WOLFRAM functions.wolfram.com
RE 5‘ EARCH I'he "'.":".'I_".': le mrost ¢ L ve arnd un ,.:Il'..'-:'.-,l' KO

l'-'.l'. in fornal fonr abont mathematical _II..r.'..l.llI..lrl:I'-'.llll."-.
HarmonicNumber
Wiow the onling version at Download the
® functions. wolfram.com ® PDF File
Notations

Traditional name

Harmonic number

Traditional notation

H,

Mathematica StandardForm notation

Har moni cNunber [z]

Primary definition

06.16.02.0001.01
Ho=y(z+ 1 +7y

06.16.02.0002.02

N1
Hr,::Z—/;neN
oL K

Specific values

Specialized values

06.16.03.0001.01
Hoa=&/;neN"

06.16.03.0002.01
n

Vs
H =4 ————-log®)/;neN
™37 o 4k+1 2

06.16.03.0003.01
n-2 1

Vs
Hi =4 —— ———log8)/;neN*
i " 0 4k+3 2

06.16.03.0004.01
n

1 1
H ,=3 ———(9I09(3)+\/§7r)/;neN
™3 1p3k+1l 6
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06.16.03.0005.01
n-2

1
Hy =3 ———(9I09(3)+\/— x)/;nen’
i &d3k+2 6

06.16.03.0006.01
n-1 1 2n-1 2

2
Hn+% ::Z::E+ ZE 2——Iog(4) y/ineN

06.16.03.0007.01
n- 11 2n- 12

i, --Z ¥ Z

06.16.03.0008.01

—log4) /;neN

H ,=3 \/—n 9log(3)] /;neN
s Z3|<+2 93)

06.16.03.0009.01

2o g
Hy =3) + —(\/?n—|og(19683)) /ineNt
5" 153k+1 6

06.16.03.0010.01

H 42 ! T 8)/
= +—-log® /;neN
e 4k+3 2

06.16.03.0011.01

n-2 1 T
Hs =4 + ——1log(8) /; neN*
i Z:4|<+1 2

06.16.03.0012.01

+2Z s(

06.16.03.0013.01

n

(7K g P
H.,p==4q ]IOQ[SH[—])— Ecot[—]—|09(2q) ineNApeN"AgeN"Ap<q
a q q

o P+kg

n-2 {%J 2r
pk mk b mp
=q +2 cos{ ]Iog(sin(—]]— —cot[—]—log(Zq) ineN*ApeN*AgeN"Ap<q
Z:(1(|<+1) g;‘ q q 2 q

Values at fixed points

06.16.03.0014.01
H_3 =

06.16.03.0015.01

2

H 8 log(4)
= — ~log(
06.16.03.0016.01
H_2 =

06.16.03.0017.01
H ;s =2-1log(4)
2
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06.16.03.0018.01
H—l =&

06.16.03.0019.01

1 ==-log(4)

2

06.16.03.0020.01

06.16.03.0021.01
Hi==2-log(4)

2

06.16.03.0022.01
Hl =

06.16.03.0023.01
He = o _logd
=~ ~log4)
:3

06.16.03.0024.01

L3
272

06.16.03.0025.01
46
Hs == — —log(4)
2 15

06.16.03.0026.01

Ln
6

Values at infinities

06.16.03.0027.01

He == o0

06.16.03.0028.01

H_y == oo

06.16.03.0029.01

Héoo =

06.16.03.0030.01

Hfioo =

06.16.03.0031.01

He, = oo

General characteristics

Domain and analyticity
H_ isan analytical function of zwhich is defined over the whole complex z-plane.

06.16.04.0001.01
z—H,::C—C
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Symmetries and periodicities

Mirror symmetry

06.16.04.0002.01
Hi = z

Periodicity

No periodicity

Poles and essential singularities

The function H; has an infinite set of singular points:
a) z== -k /; ke N*, are the simple poles with residues -1,
b) z== s isthe point of convergence of poles, which is similar to considering co as an essential singular point.

06.16.04.0003.01
Sing (Hp) = {{{-k 1} /; ke N*}, {&, oo}}

06.16.04.0004.01
res,(Hy) (k) = -1/, ke N*

Branch points

The function H;, does not have branch points.
06.16.04.0005.01
BPZ(HZ) == {}
Branch cuts

The function H, does not have branch cuts.

06.16.04.0006.01
BCZ(HZ) ={}

Series representations

Generalized power series

Expansions at generic point z== 7,

06.16.06.0018.01
2

H; oc Hy, +[% - H§§>] (z-20)+(HY - {(3)) @~ 20/ + ... /; (2 Z0)

06.16.06.0019.01
2

Hy o H, + [% - H§§>] 2~ 2) +(HP - £3) 2~ 2 + Oz~ 2))
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06.16.06.0020.01

>, H¥(z)
Ho= ) —— @ 2)"
k=0 '

06.16.06.0021.01
o (DK 2+ R(z0)

k
Hy=Hp+ > - (z-2)
k=1 :
06.16.06.0022.01
> (-D¥k!
H, = Hg + ” (HE&D — 2k + D) (z— )
!
k=1 :

06.16.06.0023.01
Hz o« Hz (1+ Oz - 7))

Expansionsat z==0
06.16.06.0001.02

H i 37 ~z ; 0
ZOC?—K() +E—.../,(Z—> )

06.16.06.0024.01
27 478

T T
Hyoc — — (32 + — +O(Z
2 ——=~{B % (Z')

06.16.06.0002.02

= D i+22" 1A <1

j=0

H

N

06.16.06.0003.01

0 oo (_1)] Zj+1
H,= —/ld<1
koo o (k+ )12

06.16.06.0004.02
n?z
Hz o ? (1 + O(Z))

Expansionsat z==27y /; zp # —n

For the function itself

06.16.06.0005.02
Hyoc Hy +£(2, 20+ 1) (2- 20) - {3, 20+ 1) (- 20)° + {(4, 20+ 1) (2= 20— ... [, @~ ) A\~ (0 € Z N 25 < 0)

06.16.06.0025.01
2

T
HzocHzo+[E—Hg)](z—zw(H;?—4(3))(2—20)2+.../; Z->2) A= (20€Z N2 <0)

06.16.06.0026.01
Hz oc Hyy +4(2, 20+ 1) (2 20) - {3, 20+ 1) (2- 20)° + {(4, 20+ 1) (- 2)* + O((2— 20)*) /; = (20 € Z N % < 0)
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06.16.06.0027.01
2

T
H; o Hy, +[€ - H;?] (2-20) +(HY —¢{(3) 2~ 2" + Oz~ 2)°) /i = (0 € Z A2 < 0)

06.16.06.0028.01

>, H¥(z)
He= ) @-2) /i~ @eZN%<0)
o K

06.16.06.0006.02

Hy=Hg + > (DI +2 20+ ) 2- 2/ (€ Z N2y < 0)
=0

06.16.06.0007.02
H; == Hy, +iiﬂ/; ~(2eZ N2 <0)
k0jm0 (K+2p+ 1)1
06.16.06.0029.01
Hz == Hj, + i(—l)k (HEY — 2k + 1) z- 20 [ = (20 € Z N 25 < 0)
k=1
06.16.06.0030.01

& y(z)
. k k-1
H, == H20+Z[(—1) 2t —

k=1

Z-2)" /)~ (20€Z N2y <0)

06.16.06.0008.02
Hz oc Hy (1+ Oz~ 2)) /; ~ (g€ Z N2 < 0)

Expansionsat z==—n

For the function itself

06.16.06.0009.02

1 2 4
HZOC——+Hn_1+[7r——§(2, n)](z+n)—{(3, n)(z+n)2+(ﬂ——§(4, n)](z+n)3—.../; (z->-mAneN*
Z+n 3 45
06.16.06.0031.01
1 2 a*
Hyoo ——— + Hog +| — - 22, n) [ 2+ n) =3, n)(z+n)2+(——{(4, n[@z+m+0((n+2*%) /;neN*
Z+n 3 45

06.16.06.0010.02

1 & (v
z==———+ Hnl"';[ K!

Z+Nn

+2k+1) —k+1, n)] (z+n*/; neN*

06.16.06.0011.02

1
Hyc ——— +Hp 1 1+ 0O(z+n)) /; neN*
z+n

Asymptotic series expansions
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06.16.06.0032.01
1 1 1 1

Hyoclog@ +y+ — — + - +...[;lag@| < A (12 - )
2z 1272 12072 25278

06.16.06.0012.01

Heclogd + 7+ -5 2 /- gl <7 A (2 oo
<log@+y+ —- Y —— /ilag@| <7 A2 » =
’ 2z Hokzpk

06.16.06.0033.01

o {|arg(z+ D B2«
H;oclogz+1) +y — +im(icot(rz —1) - /im(2eZNz<0)A(|Z = )
2(z+1) m o1 2k(z+ 1)%k
06.16.06.0013.01
1 1 1
Hzeclog@ +y+ — - —— [1+O[—]] /i 1arg@| < A (12 - o)
2z 127 2

Residue representations

06.16.06.0014.01
1 = Irerda-9rad-srad-z-y9s

Hy == - r
I'(-2 ]Z;‘ %5( r2-9r@2-ys

(-1)_5) =D

Other series representations

06.16.06.0015.01

1 1 1
Ho=2( + -
z+1 2(z+2 3(z+3

06.16.06.0016.01
& 1

Z::Z _
é(k+1)(k+z+1)

06.16.06.0017.01

n[Z Br nk—i%( )Bk nk]/anN

k=1 k=1

Integral representations

On the real axis

Of thedirect function

06.16.07.0001.01
11 —t?

H, = —dt/;Re(2) > -1
o 1-t

06.16.07.0002.01

m[ -t (t+1)“]
Hf ————|dt+y/;Re® > -1
ot t
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06.16.07.0003.01
o0 ot — g~ @Dt
Z==f ———dt/;Re(2) > -1
0 l1-¢t

06.16.07.0004.01

1 r11-Pyt)
n==—f dt/;neN
2J-1 1-t

Contour integral representations

06.16.07.0005.01
1 Irora-9rad-s9rad-z-ys
C2ri r(—z)L r2-9r2-9

HZ == (_ l)—S ds

06.16.07.0006.01
1 fwm rIrl-9rl-9Trld-z-9)

27 T(=2) yieo r2-9re-s

(-1)Sds/;0<y<1

Limit representations

06.16.09.0001.01

n 1
H, = rI]erl0 [Iog(n) - Z ] +

o k+z+1

06.16.09.0002.01

1
;=7-lim [g(s, z+1) - —)
s-1 1

Generating functions

06.16.11.0001.01
log(1-1)
n=—=-— [tn]

)/;neN

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

06.16.16.0001.01
H_, 1=mcot(r2 +H,

06.16.16.0002.01
1 1
Hi_,=ncotnz + H,+ — — —
1-z z

06.16.16.0003.01

1
H_;=H; - — +rcot(r 2
Z
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06.16.16.0004.01

1
Hz1=Hz+ —Z+ 1

06.16.16.0005.01

1
H,q==H;— -
z

06.16.16.0006.01

no1
Hzin == Hz+2—/;nEN
o k+z

06.16.16.0007.01
n-1 1
Hyn=H,—» — /ineN
z-n z kz; Z_k
Multiple arguments

06.16.16.0008.01

1
HZZ == E (HZ—% + Hz) + |09(2)

06.16.16.0010.01

1
H3Z == 5 (HZ + HZ—% + HZ—E) + |Og(3)

3

06.16.16.0009.01

m

1 m1
Hmz = — ZHPE +log(m) /; me N*
m o

Products, sums, and powers of the direct function

Sums of the direct function
06.16.16.0011.01

HZ +H 1== 2 H22+l - 2|Og(2)
2

z+

Identities

Recurrence identities

Consecutive neighbors

06.16.17.0001.01

1
Hz=Hz1 - 741

06.16.17.0003.01

1
Hy=H, 1+ -
z

Distant neighbors
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06.16.17.0004.01
no1
Hz == Hz+n_z—/; neN
o 2tk

06.16.17.0005.01
n-1 1
Hz == Hz—n+Z—/; neN
k=0 2~

Functional identities

Relations of special kind

06.16.17.0006.01

1
H_,=H,— — +mcot(r2
z

Complex characteristics

Real part

06.16.19.0001.01

Re(Hyeiy) = RootSum| (11 + 1) ((x+ 1)? + 211 (x+ 1) + y? + 112 &, -

06.16.19.0002.01

1
Re(Hx+x'y) == E (Hx+iy +Hy y)

Imaginary part

06.16.19.0003.01

l
Im(HX+iy) = 5 (Hx—x‘y - Hxn‘ y)

Differentiation

Low-order differentiation

06.16.20.0001.01

2
6Hz _ ﬂ_ _ H£2)
0z 6
06.16.20.0002.01
8?H,
=2(HP® -¢@3)
Py ’ )

Symbolic differentiation

06.16.20.0003.02
O"H;
02"

=6y +yP@+ D"z ineN

Y(=HD) ((x+D? + (BL- 1) (x+ 1) +y? - #1)

X+ 12+ (AHL+2 (x+ D) + Y +H1BHL+2)

¢
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06.16.20.0004.01
I"H,

a7

=(=D"n!(HMY -+ D) ,neNt

Fractional integro-differentiation

06.16.20.0005.01

0% H, © 1 z

=773 = 2F1(1, 22-a ——)

oz o ke k
Integration

Indefinite integration

Involving only one direct function

06.16.21.0001.01

szalz: yz+logl(z+ 1)
Involving one direct function and elementary functions

Involving power function

06.16.21.0002.01

+1 1 7
fz‘”ledz::— 3F2(1,2,a+1;2,01+2;——)
a+1i55 (k+1)? k+1

Summation

Finite summation

06.16.23.0001.01

ZHk::(n+1)(Hn+]_—1)/;nEN
k=1

06.16.23.0002.01

d 2npki i (P
ZHk«e a =(=1)Pea cs{—)sm(pn)y—qB 2i0:(Q+1,0/; peN"AgeN"Ap<q
q 2ipr

e d

Infinite summation

06.16.23.0003.01

d 1
_ 2
§ 2o ={3) 127r log(2)

G.Huvent (2006)
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06.16.23.0004.01

ko1 k2 8

G.Huvent (2006)

06.16.23.0005.01

= H log’@ 1,
>—-= +—n%log(2) + {(3)
o 2 3 3

G.Huvent (2006)

06.16.23.0006.01
© HpHaer 7

1 (2k+1)? 64

G.Huvent (2006)

06.16.23.0007.01
i sz H2k—l 1771'4

2 ~ a0

o K

G.Huvent (2006)

06.16.23.0008.01
© (D' HyHe, 7t

k=1 (k + 1)2 480

G.Huvent (2006)

06.16.23.0009.01

< Hy . nk
sin—|[=C
ko1 k242 4

G.Huvent (2006)

06.16.23.0010.01
© Hy _(nk) 1178

Z — 8N
e 3) 34

G.Huvent (2006)

06.16.23.0011.01
® Hy k) 17x*

o)
e 1 3) 4860

G.Huvent (2006)
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06.16.23.0012.01
© Hf (7k s
Z —s&in| —|=—
o k 3 36

G.Huvent (2006)

06.16.23.0013.01
© Hy nk 17 7%
5 of )
Zina '3 ) 4860

G.Huvent (2006)

06.16.23.0014.01
o0 Hk 2k 23k—1 71.2
Z?[ J

k=1

12

; - 32 k+1

G.Huvent (2006)

Representations through more general functions

Through hypergeometric functions

Involving ,Fq
06.16.26.0001.01

Hy==273F,(1,1,1-72,21)

Through Meijer G

Classical casesfor the direct function itself

06.16.26.0002.01
1 0,0z
___ 1,3 _ 1 Y
He= [(-2 GS*S( 1‘ 0,—1,—1)
Through other functions

I nvolving some hyper geometric-type functions

06.16.26.0003.01
Hp = HY

Representations through equivalent functions

With related functions

06.16.27.0001.01

1 oriz+1
HZ = + Y
rz+1 0z
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06.16.27.0002.01

dlogr(z+1)
S
0z

06.16.27.0003.01
=Y+ +y

Theorems

The average number of comparisions done within the Quicksort algorithm for sorting
The average number of comparisons done within the Quicksort algorithm for sorting alist of n randomly ordered
numbersis2(n+ 1) (Hy 1 — D).

The stacking of books (or coins) of equal lengths (diameters)
n books (or coins) of equal length (diameter) | can be stacked on top of each other without falling in such a way
that the nth book hangs over by (H, - 1)1/2.

The piecewise linear potential in the time independent Schrddinger equation

The piecewise linear potential V(x) == — Y, 12 k2 (A(X — Hy_1) 6(Hk — X) + 6(=x — Hy_1) 6(Hk + X)) in the time—
independent Schrédinger equation —y” (X) + V(X) ¥(X) == E¥/(X), —co < X < oo has a bound state at E = 0 in the
continuous spectrum. Its wave function is

(=D _ .
OEDY (= Hen He=x) sin(kz (x = Hi) + 60X + Hi) 6(=Hy-1 = X) sin(kz (X + Hy))).
k=1
History

—Pythagoras of Samos (569-475 B.C) discovered the harmonic series

—Richard Suiseth (14th century)and Nicole d’ Oresme (1350) studied the harmonic series and found its divergence
—Pietro Mengoli (1647) proved divergence of the harmonic series and that the harmonic series with alternating
signs convergestolog (2)

—Nicolaus Mercator (1668) studied the series corresponding to the series of log (1 + 2)

—Jacob Bernoulli (1689) again proved divirgence of harmonic series

—G. W. Leibniz (1673)

—L. Euler (1740)

—Jacob Bernoulli (1744)



http: //functions.wolfram.com

15

Copyright

This document was downloaded from functions.wolfram.com, a comprehensive online compendium of formulas
involving the special functions of mathematics. For akey to the notations used here, see
http://functions.wolfram.com/Notations/.

Please cite this document by referring to the functions.wolfram.com page from which it was downloaded, for
example:

http://functions.wolfram.com/Constants/E/

To refer to aparticular formula, cite functions.wolfram.com followed by the citation number.
e.g.. http://functions.wolfram.com/01.03.03.0001.01

Thisdocument is currently in a preliminary form. If you have comments or suggestions, please email
comments@functions.wolfram.com.
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