
Hypergeometric2F3

Notations

Traditional name

Generalized hypergeometric function 2F3

Traditional notation

2F3Ha1, a2; b1, b2, b3; zL
Mathematica StandardForm notation

HypergeometricPFQ@8a1, a2<, 8b1, b2, b3<, zD

Primary definition
07.26.02.0001.01

2F3Ha1, a2; b1, b2, b3; zL � â
k=0

¥ Ha1Lk Ha2Lk zk

Hb1Lk Hb2Lk Hb3Lk k !

For ai � -n, b j � -m �; m ³ n  being nonpositive integers and ±ak
Hak > -n ì ak Î NL ì ±bk

Hbk > -m ì bk Î NL  the func-

tion 2F3Ha1, a2; b1, b2, b3; zL cannot be uniquely defined by a limiting procedure based on the above definition because the

two variables ai,  b j  can approach nonpositive integers -n,  -m; m ³ n  at different speeds. For the above conditions we

define:

07.26.02.0002.01

2F3Ia1, ¼, ai, ¼, a2; b1, ¼, b j, ¼, b3; zM � â
k=0

n Ha1Lk Ha2Lk zk

Hb1Lk Hb2Lk Hb3Lk k !
�; ai � -n ì b j � -m ì m Î N ì n Î N ì m ³ n

Specific values

Values at z � 0

07.26.03.0001.01

2F3Ha1, a2; b1, b2, b3; 0L � 1

Specialized values

For fixed a1, a2, b1, b2, z

07.26.03.0002.01

2F3Ha, b; c, d, b; zL � 1F2Ha; c, d; zL



For fixed a1, a2, z

07.26.03.0003.01

2F3 a, b; a + b,
a + b

2
,

a + b + 1

2
; z � 1F1Ia; a + b; 2 z N 1F1Ia; a + b; -2 z N

For fixed a1, b2, z

07.26.03.0004.01

2F3 a, a +
1

2
; 2 a, d, 2 a - d + 1; z � 1F1 2 a - d +

1

2
; 4 a - 2 d + 1; 2 z 1F1 d -

1

2
; 2 d - 1; -2 z

07.26.03.0005.01

2F3 a, a +
1

2
; 2 a, d, 2 a - d + 1; z � 0F1K; d;

z

4
O 0F1K; 2 a - d + 1;

z

4
O

07.26.03.0006.01

2F3 a, a +
1

2
; 2 a, d, 2 a - d + 1; z � 22 a-1 GHdL GH2 a - d + 1L Id-1I z N z

1

2
-a I2 a-dI z N

07.26.03.0007.01

2F3 a, a +
1

2
;

1

2
, d, d +

1

2
; z �

1

2
J1F1I2 a; 2 d; -2 z N + 1F1I2 a; 2 d; 2 z NN

07.26.03.0008.01

2F3 a, a +
1

2
;

3

2
, d, d +

1

2
; z �

2 d - 1

4 H2 a - 1L z
 J1F1I2 a - 1; 2 d - 1; 2 z N - 1F1I2 a - 1; 2 d - 1; -2 z NN

For fixed a1, z

07.26.03.0009.01

2F3 a, a +
1

2
;

1

2
, 2 a, 2 a +

1

2
; z � coshI z N 0F1 ; 2 a +

1

2
;

z

4

07.26.03.0010.01

2F3 a, a +
1

2
;

1

2
, 2 a, 2 a +

1

2
; z � 22 a-

1

2 G 2 a +
1

2
coshI z N z

1

4
-a I

2 a-
1

2

I z N
07.26.03.0011.01

2F3 a, a +
1

2
;

3

2
, 2 a, 2 a -

1

2
; z �

sinhI z N
z

0F1 ; 2 a -
1

2
;

z

4

07.26.03.0012.01

2F3 a, a +
1

2
;

3

2
, 2 a, 2 a -

1

2
; z � 22 a-

3

2 G 2 a -
1

2
sinhI z N z

1

4
-a I

2 a-
3

2

I z N
For fixed a2, z

07.26.03.0013.01

2F3 -n, b; b - n,
b - n

2
,

b - n + 1

2
; z �

n!2 GHb - nL2

GHbL2
 Ln

b-n-1I-2 z N Ln
b-n-1I2 z N

For fixed z and integer parameters
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07.26.03.0014.01

2F3 n, n -
3

2
; 1, 2 n - 2, 2 n - 1; z � H2 n - 3L ! 22 n-3 z

3

2
-n I0I z N I2 n-3I z N -

2 n - 3

2 n - 1
 I1I z N I2 n-2I z N -

2 z

4 Hn - 1L2 - 1
JI1I z N I2 n-3I z N - I0I z N I2 n-2I z NN �; n - 1 Î N+

07.26.03.0015.01

2F3 -n,
1

2
- n;

3

2
, -2 n, -2 n -

1

2
; z �

H2 nL ! 22 n-
1

2 Π

H4 n + 1L !
 zn+

1

4 coshI z N I
2 n+

3

2

I z N - sinhI z N I
-2 n-

3

2

I z N �; n Î N+

07.26.03.0016.01

2F3 -n, -n -
1

2
;

3

2
, -2 n -

3

2
, -2 n - 1; z �

22 n+
3

2 H2 n + 2L !

Π H4 n + 4L !
 zn+

3

4 ã z Π I
2 n+

5

2

I z N + 2 K
2 n+

5

2

I z N sinhI z N �; n Î N+

07.26.03.0017.01

2F3 -
n

2
,

1 - n

2
;

1

2
, -n,

1

2
- n; z �

2-n-
1

2

GJn + 1

2
N  z

2 n+1

4 H-1Ln ã- z Π I
n+

1

2

I z N + 2 K
n+

1

2

I z N coshI z N �; n Î N+

For fixed z

For fixed z and a1 = 1
4

, a2 = 3
4

07.26.03.0018.01

2F3

1

4
,

3

4
;

1

2
,

1

2
, 1; z � I0I z N coshI z N

For fixed z and a1 = 1
2

, a2 = 1

07.26.03.0019.01

2F3

1

2
, 1;

3

4
,

5

4
,

3

2
; z �

Π

8 z
 erfJ 4 z

4 N erfiJ 4 z
4 N

07.26.03.0020.01

2F3

1

2
, 1;

5

4
,

3

2
,

7

4
; z �

3 Π H4 zL-3�4
4 Π

Jã-2 z erfiJ 4 z
4 N - ã2 z erfJ 4 z

4 NN +
3 Π

8 z
erfJ 4 z

4 N erfiJ 4 z
4 N

For fixed z and a1 = 3
4

, a2 = 5
4

07.26.03.0021.01

2F3

3

4
,

5

4
;

1

2
,

3

2
, 2; z �

2

z
 I1I z N coshI z N

07.26.03.0022.01

2F3

3

4
,

5

4
; 1,

3

2
,

3

2
; z �

1

z
 I0I z N sinhI z N

For fixed z and a1 = 1, a2 = 1
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07.26.03.0023.01

2F3 1, 1;
3

2
, 2, 2; z � -

1

z
 -ChiI2 z N + logH2L +

logHzL
2

+ ý

For fixed z and a1 = 5
4

, a2 = 7
4

07.26.03.0024.01

2F3

5

4
,

7

4
;

3

2
, 2,

5

2
; z �

2

z
 I1I z N sinhI z N

General characteristics

Domain and analyticity

2F3Ha1, a2; b1, b2, b3; zL is an analytical function of a1, a2, b1, b2, b3 and z which is defined in C6. For fixed a1, a2,

b1, b2, b3, it is an entire function of z. For fixed a2, b1, b2, b3, z, it is an entire function of a1. For fixed a1, b1, b2,

b3, z, it is an entire function of a2. For negative integer a1or a2, 2F3Ha1, a2; b1, b2, b3; zL degenerates to a polyno-

mial in z of order -a1or -a2.

07.26.04.0001.01H8a1 * a2< * 8b1 * b2 * b3< * zL �2F3Ha1, a2; b1, b2, b3; zL � H8C Ä C< Ä 8C Ä C Ä C< Ä CL �C

Symmetries and periodicities

Mirror symmetry

07.26.04.0002.01

2F3Ia1, a2; b1, b2, b3; z�M � 2F3Ha1, a2; b1, b2, b3; zL
Permutation symmetry

07.26.04.0003.01

2F3Ha1, a2; b1, b2, b3; zL � 2F3Ha2, a1; b1, b2, b3; zL
07.26.04.0004.01

2F3Ia1, a2; b1, b2, ¼, bk, ¼, b j, ¼, b3; zM � 2F3Ia1, a2; b1, b2, ¼, b j, ¼, bk, ¼, b3; zM �; bk ¹ b j ì k ¹ j

Periodicity

No periodicity

Poles and essential singularities

With respect to z

For fixed a1, a2, b1, b2, b3in nonpolynomial cases (when Ø H-a1 Î N ê -a2 Î NL), the function 2F3Ha1, a2; b1, b2, b3; zL has

only one singular point at z = ¥� .  It is an essential singular point. 

07.26.04.0005.01

SingzH2F3Ha1, a2; b1, b2, b3; zLL � 88¥� , ¥<< �; Ø H-a1 Î N ê -a2 Î NL
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For negative integer a1 or a2and fixed b1, b2, b3, the function 2F3Ha1, a2; b1, b2, b3; zL is a polynomial and has pole of order

-a1or -a2at z = ¥� .

07.26.04.0006.01

SingzH2F3Ha1, a2; b1, b2, b3; zLL � 88¥� , -Α<< �;
I-a1 Î N+ ì Α � a1M ê I-a2 Î N+ ì Α � a2M ê I-a1 Î N+ ì -a2 Î N+ ì Α � minH-a1, -a2LM

With respect to a j

For fixed a1, b1, b2, b3, z, the function 2F3Ha1, a2; b1, b2, b3; zL has only one singular point at a2 = ¥� .  It is an

essential singular point. 

For fixed a2, b1, b2, b3, z, the function 2F3Ha1, a2; b1, b2, b3; zL has only one singular point at a1 = ¥� .  It is an

essential singular point. 

07.26.04.0007.01

Singa j
H2F3Ha1, a2; b1, b2, b3; zLL � 88¥� , ¥<< �; j Î 81, 2<

With respect to b j

The function 2F3Ha1, a2; b1, b2, b3; zL as a function of b3 has an infinite set of singular points:

a) b3 � - k �; k Î N, are the simple poles with residues H-1Lk

k!
 2F

�
3Ha1, a2; b1, b2, -k; zL;

b) b3 � ¥�  is the point of convergence of poles, which is an essential singular point.

The function 2F3Ha1, a2; b1, b2, b3; zL as a function of b2 has an infinite set of singular points:

a) b2 � - k �; k Î N, are the simple poles with residues H-1Lk

k!
 2F

�
3Ha1, a2; b1, b3, -k; zL;

b) b2 � ¥�  is the point of convergence of poles, which is an essential singular point.

The function 2F3Ha1, a2; b1, b2, b3; zL as a function of b1 has an infinite set of singular points:

a) b1 � - k �; k Î N, are the simple poles with residues H-1Lk

k!
 2F

�
3Ha1, a2; b2, b3, -k; zL;

b) b1 � ¥�  is the point of convergence of poles, which is an essential singular point.

07.26.04.0008.01

Singb j
H2F3Ha1, a2; b1, b2, b3; zLL � 888-k, 1< �; k Î N<, 8¥� , ¥<< �; j Î 81, 2, 3<

07.26.04.0009.01

resb3
H2F3Ha1, a2; b1, b2, b3; zLL H-kL �

H-1Lk

k !
 2F

�
3Ha1, a2; b1, b2, -k; zL �; k Î N

07.26.04.0010.01

resb2
H2F3Ha1, a2; b1, b2, b3; zLL H-kL �

H-1Lk

k !
 2F

�
3Ha1, a2; b1, -k, b3; zL �; k Î N

07.26.04.0011.01

resb1
H2F3Ha1, a2; b1, b2, b3; zLL H-kL �

H-1Lk

k !
 2F

�
3Ha1, a2; -k, b2, b3; zL �; k Î N

Branch points
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With respect to z

The function 2F3Ha1, a2; b1, b2, b3; zL does not have branch points with respect to z.

07.26.04.0012.01

BPzH2F3Ha1, a2; b1, b2, b3; zLL � 8<
With respect to ak

The function 2F3Ha1, a2; b1, b2, b3; zL does not have branch points with respect to ak.

07.26.04.0013.01

BPak
H2F3Ha1, a2; b1, b2, b3; zLL � 8< �; k Î 81, 2<

With respect to bk

The function 2F3Ha1, a2; b1, b2, b3; zL does not have branch points with respect to bk.

07.26.04.0014.01

BPbk
H2F3Ha1, a2; b1, b2, b3; zLL � 8< �; k Î 81, 2, 3<

Branch cuts

With respect to z

The function 2F3Ha1, a2; b1, b2, b3; zL does not have branch cuts with respect to z.

07.26.04.0015.01

BCzH2F3Ha1, a2; b1, b2, b3; zLL � 8<
With respect to ak

The function 2F3Ha1, a2; b1, b2, b3; zL does not have branch cuts with respect to ak.

07.26.04.0016.01

BCak
H2F3Ha1, a2; b1, b2, b3; zLL � 8< �; k Î 81, 2<

With respect to bk

The function 2F3Ha1, a2; b1, b2, b3; zL does not have branch cuts with respect to bk.

07.26.04.0017.01

BCbk
H2F3Ha1, a2; b1, b2, b3; zLL � 8< �; k Î 81, 2, 3<

Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself
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07.26.06.0014.01

2F3Ha1, a2; b1, b2, b3; zL µ 2F3Ha1, a2; b1, b2, b3; z0L +
a1 a2

b1 b2 b3

 2F3Ha1 + 1, a2 + 1; b1 + 1, b2 + 1, b3 + 1; z0L Hz - z0L +

a1 Ha1 + 1L a2 Ha2 + 1L
2 b1 Hb1 + 1L b2 Hb2 + 1L b3 Hb3 + 1L  2F3Ha1 + 2, a2 + 2; b1 + 2, b2 + 2, b3 + 2; z0L Hz - z0L2 + ¼ �; Hz ® z0L

07.26.06.0015.01

2F3Ha1, a2; b1, b2, b3; zL µ 2F3Ha1, a2; b1, b2, b3; z0L +
a1 a2

b1 b2 b3

 2F3Ha1 + 1, a2 + 1; b1 + 1, b2 + 1, b3 + 1; z0L Hz - z0L +

a1 Ha1 + 1L a2 Ha2 + 1L
2 b1 Hb1 + 1L b2 Hb2 + 1L b3 Hb3 + 1L  2F3Ha1 + 2, a2 + 2; b1 + 2, b2 + 2, b3 + 2; z0L Hz - z0L2 + OIHz - z0L3M

07.26.06.0016.01

2F3Ha1, a2; b1, b2, b3; zL � â
k=0

¥ Ia1Lk Ha2Lk

k ! IHb1Lk Hb2Lk Hb3LkM 2F3Hk + a1, k + a2; k + b1, k + b2, k + b3; z0L Hz - z0Lk

07.26.06.0017.01

2F3Ha1, a2; b1, b2, b3; zL � F3 ´ 0 ´ 0
2 ´ 0 ´ 0 a1, a2;;;

b1, b2, b3;;;
 z0, z - z0

07.26.06.0018.01

2F3Ha1, a2; b1, b2, b3; zL µ 2F3Ha1, a2; b1, b2, b3; z0L H1 + OHz - z0LL
Expansions at z � 0

For the function itself

General case

07.26.06.0001.02

2F3Ha1, a2; b1, b2, b3; zL µ 1 +
a1 a2

b1 b2 b3

 z +
a1 H1 + a1L a2 H1 + a2L

2 b1 H1 + b1L b2 H1 + b2L b3 H1 + b3L  z2 + ¼ �; Hz ® 0L
07.26.06.0019.01

2F3Ha1, a2; b1, b2, b3; zL µ 1 +
a1 a2

b1 b2 b3

 z +
a1 H1 + a1L a2 H1 + a2L

2 b1 H1 + b1L b2 H1 + b2L b3 H1 + b3L  z2 + OIz3M
07.26.06.0002.01

2F3Ha1, a2; b1, b2, b3; zL � â
k=0

¥ Ha1Lk Ha2Lk zk

Hb1Lk Hb2Lk Hb3Lk k !

07.26.06.0003.02

2F3Ha1, a2; b1, b2, b3; zL µ 1 + OHzL
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07.26.06.0020.01

2F3Ha1, a2; b1, b2, b3; zL � F¥Hz, a1, a2, b1, b2, b3L �;
FnHz, a1, a2, b1, b2, b3L � â

k=0

n Ha1Lk Ha2Lk zk

Hb1Lk Hb2Lk Hb3Lk k !
� 2F3Ha1, a2; b1, b2, b3; zL -

IGHn + a1 + 1L GHn + a2 + 1L GHb1L GHb2L GHb3L zn+1 M � HGHn + 2L GHa1L GHa2L GHn + b1 + 1L GHn + b2 + 1L GHn + b3 + 1LL 

3F4H1, n + a1 + 1, n + a2 + 1; n + 2, n + b1 + 1, n + b2 + 1, n + b3 + 1; zL í n Î N

Summed form of the truncated series expansion.

Expansions at z � ¥ for polynomial cases 

07.26.06.0004.01

2F3H-n, a2; b1, b2, b3; zL �
Ha2Ln H-zLn

Ûk=1
3 HbkLn

 4F1 -n, -n - b1 + 1, -n - b2 + 1, -n - b3 + 1; -n - a2 + 1;
1

z
�; n Î N+

Asymptotic series expansions

Expansions for  ArgHzL¤ < Π

07.26.06.0005.01

2F3Ha1, a2; b1, b2, b3; zL µ
GHb1L GHb2L GHb3L
2 Π  GHa1L GHa2L  zΧ ã2 z 1 + O

1

z
�;

Χ �
1

2
a1 + a2 - b1 - b2 - b3 +

1

2
í  argHzL¤ < Π í H z¤ ® ¥L

The general formulas

07.26.06.0006.01

2F3Ha1, a2; b1, b2, b3; zL µ ä
j=1

3

GIb jM A
F
�

a1, a2;

b1, b2, b3;
 8z, ¥� , ¥< �; H z¤ ® ¥L

07.26.06.0007.01

2F3Ha1, a2; b1, b2, b3; zL µ ä
j=1

3

GIb jM A
F
�
HpowerL a1, a2;

b1, b2, b3;
 8z, ¥� , ¥< + A

F
�
HtrigL a1, a2;

b1, b2, b3;
 8z, ¥� , ¥< �; H z¤ ® ¥L

Expansions for any z in exponential form

Case of simple poles

http://functions.wolfram.com 8



07.26.06.0008.01

2F3Ha1, a2; b1, b2, b3; zL µ

GHb1L GHb2L GHb3L GHa2 - a1L
GHb1 - a1L GHb2 - a1L GHb3 - a1L GHa2L H-zL-a1  1 +

a1 Ha1 - b1 + 1L Ha1 - b2 + 1L Ha1 - b3 + 1L
Ha1 - a2 + 1L z

+ Ha1 Ha1 + 1L Ha1 - b1 + 1L
Ha1 - b1 + 2L Ha1 - b2 + 1L Ha1 - b2 + 2L Ha1 - b3 + 1L Ha1 - b3 + 2LL � I2 Ha1 - a2 + 1L Ha1 - a2 + 2L z2M + ¼ +

GHb1L GHb2L GHb3L GHa1 - a2L
GHb1 - a2L GHb2 - a2L GHb3 - a2L GHa1L H-zL-a2  1 +

a2 Ha2 - b1 + 1L Ha2 - b2 + 1L Ha2 - b3 + 1L
Ha2 - a1 + 1L z

+

Ha2 Ha2 + 1L Ha2 - b1 + 1L Ha2 - b1 + 2L Ha2 - b2 + 1L Ha2 - b2 + 2L Ha2 - b3 + 1L Ha2 - b3 + 2LL �
I2 Ha2 - a1 + 1L Ha2 - a1 + 2L z2M + ¼ +

GHb1L GHb2L GHb3L
2 Π GHa1L GHa2L  H-zL 1

2
Ja1+a2-b1-b2-b3+

1

2
N 

ã-ä J 1

2
Π Ja1+a2-b1-b2-b3+

1

2
N+2 -z N 1 +

d1

-z
+

d2

z
+ ¼ + ãä J 1

2
Π Ja1+a2-b1-b2-b3+

1

2
N+2 -z N 1 -

d1

-z
+

d2

z
+ ¼ �;

H z¤ ® ¥L í d1 �
1

16
ä I12 a1

2 + 8 Ha2 - b1 - b2 - b3 - 1L a1 + 12 a2
2 - 4 b1

2 - 4 b2
2 - 4 b3

2 + 8 b1 + 8 b1 b2 + 8 b2 +

8 b1 b3 + 8 b2 b3 + 8 b3 - 8 a2 Hb1 + b2 + b3 + 1L - 3M í d2 �
1

512
I144 a1

4 + 64 H3 a2 - 3 b1 - 3 b2 - 3 b3 - 7L a1
3 +

8 I44 a2
2 - 8 H5 b1 + 5 b2 + 5 b3 + 9L a2 - 4 b1

2 - 4 b2
2 - 4 b3

2 + 72 b2 + 40 b2 b3 + 72 b3 + 8 b1 H5 b2 + 5 b3 + 9L + 43M a1
2 +

16 I12 a2
3 - 4 H5 b1 + 5 b2 + 5 b3 + 9L a2

2 + I4 b1
2 + 8 H3 b2 + 3 b3 + 5L b1 + 4 b2

2 + 4 b3
2 + 40 b3 + 8 b2 H3 b3 + 5L + 25M a2 +

4 b1
3 + 4 b2

3 + 4 b3
3 - 4 b2

2 - 4 b2 b3
2 - 4 b3

2 - 25 b2 - 4 b2
2 b3 - 40 b2 b3 - 25 b3 - 4 b1

2 Hb2 + b3 + 1L -

b1 I4 b2
2 + 8 H3 b3 + 5L b2 + 4 b3

2 + 40 b3 + 25M - 1M a1 + 144 a2
4 + 16 b1

4 + 16 b2
4 + 16 b3

4 - 64 b1
3 -

64 b1 b2
3 - 64 b2

3 - 64 b1 b3
3 - 64 b2 b3

3 - 64 b3
3 + 56 b1

2 + 96 b1
2 b2

2 + 64 b1 b2
2 + 56 b2

2 + 96 b1
2 b3

2 + 96 b2
2 b3

2 +

64 b1 b3
2 + 64 b1 b2 b3

2 + 64 b2 b3
2 + 56 b3

2 + 16 b1 - 64 b1
3 b2 + 64 b1

2 b2 + 400 b1 b2 + 16 b2 - 64 b1
3 b3 -

64 b2
3 b3 + 64 b1

2 b3 + 64 b1 b2
2 b3 + 64 b2

2 b3 + 400 b1 b3 + 64 b1
2 b2 b3 + 640 b1 b2 b3 + 400 b2 b3 + 16 b3 -

64 a2
3 H3 b1 + 3 b2 + 3 b3 + 7L - 8 a2

2 I4 b1
2 - 8 H5 b2 + 5 b3 + 9L b1 + 4 b2

2 + 4 b3
2 - 72 b3 - 8 b2 H5 b3 + 9L - 43M +

16 a2 I4 b1
3 - 4 Hb2 + b3 + 1L b1

2 - I4 b2
2 + 8 H3 b3 + 5L b2 + 4 b3

2 + 40 b3 + 25M b1 +

4 b2
3 + 4 b3

3 - 4 b3
2 - 25 b3 - 4 b2

2 Hb3 + 1L - b2 I4 b3
2 + 40 b3 + 25M - 1M - 15M
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07.26.06.0009.01

2F3Ha1, a2; b1, b2, b3; zL µ
GHb1L GHb2L GHb3L
2 Π GHa1L GHa2L  H-zL Χ  ãä JΠ Χ+2 -z N â

k=0

¥ H-äLk 2-k ck H-zL-
k

2 + ã-ä JΠ Χ+2 -z N â
k=0

¥

äk 2-k ck H-zL-
k

2 +

GHb1L GHb2L GHb3L GHa2 - a1L
GHa2L GHb1 - a1L GHb2 - a1L GHb3 - a1L  H-zL-a1  4F1 a1, a1 - b1 + 1, a1 - b2 + 1, a1 - b3 + 1; a1 - a2 + 1;

1

z
+

GHb1L GHb2L GHb3L GHa1 - a2L
GHa1L GHb1 - a2L GHb2 - a2L GHb3 - a2L  H-zL-a2  4F1 a2, a2 - b1 + 1, a2 - b2 + 1, a2 - b3 + 1; -a1 + a2 + 1;

1

z
�;

H z¤ ® ¥L í Χ �
1

2
a1 + a2 - b1 - b2 - b3 +

1

2
í c0 � 1 í c1 � 2 B - A +

1

4
H3 A2 + B3 - 2L HA2 - B3L -

3

16
í

c2 �
c1

2

2
+

1

16
I-16 H2 A2 - 3L HB - AL + 32 Â + 4 I-8 A2

2 + 11 A2 + 8 A + B3 - 2M HA2 - B3L - 3M í
ck �

1

2 k
 IHk - 2 Χ - 3L Hk - 2 Χ - 2 b1 - 1L Hk - 2 Χ - 2 b2 - 1L Hk - 2 Χ - 2 b3 - 1L ck-3 -

I4 Hk - 1L3 - 6 H4 Χ + B3L Hk - 1L2 + 2 I24 Χ2 + 12 B3 Χ + 4 B + B3 - 1M Hk - 1L - 32 Χ3 - 24 B3 Χ2 - 4 B - 8 Â -

4 H4 B + B3 - 1L Χ + 2 B3 - 1M ck-2 + I5 Hk - 1L2 + 2 H-10 Χ + A2 - 3 B3 + 3L Hk - 1L + 2 c1M ck-1M í
A2 � a1 + a2 í B3 � b1 + b2 + b3 í A � a1 a2 í B � b1 b2 + b3 b2 + b1 b3 í Â � b1 b2 b3 í a1 - a2 Ï Z

07.26.06.0010.01

2F3Ha1, a2; b1, b2, b3; -zL µ

GHb1L GHb2L GHb3L
GHa1L GHa2L  

GHa1L GHa2 - a1L
GHb1 - a1L GHb2 - a1L GHb3 - a1L z-a1 1 + O 

1

z
+

GHa2L GHa1 - a2L
GHb1 - a2L GHb2 - a2L GHb3 - a2L  z-a2 1 + O

1

z
+

H-zL Χ

Π
cosIΠ Χ + 2 -z N 1 + O

1

z
+

1

16 -z
 H2 H3 a1 + 3 a2 + b1 + b2 + b3 - 2L H4 Χ - 1L +

16 Hb1 b2 + b1 b3 + b2 b3 - a1 a2L - 3L sinIΠ Χ + 2 -z N 1 + O
1

z
�;

Χ �
1

2
a1 + a2 - b1 - b2 - b3 +

1

2
í a1 ¹ a2 í H z¤ ® ¥L

Case of double poles
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07.26.06.0011.01

2F3Ha1, n + a1; b1, b2, b3; zL µ

GHb1L GHb2L GHb3L
GHn + a1L GHb1 - a1L GHb2 - a1L GHb3 - a1L H-zL-n-a1  â

k=0

¥ Ha1Lk+n Ha1 - b1 + 1Lk+n Ha1 - b2 + 1Lk+n Ha1 - b3 + 1Lk+n

k ! Hk + nL !
 

HΨHk + 1L + ΨHk + n + 1L - ΨHk + n + a1L - ΨHb1 - a1 - n - kL - ΨHb2 - a1 - n - kL - ΨHb3 - a1 - n - kLL z-k +

GHb1L GHb2L GHb3L
2 Π GHa1L GHn + a1L H-zL Χ  ãä JΠ Χ+2 -z N â

k=0

¥ H-äLk 2-k ck H-zL-
k

2 + ã-ä JΠ Χ+2 -z N â
k=0

¥

äk 2-k ck H-zL-
k

2 +

GHb1L GHb2L GHb3L
n! GHa1L GHb1 - a1 - nL GHb2 - a1 - nL GHb3 - a1 - nL  z-n H-zL-a1  logH-zL

4F1 n + a1, n + a1 - b1 + 1, n + a1 - b2 + 1, n + a1 - b3 + 1; n + 1;
1

z
+

GHb1L GHb2L GHb3L
GHn + a1L  H-zL-a1  â

k=0

n-1 IHa1Lk GHn - kLM z-k

GH-k - a1 + b1L GH-k - a1 + b2L GH-k - a1 + b3L k !
�;

H z¤ ® ¥L í n Î N í Χ �
1

2
n + 2 a1 - b1 - b2 - b3 +

1

2
í c0 � 1 í

c1 � 2 B - A +
1

4
H3 A2 + B3 - 2L HA2 - B3L -

3

16
í

c2 �
c1

2

2
+

1

16
I-16 H2 A2 - 3L HB - AL + 32 Â + 4 I-8 A2

2 + 11 A2 + 8 A + B3 - 2M HA2 - B3L - 3M í
ck �

1

2 k
 IHk - 2 Χ - 3L Hk - 2 Χ - 2 b1 - 1L Hk - 2 Χ - 2 b2 - 1L Hk - 2 Χ - 2 b3 - 1L ck-3 -

I4 Hk - 1L3 - 6 H4 Χ + B3L Hk - 1L2 + 2 I24 Χ2 + 12 B3 Χ + 4 B + B3 - 1M Hk - 1L - 32 Χ3 - 24 B3 Χ2 - 4 B - 8 Â -

4 H4 B + B3 - 1L Χ + 2 B3 - 1M ck-2 + I5 Hk - 1L2 + 2 H-10 Χ + A2 - 3 B3 + 3L Hk - 1L + 2 c1M ck-1M í
A2 � n + 2 a1 í B3 � b1 + b2 + b3 í A � a1 Hn + a1L í B � b1 b2 + b3 b2 + b1 b3 í Â � b1 b2 b3

Expansions for any z in trigonometric form

Case of double poles

07.26.06.0012.01

2F3Ha1, a1; b1, b2, b3; zL µ
GHb1L GHb2L GHb3L

Π GHa1L2
 H-zL Χ  

cosIΠ Χ + 2 -z N 1 + O
1

z
+

1

16 -z
 I2 H6 a1 + b1 + b2 + b3 - 2L H4 Χ - 1L + 16 I-a1

2 + b1 b2 + b1 b3 + b2 b3M - 3M
sinIΠ Χ + 2 -z N 1 + O

1

z
+

GHb1L GHb2L GHb3L
GHa1L GHb1 - a1L GHb2 - a1L GHb3 - a1L

H-zL-a1  logH-zL 1 + O
1

z
- HΨHb1 - a1L + ΨHb2 - a1L + ΨHb3 - a1L + ΨHa1L + 2 ýL 1 + O

1

z
�;

H z¤ ® ¥L í Χ �
1

2
2 a1 - b1 - b2 - b3 +

1

2

Residue representations
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07.26.06.0013.01

2F3Ha1, a1; b1, b2, b3; zL �
Ûk=1

3 GHbkL
Ûk=1

2 GHakL  â
j=0

¥

ress

Ûk=1
2 GHak - sL

Ûk=1
3 GHbk - sL  H-zL-s  GHsL  H- jL

Limit representations
07.26.09.0001.01

2F3Ha1, a2; b1, b2, b3; zL � lim
b®¥

lim
a®¥

4F3 a1, a2, a, b; b1, b2, b3;
z

a b

07.26.09.0002.01

2F3Ha1, a2; b1, b2, b3; zL � lim
a®¥

3F3 a1, a2, a; b1, b2, b3;
z

a

07.26.09.0003.01

2F3Ha1, a2; b1, b2, b3; zL � lim
p®¥

2F4Ha1, a2; b1, b2, b3, p; p zL

Continued fraction representations
07.26.10.0001.01

2F3Ha1, a2; b1, b2, b3; zL � 1 + Ha1 a2 z � Hb1 b2 b3LL �

1 + -
z H1 + a1L H1 + a2L

2 H1 + b1L H1 + b2L H1 + b3L � 1 +
z H1 + a1L H1 + a2L

2 H1 + b1L H1 + b2L H1 + b3L +

-
z H2+a1L H2+a2L

3 H2+b1L H2+b2L I2+b3M
1 +

z H2 + a1L H2 + a2L
3 H2 + b1L H2 + b2L H2 + b3L + ¼

07.26.10.0002.01

2F3Ha1, a2; b1, b2, b3; zL � 1 +
a1 a2 z

b1 b2 b3 1 + KkK-
Hk+a1L Hk+a2L z

Hk+1L Hk+b1L Hk+b2L Ik+b3M ,
Hk+a1L Hk+a2L z

Hk+1L Hk+b1L Hk+b2L Ik+b3M + 1O
1

¥

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

07.26.13.0002.01

z3 wH4LHzL + Hb1 + b2 + b3 + 3L z2 wH3LHzL + Hb1 + b1 b2 + b2 + b1 b3 + b2 b3 + b3 + 1 - zL z w¢¢HzL +Hb1 b2 b3 - Ha1 + a2 + 1L zL w¢HzL - a1 a2 wHzL � 0 �; wHzL � c1 2F
�

3Ha1, a2; b1, b2, b3; zL +

c2 G2,4
2,2 z

1 - a1, 1 - a2

0, 1 - b1, 1 - b2, 1 - b3
+ G2,4

2,2 z
1 - a1, 1 - a2

0, 1 - b2, 1 - b1, 1 - b3
+ G2,4

2,2 z
1 - a1, 1 - a2

0, 1 - b3, 1 - b1, 1 - b2
+

c3 G2,4
3,2 -z

1 - a1, 1 - a2

0, 1 - b1, 1 - b2, 1 - b3
+ G2,4

3,2 -z
1 - a1, 1 - a2

0, 1 - b1, 1 - b3, 1 - b2
+ G2,4

3,2 -z
1 - a1, 1 - a2

0, 1 - b2, 1 - b3, 1 - b1
+

c4 G2,4
4,2 z

1 - a1, 1 - a2

0, 1 - b1, 1 - b2, 1 - b3
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07.26.13.0003.01

Wz 2F
�

3Ha1, a2; b1, b2, b3; zL + G2,4
2,2 z

1 - a1, 1 - a2

0, 1 - b1, 1 - b2, 1 - b3
+

G2,4
2,2 z

1 - a1, 1 - a2

0, 1 - b2, 1 - b1, 1 - b3
+ G2,4

2,2 z
1 - a1, 1 - a2

0, 1 - b3, 1 - b1, 1 - b2
, G2,4

3,2 -z
1 - a1, 1 - a2

0, 1 - b1, 1 - b2, 1 - b3
+

G2,4
3,2 -z

1 - a1, 1 - a2

0, 1 - b1, 1 - b3, 1 - b2
+ G2,4

3,2 -z
1 - a1, 1 - a2

0, 1 - b2, 1 - b3, 1 - b1
, G2,4

4,2 z
1 - a1, 1 - a2

0, 1 - b1, 1 - b2, 1 - b3
�

H-zL-b1-b2-b3 z-b1-b2-b3-3 I-H-zLb2+b3 HcscHΠ Hb1 - b3LL sinHΠ Hb1 - b2LL + cscHΠ Hb1 - b2LL sinHΠ Hb1 - b3LLL zb1 +

H-zLb1+b3 Icsc2HΠ Hb1 - b2LL + csc2HΠ Hb2 - b3LLM sinHΠ Hb1 - b2LL sinHΠ Hb2 - b3LL zb2 -

H-zLb1+b2 Icsc2HΠ Hb1 - b3LL + csc2HΠ Hb2 - b3LLM sinHΠ Hb1 - b3LL sinHΠ Hb2 - b3LL zb3 -

2 IH-zLb2+b3 zb1 + H-zLb1+b3 zb2 + H-zLb1+b2 zb3 MM
GHa1 - b1 + 1L GHa2 - b1 + 1L GHa1 - b2 + 1L GHa2 - b2 + 1L GHa1 - b3 + 1L GHa2 - b3 + 1L

07.26.13.0004.01

z3 wH4LHzL + Hb1 + b2 + b3 + 3L z2 wH3LHzL +Hb1 + b1 b2 + b2 + b1 b3 + b2 b3 + b3 + 1 - zL z w¢¢HzL + Hb1 b2 b3 - Ha1 + a2 + 1L zL w¢HzL - a1 a2 wHzL � 0 �;
wHzL � c1 2F

�
3Ha1, a2; b1, b2, b3; zL + c2 z1-b1  2F

�
3Ha1 - b1 + 1, a2 - b1 + 1; 2 - b1, 1 - b1 + b2, 1 - b1 + b3; zL +

c3 z1-b2  2F
�

3Ha1 - b2 + 1, a2 - b2 + 1; 2 - b2, b1 - b2 + 1, 1 - b2 + b3; zL +

c4 z1-b3  2F
�

3Ha1 - b3 + 1, a2 - b3 + 1; 2 - b3, b1 - b3 + 1, b2 - b3 + 1; zL í
b1 Ï Z í b2 Ï Z ì b3 Ï Z í b1 - b2 Ï Z í b1 - b3 Ï Z í b2 - b3 Ï Z

07.26.13.0005.01

WzI2F
�

3Ha1, a2; b1, b2, b3; zL, z1-b1
2F

�
3Ha1 - b1 + 1, a2 - b1 + 1; 2 - b1, -b1 + b2 + 1, -b1 + b3 + 1; zL,

z1-b2
2F

�
3Ha1 - b2 + 1, a2 - b2 + 1; 2 - b2, b1 - b2 + 1, -b2 + b3 + 1; zL,

z1-b3
2F

�
3Ha1 - b3 + 1, a2 - b3 + 1; 2 - b3, b1 - b3 + 1, b2 - b3 + 1; zLM �

z-b1-b2-b3-3 sinHΠ b1L sinHΠ Hb1 - b2LL sinHΠ b2L sinHΠ Hb1 - b3LL sinHΠ Hb2 - b3LL sinHΠ b3L
Π6

07.26.13.0001.01

z3 wH4LHzL + Hb1 + b2 + b3 + 3L z2 wH3LHzL +Hb1 + b1 b2 + b2 + b1 b3 + b2 b3 + b3 + 1 - zL z w¢¢HzL + Hb1 b2 b3 - Ha1 + a2 + 1L zL w¢HzL - a1 a2 wHzL � 0 �;
wHzL � c1 2F3Ha1, a2; b1, b2, b3; zL + c2 z1-b1  2F3Ha1 - b1 + 1, a2 - b1 + 1; 2 - b1, -b1 + b2 + 1, -b1 + b3 + 1; zL +

c3 z1-b2  2F3Ha1 - b2 + 1, a2 - b2 + 1; 2 - b2, b1 - b2 + 1, -b2 + b3 + 1; zL +

c4 z1-b3  2F3Ha1 - b3 + 1, a2 - b3 + 1; 2 - b3, b1 - b3 + 1, b2 - b3 + 1; zL í
b1 Ï Z í b2 Ï Z ì b3 Ï Z í b1 - b2 Ï Z í b1 - b3 Ï Z í b2 - b3 Ï Z

07.26.13.0006.01

WzI2F3Ha1, a2; b1, b2, b3; zL, z1-b1
2F3Ha1 - b1 + 1, a2 - b1 + 1; 2 - b1, -b1 + b2 + 1, -b1 + b3 + 1; zL,

z1-b2
2F3Ha1 - b2 + 1, a2 - b2 + 1; 2 - b2, b1 - b2 + 1, -b2 + b3 + 1; zL,

z1-b3
2F3Ha1 - b3 + 1, a2 - b3 + 1; 2 - b3, b1 - b3 + 1, b2 - b3 + 1; zLM �

-Hb1 - 1L Hb2 - 1L Hb3 - 1L Hb1 - b2L Hb1 - b3L Hb2 - b3L z-b1-b2-b3-3

Transformations

Products, sums, and powers of the direct function
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Products of the direct function

07.26.16.0001.01

2F3Ha1, a2; b1, b2, b3; c zL 2F3HΑ1, Α2; Β1, Β2, Β3; d zL � â
k=0

¥

ck zk �;

ck �
dk HΑ1Lk HΑ2Lk

k ! Ûj=1
3 I Β jMk

6F5 -k, 1 - k - Β1, 1 - k - Β2, 1 - k - Β3, a1, a2; 1 - k - Α1, 1 - k - Α2, b1, b2, b3;
c

d
ë

ck �
ck Ha1Lk Ha2Lk

k ! Ûj=1
3 Ib jMk

6F5 -k, 1 - k - b1, 1 - k - b2, 1 - k - b3, Α1, Α2; 1 - k - a1, 1 - k - a2, Β1, Β2, Β3;
d

c

07.26.16.0002.01

2F3Ha1, a2; b1, b2, b3; c zL 2F3HΑ1, Α2; Β1, Β2, Β3; d zL � â
k=0

¥ â
m=0

k Ha1Lm Ha2Lm HΑ1Lk-m HΑ2Lk-m cm dk-m zk

JÛj=1
3 Ib jMm

m!N Ûj=1
3 I Β jMk-m

Hk - mL !

07.26.16.0003.01

2F3Ha1, a2; b1, b2, b3; c zL 2F3HΑ1, Α2; Β1, Β2, Β3; d zL � F0:3;3
0:2;2 : a1, a2; Α1, Α2;

: b1, b2, b3; Β1, Β2, Β3;
 c z, d z

Identities

Recurrence identities

Consecutive neighbors

07.26.17.0001.01

2F3Ha, a2; b1, b2, b3; zL � HB1 + C1 zL 2F3Ha + 1, a2; b1, b2, b3; zL +HB2 + C2 zL 2F3Ha + 2, a2; b1, b2, b3; zL + B3 2F3Ha + 3, a2; b1, b2, b3; zL + B4 2F3Ha + 4, a2; b1, b2, b3; zL �;
B1 � IHa + 1L I4 a2 + 11 a - H3 a + 4L Hb1 + b2 + b3L + 2 Hb1 b2 + b3 b2 + b1 b3L + 8M - b1 b2 b3M �

HHa - b1 + 1L Ha - b2 + 1L Ha - b3 + 1LL í C1 � -
a - a2 + 1

Ha - b1 + 1L Ha - b2 + 1L Ha - b3 + 1L í
B2 � -IHa + 1L I6 a2 + 21 a + b1 b2 + b1 b3 + b2 b3 - H3 a + 5L Hb1 + b2 + b3L + 19MM � HHa - b1 + 1L Ha - b2 + 1L Ha - b3 + 1LL í
C2 �

a + 1

Ha - b1 + 1L Ha - b2 + 1L Ha - b3 + 1L í
B3 �

Ha + 1L Ha + 2L H4 a - b1 - b2 - b3 + 9L
Ha - b1 + 1L Ha - b2 + 1L Ha - b3 + 1L í B4 � -

Ha + 1L Ha + 2L Ha + 3L
Ha - b1 + 1L Ha - b2 + 1L Ha - b3 + 1L
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07.26.17.0002.01

2F3Ha, a2; b1, b2, b3; zL � B1 2F3Ha - 1, a2; b1, b2, b3; zL + HB2 + C2 zL 2F3Ha - 2, a2; b1, b2, b3; zL +

HB3 + C3 zL 2F3Ha - 3, a2; b1, b2, b3; zL + B4 2F3Ha - 4, a2; b1, b2, b3; zL �; B1 �
b1 + b2 + b3 - 4 a + 7

1 - a
í

B2 �
1

Ha - 1L Ha - 2L  IH3 a - 7L Hb1 + b2 + b3L - 6 a2 + 27 a - b1 b2 - b1 b3 - b2 b3 - 31M í C2 �
1

Ha - 1L Ha - 2L í
B3 �

1

Ha - 1L Ha - 2L Ha - 3L  IHa - 3L I4 a2 - 21 a + H8 - 3 aL Hb1 + b2 + b3L + 2 Hb1 b2 + b3 b2 + b1 b3L + 28M - b1 b2 b3M í
C3 �

a2 - a + 3

Ha - 1L Ha - 2L Ha - 3L í B4 � -
Ha - b1 - 3L Ha - b2 - 3L Ha - b3 - 3L

Ha - 1L Ha - 2L Ha - 3L
07.26.17.0003.01

2F3Ha1, a2; b, b2, b3; zL � B1 2F3Ha1, a2; b + 1, b2, b3; zL + HB2 + C2 zL 2F3Ha1, a2; b + 2, b2, b3; zL +HB3 + C3 zL 2F3Ha1, a2; b + 3, b2, b3; zL + C4 z 2F3Ha1, a2; b + 4, b2, b3; zL �;
B1 �

3 b - b2 - b3 + 5

b
í B2 �

Hb + 2L H2 b2 + 2 b3 - 3 b - 7L - b2 b3

b Hb + 1L í C2 �
1

b Hb + 1L í
B3 �

Hb - b2 + 3L Hb - b3 + 3L
b Hb + 1L í C3 �

a1 + a2 - 2 b - 5

b Hb + 1L Hb + 2L í C4 �
Hb - a1 + 3L Hb - a2 + 3L
b Hb + 1L Hb + 2L Hb + 3L

07.26.17.0004.01

2F3Ha1, a2; b, b2, b3; zL �
B1 + C1 z

z
2F3Ha1, a2; b - 1, b2, b3; zL +

B2 + C2 z

z
 2F3Ha1, a2; b - 2, b2, b3; zL +

B3

z
 2F3Ha1, a2; b - 3, b2, b3; zL +

B4

z
2F3Ha1, a2; b - 4, b2, b3; zL �;

B1 � -
Hb - 1L Hb - 2L Hb - b2 - 1L Hb - b3 - 1L

Hb - a1 - 1L Hb - a2 - 1L í C1 �
Hb - 1L H2 b - a1 - a2 - 3L
Hb - a1 - 1L Hb - a2 - 1L í

B2 �
Hb - 1L Hb - 2L HH3 b - 2 b2 - 2 b3 - 5L Hb - 2L + b2 b3L

Hb - a1 - 1L Hb - a2 - 1L í C2 � -
Hb - 1L Hb - 2L

Hb - a1 - 1L Hb - a2 - 1L í
B3 �

Hb - 1L Hb - 2L Hb - 3L Hb2 + b3 - 3 b + 7L
Hb - a1 - 1L Hb - a2 - 1L í B4 �

Hb - 1L Hb - 2L Hb - 3L Hb - 4L
Hb - a1 - 1L Hb - a2 - 1L

Functional identities

Relations between contiguous functions

07.26.17.0005.01

b 2F3Ha, b + 1; b1, b2, b3; zL - a 2F3Ha + 1, b; b1, b2, b3; zL + Ha - bL 2F3Ha, b; b1, b2, b3; zL � 0

07.26.17.0006.01

c 2F3Ha, a2; c, b2, b3; zL - a 2F3Ha + 1, a2; c + 1, b2, b3; zL + Ha - cL 2F3Ha, a2; c + 1, b2, b3; zL � 0

07.26.17.0007.01Hc - dL 2F3Ha1, a2; c + 1, d + 1, b3; zL + d 2F3Ha1, a2; c + 1, d, b3; zL - c 2F3Ha1, a2; c, d + 1, b3; zL � 0

07.26.17.0008.01Ha - bL c 2F3Ha, b; c, b2, b3; zL - a Hc - bL 2F3Ha + 1, b; c + 1, b2, b3; zL + Hc - aL b 2F3Ha, b + 1; c + 1, b2, b3; zL � 0

07.26.17.0009.01

a Hc - dL 2F3Ha + 1, a2; c + 1, d + 1, b3; zL - d Hc - aL 2F3Ha, a2; c + 1, d, b3; zL + Hd - aL c 2F3Ha, a2; c, d + 1, b3; zL � 0
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07.26.17.0010.01

ä
k=1

3

bk  H2F3Ha, a2; b1, b2, b3; zL - 2F3Ha + 1, a2; b1, b2, b3; zLL + a2 z 2F3Ha + 1, a2 + 1; b1 + 1, b2 + 1, b3 + 1; zL � 0

07.26.17.0011.01

b2 b3 c Hc + 1L H2F3Ha1, a2; c, b2, b3; zL - 2F3Ha1, a2; c + 1, b2, b3; zLL - a1 a2 z 2F3Ha1 + 1, a2 + 1; c + 2, b2 + 1, b3 + 1; zL � 0

07.26.17.0012.01

Hb - aL z 2F3Ha + 1, b + 1; b1 + 1, b2 + 1, b3 + 1; zL + ä
k=1

3

bk  H2F3Ha, b + 1; b1, b2, b3; zL - 2F3Ha + 1, b; b1, b2, b3; zLL � 0

07.26.17.0013.01Hc - aL z 2F3Ha + 1, a2 + 1; c + 2, b2 + 1, b3 + 1; zL a2 +Hc + 1L c H2F3Ha, a2; c, b2, b3; zL - 2F3Ha + 1, a2; c + 1, b2, b3; zLL b2 b3 � 0

07.26.17.0014.01

a z 2F3Ha + 1, b + 1; c + 1, b2 + 1, b3 + 1; zL +Hc 2F3Ha, b; c, b2, b3; zL - a 2F3Ha + 1, b + 1; c + 1, b2, b3; zL - Hc - aL 2F3Ha, b + 1; c + 1, b2, b3; zLL b2 b3 � 0

07.26.17.0015.01

2F3Ha + 1, b + 1; c + 1, d + 1, e + 1; zL -
d e Ha - cL Hb - cL
a b Hd - cL He - cL  2F3Ha, b; c + 1, d, e; zL -

c e Ha - dL Hb - dL
a b Hc - dL He - dL 2F3Ha, b; c, d + 1, e; zL -

c d Ha - eL Hb - eL
a b Hc - eL Hd - eL 2F3Ha, b; c, d, e + 1; zL � 0

Relations of special kind

07.26.17.0016.01

2F3Ha1, a2; -c, c + 1, b3; zL + 2F3Ha1, a2; c, 1 - c, b3; zL � 2 2F3Ha1, a2; c + 1, 1 - c, b3; zL
07.26.17.0017.01

2F3Ha, a2; -a, a + 1, b3; zL - 2 2F3Ha, a2; 1 - a, a + 1, b3; zL � -1F2Ha2; 1 - a, b3; zL
07.26.17.0018.01

2F3H-a, a2; 1 - a, b2, b3; zL + 2F3Ha, a2; a + 1, b2, b3; zL � 2 3F4Ha, -a, a2; a + 1, 1 - a, b2, b3; zL
07.26.17.0019.01

2F3H-a, a + 1; b1, b2, b3; zL + 2F3Ha, 1 - a; b1, b2, b3; zL � 2 2F3Ha, -a; b1, b2, b3; zL
Division on even and odd parts and generalization

07.26.17.0020.01

2F3Ha1, a2; b1, b2, b3; zL � A+HzL + A-HzL �; A+HzL �
1

2
H2F3Ha1, a2; b1, b2, b3; zL + 2F3Ha1, a2; b1, b2, b3; -zLL í

A-HzL �
1

2
H2F3Ha1, a2; b1, b2, b3; zL - 2F3Ha1, a2; b1, b2, b3; -zLL

07.26.17.0021.01

2F3Ha1, a2; b1, b2, b3; zL � A-HzL + A+HzL �;
A+HzL � 4F7

a1

2
,

a2

2
,

a1 + 1

2
,

a2 + 1

2
;

1

2
,

b1

2
,

b2

2
,

b3

2
,

b1 + 1

2
,

b2 + 1

2
,

b3 + 1

2
;

z2

16
í

A-HzL �
z a1 a2

Ûj=1
3 b j

4F7

a1 + 1

2
,

a2 + 1

2
,

a1 + 2

2
,

a2 + 2

2
;

3

2
,

b1 + 1

2
,

b2 + 1

2
,

b3 + 1

2
,

b1 + 2

2
,

b2 + 2

2
,

b3 + 2

2
;

z2

16
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07.26.17.0022.01

2F3Ha1, a2; b1, b2, b3; zL �

â
k=0

n-1 zk  Ha1Lk Ha2Lk

k ! Ûj=1
3 Ib jMk

 2 n+1F4 n 1,
k + a1

n
, ¼,

k + n + a1 - 1

n
,

k + a2

n
, ¼,

k + n + a2 - 1

n
;

k + 1

n
, ¼,

k + n

n
,

k + b1

n
,

¼,
k + n + b1 - 1

n
,

k + b2

n
, ¼,

k + n + b2 - 1

n
,

k + b3

n
, ¼,

k + n + b3 - 1

n
; n-2 n zn

Differentiation

Low-order differentiation

With respect to a1

07.26.20.0001.01

2 F3
H81,0<,80,0,0<,0LH a1, a2; b1, b2, b3; zL � â

k=0

¥ Ha1Lk Ha2Lk ΨHk + a1L zk

Hb1Lk Hb2Lk Hb3Lk k !
- ΨHa1L 2F3Ha1, a2; b1, b2, b3; zL

07.26.20.0002.01

2 F3
H81,0<,80,0,0<,0LH a1, a2; b1, b2, b3; zL �

z a2

b1 b2 b3

 F4 ´ 0 ´ 1
2 ´ 1 ´ 2

a1 + 1, a2 + 1; 1; 1, a1;

2, b1 + 1, b2 + 1, b3 + 1;; a1 + 1;
 z, z

With respect to a2

07.26.20.0003.01

2 F3
H80,1<,80,0,0<,0LH a1, a2; b1, b2, b3; zL � â

k=0

¥ Ha1Lk Ha2Lk ΨHk + a2L zk

Hb1Lk Hb2Lk Hb3Lk k !
- ΨHa2L 2F3Ha1, a2; b1, b2, b3; zL

07.26.20.0004.01

2 F3
H80,1<,80,0,0<,0LH a1, a2; b1, b2, b3; zL �

z a1

b1 b2 b3

 F4 ´ 0 ´ 1
2 ´ 1 ´ 2

a1 + 1, a2 + 1; 1; 1, a2;

2, b1 + 1, b2 + 1, b3 + 1;; a2 + 1;
 z, z

With respect to b1

07.26.20.0005.01

2 F3
H80,0<,81,0,0<,0LH a1, a2; b1, b2, b3; zL � ΨHb1L 2F3Ha1, a2; b1, b2, b3; zL - â

k=0

¥ Ha1Lk Ha2Lk ΨHk + b1L zk

Hb1Lk Hb2Lk Hb3Lk k !

07.26.20.0006.01

2 F3
H80,0<,81,0,0<,0LH a1, a2; b1, b2, b3; zL � -

z a1 a2

b1
2 b2 b3

 F4 ´ 0 ´ 1
2 ´ 1 ´ 2 a1 + 1, a2 + 1; 1; 1, b1;

2, b1 + 1, b2 + 1, b3 + 1;; b1 + 1;
 z, z

With respect to b2

07.26.20.0007.01

2 F3
H80,0<,80,1,0<,0LH a1, a2; b1, b2, b3; zL � ΨHb2L 2F3Ha1, a2; b1, b2, b3; zL - â

k=0

¥ Ha1Lk Ha2Lk ΨHk + b2L zk

Hb1Lk Hb2Lk Hb3Lk k !

07.26.20.0008.01

2 F3
H80,0<,80,1,0<,0LH a1, a2; b1, b2, b3; zL � -

z a1 a2

b2
2 b1 b3

 F4 ´ 0 ´ 1
2 ´ 1 ´ 2 a1 + 1, a2 + 1; 1; 1, b2;

2, b1 + 1, b2 + 1, b3 + 1;; b2 + 1;
 z, z
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With respect to b3

07.26.20.0009.01

2 F3
H80,0<,80,0,1<,0LH a1, a2; b1, b2, b3; zL � ΨHb3L 2F3Ha1, a2; b1, b2, b3; zL - â

k=0

¥ Ha1Lk Ha2Lk ΨHk + b3L zk

Hb1Lk Hb2Lk Hb3Lk k !

07.26.20.0010.01

2 F3
H80,0<,80,0,1<,0LH a1, a2; b1, b2, b3; zL � -

z a1 a2

b3
2 b1 b2

 F4 ´ 0 ´ 1
2 ´ 1 ´ 2 a1 + 1, a2 + 1; 1; 1, b3;

2, b1 + 1, b2 + 1, b3 + 1;; b3 + 1;
 z, z

With respect to element of parameters |||  With respect to element of parameters

07.26.20.0011.01

¶2F3Ha, a2; a + 1, b2, b3; zL
¶a

�
a2 z

b2 b3 Ha + 1L2
3F4Ha + 1, a + 1, a2 + 1; a + 2, a + 2, b2 + 1, b3 + 1; zL

07.26.20.0012.01

¶2F3Ha + 1, a2; a, b2, b3; zL
¶a

� -
a2 z

b2 b3 a2
 1F2Ha2 + 1; b2 + 1, b3 + 1; zL

With respect to z

07.26.20.0013.01

¶2F3Ha1, a2; b1, b2, b3; zL
¶z

�
a1 a2

b1 b2 b3
2F3Ha1 + 1, a2 + 1; b1 + 1, b2 + 1, b3 + 1; zL

07.26.20.0014.01

¶2
2F3Ha1, a2; b1, b2, b3; zL

¶z2
�

a1 Ha1 + 1L a2 Ha2 + 1L
b1 Hb1 + 1L b2 Hb2 + 1L b3 Hb3 + 1L 2F3Ha1 + 2, a2 + 2; b1 + 2, b2 + 2, b3 + 2; zL

Symbolic differentiation 

With respect to a1

07.26.20.0015.02

2 F3
H8n,0<,80,0,0<,0LH a1, a2; b1, b2, b3; zL � â

k=0

¥ Ha2Lk

Hb1Lk Hb2Lk Hb3Lk k !
 
¶n Ha1Lk

¶a1
n

zk �; n Î N

With respect to a2

07.26.20.0016.02

2 F3
H80,n<,80,0,0<,0LH a1, a2; b1, b2, b3; zL � â

k=0

¥ Ha1Lk

Hb1Lk Hb2Lk Hb3Lk k !
 
¶n Ha2Lk

¶a2
n

zk �; n Î N

With respect to b1

07.26.20.0017.02

2 F3
H80,0<,8n,0,0<,0LH a1, a2; b1, b2, b3; zL � â

k=0

¥ Ha1Lk Ha2Lk

Hb2Lk Hb3Lk k !
 

¶n 1Hb1Lk

¶b1
n

zk �; n Î N

With respect to b2
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07.26.20.0018.02

2 F3
H80,0<,80,n,0<,0LH a1, a2; b1, b2, b3; zL � â

k=0

¥ Ha1Lk Ha2Lk

Hb1Lk Hb3Lk k !
 

¶n 1Hb2Lk

¶b2
n

zk �; n Î N

With respect to b3

07.26.20.0019.02

2 F3
H80,0<,80,0,n<,0LH a1, a2; b1, b2, b3; zL � â

k=0

¥ Ha1Lk Ha2Lk

Hb1Lk Hb2Lk k !
 

¶n 1Ib3M
k

¶b3
n

zk �; n Î N

With respect to element of parameters |||  With respect to element of parameters

07.26.20.0030.02

¶n
2F3Ha, a2; a + 1, b2, b3; zL

¶an
�

H-1Ln-1 n! z a2

Ha + 1Ln+1 b2 b3

n+2Fn+3Ha + 1, ¼, a + 1, a2 + 1; a + 2, ¼, a + 2, b2 + 1, b3 + 1; zL �; n Î N

07.26.20.0031.02

¶n
2F3Ha + 1, a2; a, b2, b3; zL

¶an
�

H-1Ln n!

an+1
a 1F2Ha2; b2, b3; zL +

z a2

b2 b3

 1F2Ha2 + 1; b2 + 1, b3 + 1; zL +
H-1Ln-1 n!

an
 1F2Ha2; b2, b3; zL �; n Î N

With respect to z

07.26.20.0020.02

¶n
2F3Ha1, a2; b1, b2, b3; zL

¶zn
�

Ûj=1
2 Ia jMn

Ûj=1
3 Ib jMn

 2F3Hn + a1, n + a2; n + b1, n + b2, n + b3; zL �; n Î N

07.26.20.0021.02

¶n
2F3Ha1, a2; b1, b2, b3; zL

¶zn
� z-n ä

j=1

3

GIb jM 3F
�

4H1, a1, a2; 1 - n, b1, b2, b3; zL �; n Î N

07.26.20.0022.02

¶n HzΑ
2F3Ha1, a2; b1, b2, b3; zLL

¶zn
� H-1Ln H-ΑLn zΑ-n

3F4HΑ + 1, a1, a2; 1 - n + Α, b1, b2, b3; zL �; n Î N

07.26.20.0023.02

¶n Iza+n-1
2F3Ha, a2; b1, b2, b3; zLM

¶zn
� HaLn za-1

2F3Ha + n, a2; b1, b2, b3; zL �; n Î N

07.26.20.0024.02

¶n Izc-1
2F3Ha1, a2; c, b2, b3; zLM

¶zn
� Hc - nLn zc-n-1

2F3Ha1, a2; c - n, b2, b3; zL �; n Î N

07.26.20.0025.02

¶n Jzn
2F3J-n, a2; 1

2
, b2, b3; zNN

¶zn
� n! 3F4 -n, n + 1, a2;

1

2
, 1, b2, b3; z �; n Î N
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07.26.20.0026.02

¶n HzΑ
2F3H-n, a2; b1, b2, b3; zLL

¶zn
� H-1Ln H-ΑLn zΑ-n

3F4H-n, Α + 1, a2; 1 - n + Α, b1, b2, b3; zL �; n Î N

07.26.20.0027.02

¶n JzΑ
2F3J- n

2
, 1-n

2
; b1, b2, b3; zmNN

¶zn
� H-1Ln H-ΑLn zΑ-n

m+2Fm+3 -
n

2
,

1 - n

2
,

Α + 1

m
,

Α + 2

m
, ¼,

Α + m

m
;

Α - n + 1

m
,

Α - n + 2

m
, ¼,

Α - n + m

m
, b1, b2, b3; zm �; m Î N+ ì n Î N

07.26.20.0028.02

¶n Hã-z
2F3H-n, a2; b1, b2, b3; zLL

¶zn
� H-1Ln ã-z â

k=0

n H-nLk zk

k ! Ûj=1
3 Ib jMk

 3F3H-n, k - n, k + a2; k + b1, k + b2, k + b3; zL �; n Î N

Fractional integro-differentiation

With respect to z

07.26.20.0029.01

¶Α
2F3Ha1, a2; b1, b2, b3; zL

¶zΑ
� z-Α ä

j=1

3

GIb jM 3F
�

4H1, a1, a2; 1 - Α, b1, b2, b3; zL

Integration

Indefinite integration

Involving only one direct function

07.26.21.0001.01

à 2F3Ha1, a2; b1, b2, b3; zL â z �
Hb1 - 1L Hb2 - 1L Hb3 - 1L

Ha1 - 1L Ha2 - 1L 2F3Ha1 - 1, a2 - 1; b1 - 1, b2 - 1, b3 - 1; zL
Involving one direct function and elementary functions

Involving power function

07.26.21.0002.01

à zΑ-1
2F3Ha1, a2; b1, b2, b3; zL â z �

zΑ

Α
 3F4HΑ, a1, a2; Α + 1, b1, b2, b3; zL

Definite integration

For the direct function itself

07.26.21.0003.01

à
0

¥

tΑ-1
2F3Ha1, a2; b1, b2, b3; -tL â t �

GHb1L GHb2L GHb3L GHΑL GHa1 - ΑL GHa2 - ΑL
GHa1L GHa2L GHb1 - ΑL GHb2 - ΑL GHb3 - ΑL �;

0 < ReHΑL < min ReHa1L, ReHa2L, 1

4
-

1

2
Re â

j=1

2

a1 - â
k=1

3

bk
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Involving the direct function

07.26.21.0004.01

à
0

¥

tΑ-1 ã-c t
2F3Ha1, a2; b1, b2, b3; -tL â t � c-Α GHΑL 3F3 Α, a1, a2; b1, b2, b3; -

1

c
�; ReHΑL > 0 ß ReHcL > 0

Integral transforms

Laplace transforms

07.26.22.0001.01

Lt@2F3Ha1, a2; b1, b2, b3; -tLD HzL �
1

z
 3F3 1, a1, a2; b1, b2, b3; -

1

z
�; ReHzL > 0

Operations

Limit operation

07.26.25.0001.01

lim
b1®-n

2F3Ha1, a2; b1, b2, b3; zL
GHb1L � zn+1 Ha1Ln+1 Ha2Ln+1 2F

�
3Hn + a1 + 1, n + a2 + 1; n + 2, n + b2 + 1, n + b3 + 1; zL �; n Î N

07.26.25.0002.01

lim
q®¥

lim
p®¥

2F3Ha1, a2; b1, p, q; p q zL � 2F1Ha1, a2; b1; zL
07.26.25.0003.01

lim
p®¥

2F3Ha1, a2; b1, b2, p; p zL � 2F2Ha1, a2; b1, b2; zL

Representations through more general functions

Through hypergeometric functions

Involving pF
�

q

07.26.26.0001.01

2F3Ha1, a2; b1, b2, b3; zL � GHb1L GHb2L GHb3L 2F
�

3Ha1, a2; b1, b2, b3; zL
Through Meijer G

Classical cases for the direct function itself

07.26.26.0002.01

2F3Ha1, a2; b1, b2, b3; zL �
G Hb1L G Hb2L G Hb3L

G Ha1L G Ha2L G2,4
1,2 -z

1 - a1, 1 - a2

0, 1 - b1, 1 - b2, 1 - b3
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