07.14.13.0007.01
—a2(2s-2rA-1)Z" +r+2s-1 2 (S+rv)(s—r2A+v))—s(r+9
W’ (2) + wW(2) + w2 =0/
z(a22"-1) 2@2 -1

W2 =¢ 2Cl@z)+c(1-a27") ¢ Qf_l\ (@)
Av-3

07.14.13.0008.01

) T 2%_‘1a\/?rz”zs"l(l—azsz)*)FE
Wz Cl@az), Z(1-a2Z") Q; (@)=
e @)
07.14.13.0009.01
a2 (21 + 1) log(r) r??

V\/’(Z)—(
1- a2 rZZ

+log(r) + 2 Iog(s)]w’(z) +

a2 r2Z(ylog(r) + log(s)) (log(s) — (2 + v) log(r)) — log(s) (Iog(r) + log(s))
2221 w2 =0/
a‘re?—

122 1

W(2) =, S Cy@ard) + ¢ (L-alr??) 4 Q?A .@ar?
+v—2

07.14.13.0010.01

1 1
a1y 22 avn rz(l—azrzz)_l_iszzlog(r)
W,|s*Cl(ar?), &*(1-a?r??) + Q, .@r)|=
+y—=
2

)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

07.14.16.0001.01
Ci-2=(-1)"C\@ /;neN

Identities

Recurrence identities

Consecutive neighbors

With respect to v

07.14.17.0001.01

N 20+v+1)z N V+2 N
C@=——2C,,@-——C/,®
20 +v 20 +v

07.14.17.0002.01

N 20+v-1z N 2 +v-2 N
C@=—C_0-——C,,2
14 14
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With respect to A

07.14.17.0008.01

20(22-2(Z-1)QA+v+D+1)
Cl(z) = CMl(z) +
2A+v)2RA+v+1) 2A+v)2A+v+1)

420+ (A-1
e Ci*(2

07.14.17.0009.01

2M-DZ+2v(Z2-1)-41+5 (V+20-4(+21-3)

-2

C@= C '@+ @
2(Z2-1)A-1 4(Z2-1)(A-3)1+2)
Distant neighbors
With respect to v
07.14.17.0010.01
N N v+n+1 N .
C)(2=Cn(v, A, 2 Cy;n(2 - m Cno10r, A, 2C, 11D /1 Covy A, 2) = 1/\
2()L+V+l)2/\ 2z(n+A+v) v+n /\ .
Civ,\, 0= —— /\Ch(", A, ) == — C.1(", , ) - ——  Cro(", A, 2 neN
! 21 +v " n+21+v-1 "t nN+2A+v-2 "2
07.14.17.0011.01
20+v-n-1 N
Ch@) = Cn(v, X, D C} () - —————— Cna, L, DCL @ /i Colv, 1, D =1 ]\
v—-n+1
20+v-1z 2Z(A+v-n) 21+v—-n
Civ, A, 9= —— /\ Cn(v, A, )= ———— C.a(v, , ) - ———Ch2(v, A, 2 /\ neN*
v v—-n+1 v—-n+2

Functional identities

Relations between contiguous functions

Recurrence relations

07.14.17.0003.01
@A+v-1)C @+ +DC),@=20+»2zC\2

07.14.17.0004.01

1
Cl@=——(@1+v-1C,_,@+(+1)C,(2)
20 +v)z

07.14.17.0012.01

20+v+1)z \

N v+ 2 \
C@= Cn@-——C,@
20 +v

07.14.17.0013.01

N N 20 +v 1
C(@=2C,_0+ —C (2
20-2

07.14.17.0014.01

20(Z2-1)

A+v

v+1z \

Clz) = o Cl.,@- Cctz
+Vv
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Normalized recurrence relation

07.14.17.0005.01
vi(v+21-1)

zp(v, = ——————P0v-12+pv+1, 2/ p(v. 2 =

Adv+A=-1)(v+A)

Relations of special kind

07.14.17.0006.01

sin(rrv)
C@=-————Clh,@
sin(r (21 +v))

07.14.17.0007.01

2A1+V)vCl@-22221+ ) C (@ -4(Z-1)AA+ 1D C @ =0

Complex characteristics

Real part
07.14.19.0001.01
2] (—1yi 221 @,

RegCAx+iy)= )y ————C
3 )gj @j!

2 j+d
n-2j

Imaginary part
07.14.19.0002.01

n-1 . .
[TJ (-1 22i+1 ()L)Zj+l 2j+A41

rv+1
27

v

Ci(@

XY /i xeRAyeRAAeRANEN

Im(Ch(X + i y)) = Z ————————C L0y fxeRAYyeRALeRANeN

= @j+1)!

Differentiation

Low-order differentiation

With respect to v

07.14.20.0001.01
dCl2 Z-1HT@A+v)

dv @A+ DT +1)T2A)
[1—v, 20+v+1L 11, 21 +v;

1-z
2,0+ 3520+ v+1; 2

2x1x2
(V F5lox1

2120\ TRA+v)
(v +1)TQ)

With respect to A

1-z
-, T +(2A+V)F

2x1x2
2x0x1

1 1-z

W +1) - A +v)) Zlfl[—v, 21+V A+ E; T)

|

1-v,2A+v+1,1,1, —v;

2, A+

3.
Pt

1-v;

1-2z
2

=
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07.14.20.0002.01
dCl2) 2v(Z-DT 2A+v)
— = @1+D) F%ié:%[
A QA+ DT+ 1HTRN)

1-v,22+v+1;1; 1,/1+5; 1-z 1-z
2
(2)L+V) F2><l><2 , — _
2

1-v,22+v+1,1;1,2 +v; 1-z 1-2
2,A+g;;2/\+v+1; 2

2
2x0x1 3. 3.
2, A+ > A+ >

222 \r T@A+v
Iv+1TQ)

) N 11-z
(l//(Z)L) —lﬁ(2k+v)) 2F1(—V, 2)L+V.-, A+ 5, T)

With respect to z
Forward shift operator:

07.14.20.0003.01
aC)(2)

=21C"@
0z

07.14.20.0004.01
#Cy(2

=411 +1)C*2(2)
b

Backward shift operator:

07.14.20.0005.01

dC\ 2 v+Dh+21-1)
+z(1-2)Cl@Q=-————C, ;@

0z 2-1)

07.14.20.0006.01
A_l
a((l—zz) 2 C&(z)] v+ v+22-1)

3
= 1-2) 20z
pm 201 (1-7) 2CL@

(1-7

Symbolic differentiation

With respect to z

07.14.20.0007.02
ImCy(2
az"

=2"MnC(@ /;meN

07.14.20.0008.02

6mC\)/L(Z) 21—2/\\/7(2_1)—mr(2A+V) ) 11,
- 3 z(l,—v,2/\+v;1—m,)t+5; > )/;meN

az" rv+Hra)

Fractional integro-differentiation

With respect to z

07.14.20.0009.01
Cl2 2227 T2A+v) . ~lexo[ -v,20+v; 1, z l]

- 1x1x0

1. ..
oz T(v+1)TQ) A+3l-a; 22
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Integration

Indefinite integration

Involving only one direct function

07.14.21.0001.01

ct _ 1 A-1
(Ddz= C,.1@
2A-1)

07.14.21.0002.01
3

f Ci@dz=P,.2)
07.14.21.0003.01

1
f Cladz= U1
Involving one direct function and elementary functions

Involving power function

07.14.21.0004.01

20 TRA+WZ g0~V 2 +via;; z 1

2 1Cldz= F
f aT(+1)TO PO A+ e+l 202

Involving algebraic functions

07.14.21.0005.01

2(1- 222

1
f (1-2) 2 C@dz=-——— k2
v(v+2A)
07.14.21.0006.01
1
l (-v-3) 1 - 22 E o
f (1-2)? Ci@dz= TR Cra(@

07.14.21.0007.01
1
L yr22-1)
1-2)?

v

[a-2p"" P cloaz=- Cla@

Definite integration
Involving the direct function
Orthogonality:
07.14.21.0008.01

1 1
f (1-1)' 72 Chn Clty dit =
-1 nt(n+ ) T2

2124 T(n+22) 1
—6m,n/;meN/\neN/\Re(Ap_E/\HO
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Summation

Finite summation

07.14.23.0001.01
Zn: (~D* 4K T(N—k+ D) T(k+1)>2k+21-1)
o T'k+n+22)

427 TQ) A(zl 7 /— /—1 a)

l"(/\ :

21231 e iz G o =

Infinite summation

07.14.23.0002.01

ZC‘A(Z)W”::(WZ—ZZW+1)7/\/; —1<z<1Aw <1
n=0
07.14.23.0003.01
1 1
o (+3), 2 ey
Z > Cﬁ(z)w”::—(l—wz+ W2—22W+l) /i-l<z<1lA|w <1
no (2 VW2 -2zw+1

07.14.23.0004.01
© Crw" 11
Z =:ezw0F1[;A+_;_<22—1)W2]/;—1<Z<1/\|W|<1
(20, 2 4

n=0

07.14.23.0005.01

o 11 11
Z Cﬁ(z)w”:: oFl(; A+ —; —(Z—l)W)OFl(; A+ —; —(z+ l)w)/; -l<z<1Aw<1
n:O(Z)L)n(7L+ ) 22 22

07.14.23.0006.01

& (Vn (22 =)y, 11
Zicﬁ(z)w”:za(y, 2/1—y;/\+5; 5(1—\/\/\/2—22w+1 —w))

0 (2, (}L + %)n

11
2':1(%2/\—7;/“'5; E(l—VW2—22W+l +W)]/;—l<2< IAnw <1

07.14.23.0007.01

2, Dy A+l 1 (Z-yw
Z—c*(z)w“——(l w2)' ,F | — D fi-l<z<1lAMW <1
= 2N, 2 2 1-wz?

07.14.23.0008.01

@ nl(n+A) 21-22 1-21 1-21
T Gy = e (1-%) ¢ (1-y?) * o(x— y)/Re()t)>——/\)tqt0/\ 1<x<1/\-1<y<1
o I(n+23) r(/\)z
Operations

Limit operation
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07.14.25.0001.01
1
lim - Cy(2 = C%(2)
A-0 )\
07.14.25.0002.01
1 2
lim-Cl@=-T,2
A-0 )\ Vv
07.14.25.0003.01
. v z 2
limA2C|—|=—H®@/ld<1
A0 \/T vl

07.14.25.0004.01

) ),
lim (227 C}2) == —
Z-00 V!

Orthogonality, completeness, and Fourier expansions

2 P
n! (n+4) () (1 _ XZ) 2)

The set of functions C;(x), n=0, 1, ..., forms a complete, orthogonal (with weight T Sy

system on theinterval (-1, 1).

07.14.25.0005.01

- n!(n+2)TQ)? 211 n!(n+ ) FA)? 211
Yl ———— 1) aw|| | —————— 1-¥) " Cm|=0x-y/
ol V 7222 r(n+22) 272 T(n+22)

Re(/\)>—%/\A¢O/\—1<x<1/\—1<y<1

07.14.25.0006.01

i | m!m+2)TQ)? 211 nt(n+21) T2 21 1
f mme I (1-1%) + Cy BARILELLL (1-1) % CM|dt="0mn/;REV) > = /\2%0
-1\ 72122 T(m+22) 72172 r(n+22) 2

as ageneralized Fourier series, with its

Any sufficiently smooth function f(x) can be expanded in the system {Cﬁ(x)}n=0,1,..

sum converging to f(x) almost everywhere.

07.14.25.0007.01

o 1 n!(n+2) T2 211
f(x) = X /; ::f t) f(t) dt = | ——————— (1-%°) * Cx [\ -1<x<1
) nEocnwno/cn 2L A2 /ﬂzl_zmmm (1-%) + oo [\ ~1<x<

Representations through more general functions

Through hypergeometric functions

Involving oF 1
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07.14.26.0001.01

2120\ T2A+v) 1 1-2z

Clz = ZFl(—v, 20+ v, A+ —; —)
rv+1HrQ@) 2 2
07.14.26.0044.01
1
Vi 2-222" sectr A +v) sSn(xy) 1 13 1-2 1
Ci@d=- 2 1(—/1—v+—,)t+v+—;——/1; —)/;—)L——EN
() 2 2'2 2 2

Involving 2F;

07.14.26.0002.01

Tv+221) 1 1-2z 1
Mz) = 42&(—1/, VH2N A+ —; —)/; “A-—¢N

TC)TE+1) 2

07.14.26.0003.01

cos(r(A+v))sec(mr ) T'(2A +v) 1 z+1
Cé(Z) = gFl(—V, 20+ v, A+ —; —) —

Tv+1)T2A) 2" 2
1, 1
22 sm(vn)l"(/\—z) - 11 3 z+1 1
(z+1)2 2F1[A+v+—,——/\—v;——/\; —)/;/\+—6€Z
VI TOY 2' 2 2 2 2

07.14.26.0004.01

2T +v) 1 2
CMg)= ——— -1 2F1(—v, “A—v+—;-2A-2v+1; —) -

Tv+1TR) 2 1-z

2722 gnvm) T (=2 =) TRA + V) 1 2
(z- 1)‘2"‘V2F1(2/\+v, A+v+ — 20 +2v+1; —) ;20 +2v¢Z
2T 2 1-7

Through hypergeometric functions of two variables

07.14.26.0005.01

e 2120\ T2A+v) £2:0:0 -v,20+vi 1z
1(2) = 1. T
ro+npray 0 A+ 20 2

Through Meijer G

Classical casesfor the direct function itself

07.14.26.0006.01

2120 gin(nv) ofZ-1| v+l -20-v+1
Cé(z =Gy — 0l_y hveZ
Vi T "2
07.14.26.0007.01
22 ofZ-1| M+l -m-21+1
Ch (@ =————limsin(xm) G5 — N ineZ
Var@am™" "2
07.14.26.0008.01
282 sin(@y) o | v+l —2A-v+1
Ch(Rz+1l)=-——— G35z 0l LiveZ
Vr TQ) 37

Classical casesinvolving algebraic functions
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07.14.26.0009.01

1
z+1)"2Cl@2z+1) =

07.14.26.0010.01

2)

NE!
(z+1)" z2C (1+ -
z

07.14.26.0011.01

cos((A+v)m) (2A),

cos(/\ﬂ)l“(% —)t)l"(v+ 1

cos((A+v)m) (2A),

cos(/\n)F(% —A)F(v+1)

1 1
“A=Vv+ S, A4+v+ =
G%:%[z : 2]
0,2-1
A+1 22
Gijé[z 2’ ]/;z¢(—1,0>
v, 21 +V

20y A 1-z 1 1,2
@+ el —|= - Gy5|z L /s Z¢ (=00, =1)
12 rey(+3) ro+n 0,5-21
07.14.26.0012.01
z-1 1 , 1-2X-v,3-A-v
(z+ 12 ch (—) = : G35|z L /;z¢ (-1, 0)
z+1 r(u)(“E) rv+1) 0,5-21
v
07.14.26.0013.01
1-v v
. 1 2 EA W [ 4
z+Hzc) ] = G%ﬁ z| ? L 2
Vz+1l rare+1 0 5-2
07.14.26.0014.01
, z 2 1-a-1 2
@+nz | | - Goalz > 2 lhze-1,0
z+1) TWrE+1) 0,3
07.14.26.0015.01
v z2+2 1 L -2 —
z+)™'zCt ]== Gé;ﬁ(z‘ 1-4 —24-v+ 1)
2vz51) TAWTE+1) 0,1-2A
07.14.26.0016.01
v 2z+1 1 1-2-2,1-3%
z+)zZc) ]:: Ggé[z L2 2] /iz¢ (-1, 0)
2VzZVz+1) TWro+D —3 A+
Classical casesinvolving unit step 6
07.14.26.0017.01
1
. @0, T(\+3) (| aeved -a-vel
01-12)(1-2 2C)(2z-1)= ————— G|z L /;z¢& (1,0
rv+1 0, >
07.14.26.0018.01
i (21)yr(7L+%) o2 A+v+%,—/\—v+%
00Z-1)(z-1)"2C 2z-) = ——— Gy3|z L
rv+1 0, 5= A
07.14.26.0019.01
1
. /2 @), T(A+3 1,
01-1z)(1-2"2C |- -1|= AGZ‘O o Atz 2t
v 2,2
z rov+1 2A+v, —v
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07.14.26.0020.01

1
P @), T(a+2 1
2-1)@z-1"zC} (— - 1) = Q ngg[z Az 2d ] [, 2 & (=00, =1)
z rv+1 20 +v, —v
07.14.26.0021.01
. @n,ra+i A P P s
01-12)(1-2" "2 CW (ﬁ) = #Gg;g z| 2 P lhze-1,0
v+1 5
07.14.26.0022.01
1
) r(a+3)@n, il G
WA-1@E-1" 0 (V7 )= ————cfz *
(v+1) v 5
07.14.26.0023.01
r(a+3)en L
PR 2 " 20 LA+ 3
0l-1)(1-272C)| —|= —————0Cplz| , ° |/2¢(-10)
. T(v+1) A+Z, -2

07.14.26.0024.01
1

20, C(A+:2 1
o(lzl—l)(z—l)ﬂ-icg 1 ::MG%Z A+ 3,1
vz rv+1) % R

07.14.26.0025.01
0 1 (-2"T(1-2)
A Cﬁ ] G2,0

== Z
1-z n! #

01-1z)(1-2 2

07.14.26.0026.01

n (-2"T'(1-2) L W
602 -1)(z-172 " C} —]::7'625[2 2 e
n!

12

]/;neN

07.14.26.0027.01

_n_ 2-z -)"'rd-21 24l 1-
o1-1z)(1-272 " C} ] ngg(z‘ n . “2, ﬂ)/;neN
2V1-2z n! ,1-2A
07.14.26.0028.01
_n_ 2z-1 -D"T(@-2) 1-2-a,2-12
o12-1 -1 ¢ ] Gzl W, n |fneN
2vVzVz-1 n! 3+h =3
07.14.26.0029.01
z+1) T@x+v) A=t 2a+2
6(1—12) (1 - 22" cﬁ[ ): G392 2270 2 2¢ (-1, 0
2vVz rov+1 )t+5,—5
07.14.26.0030.01
z+1 rr+v) A= 2a+2
612 -1 (z- > Cﬁ[ ) Gyalz| 2, ,°
2z rv+1 )L+E,—§

Generalized casesinvolving algebraic functions
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07.14.26.0031.01

A z 2 1]1-2-2, 2
(Z+1)" 2 ¢! YT Giji[z, 5 2 2 |/iRe@>0
[2.1) TWro+D 0!
07.14.26.0032.01
ar 22 +1 1 1]1-2-%,12-2
(Z+1)" 2 c! - - 5’%(,5 y 2 2]/:Re(z)>o
rr ’ -2 A+
2z\ 2 +1 DI +1) 2 2
Generalized casesinvolving unit step 6
07.14.26.0033.01
1 @ 1 1] 2, 2
01—z (1-2) 2 Cl (2 = 4 r(m _)Ggg z | *? 2
T(v+1) 2) A7 2 0L
12
07.14.26.0034.01
1 1- +1
-3 F(/\+ 2)(2)% o2l 1 TV"\ VT
01d-1)(Z-1) 2C; (2= — %% . |rRre@>0
(v+1 V5
07.14.26.0035.01
1
1 1 FA+§ (ZA)V 1 A,A-{—E
o1-12) (1-2)' 20&(—] i 222~ ?
z rv+1) 20 A+ =L
2 2
07.14.26.0036.01
1
NE (ZMVF(H 5) wof 1] A+3.2
004-1)(Z-1) 2 cﬁ(—) = G57 = L/ Re@>0
z rv+1) 2 —%, A+ 3
07.14.26.0037.01
1-n
n z =2"T(1-1) 1|1-5-24, =
012 - 1) (Z-1) 2" C} = : Gg;gz,a > ?|ineNARe@>0
2-1 " 03
07.14.26.0038.01
o 22-1 (-D"T1-2) 1]1-2-22-1
012 -1)(Z-1)2 " C} - ' Gz —| 2 . 2|/ineNARe@ >0
27y 2-1 " 2l 2th e
07.14.26.0039.01
- Z+1) T@A+v) 1]A-3,22+3
o112 (1-2)7" " ¢} ez %, 7
2z r(v+1) ' 2 7t+§,—5
07.14.26.0040.01
- Z+1) TRA+v) 1| A=2,20+ 2
012 -1)(2-1°""ct - 2= ? 7 ?|/Re@>0
2z rov+1 2 )L+E,—§

Through other functions

I nvolving some hyper geometric-type functions
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07.14.26.0041.01

N 20, (r-32-3)
CV(Z) == PV 2 2 (Z)
()L + E)V
07.14.26.0042.01
Vara+%) (11
Clo= V) S PE
ro r(%) 2
07.14.26.0043.01
\/7 zIN(A + vl 11
Cla) = g P(f,f’z)(zzz -1)
rr(z+1) =

Representations through equivalent functions

With related functions

07.14.27.0001.01

1
227 r T(v+2Q) 2 1,
Ci(2 = 1-A)+« P* ,©
Trov+1HT W Adv=3
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Theorems

Expansions in generalized Fourier series
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Eigenfunctions of the angular part of a d-dimensional Laplace operator
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The eigenfunctions of the angular part L2 == —Zid>j (Xi ;7 - X %) of a d-dimensional Laplace operator
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A= rdil ;—r rd-1 g—r + :—2 where u, u” are two unit vectorsin RY, has the representation

L2C¥> Yu.u) = n(n+d-2) C¥* Lw.u).

Removing Gibbs oscillations from Fourier series
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Let f(x) be a doubly periodic function with f(-1) + f(1). Let f be its Fourier components
fi = %f_llf(x) e~ik7x g x. Then the Fourier sum Yi__ fi ¢/ * exhibits Gibbs oscillations.

It is possible to recover the origina function f(x) as a sum without such Gibbs oscillations in the following

£ Ao ne
manner: Yi_o gk Ci(X), where gf = dok fo + T(0) i (k+ ) I, (1 = 6o1) Jsa (1) (é) fil;a=|2 |-

This sum converges pointwise to f(x).

Quantum mechanical eigenfunctions of the hydrogen atom

The quantum mechanical eigenfunctions ¥, mi(p, 8, ¢) of the hydrogen atom in the momentum representation are:
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History
— L. Gegenbauer (1893)



http: //functions.wolfram.com

38

Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.

© 2001-2008, Wolfram Research, Inc.



