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Notations

o H ! ¢ axpaitherratieal Freereting
tce of tnformarion abont mathematical functions.

Traditional name

Hermite function

Traditional notation

H,(2
Mathematica StandardForm notation

Herm t eH[v, Zz]

Primary definition

07.01.02.0001.01

H@=2Vr [

1

1-v F
(%)
Specific values

Specialized values

For fixed v
07.01.03.0001.01
2’Nnr

()

H,(0) =

For fixed z

Explicit integer v

07.01.03.0002.01
Ho(2) ==

07.01.03.0003.01
Hi(2==2z2

07.01.03.0004.01
Hy(2) = -2+ 47
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07.01.03.0005.01
Hy(2) == -12z+87

07.01.03.0006.01
Hq(2) ==12-4872 + 167

07.01.03.0007.01
Hs(2) == 1202— 1602 + 322

07.01.03.0008.01
He(2) == —120+ 7202 - 4807 + 64 8

07.01.03.0009.01
H;(2) == —1680z+ 33607 — 1344 7 + 128 7

07.01.03.0010.01
Hg(2) == 1680 — 13440 7 + 13440 7' — 3584 2 + 256 7

07.01.03.0011.01
Hg(2) == 30240z 806407 + 483847 — 9216 7' + 5127

07.01.03.0012.01
H1o(2) == —30240 + 302400 Z2 — 403200 Z* + 161280 £ — 23040 2 + 1024 7'°

Symbolic integer v

07.01.03.0013.01

y 'EJ -k @2
n(z)——n.Zm/, neN

k=0

07.01.03.0014.01
Mo o251 2[5l

Ho@=-— " Hy 1) - ——————— &%

n-1! (&)

|

k+n—2[EJ—2 ~nir(-j- 1) 2j
nG 1 2 J
J_k_l(—zz) r(k +n-2 lEJ - 5) erf(2) — (~)K" ze 7 ( 2) +

i=0 F(2[%J—n—k+ g)

_g—l ; n-2[2J_2 _DiT(—i= )i
o Lo 2p4(=7) (1 2zl 3 D'r(~i-3)

2 i=0 F(2[§J—n+ g)

+4(2{2J—n+1) /ineN*t

General characteristics

Domain and analyticity

H,(2) is an analytical function of v and z which is defined over C2. For fixed v, it is an entire function of z. For
fixed z, it isan entire function of v. For integer v, H,(2) degenerates to a polynomia in z.

07.01.04.0001.01
vx2)—H,(2:: (CRC)—C
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Symmetries and periodicities

Parity

07.01.04.0002.01
Hn(-2 = (-1D)"Hy(@ /;neN

Mirror symmetry

07.01.04.0003.01
Hy(2) =H,(2

Periodicity

No periodicity

Poles and essential singularities
With respect to z
For fixed v /; v ¢ N, the function H, (2) has only one singular point at z = . Itisan essentia singular point.

07.01.04.0004.01
Sing (Hy(2)) = {0, oo}} /; v &N

For positive integer v, the function H,(2) is polynomial and has pole of order v at z = .

07.01.04.0005.01
Sing (H,(2) = {0, v}} /; v eN*

With respect to v
For fixed z, the function H, (2) has only one singular point at v = co. It isan essential singular point.
07.01.04.0006.01
Sing (H,(2) == {{c0, co}}
Branch points
With respect to z
For fixed v, the function H, (2) does not have branch points.

07.01.04.0007.01
BP,(H,(2) == {}

With respect tov
For fixed z, the function H,(2) does not have branch points.

07.01.04.0008.01
BP,(H\(2) = {}

Branch cuts

With respect to z
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For fixed integer v, the function H,(2) does not have branch cuts.

07.01.04.0009.01
BCy(H\(2) =1{}

With respect tov
For fixed z, the function H,(z) does not have branch cuts.

07.01.04.0010.01
BC,(H/(2) == {}

Series representations

Generalized power series

Expansions at generic point z== 7,

For the function itself

07.01.06.0010.01
H,(2) = H,(20) + 2V H,1(20) (Z— 20) + (v = 1) v H,_5(20) (2= 2)° + ... [; (2= Z)

07.01.06.0011.01

Hy(2) = Hy(20) + 2V H,_1(20) (2~ 20) + (v = 1) v H,_5(20) (- 20)* + O((Z - 20)°)
07.01.06.0012.01
00 2k v ‘

H@ =" = [ ‘ ) Hy «(20) (2~ 2)

k=0 ™*°

07.01.06.0013.01

07.01.06.0014.01
H,(2) o« H,(Z9) (1+ 0Oz~ 2))

Expansionsat z==0

For the function itself

General case

07.01.06.0001.02
v v(2-v) 2\ 1-v (1-v(3-v)
(1 Z+ ) - 2(1 + 3 + -~

H,(2) «

z“+...)/; (z-0)
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07.01.06.0015.01

2 2- 1\ n 1- 1-v)(3-
R e | R )
r(% 6 r(-2) 3 30
07.01.06.0002.01
v 1-v k
1 e (DA 2 = ()2
H@ =2V | — > fk -—> 23k
)& (e IS e
07.01.06.0003.01
1 1 2 1-v 3
H@=2Vr 1—1F1[—Zi —;22)— ZV 1F1(—V —;22)
1—(%) 2 2 r(_z) 2 2
07.01.06.0004.02
v 2v+1\/_
M@« — (1+0(2)) - ——~ (14 0(2))
) 3
07.01.06.0016.01
H,(2) = F.(z,v)/,
v 1-v Kk v
1 o025 2 o (F)7 2yrzme [ (-4
Frz =2V |[—— " 1“ - ZV >— < |=ho- Ny 172":1
M) Gk 3w (3) K M+ DL 0(F) (30
1-v
Z(T)rmlz v 3 5
2F2(1,m——+1;m+—,m+2;22)—732F2[1,m——+—;m+2,m+5;22) /\meN
r-33) .

Summed form of the truncated series expansion.

Special cases

07.01.06.0005.01
EJ (_1)k ] Z)n—2k
Hn(2) = n!Z— n
=0 k! (n-2k)!
07.01.06.0017.01
ol 22l 2Ll

(n-2[3)! (3

Expansionsat z== o

Hn(2) o (1+0(Z))/ineN

n

2

For the function itself

Special cases
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07.01.06.0018.01
m-DHn "M-3)(n-2)(n-1)n

+
47 3Rz

07.01.06.0019.01
m-)n (M-3)(h—-2)(n—-1)n

+
47 Rz
07.01.06.0020.01
n 1-
5] 04 (-3), () 7%

Hn(2) = Z”Z"Z ineN
| k!

Hn(z)ocZ”Z”(l— —...]/;(|z|—>oo)/\neN

1
Hn(z)oc2”z”(l— —o[;)]/; (12 - ) AneN

07.01.06.0021.01

EJ (_1)k (2 Z)n—Zk

Hh(@=n! ) —/in
! Z; K!(n—2k)!
07.01.06.0022.01
nl-n 1
Hn(2) = 2"Z" ;Fo[|- =, —;;—-—|/ineN
2" 2 2

07.01.06.0023.01

1
Hn(2) « 2”2”(1+O(;]] /ineN

Asymptotic series expansions

07.01.06.0024.01

sin(v ) (22)_5_1
HZ«x«-———
2V
2 v A-v)v (=3+V)(-2+v)(-1+v)v
(ZV Vo -7 (—z“)v/2 (\/ -7 csc(—) +zsec(—)) [1+ + +. |+
2 2 47 3Rz
A+v)2+v) A+v)2+v)B+v)(4+V)
ezz(\/zz —Z]F(v+l)(l+ + +...))/;(|Z|—>oo)
47 3Rz
07.01.06.0025.01
H,(2) «
Y oV _ v-Dv v=-3)(v-2) v-1)v i o n
22(1 e + o +O(26)) 2<a|rg(z)s2
vy (1_ 0Dy | =3 (- (-Dv 1)) eFHrryr 2t 0+) (v4+2) | (D) (v43) (r+4) (v+2) 1 .
2z (1 47 * K7k * O(zﬁ)) I'(-v) (1+ 47 * R * O(zﬁ)) ag2 > 2
v v (q_ 0Dy 0-30-20-Dv 1)) 2y vl v+ (v+2) | (r+1) (v+3) (v+4) (v+2) 1
271 2 T @A T O(ze)) (1 22 27 * 0(26)) True
/i

(12 - o0)
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07.01.06.0026.01
k(=Y (= 2k
D ( Z)k( 2 )kr

sn(vm (2) 27 , n
e SO 2 (-2) /2[\/ 2 cso(v_”)meo(ﬂ]) 3 +0(z2m2)| +
2vVx 2 2 v k!
v+1 v+2 2k
n =] (== z
& (\/22 —Z]F(v+1) %m(zz“) /(12 = )
k=0
07.01.06.0027.01
d by (_1)k(_§)k(1;_v)kz_2k ofz2n-2 _n <x
2 00— +0(z2"?) ; <ay@) =3

() (T 2oir - (22) (22) 72
HV(Z) oy 27 [ZE=O % + O(TZFI*Z) _ e r(\gr 1 ZE=O 2 )k(lj K

+ O(TZ"Z)] arg(2) > g /;

(T (Fh ™

2invy V-
7 [Zﬂ_o + +0(z2 ”‘2)] il [ 2 [ZE_O - + O(ZZ“‘Z)] True

T'(-v)

(12 - o0)

07.01.06.0006.01

sin(v ) (Z E 1 v+2 1
HV(Z)oc—¢(@£(\/?—Z)F(V+l)2|:o[y; , v ;;—]+

2Vn 2 27
v v v 1-v 1
7 N -2 (\/—22 csc(?)+zsec(7))(—z4)y/22Fo[—£, . ;;—;))/; (12 > o)
07.01.06.0028.01
27 (5 -5 - %) ~I<agp<?
2 2" R 2 =2
—y v 22+i7rv\/_ v=1 v y
Hy(2) o 2 szFo(lT, —3 —;)— %z':o(%l, >+1; ;) A9D >3 /(12> o0)
1-v v.,., 1 z/zz’i”v\/?T"’l v+1 .1
2VZV2F0(T,—§,,-;)—TzFo(T, —+1,, ;) True

07.01.06.0007.02

[z v v
HV(Z)OC(ZZ)_E_l #(1+0{%]]—?\/;(—f)v/z(\/;ms(?)+zsin(7)) [1+O[;]] I
(12 > o0)

07.01.06.0029.01

2V2V(1+O(é)) —g<arg(z)sg\/veN
moel 22 (100F)- TREE 1ol mems geaow
2z (1+0(2))- *# (1+0(2)) True
07.01.06.0008.01
y 1- v 1

H@) 2”F[ )/ 2 cagz <2 N\ (- o)
v(2) Z -—, a—— |/, —— <adg2 = — Zl > oo
2Fo > 2 g 2

2 Z
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07.01.06.0009.01

H@ w2z [1e0 2| -~ “A
W(2) o Z(+ [;])/,—E<arg(2)—5 (12 = )

Integral representations

On the real axis

07.01.07.0001.01

2v+1 2 00 2. TV
H,(2 = e e t'cog2zt- —|dt/; Re(v) > -1
v 0 2
07.01.07.0002.01
eSm‘n/Z on . -
Hn(2) == f e gtineN

T

Integral representations of negative integer order

Rodrigues-type formula.
07.01.07.0003.01
MNe?
Ha(2 = (-1 ¢®

/ineN

Limit representations

07.01.09.0001.01

H,(2) == lim 2?T(v+ 1)1 2 L’}()( -4/ 22 z)
A-o0

07.01.09.0002.01
z

H,(@ = T(+1 lim A2 cﬁ[ ]/; Iz <1

v

07.01.09.0003.01

v z
H@=2Tr+1lima 2 P(f"a)(—]
a-oo \/;

Generating functions

07.01.11.0001.01
Ho2 =n!(["1e2%) in e

Differential equations

Ordinary linear differential equations and wronskians

07.01.13.0005.01
W (@2-2zW @ +2vwW2) =0/;W2 =c, H,(2 +C, o7 H_,_1(i2
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07.01.13.0006.01
iny

WZ(HV(Z), & H_, (i z)) .

07.01.13.0007.01
1-v

N W

1
W' (2)—2zZW (@D +2vW2) =0/, W@ =¢, H,(2 + ¢, [lel( : 22) + 1F1(— g; E; 22)]
07.01.13.0008.01

1-v 3 v 1 21V 28 Vn
D 22]+1F1(——; - 22)) = - +
R L ST

Wz(Hv(Z), ZlFl[

07.01.13.0001.01

1
W' (2-2zW (@ +2vW2) =0/,Ww@ = H,@ +¢ 1F1(— g; 5; 22) /\ -(vez

07.01.13.0002.02

v 1 21 Z \[ 1
Wz(Hv(Z), 1F1[——; - 22)) =
227 )" T

07.01.13.0003.01

1-v 3
W' (2-2zW (@ +2vwW2) =0/; W2 =¢; H,(2 + ¢, lel(Tv; 5; 22)

07.01.13.0004.02

1-v 3 2 o2 \/7
WZ(HV(Z), ZlFl(T; E’ 22)) -_

07.01.13.0009.01

/7’

W (2) - (2 929 @+ ]W @+ 2vg@*W@) = 0/; W) = ¢, H,(9(2) + ¢, H_,_1(i 9(2))

9@
07.01.13.0010.01
1.
We(H,(9@), e9%° H., i g @) = —ie 2™ 9% g2

07.01.13.0011.01

22 g'(@
+

h(2) g®@
W(2) = ¢, h(@) H,(9@) + ¢, h(2) ¢¥?* H_,_1(i g(2)

20200 @9@ h@g'@ 2 h@*-h@ '@
h(2) h2 g'(2) h(2)?

w2 - (2 929 @+ ]W @+ [2 vg @+ W@ =0/;

07.01.13.0012.01
W@ H,(02), 1D €% H_, 4 9(@)) = ~i e 2™ ¥ 2 g
07.01.13.0013.01
ZW'(2) -(2arZ" +r+2s-1)zW (@ + (2&r(s+rvZ" +s(r+9)w@ =0/;
W2 =c, ZH,@Z) +, 2 e Z H_, s(iaZ)
07.01.13.0014.01

W(ZH,(a2), 2% % H_, (7)) = Liadt P T st
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10

07.01.13.0015.01
W (2) +(—(2a2 1?2+ 1) log(r) — 2log(s)) W (2) + (2@2 log(r) (v 1og(r) + log(s)) r?% + log(s) (log(r) + log(s)) w(2) = 0 /;
W) =, SH,@r) + e " H_, 4(iard)
07.01.13.0016.01

aZ r227

Wz(sZ H,@ar?), £e* " H_, 1G arz)) =—iae e log(r)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic oper ations

07.01.16.0007.01
HV(V 22 ) =H,(2/; -
07.01.16.0008.01

HV(\/?) =H,2+2 (\/? - z) r(v ; 1) sin(ﬂ—zv) L%_;(zz)

07.01.16.0009.01

H(VZ |=H@+2" V7
V2]

T T
—<ag?d =< —
2 2

z- \/; 1-v 3

v 1F1( ) 21 )
r(-3)
07.01.16.0010.01

HZn(‘/;) =Hy(2/;neN

07.01.16.0011.01
1

1 1
H,(-2) = H,(2) - 2** zr(i) sin(g) L2, (Z)
2 2)

07.01.16.0012.01
221 7 1-v 3
» 1F1( ;= 22)
r(-3)
07.01.16.0001.01
Hn(-2=(-D)"Hn(@ /;neN

H, (-2 =H,(2+

Addition formulas

07.01.16.0013.01

H,(z - 2) = €% @722 Z — Hy(z0)
o k!

07.01.16.0014.01

o 2k é (_V)k
H(z - 2) = ) ———— H, (@)
k=0 k!
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11

07.01.16.0002.01

Hn(zy + 2o) == 23 i( rk]) Hi(zs \/7) Hok(22 \/7) /ineN

k=0

07.01.16.0015.01

© (=) (—tan(@))*

H,(cos(@) 2, +sin(a) ) = cos'(a) ) — o H@H.@
k=0 :

07.01.16.0003.01
0, cos(@) Sn"(@) Hu(z) Ho k()

Hn(co z1 +Sin(@) o) == n! neN
S@) 7, +Sin(@) ) kZ(; Y ine

Multiple arguments
07.01.16.0004.01

EIN- 1)
Hn(z1 22) = 2 Z — [1— g] Hnh2k(Z2) fneN

k1 (n-2k)!

Products, sums, and powers of the direct function

Products of the direct function

07.01.16.0005.01

minnm - 2k H_2kmen(2)
Hn(2 Hn(2) ==n!'m! ——/ineNAmeN
o KI(n=K!(m-K)!

07.01.16.0006.01

min(n,m) m n
Hn(2 Hm(2) = Z ( K )( k) Hookemen@ 2k! ;neNAMeN
k=0

Identities

Recurrence identities

Consecutive neighbors

07.01.17.0001.01

z 1
Hv(z) == Hv+1(z) - Hv+2(z)
v+1 2(v+1)

07.01.17.0002.01
H,(29=2zH,1(9-2(v-DH, (2

Distant neighbors

07.01.17.0006.01

1
H,(2) == Cn(v, 2 Hnyy(2) - Cn1(v, D Hpyyi1(2) /5
2(n+v)

z 4
CO(V, Z) == 1/\ C]_(V, Z) == m /\ Cn(vi Z) == m Cn—l(V: Z) -

2n+v-1)

Cno(v, 2 /\ neN*
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07.01.17.0007.01
H(2) == Cn(v, 2 H,-n(2 —2(v =) Cr_a(v, D H, 1 1(D /;
Cov, 2 =1AC1(v, 20 =2ZA\Cn(v, 2 ==22Cr_1(v, D) = 2(v =N+ 1) Ca(v, 2 AneN*

Functional identities

Relations between contiguous functions

Recurrence relations

07.01.17.0003.01
2vH, .12+ H,1(9=2zH,(2

07.01.17.0004.01
2y Hv—l(z) + Hv+1(z)

22

H,(2) =

Normalized recurrence relation

07.01.17.0005.01

1
zp(v,2=pv+1,2+ EV pv-1,2/; pv,2=2"H,(2

Complex characteristics

Real part
07.01.19.0001.01
2] (—1) 221 (-, 2

Re(Hn(x+iy)) = 2 Ho2j00 i xeRAyeRANEN
=0 '

Imaginary part
07.01.19.0002.01
n-1 . . .
&) otz oy, g i

IMHL(X+ 1Y) == Hyooi1(X) /; XxeR RAneN
(Hn(X+i ) JZ; 2D n2ja¥/;xeRAYyeRANE

Differentiation

Low-order differentiation

With respect to v
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07.01.20.0001.01
0H,(2 loa(2) H 1 v 1-v E v 1 2o 1-v v e 1-v 3 2
=toa2t@ + e (1 )5 5 ) -2 Sl 5 2)-
v 9 4T(-v) AT AR N5 s
72 v 1-511, -3 1—v
) 2 I ) B [
6I'(-v) 2 2, o 1--; 2
07.01.20.0002.01

oH,(2 loa(2) H 1 (F v (1—1/) F( v 1 22) ) r(l—v) v F[l—v 3 22])
=lo v -z bkl b -- !
oy SRR @* ) ( z)w 2 )P 22 i d/( 2)1 {2287

T [‘/’(_ K) 1F1(— vt 22) B i —(_ AT

) (VTR ey,

2Vr z| (1-v 1-v 3 W(l;zv)kw(kJ“l;_v)ZZk
LI ECSEE>

N =

~ ~ N
o[
N <
NIO
e

N T

< -
NN,
<
M
N —

F(_%) 2 2 2 k=0 k!(g)k
07.01.20.0003.01
H,
o @ M+ 22V
av?
1 (1—,/)2 16 (1—v) <1>[1_V) F( V'l'Zz) 2z Y32 ou(16 y o v
F(ﬂ) Y — ) 0g(16) ¥/ > -y ' IEE WY —r(_%) (l//(—;) + log( )zp(—a)_l/, (_E)]
2
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07.01.20.0011.01

1 1 3 1
H:0 () == 221 ny [5) 2t [—22F2[1, 1; > 2 22)22 +rerfi2) + w(z - n) —y) Hyn(2) -
n Y Ik (—4)kZ2k 2 _1n\/— n-1 9 1 \/_22k+2 ! !
SUDY Y L 2, (-2) - (-2 L) | e
= (h-k!E2k! (l) o k+1 k! -3
2/n

Brychkov Yu.A. (2006)
07.01.20.0012.01

1 3
HO ) = > (—22F2(1, 1; > 2 22) Z+refi@ - y]

Brychkov Yu.A. (2006)
07.01.20.0013.01

3
Hy0(2) = 2(1—222)2F2[1, L2 22)22—2e22 Vr efc@z+n(22 - 1)efie - (22 -1)y -2

Brychkov Yu.A. (2006)

07.01.20.0014.01
P2 %! % eZ/\v>O
— 1 sz
(5

With respect to z

oH,(0)
[23%

True

07.01.20.0004.01
0H,(2

0z

=2vH,.1(2

07.01.20.0005.01
8H, (2

=4wv-1)vH,_»(2

Backward shift operator:

07.01.20.0006.01
0H,(2

=2 ZHV(Z) - Hv+1(z)

07.01.20.0007.01
d(e? H,(2)

=—¢" H,.1(2
0z

Symbolic differentiation

With respect tov



http: //functions.wolfram.com

07.01.20.0015.01
v 1-v
e S5,
amHV(Z) m m o0 I fend (22)2]' 0 (-2 (22)2j
:\/722( )Iong(Z)Z ) —_ 27 (2)7 /imeN
8Vm k=0 k j=0 ka (2 J)' j=0 aVk (21 + 1)'
With respect to z
07.01.20.0008.02
d™H,(2) 2My!
= Hy-m(2) /; meN
oz" v-m!
07.01.20.0009.02
OMH, (2 2™Vgz™ _ v 1-m m QMY g Z1-m 1-v m 3-m
= ZFZ(l,——; —,1——;22)—7]/25(1, i —— —;zz)/;mem
oz" F(Tv) 2 2 2 F(_E) 2 2 2
Fractional integro-differentiation
With respect to z
07.01.20.0010.01
H, (2 2*nz“ y 1-a a e gpgl-a 1-v a 3-a
= 2F2(1, - — 1= ZZJ— - 2F2(1, - =, —; 22)
0z" F(TV) 2 2 2 F(_E) 2 2 2
Integration

Indefinite integration

Involving only one direct function

07.01.21.0001.01

1
H,(2dz=—H,,1(2
f 2(v+ s
Involving one direct function and elementary functions
Involving power function

07.01.21.0002.01

1
f 2 'H,(dz=2"1r2

07.01.21.0003.01

1 3(1Ful-5-L -3
szV(z)clz:ng‘l\/? ( ( 2

' g”; 22)_ r(_zx) r(a;rl)zﬁz(

1-v a+1 3 a+3

2’2’2’2’22)




http: //functions.wolfram.com

07.01.21.0004.01

1 r(&l)zﬁz(_g, ml. % m3. 52 22) azl“(m+1)zlfz(%— s+l g 428 22)

fzmHV(az)clz::ZV‘lnzm* 2 2’2 2 _ 2 f
) =
07.01.21.0005.01
1 1 1
fz’v’3 H, (2 dz== (2" Ve (F(—— - 1) 1F1(—K -1 —; 22) - ZZF(— —— —) 1F1(— - - = 22)))
&)y 2 2 22

Involving exponential function

07.01.21.0006.01

lel(% + %; g; —22) . 1F1(§; %; —22)— 1
T

fe_zz H,(2dz=2" v

Involving exponential function and a power function

07.01.21.0007.01
(i—v)k rek+a+1, p2

+ © o (-2) TRk+a, p2
fz“‘le‘pZHv(z)dz: 2Vn 22 > - z Z( 2k ‘
M-z e (3) ke n(5)mearis (3) ke
07.01.21.0008.01
. o () (22 1k p2 w (-2) T(&+k pZ
fz"‘le"“2 H(@dz=2"Vr 2 - Z( 2 )k 3( 2 )_ z /ZZ( 2)k1(2 )
r(-%)(p2) 2 k=0 (E)kk! pk ZF(l;—V)(pzz)'I k=0 (E)kk! pX
07.01.21.0009.01
fz‘"l e ®?H (andz=
F(%) ((Hl

2 lr

~(v+lozla+2 222) aZFT)~(v+2 a+l1l 3 a+3
AT 2 2 I( A2 2 2

- o - ) -, ;—azzz]

1-v
(%)
07.01.21.0010.01

2L din 1 3 -11
fz” eZH(2dz= ﬂ (zr(— - K)r(v) 1F1(K; — —22) + F(l— I)r(y— 1) lFl(V - —22))
n 2 2 2 2 2 2 2

Involving functions of the direct function and elementary functions
Involving elementary functions of the direct function and elementary functions

Involving powers of the direct function and a power function

07.01.21.0011.01

1 Hy.1(2)?
fz H,(2?dz= - |2H,* + ———
8 v+l



http: //functions.wolfram.com

17

Involving powers of the direct function, power and exponential functions

07.01.21.0012.01

1
f@’zzz zH, (2% dz= - 2 27 (2vH,.1(2” + H,(2)?)
Involving direct function and Gamma-, Beta-, Erf-type functions

Involving probability integral-type functions

Involving erf

07.01.21.0013.01

1 22
—e*" H/(az+ef(@azH,1(a2

ferf(az) H,(a2dz=
2a(v+1) e

Involving erfi

07.01.21.0014.01

H,(2)
f el efioH,(@dz= —— - e Z efi@H, 12
YN«

Definite integration

Involving the direct function

07.01.21.0015.01

) @ a v 11
ft"’le’atzHv(t)dt::ZV’ldE\/? —zFl(—,——; = —)+7
0 rL) 2 22 a) yaera-y)

]
+
[EEY
[EnY
|
=
[any
=

o+l 1-v 11
[(a_l)ZFl( , == —)—(a—w+v—2)2F1( , ;= —)) /s Re(@) > 0ARe(a) > 0
2 2 2 a

N
N
N
a8}

07.01.21.0016.01

f e EY H ()dt=2"Vx 2" /ineN

Orthogonality:
07.01.21.0017.01

f e Hy® Hy® dt=2"n1 V7 6ym/;neNAmMeN

07.01.21.0018.01

o 2%(I+m+n)|!m!m\/7
f e_t Hl(t) Hm(t) Hn(t) dt = /
—co (%(I+m—n))!(%(—l+m+n))!(%(l—m+n))!

IeN/\meN/\neN/\%(I+m+n)ez/\l+mzn/\m+nz|/\l+nzm
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07.01.21.0019.01

fme“zH|(t)Hm(t)Hn(t)alt==O/;IeN/\meN/\neN/\—'(%(l+m+n)eZ/\I+mzn/\m+nzI/\I+nzm)

Summation

Finite summation

07.01.23.0001.01
D H) He(y)  Hinp1(0 Hn(Y) = H(X) Hyga(Y)
= /ineN
o 2¥k! 2%Inl(x-y)

07.01.23.0002.01
n

n
Z( . ) # Ho k0 Hi(y) = 2" (x+iy)" /;n e N

=0

K

07.01.23.0003.01

" n krx
Z( )CO{?] Ho0 Hi(y) = 2"Re((x+iy)") ineN

07.01.23.0004.01

n Kk
( )Sir{?] Hn k() He(y) = 2" Im((x+iy)™) /;n e N

Infinite summation

07.01.23.0005.01
Hh(2w"

i — 2 zw-w2

!
n=0 n!

07.01.23.0006.01

> Han@w"
T e cos(2zV -w )

= 2n)!

07.01.23.0007.01
i Hypoy(2) W e‘Wsin(ZzV—w)
@n+1)! Nawm

n=0

07.01.23.0008.01
© (C)y Hon(2) W2" - 1 2w
L:z(wz+l) ‘Rl =

2n)!

g

n=0
07.01.23.0009.01

(c+3), Hama@we 13 WZZZ)

3 =2(w? 1%% F - =
2 @n+1)! W) 2z 1[C+2 2 Wil

07.01.23.0010.01

Ho(@) W' : [4W222 ]

=(4W? +2zw+ 1) (4W? + 1) 2 ex
(o sy IO4w2+1
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07.01.23.0011.01
Ho(X+ny)th  g2xa—? W( 2ty)

== /i @ /\ l<t<1/\ -1<y<1

n! 1-2ya

NgE

=]
I
o

07.01.23.0012.01

@ Hyyj p(@WHIn g 2inl 4inl 2inkl
27. __—Zexp[Ze zwte 1 (-wW) - )/ keNAjeN
o (k+jm! = j

07.01.23.0013.01
&, Hn(2) Hn(z) W' 1 2w(2w(Z +4) - 227) 1
Z: | = exp) W2 /”M<E
n=0 n! | 1— 4w 4w -1

07.01.23.0014.01
Hn(X) Hn(y)

o =Vr e2 2 07) ) 5(x— y/ixeRAyeR

e

n=0

07.01.23.0015.01

ad Z+ Z
(o o2 Mootz = 2 Hm[ =
n=0 n \/?

]/;meN

Operations

Limit operation

07.01.25.0001.01

(=" [ z ] 2sin(2)
lim Hohi1 = /ineN

S LTRE PNV B
07.01.25.0002.01

=)"Vn z cos(2)

lim Hon = /ineN

e 4! o) Vr

Orthogonality, completeness, and Fourier expansions

The set of functions H,(x), n=0, 1, ..., forms a complete, orthogonal (with weight e‘xz) system on the

1
nVn
interval (—oo, o).

07.01.25.0003.01

© 1 2 1 2
D | ——— T H || —=¢"7 Hiy|=bx-y)

=V V7x 2'n! VVr 2'n!

07.01.25.0004.01

o 1 e 1 e
f T Ha®||————— ¢ 7 Ha|dt =60
WAV 2"m VvV 2'n!
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Any sufficiently smooth function f(x) can be expanded in the system {Hh()} gy, 3 ageneralized Fourier series, with its

sum converging to f(x) almost everywhere.

07.01.25.0005.01

00 00 1 i
£ == ) Cathn(¥) /; Cn f un® fO dt \uno =
n=0 -

e_x? Ha(¥) /; xeR
vV 2'nt
Representations through more general functions

Through hypergeometric functions

Involving 1F1

07.01.26.0001.01

Hv(2)==2V7T[ - 1'31(—1; E;22)—r(iv1'51[1_1/;3;22)

1y 2 2 L 2 2
() 2)
Involving 1F;
07.01.26.0002.01
1 2z 1-v
H.(z ==2V\/7[ 1 1[—5; 5?22)— —1 1( —22)
F(T) r(- E)
Involving ,Fq
07.01.26.0003.01
n l1-n 1
Hn(@ = (22" ;Fo| - =, ——i;-—|/ineN
2 2 v

Involving hypergeometric U

07.01.26.0004.01

n 1
Hn(z) == 2” U(—E, E, 22)/, nEN/\Re(Z) >O

07.01.26.0005.01

1-n 3
Hn(2) == 2”zu(7, > 22) ineNAR2) >0

07.01.26.0006.01

o= (Ve (V2 (i 2) e ()22 2)

i

07.01.26.0007.01

o (MG 52 (- F) 55 )

07.01.26.0008.01

H@= )(2\/7(\/;—2]15(1:; g;zz)ﬂ(—g)U(—z, L 22))

Y
2
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07.01.26.0009.01

Hv<z>==%[zﬁ(ﬁ_z)ﬁ(1;v;g;zz)ﬂ/;r(_g)u(l; :2)

2

Through Meijer G

Classical casesfor thedirect function itself

07.01.26.0019.01

1 a1 % +1
H(VZ)=————Gljfz| ° | |ivez
2Vx I(-v) 03
07.01.26.0021.01
1% 1 5
V2 2% -
H(-VZ )= G2zl 2 P F
['(-v) ! o115
28’8
07.01.26.0022.01
1 Iyl
w Ve
H@=—— Gﬁ[z2 2 L ] [i——<ag@ = —
2Vx T(-v) 05) 2 2
07.01.26.0023.01
V2 732 LA -
HV(—\/?)+ HV(\/?) = wlz| 2!
I(-v) 011l
V503
07.01.26.0024.01
V2 32 LA
Hv(ﬁ)— Hv(—\/?) = Mzl 2t
r-y 27| Lot
277 4
Classical casesinvolving exp
07.01.26.0010.01
1-v
> Vs /e
e?H,@=2G 7 21 fi——<ag?) = —
LT 2 2
07.01.26.0011.01
1y
— v ~2,0 2
e H, (VZ)=2'GYz . 1]
12
07.01.26.0025.01
Ly oyl
-z v 21 2’ 2
e?H,(-VZ)=2'G}j|z o E]
2’ 2
07.01.26.0026.01
1-v
V8% -
e?(H(-Vz)+H,(Vz )| =2 cod — |Gpalz| 2
1,2
2 ' 0, %
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07.01.26.0027.01

Fid
2

s
2

1-v
V8% -
(V) nivE) 2 s G;;;[z : ]
200
Classical casesinvolving exp and cosh
07.01.26.0028.01
1-v %
2 z = 1 >+1 n n
ezcoh| —|H@=2"1622] 2 |+ —— &Y2|°  |/i-Z—<ag=-
1,2 1 1,2 1
2 0,3 4Vx I(-v) 0,3) 2 2
07.01.26.0029.01
1-v v+l )4 1 5
2 Z = = 732 >+1 5, 2 p x
e 2 cosh| — [H (-9 =2"1G22| 2 2 |+ c2Yz2| ? R ag2) < —
> 23 1 yel 34 115 2 2
e V2 I(-v) 0, 388
07.01.26.0030.01
1-v v 1
2 z nv = 732 s+1, 2 n
ez cosh[—] (H(-2) +H,(2) =2 cos(—) G}é[z? 21] +— G§;§[22 2 14] i-- <ag@ =
2 2 0, 5 \/?F(—v) 0, 512 2
07.01.26.0031.01
2 Z 2 L i v n
ez Cosh[—](Hv(Z)— Hi(-2)=——GplZ| 2 [l+2°G6il 2| * sin(—) fi-=<ag@ = -
2 V2 T(=v) 1012 Lo 12 2

07.01.26.0032.01

z z
ez COSh(E) HV(\/?) =1 ijg[z

1-v
- 1
i ]+ — Gi:%[z

1 1
0,3) 4Vr I(-» '3
07.01.26.0033.01
v vl 32 4,32
z z ) s ' g
ez cosh(—) Hv(—\/?) =216z 21 Vi1]+ ——G3ylz 2 L 18 58
2 0, 515 \/?T(—V) 0, 5188
07.01.26.0034.01
1-v 32 v 1
z z v - be 5+1 7
e 2 cosh(—) (HV(—\/?) + HV(\/?)) =2 cos(—) G}é[z 21] + Gralz| 2 ) 14]
2 2 0, > \/71"(—1/) 0, 22
07.01.26.0035.01
, 7 7232 vl v v
e oo ) (M(VZ)-H(-VZ)) = ———63lz| § [ |ezedlz| 7 fsn()
2 \/?F(—V) 5101 2 5,0 2
Classical casesinvolving exp and sinh
07.01.26.0036.01
2 3+1 = bis bis
ez th(—] H(2) = ——— G| 2 ? N ]— 271G 2 21 [i-—<ag@2 = -
2 4V T(-v) 03 05) 2 2
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07.01.26.0037.01

15 1-v v+l
2 72 732 S+1 5.2 = 5 n
¢ 7 sinh| — |Hy(-9 = —— G2} 2| ° R ey Pl IR
2 V2 T- ' ol i ’ o 1 1
(=») 12133 =y
07.01.26.0038.01
2 2 32 LA - x
¢ 7 snh| — |(Hy(-2) + H,(@) = Gz 2 A2 cos(—)Gié z
2 A% g2t 27 o
V2 T(-v) V57 )
07.01.26.0039.01
2 7 n%? LA v
¢ 7 sinh| — | (H/(@ - Hy(-2) = G2z 2 T4 —2Vsm(—)Gi$ Z
2 : gt 2 L
V2 I(-v) 50,3
07.01.26.0040.01
v 1-v
z z 1 -+1 -
e 2 sinh(—) HV(\/?) = &Y °? ) ]_2v1 2z 21]
2 47 T(-v) 03 0,3
07.01.26.0041.01
% 1 5 1-v v+l
.z 732 z+1,33 Ly oy
ctan(D)n(va)= el T T o) 7
v 1218’8 LI
07.01.26.0042.01
2 z 732 L Ty
e s1inh(—)(Hv(—«/?)Jr H(VZ))=——c3ilz| 2 | -2 cos(—)Gi;; z
2 V2 I(-v) 0,5 7 2
07.01.26.0043.01
z z 732 vyl y
e 2 sinh(—)(Hv(\/?) - HV(—\/;)) =— G| 2 ¢ —2Vsm(—) Gralz
2 A 12 2) 7t
\/?]—‘(—V) 2" g
Classical casesfor productsof H
07.01.26.0044.01
3
in in 272 z| L+, 2
Hv(efI \4/;) HV(437 \4/;) =— Gg'i .- z
al=v) “l4]03 32

Classical casesinvolving Exp and products of H

07.01.26.0045.01

(7)1 [37)=

4,0
GZ,4

292

Classical casesinvolving Exp and parabolic cylinder D

07.01.26.0046.01
v-3

4,1
GZ,4

2 z
¢ 2D,(iV2 z) H,(2) = _Z
al(-v) 4

= <0
——=<ag2 =<

] Vs
/1 _E <arg(z)—

Vs
p—= 2 <
0/ 2<arg()

N

N

T

2



http: //functions.wolfram.com

24

07.01.26.0047.01

SN
o
l\.:|<

+
=Y

2 2
¢ 7 D, a(V2 JH@ = — 634

Generalized casesfor thedirect function itself

07.01.26.0020.01

1 1] £+1
H@=———0GHlz-| " | |ivez
2Vr I(-v) 2103
07.01.26.0012.01
v+3
1 1| =
H@=———Ghlz | ? |ivez
2V 2T (-v) 2|13
07.01.26.0048.01
1% 1 5
32 1] 2+1, 3,2
H@=———ckil-z | * )/
=) 0353
07.01.26.0013.01
1 141
n 2
Ho @ = V7 nt (-] G};S[z, | a_qoy o, 1]/; nen
szl -3+151+3

07.01.26.0014.01

m+3
1 1 1| =
Hn(2) == lim Gi% Z, — 21]/;neZ
m-n —_ i
27 2™ T (=m) 2|12
07.01.26.0049.01
w2 |1 3L %
H,(2+H,(-2 = Gy3lz =
r-vy 7| 2| ¢gtt
30 7
07.01.26.0050.01
2 n%2 1] r+1,3
M@ - Hi(-2 = — o L I
(_V) E, 0, Z
Generalized casesinvolving exp
07.01.26.0015.01
1| =
e?H,@=2 Gfg z—| 2
“1 2|0 L
2
07.01.26.0051.01
1| &, xt
-2 _ 21, T 27 2
e H(-2=2"Gj3|z 2002 E]
12 2
07.01.26.0052.01
ny 1 il
e? (H,@+H,(-2) =2 cos(—)eié z=| *
2 210, >

] Vs
/1 _Z —arg(z)—

/4

4
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07.01.26.0053.01

[y
N
=

v
—_— Z’
2

eZ (Hy(2) - Hy(-2) = 2+ s‘n( )Gi:%

NI -

N
(=]

Generalized casesinvolving exp and cosh

07.01.26.0054.01

1-v v
2 Z 1| 5 1 1
ez cosh[—] H@=2"6Yz-| ? |[+— &Yz -|° ]
) 1 ) 1
2 210,5) avVzx (=) 0.3
07.01.26.0055.01
Lv vt 32 L4132
eé cosh i H, (-2 =21 Gz E 272 + i Gz E 2 8 8
2] - 2317 5 1 v+l 47 5 115
0, 222 ) V2TI(-v) 0, 5188

07.01.26.0056.01

1-v v 1
2 z v 1| 5 2 1| 5+1 3
ez cosh[—](HV(z)+ H,(-2)=2" cos(—) Gz — Z 1+ G%é z—|? N
» v 11
2 2 210,5] V21w 21033
07.01.26.0057.01
2 72 n3? 1| 2+1,3 n 1| £
e 2 COSh[E] H,d-H,(-2) = ——— G;é z E 2l 14 +2 sm(?) Gi% Z, 5 l2
V2 r(-v) 503 50
Generalized casesinvolving exp and sinh
07.01.26.0058.01
2 (2 1 1| 5+1 1] &
T o= —— &z | 2] ]_zvl i e
2 47 T(=v) 2103 2|03
07.01.26.0059.01
v 1 5 1-v v+l
2 7? 73?2 1| 5+L 53 1| =,z
e 2 sinhl —|H/(-2 = ———G3y|z - 2 L 18 58 -2t Gijé z - 21 v2+1
2 V2 I(-v) 210, '8 8 210, 3 2
07.01.26.0060.01
2 (2 2 1] 3+13 n 1| =
e zsnh —|(H(-2+H, @)= ——Giiz = | 2 . *|-2cod —|GM|z =| *?
2 ' 2 11 2 2 1
V2 T(-v) 03 3 03
07.01.26.0061.01
2 (2 2 1] 2+1, 3 y 1| &
e 2 sinhl —[(H,(2 = H,(-2) = 7(3%; z, — 2 412 sin[ — Gi% z, — 2
2 | 2] ot 2 2|1
V2 I'(-v) 50,7 2,0
Generalized casesfor productsof H
07.01.26.0062.01
3
i i 27 z 1]+,
NEEERE _Gg;[_, Lzt
al(-v) vz 40332

Generalized casesinvolving Exp and products of H
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07.01.26.0063.01

1-v v
1 z 1| 5, 5+1
e EH I
2V 2n 0, 1721
07.01.26.0064.01
1-v v
1 z 1| 5.5;+1
_ 2 2
eTHLL@OH@=——0Co —. = | 2% .
2V 2n V2 4 O’Z’E’Z

Generalized casesinvolving Exp and parabolic cylinder D

07.01.26.0065.01

v38 i 1-v

2 2 e+z 1 Ty =

¢ 2 D,(iV2 ZH,(@) = Gil—. -7, %
nI(=v) V2 4]0 7202

07.01.26.0066.01

2 2 z
e 2D, (V2 JH@=— GZ‘:Z[—-

Through other functions

I nvolving some hyper geometric-type functions
07.01.26.0067.01
1

R e e [ o P O S R )

2

07.01.26.0068.01

Hyn(2) = (-1)" n! 22" Lﬁé(zz) /ineN
07.01.26.0069.01

Hona (2 = (-1)"22™1 zn! Lé(zz) /ineN
07.01.26.0016.01

H,(2) = lim 22Ty + 1)1z L’}()L - \/H z)

07.01.26.0017.01

v z
H,(2 == T(v+1) lim a2 Cﬁ[—] Lild<1
A—00 ,\/T

07.01.26.0018.01

v z
H@=2Te+1lima* pga@(_]
00 \/;

Representations through equivalent functions

With related functions
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07.01.27.0001.01

H,(2) = 2 (cos(%] FG + 1) L;%(zz) + zsin(%) r[v i l) L%_l (22))

2 2

07.01.27.0002.01

Han(@ == (-1)" 22" n! L;é(zz) fineN
07.01.27.0003.01

Hana(2) == (1" 2™ n! an% (Z)/ineN

07.01.27.0004.01

2
H,(2 =2"e2 D,(V2 z)

Zeros

07.01.30.0001.01

== X; /; Hy(%) == 0
X

Theorems

Expansions in generalized Fourier series

1
292kt V.

(0= > k¥ /i O = f FO Yt dt, Yi(x) = eI H), keN.
k=0 -

Fourier transform eigenfunctions
Hermite polynomials together with their weighting function are eigenfunctions of the Fourier and inverse Fourier
transforms:

00

1 .
f@“xf_xz/z Hn(x)d)( == —in @_tz/z Hn(t) /! neN

F13

Zeros of Hermite polynomials

For any giveninterval (a, b), there exists some n € N such that H,(x) has a zero in thisinterval.

The number of simple graphs

The number of simple graphs with no cyclesand n verticesisH,(n+ 1) —nH,_1(n+ 1).

History
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—P. S. Laplace (1810)
—Ch. Hermite (1864)
—N. J. Sonine (1880)
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