
HypergeometricPFQ

Notations

Traditional name

Generalized hypergeometric function

Traditional notation

pFqIa1, ¼, ap; b1, ¼, bq; zM
Mathematica StandardForm notation

HypergeometricPFQA9a1, ¼, ap=, 9b1, ¼, bq=, zE

Primary definition
07.31.02.0001.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � â
k=0

¥ Ûj=1
p Ia jMk

zk

Ûj=1
q Ib jMk

k !
�;

q ³ p ë q � p - 1 ì  z¤ < 1 ë q � p - 1 í  z¤ � 1 í Re â
j=1

p-1

b j - â
j=1

p

a j > 0

In the cases q < p - 1 the series above does not converge but it (together with symbol) can be used as asymptotic

series, where, when needed a Borel summation is implicitly understood.

07.31.02.0002.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � â
k=0

n Ûj=1
p Ia jMk

zk

Ûj=1
q Ib jMk

k !
�; $a j

-a j � n Î N

For ai � -n, b j � -m �; m ³ n  being nonpositive integers and ±ak
Hak > -n ì ak Î NL ì ±bk

Hbk > -m ì bk Î NL  the func-

tion pFqIa1, ¼, ap; b1, ¼, bq; zM cannot be uniquely defined by a limiting procedure based on the above definition because

the two variables ai, b j  can approach nonpositive integers -n, -m; m ³ n at different speeds. For the above conditions we

define:

07.31.02.0003.01

pFqIa1, ¼, ai, ¼, ap; b1, ¼, b j, ¼, bq; zM � â
k=0

n Ûj=1
p Ia jMk

zk

Ûj=1
q Ib jMk

k !
�; ai � -n ì b j � -m ì m Î N ì n Î N ì m ³ n



General characteristics

Some abbreviations

07.31.04.0001.01

NT I9a1, ¼, ap=M = Ø I-a1 Î N ê ¼ ê -ap Î NM
Domain and analyticity

 pFqIa1, ¼, ap; b1, ¼, bq; zM is an analytical function of a1, ¼, ap, b1, ¼, bq and z which is defined in Cp+q+1. In

the cases p £ q for fixed a1, ¼, ap, b1, ¼, bq, it is an entire function of z. If parameters akinclude negative inte-

gers, the function pFqIa1, ¼, ap; b1, ¼, bq; zM degenerates to a polynomial in z.

07.31.04.0002.01I9a1 * ¼ * ap= * 9b1 * ¼ * bq= * zM � pFqIa1, ¼, ap; b1, ¼, bq; zM � H8C Ä ¼ Ä C< Ä 8C Ä ¼ Ä C< Ä CL �C

Symmetries and periodicities

Mirror symmetry

07.31.04.0003.02

pFqIa1, ¼, ap; b1, ¼, bq; z�M � pFqIa1, ¼, ap; b1, ¼, bq; zM �; Ø Hz Î H1, ¥L ì p � q + 1L
Permutation symmetry

07.31.04.0004.01

pFqIa1, a2, ¼, ak, ¼, a j, ¼, ap; b1, ¼, bq; zM � pFqIa1, a2, ¼, a j, ¼, ak, ¼, ap; b1, ¼, bq; zM �; ak ¹ a j ì k ¹ j

07.31.04.0005.01

pFqIa1, ¼, ap; b1, b2, ¼, bk, ¼, b j, ¼, bq; zM � pFqIa1, ¼, ap; b1, b2, ¼, b j, ¼, bk, ¼, bq; zM �; bk ¹ b j ì k ¹ j

Periodicity

No periodicity

Poles and essential singularities

With respect to z

For  p � q + 1  and  fixed  al,  b j  in  nonpolynomial  cases  (when  Ø I-a1 Î N ê ¼ ê -ap Î NM),  the  function

pFqIa1, ¼, ap; b1, ¼, bq; zM does not have poles and essential singularities.

07.31.04.0006.01

SingzIpFqIa1, ¼, ap; b1, ¼, bq; zMM � 8< �; p � q + 1 ì NT I9a1, ¼, ap=M
For  p £ q  and  fixed  al,  b j  in  nonpolynomial  cases  (when  Ø I-a1 Î N ê ¼ ê -ap Î NM),  the  function

pFqIa1, ¼, ap; b1, ¼, bq; zM has only one singular point at z = ¥� .  It is an essential singular point. 

07.31.04.0007.01

SingzIpFqIa1, ¼, ap; b1, ¼, bq; zMM � 88¥� , ¥<< �; p £ q ì NT I9a1, ¼, ap=M
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If parameters ak  include r negative integers Αk, the function pFqIa1, ¼, ap; b1, ¼, bq; zM is a polynomial and has pole of

order minH-Α1, ¼, -Αr< at z = ¥� .

07.31.04.0008.01

SingzIpFqIa1, ¼, ap; b1, ¼, bq; zMM � 88¥� , -Α<< �; Ø INT I9a1, ¼, ap=MM í Α � minI-as1
, ¼, -asr = í -ask

Î N+

With respect to al

The function pFqIa1, ¼, ap; b1, ¼, bq; zM as a function of  al, 1 £ l £ p, has only one singular point at al = ¥� .  It

is an essential singular point. 

07.31.04.0009.01

Singal
IpFqIa1, ¼, ap; b1, ¼, bq; zMM � 88¥� , ¥<< �; 1 £ l £ p

With respect to b j

The function pFqIa1, ¼, ap; b1, ¼, bq; zM as a function of  b j, 1 £ j £ q, has an infinite set of singular points:

a) b j � - k �; k Î N, are the simple poles with residues H-1Lk

k!
 pF

�
qIa1, ¼, ap; b1, ¼, b j-1, -k, b j+1, ¼, bq; zM;

b) b j � ¥�  is the point of accumulation of poles,  which is an essential singular point.

07.31.04.0010.01

Singb j
IpFqIa1, ¼, ap; b1, ¼, bq; zMM � 888-k, 1< �; k Î N<, 8¥� , ¥<< �; 1 £ j £ q

07.31.04.0011.01

resb j
IpFqIa1, ¼, ap; b1, ¼, bq; zMM H-kL �

H-1Lk

k !
 pF

�
qIa1, ¼, ap; b1, ¼, b j-1, -k, b j+1, ¼, bq; zM �; k Î N ì 1 £ j £ q

Branch points

With respect to z

The function pFqIa1, ¼, ap; b1, ¼, bq; zM does not have branch points for p £ q and has two branch points: z � 1, z � ¥�

for p � q + 1 in nonpolynomial case (when Ø I-a1 Î N ê ¼ ê -ap Î NM)
07.31.04.0012.01

BPzIpFqIa1, ¼, ap; b1, ¼, bq; zMM � 8< �; p £ q

07.31.04.0013.01

BPzIq+1FqIa1, ¼, aq+1; b1, ¼, bq; zMM � 81, ¥� < �; NT I9a1, ¼, aq+1=M
07.31.04.0014.01

RzIq+1FqIa1, ¼, aq+1; b1, ¼, bq; zM, 1M � log �; Ψq Î Z ë Ψq Ï Q í Ψq � â
j=1

q

b j - â
j=1

q+1

a j í NT I9a1, ¼, aq+1=M
07.31.04.0015.01

RzIq+1FqIa1, ¼, aq+1; b1, ¼, bq; zM, 1M � s �;
Ψq � â

j=1

q

b j - â
j=1

q+1

a j �
r

s
í r Î Z í s - 1 Î N+ í gcdHr, sL � 1 í NT I9a1, ¼, aq+1=M
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07.31.04.0016.01

RzIq+1FqIa1, ¼, aq+1; b1, ¼, bq; zM, ¥� M � log �;
$ai ,a j

Iai - a j Î Z ì 1 £ i £ q + 1 ì 1 £ j £ q + 1 ì i ¹ jM í Ia1 Ï Q ê ¼ ê aq+1 Ï QM
07.31.04.0017.01

RzIq+1FqIa1, ¼, aq+1; b1, ¼, bq; zM, ¥� M � lcmIs1, ¼, sq+1M �;
al �

rl

sl

í 8rl, sl< Î Z í sl > 1 í gcdHrl, slL � 1 í 1 £ l £ q + 1 í NT I9a1, ¼, aq+1=M
With respect to al

The function pFqIa1, ¼, ap; b1, ¼, bq; zM as a function of  al, 1 £ l £ p, does not have branch points.

07.31.04.0018.01

BPal
IpFqIa1, ¼, ap; b1, ¼, bq; zMM � 8< �; 1 £ l £ p

With respect to b j

The function pFqIa1, ¼, ap; b1, ¼, bq; zM as a function of  b j, 1 £ j £ q, does not have branch points.

07.31.04.0019.01

BPb j
IpFqIa1, ¼, ap; b1, ¼, bq; zMM � 8< �; 1 £ j £ q

Branch cuts

With respect to z

For all nonnegative integer ak, the function pFqIa1, ¼, ap; b1, ¼, bq; zM in the cases p � q + 1 is a single-valued function

on the z-plane cut along the interval H1, ¥L, where it is continuous from below. In the cases p £ q this function does not

have branch cuts.

07.31.04.0020.01

BCzIq+1FqIa1, ¼, aq+1; b1, ¼, bq; zMM � 88H1, ¥L, ä<< �; NT I9a1, ¼, aq+1=M
07.31.04.0021.01

BCzIpFqIa1, ¼, ap; b1, ¼, bq; zMM � 8< �; p £ q

07.31.04.0022.01

lim
Ε®+0

q+1FqIa1, ¼, aq+1; b1, ¼, bq; x - ä ΕM � q+1FqIa1, ¼, aq+1; b1, ¼, bq; xM �; x > 1

07.31.04.0026.01

lim
Ε®+0

q+1FqIa1, ¼, aq+1; b1, ¼, bq; x + ä ΕM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  Gq+1,q+1
q+1,1

ãΠ ä 
1

x

1, b1, ¼, bq

a1, ¼, aq+1
�; x > 1
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07.31.04.0023.01

lim
Ε®+0

q+1FqIa1, ¼, aq+1; b1, ¼, bq; x + ä ΕM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  â
k=1

q+1 GHakL
Ûj=1

q
GIb j - akM  ä

j=1
j¹k

q+1

 GIa j - akM ã Π ä ak  x-ak  

q+1Fq ak, ak - b1 + 1, ¼, ak - bq + 1; 1 - a1 + ak, ¼, 1 - ak-1 + ak, 1 - ak+1 + ak, ¼, 1 - aq+1 + ak;
1

x
�;

"8 j,k<,8 j,k<ÎZì j¹kì1£ j£q+1ì1£k£q+1 Ia j - ak Ï ZM ì x > 1

With respect to al

The function pFqIa1, ¼, ap; b1, ¼, bq; zM as a function of  al, 1 £ l £ p, does not have branch cuts.

07.31.04.0024.01

BCal
IpFqIa1, ¼, ap; b1, ¼, bq; zMM � 8< �; 1 £ l £ p

With respect to b j

The function pFqIa1, ¼, ap; b1, ¼, bq; zM as a function of  b j, 1 £ j £ q, does not have branch cuts.

07.31.04.0025.01

BCb j
IpFqIa1, ¼, ap; b1, ¼, bq; zMM � 8< �; 1 £ j £ q

Series representations

Generalized power series

Expansions at generic point z � z0

For the function itself

07.31.06.0045.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � ä
j=1

q

GIb jM  â
k=0

¥ z0
-k

k !
 p+1Fq+1I1, a1, ¼, ap; 1 - k, b1, ¼, bq; z0M Hz - z0Lk �;

p ¹ q + 1 ê p � q + 1 ì z0 Ï H1, ¥L
07.31.06.0046.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �

Ûk=1
q

GHbkL
Ûk=1

q+1
GHakL  â

k=1

q+1
Ûj=1

j¹k

q+1
GIa j - akM

Ûj=1
q

GIb j - akM -
1

z0

-ak

argJz0-zN
2 Π H-z0L-ak

argJz0-zN
2 Π

+1 â
j=0

¥ GHak + jL H-z0L- j

j !
q+1Fq

ak - b1 + 1, ¼, ak - bq + 1, j + ak; 1 -a1 + ak, ¼, 1 - ak-1 + ak, 1 - ak+1 + ak, ¼, 1 - aq+1 + ak;
1

z0

 Hz - z0L j �;
 z0¤ > 1 ì "8 j,k<,8 j,k<ÎZì j¹kì1£ j£q+1ì1£k£q+1 Ia j - ak Ï ZM

Expansions on branch cuts for p � q + 1
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For the function itself

07.31.06.0047.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  â
k=0

¥ 1

k !
Gq+1,q+1

1,q+1
-x ã

2 Π ä g argHx-zL
2 Π

w 1 - a1 - k, ¼, 1 - aq+1 - k

0, 1 - b1 - k, ¼, 1 - bq - k
 Hz - xLk �; x > 1

07.31.06.0048.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  â
k=0

¥ 1

k !
 Gq+1,q+1

q+1,1
ã

-Π ä K1+2 g argHx-zL
2 Π

wO
 
1

x

1, k + b1, ¼, k + bq

k + a1, ¼, k + aq+1
 Hz - xLk �; x > 1

07.31.06.0049.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  â
k=1

q+1 â
u=0

¥ H-xL-u GHu + akL
u! Ûj=1

q
GIb j - akM  ä

j=1
j¹k

q+1

 GIa j - akM ã
-Π ä ak K1+2 FloorB arg@x-zD

2 Π
FO

 x-ak  

q+1Fq u + ak, ak - b1 + 1, ¼, ak - bq + 1; 1 - a1 + ak, ¼, 1 - ak-1 + ak, 1 - ak+1 + ak, ¼, 1 - aq+1 + ak;
1

x
 

Hz - xLu �; "8 j,k<,8 j,k<ÎZì j¹kì1£ j£q+1ì1£k£q+1 Ia j - ak Ï ZM ì x > 1

Expansions at z � 0

07.31.06.0001.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � 1 +
Ûj=1

p
a j

Ûj=1
q

b j

 z +
IÛj=1

p
a j Ia j + 1MM

2 Ûj=1
q

b j Ib j + 1M  z2 + ¼ �; q � p - 1 ì  z¤ < 1 ê q ³ p

07.31.06.0002.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � â
k=0

¥ JÛj=1
p Ia jMk

N zk

JÛj=1
q Ib jMk

N k !
�; q � p - 1 ì  z¤ < 1 ê q ³ p

07.31.06.0003.01

pFqIa1, ¼, ap; b1, ¼, bq; zM µ 1 + OHzL
Expansions at z � 1 for p � q + 1

The point z � 1 is the end point of the branch cut for the function q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM, where it has a

rather complicated behavior. The corresponding general formula (for noninteger Ψq � Új=1
q

b j - Új=1
q+1

a j) includes

two major terms - regular and singular which are an analytical functions. Moreover, the singular term has representa-

tion of the form const H1 - zLΨq H1 + OHz - 1LL and regular term is bounded near point z � 1. A more detailed descrip-

tion of this behavior is presented below.

At the singular point z � 1 the function q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM is continuous for ReIΨqM > 0, bounded for

ReIΨqM � 0, Ψq ¹ 0 and has, in general, a logarithmic singularity for Ψq � 0 while for ReIΨqM < 0 it has a power

singularity of order -Ψq to which for integer Ψqa logarithmic singularity can also occur.

The general formulas
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07.31.06.0004.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM � ä
j=1

q

GIb jM  A
F
�

a1, ¼, aq+1;

b1, ¼, bq;
 8z, 1, ¥<

07.31.06.0005.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  H1 - zLΨq  â
k=0

¥

gkIΨqM H1 - zLk + â
k=0

¥

gkH0L H1 - zLk �;

 1 - z¤ < 1 í q > 1 í gkHrL �
H-1Lk GHk + r + a1L GHk + r + a2L GIΨq - 2 r - kM

k !

â
j=0

¥ IΨq - r - kM
j

E j
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M

GI j + a1 + ΨqM GI j + a2 + ΨqM �
H-1Lk GIΨq - 2 r - kM
k ! Ûj=1

q
GIk + r + b jM ä

j=1

q+1

GIk + r + a jM lim
m®¥

1

GIΨq - r - kM  

q+1FqIk + r + a1, k + r + a2, ¼, n + r + aq+1, -m; k + r + b1, k + r + b2, ¼, n + r + bq, k - m + r - Ψq + 1; 1M í
g0IΨqM � GI-ΨqM í Ek1

HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M �
Hb1 - a3Lk1

k1 !
 â

j=2

q

b j - â
j=3

q+1

a j

k1

â
k2=0

k1 H-k1Lk2

JÚj=2
q

b j - Új=3
q+1

a jN
k2

 Ha3 - b1 - k1 + 1Lk2

Hb2 - a4Lk2

k2 !
 â

j=3

q

b j - â
j=4

q+1

a j

k2

 

â
k3=0

k2 H-k2Lk3

JÚj=3
q

b j - Új=4
q+1

a jN
k3

 Ha4 - b2 - k2 + 1Lk3

¼

Ibq-2 - aqM
kq-2

kq-2 !
 â

j=q-1

q

b j - â
j=q

q+1

a j

kq-2

 

â
kq-1=0

kq-2 I-kq-2M
kq-1

JÚj=q-1
q

b j - Új=q
q+1

a jN
kq-1

Iaq - bq-2 - kq-2 + 1M
kq-1

 

Ibq - aq+1M
kq-1

Ibq-1 - aq+1M
kq-1

kq-2 !
í

Ψq � â
j=1

q

b j - â
j=1

q+1

a j í Ψq Ï Z í ReHa3L > 0 í ¼ í ReIaq+1M > 0

The logarithmic cases
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07.31.06.0006.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  â
j=0

Ψq-1

k j H1 - jL j + H1 - zLΨq  â
j=0

¥ Ip j + q j  logH1 - zL M H1 - zL j �;

 1 - z¤ < 1 í Ψq � â
j=1

q

b j - â
j=1

q+1

a j í q > 1 í

k j �
H-1L j  GH j + a1L GH j + a2L

j !
 â
k=0

¥ Ik - j + Ψq - 1M ! Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M

GIk + a1 + ΨqM GIk + a2 + ΨqM �; ReHa3L > - j ì ¼ ì

ReIap+1M > - j í p j �
H-1LΨq Ia1 + ΨqM

j
Ia2 + ΨqM

j

j ! I j + ΨqM !
 H-1L j j ! â

k= j+1

¥ Hk - j - 1L ! Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M

Ia1 + ΨqM
k

Ia2 + ΨqM
k

+

â
k=0

j H- jLk Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M

Ia1 + ΨqM
k

Ia2 + ΨqM
k

 IΨH j - k + 1L + ΨI j + Ψq + 1M - ΨI j + a1 + ΨqM - ΨI j + a2 + ΨqMM �;

ReHa3L > - j - Ψq ì ¼ ì ReIap+1M > - j - Ψq í q j �
H-1LΨq-1 Ia1 + ΨqM

j
Ia2 + ΨqM

j

j ! I j + ΨqM !

â
k=0

j H- jLk Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M

Ia1 + ΨqM
k

Ia2 + ΨqM
k

í Ψq Î N

07.31.06.0007.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �

Ûk=1
q

GHbkL
Ûk=1

q+1
GHakL  Hz - 1LΨq  â

j=0

¥ Ia1 + ΨqM
j

Ia2 + ΨqM
j

j ! I j + ΨqM !
 â

k= j+1

¥ H-1L j j ! Hk - j - 1L !

Ia1 + ΨqM
k

Ia2 + ΨqM
k

 Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M +

â
k=0

j H- jLk

Ia1 + ΨqM
k

Ia2 + ΨqM
k

 I-logH1 - zL + ΨH j - k + 1L + ΨI j + Ψq + 1M - ΨI j + a1 + ΨqM - ΨI j + a2 + ΨqMM

Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M  H1 - zL j +

â
j=0

Ψq-1 GH j + a1L GH j + a2L
j !

â
k=0

¥ Ik - j + Ψq - 1M ! Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M

GIk + a1 + ΨqM GIk + a2 + ΨqM Hz - 1L j �;

 1 - z¤ < 1 í Ψq � â
j=1

q

b j - â
j=1

q+1

a j í q > 1 í
Ψq Î N

http://functions.wolfram.com 8



07.31.06.0008.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL H1 - zLΨq  â
j=0

-Ψq-1

h j H1 - jL j + â
j=0

¥ Iu j + v j  logH1 - zL M H1 - zL j �;  1 - z¤ < 1 í

Ψq � â
j=1

q

b j - â
j=1

q+1

a j í q > 1 í h j �
H-1L j Ia1 + ΨqM

j
Ia2 + ΨqM

j
I- j - Ψq - 1M !

j !
â
k=0

j H- jLk Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M

Ia1 + ΨqM
k

Ia2 + ΨqM
k

í

u j �
Ia1 + ΨqM

j-Ψq
Ia2 + ΨqM

j-Ψq

j ! I j - ΨqM !
 H-1L j I j - ΨqM ! â

k= j-Ψq+1

¥ Ik - j + Ψq - 1M ! Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M

Ia1 + ΨqM
k

Ia2 + ΨqM
k

+

H-1LΨq  â
k=0

j-Ψq IΨq - jM
k

Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M
Ia1 + ΨqM

k
Ia2 + ΨqM

k

 IΨH j + 1L - ΨH j + a1L - ΨH j + a2L + ΨI j - k - Ψq + 1MM �;

ReHa3L > - j ì ¼ ì ReIaq+1M > - j í v j �
H-1LΨq-1 Ia1 + ΨqM

j-Ψq
Ia2 + ΨqM

j-Ψq

j ! I j - ΨqM !

â
k=0

j-Ψq IΨq - jM
k

Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M
Ia1 + ΨqM

k
Ia2 + ΨqM

k

í -Ψq Î N

07.31.06.0009.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �

Ûk=1
q

GHbkL
Ûk=1

q+1
GHakL H1 - zLΨq  â

j=0

-Ψq-1 I- j - Ψq - 1M ! Ia1 + ΨqM
j

Ia2 + ΨqM
j â

k=0

j H-1Lk Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M Hz - 1L j

H j - kL ! Ia1 + ΨqM
k

Ia2 + ΨqM
k

+

H-1L-Ψq â
j=Ψq

¥ 1

I j - ΨqM !
 â
k=0

¥ GH j + k + a1L GH j + k + a2L
H j + kL ! GIk + a1 + ΨqM GIk + a2 + ΨqM  Ek

HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M 

I-logH1 - zL + ΨH j + k + 1L + ΨI j - Ψq + 1M - ΨH j + k + a1L - ΨH j + k + a2LM H1 - zL j +

H-1L-Ψq-1 â
k=0

¥ â
j=-k

Ψq-1 GH j + k + a1L GH j + k + a2L
H j + kL ! GIk + a1 + ΨqM GIk + a2 + ΨqM  Ek

HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M H1 - zL j �;

 1 - z¤ < 1 í Ψq � â
j=1

q

b j - â
j=1

q+1

a j í q > 1 í -Ψq Î N+

http://functions.wolfram.com 9



07.31.06.0010.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  

â
j=0

¥ Ha1L j Ha2L j

j !2
 â

k=0

j H- jLk H-logH1 - zL + ΨH j + 1L - ΨH j + a1L - ΨH j + a2L + ΨH j - k + 1LL
Ha1Lk Ha2Lk

 Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M +

H-1L j j ! â
k= j+1

¥ Hk - j - 1L !

Ha1Lk Ha2Lk

Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M H1 - zL j �;

 1 - z¤ < 1 í Ψq � â
j=1

q

b j - â
j=1

q+1

a j í q > 1 í Ψq � 0

The major terms in the general formula for expansions of function 

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM at  z � 1

07.31.06.0011.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM µ q+1FqIa1, ¼, aq+1; b1, ¼, bq; 1M H1 + OHz - 1LL +
GI-ΨqM Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  H1 - zLΨq H1 + OHz - 1LL �;

Hz ® 1L í Ψq � â
j=1

q

b j - â
j=1

q+1

a j í Ψq Ï Z

07.31.06.0012.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM µ

GIΨqM Ûk=1
q

GHbkL
Ûk=3

q+1
GHakL  â

k=0

¥ IΨqM
k

Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M

GIk + a1 + ΨqM GIk + a2 + ΨqM  H1 + OHz - 1LL +
GI-ΨqM Ûk=1

q
GHbkL

Ûk=3
q+1

GHakL  H1 - zLΨq H1 + OHz - 1LL �;

Hz ® 1L í Ψq � â
j=1

q

b j - â
j=1

q+1

a j í q > 1 í ReIΨqM > 0 í ReHa3L > 0 í ¼ í ReIaq+1M > 0

07.31.06.0013.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM µ q+1FqIa1, ¼, aq+1; b1, ¼, bq; 1M H1 + OHz - 1LL -
Ûj=1

q
GIb jM

Ûj=1
q+1

GIa jM logH1 - zL H1 + OHz - 1LL �;

Hz ® 1L í Ψq � â
j=1

q

b j - â
j=1

q+1

a j í Ψq � 0

Expansions at z � ¥ for p � q + 1

The general formulas

07.31.06.0014.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM � ä
k=1

q

G HbkL  A
F
�

a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , ¥< �; z Ï H0, 1L

http://functions.wolfram.com 10



07.31.06.0015.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM � ä
k=1

q

GHbkL  A
F
�
HpowerL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , ¥< �; z Ï H0, 1L

Case of simple poles

07.31.06.0016.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �

Ûk=1
q

GHbkL
Ûk=1

q+1
GHakL â

k=1

q+1
GHakL Ûj=1

j¹k

q+1
GIa j - akM

Ûj=1
q

GIb j - akM  H-zL-ak  1 +
ak  Ûj=1

q Iak - b j + 1M
Ûj=1

j¹k

q+1 Iak - a j + 1M z
+

akHak + 1L Ûj=1
q Iak - b j + 1M Iak - b j + 2M

2 Ûj=1
j¹k

q+1 IIak - a j + 1M Iak - a j + 2MM z2
+ ¼ �;

 z¤ > 1 ì "8 j,k<,8 j,k<ÎZì j¹kì1£ j£q+1ì1£k£q+1 Ia j - ak Ï ZM
07.31.06.0017.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL â
k=1

q+1
GHakL Ûj=1

j¹k

q+1
GIa j - akM

Ûj=1
q

GIb j - akM  H-zL-ak â
i=0

¥ HakLi Ûj=1
q Iak - b j + 1M

i

i! Ûj=1
j¹k

q+1 Iak - a j + 1M
i
 zi

�;

 z¤ > 1 ì "8 j,k<,8 j,k<ÎZì j¹kì1£ j£q+1ì1£k£q+1 Ia j - ak Ï ZM
07.31.06.0018.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  â
k=1

q+1 â
i=0

¥

GRes
0; 1 - a1, ¼, 1 - aq+1;

; 1 - b1, ¼, 1 - bq;
 1 - ak, 1, i; -z �;

 z¤ > 1 ì "8 j,k<,8 j,k<ÎZì j¹kì1£ j£q+1ì1£k£q+1 Ia j - ak Ï ZM
07.31.06.0019.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL â
k=1

q+1
GHakL Ûj=1

j¹k

q+1
GIa j - akM

Ûj=1
q

GIb j - akM  H-zL-ak

q+1Fq ak, ak - b1 + 1, ¼, ak - bq + 1; 1 - a1 + ak, ¼, 1 - ak-1 + ak, 1 - ak+1 + ak, ¼, 1 - aq+1 + ak;
1

z
�;

z Ï H0, 1L ì "8 j,k<,8 j,k<ÎZì j¹kì1£ j£q+1ì1£k£q+1 Ia j - ak Ï ZM
Case of poles of order r  in the points  ar + k �; r Î 82, 3, 4< ì k Î N

07.31.06.0020.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM � ä
k=1

q

GHbkL A
F
�
HpowerL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥, ¥< �; z Ï H0, 1L ì ak - ak-1 Î N ì

2 £ k £ r ì ak - a1 Ï Z ì r + 1 £ k £ q + 1 ì "8 j,k<,8 j,k<ÎZì j¹kìr+1£ j£q+1ìr+1£k£q+1 Ia j - ak Ï ZM ì r Î 82, 3, 4<
The major terms for expansions of function q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM at  z � ¥
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07.31.06.0021.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM µ
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL â
k=1

q+1
GHakL Ûj=1

j¹k

q+1
GIa j - akM

Ûj=1
q

GIb j - akM  H-zL-ak 1 + O
1

z
�;

H z¤ ® ¥L ì "8 j,k<,8 j,k<ÎZì j¹kì1£ j£q+1ì1£k£q+1 Ia j - ak Ï ZM
07.31.06.0022.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM µ

Ûk=1
q

GHbkL
Ûk=1

q+1
GHakL â

k=r+1

q+1
GHakL Ûj=1

j¹k

q+1
GIa j - akM

Ûj=1
q

GIb j - akM  H-zL-ak  1 + O
1

z
- â

j=2

r+1

GRes
0; a1, ¼, aq+1;

; b1, ¼, bq;
 a j-1, j - 1, 0; -z  1 + O

1

z
�;

H z¤ ® ¥L ì ak - ak-1 Î N ì 2 £ k £ r ì ak - a1 Ï Z ì r + 1 £ k £ q + 1 ì
"8 j,k<,8 j,k<ÎZì j¹kìr+1£ j£q+1ìr+1£k£q+1 Ia j - ak Ï ZM ì r Î 82, 3, 4<

07.31.06.0023.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM µ

Ûk=1
q

GHbkL
Ûk=1

q+1
GHakL

GHa1L Ûk=2
q+1

GHak - a1L
Ûk=1

q
GHbk - a1L  H-zL-a1  1 + O

1

z
+

H-1La2-a1 GHa2L Ûk=3
q+1

GHak - a2L
Ha2 - a1L ! Ûk=1

q
GHbk - a2L H-zL-a2  logH-zL + ΨHa2 - a1 + 1L -

ΨHa2L + â
k=3

q+1

ΨHak - a2L - â
k=1

q

ΨHbk - a2L - ý 1 + O
1

z
+ â

k=3

q+1
GHakL Ûj=1

j¹k

q+1
GIa j - akM

Ûj=1
q

GIb j - akM  H-zL-ak 1 + O
1

z
�;

H z¤ ® ¥L ì a2 - a1 Î N ì ak - a1 Ï Z ì 3 £ k £ q + 1 ì "8 j,k<,8 j,k<ÎZì j¹kì3£ j£q+1ì3£k£q+1 Ia j - ak Ï ZM
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07.31.06.0024.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM µ

Ûk=1
q

GHbkL
Ûk=1

q+1
GHakL

GHa1L Ûk=2
q+1

GHak - a1L
Ûk=1

q
GHbk - a1L  H-zL-a1  1 + O

1

z
+

H-1La2-a1 GHa2L Ûk=3
q+1

GHak - a2L
Ha2 - a1L ! Ûk=1

q
GHbk - a2L H-zL-a2  logH-zL + ΨHa2 - a1 + 1L -

ΨHa2L + â
k=3

q+1

ΨHak - a2L - â
k=1

q

ΨHbk - a2L - ý 1 + O
1

z
+

H-1La2-a1 GHa3L Ûk=4
q+1

GHak - a3L
2 Ha3 - a2L ! Ha3 - a1L ! Ûk=1

q
GHbk - a3L  

H-zL-a3 logH-zL + ΨHa3 - a1 + 1L + ΨHa3 - a2 + 1L - ΨHa3L + â
k=4

q+1

ΨHak - a3L - â
k=1

q

ΨHbk - a3L - ý

2

+

5 Π2

6
- ΨH1LHa3 - a1 + 1L - ΨH1LHa3 - a2 + 1L + ΨH1LHa3L + â

k=4

q+1

ΨH1LHak - a3L - â
k=1

q

ΨH1LHbk - a3L O
1

z
+ 1 +

â
k=4

q+1
GHakL Ûj=1

j¹k

q+1
GIa j - akM

Ûj=1
q

GIb j - akM  H-zL-ak 1 + O
1

z
�; H z¤ ® ¥L ì a2 - a1 Î N ì a3 - a2 Î N ì

ak - a1 Ï Z ì 4 £ k £ q + 1 ì "8 j,k<,8 j,k<ÎZì j¹kì4£ j£q+1ì4£k£q+1 Ia j - ak Ï ZM
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07.31.06.0025.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM µ

Ûk=1
q

GHbkL
Ûk=1

q+1
GHakL

GHa1L Ûk=2
q+1

GHak - a1L
Ûk=1

q
GHbk - a1L  H-zL-a1  1 + O

1

z
+

H-1La2-a1 GHa2L Ûk=3
q+1

GHak - a2L
Ha2 - a1L ! Ûk=1

q
GHbk - a2L H-zL-a2  logH-zL + ΨHa2 - a1 + 1L -

ΨHa2L + â
k=3

q+1

ΨHak - a2L - â
k=1

q

ΨHbk - a2L - ý 1 + O
1

z
+

H-1La2-a1 GHa3L Ûk=4
q+1

GHak - a3L
2 Ha3 - a2L ! Ha3 - a1L ! Ûk=1

q
GHbk - a3L  

H-zL-a3 logH-zL + ΨHa3 - a1 + 1L + ΨHa3 - a2 + 1L - ΨHa3L + â
k=4

q+1

ΨHak - a3L - â
k=1

q

ΨHbk - a3L - ý

2

+

5 Π2

6
- ΨH1LHa3 - a1 + 1L - ΨH1LHa3 - a2 + 1L + ΨH1LHa3L + â

k=4

q+1

ΨH1LHak - a3L - â
k=1

q

ΨH1LHbk - a3L

O
1

z
+ 1 +

H-1L-a1+a2-a3+a4 GHa4L Ûk=5
q+1

GHak - a4L
6 Ha4 - a3L ! Ha4 - a2L ! Ha4 - a1L ! Ûk=1

q
GHbk - a4L  H-zL-a4

logH-zL + ΨHa4 - a1 + 1L + ΨHa4 - a2 + 1L + ΨHa4 - a3 + 1L - ΨHa4L + â
k=5

q+1

ΨHak - a4L - â
k=1

q

ΨHbk - a4L - ý

3

+

3 ΨH1LHa4L - ΨH1LHa4 - a1 + 1L - ΨH1LHa4 - a2 + 1L - ΨH1LHa4 - a3 + 1L + â
k=5

q+1

ΨH1LHak - a4L - â
k=1

q

ΨH1LHbk - a4L +

7 Π2

2
logH-zL + ΨHa4 - a1 + 1L + ΨHa4 - a2 + 1L +

ΨHa4 - a3 + 1L - ΨHa4L + â
k=5

q+1

ΨHak - a4L - â
k=1

q

ΨHbk - a4L - ý +

ΨH2LHa4 - a1 + 1L + ΨH2LHa4 - a2 + 1L + ΨH2LHa4 - a3 + 1L - ΨH2LHa4L + â
k=5

q+1

ΨH2LHak - a4L - â
k=1

q

ΨH2LHbk - a4L - 2 ΖH3L

1 + O
1

z
+ â

k=5

q+1
GHakL Ûj=1

j¹k

q+1
GIa j - akM

Ûj=1
q

GIb j - akM  H-zL-ak 1 + O
1

z
�;

H z¤ ® ¥L ì a2 - a1 Î N ì a3 - a2 Î N ì a4 - a3 Î N ì
ak - a1 Ï

Z ì 5 £ k £ q + 1 ì
"8 j,k<,8 j,k<ÎZì j¹kì5£ j£q+1ì5£k£q+1 Ia j - ak Ï ZM

Expansions at z � ¥ for polynomial cases 
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07.31.06.0026.01

pFqI-n, a2, a3, ¼, ap; b1, ¼, bq; zM �

Ûk=2
p HakLn

Ûk=1
q HbkLn

H-zLn
q+1Fp-1 -n, 1 - n - b1, ¼, 1 - n - bq; 1 - n - a2, 1 - n - a3, ¼, 1 - n - ap;

H-1Lp+q-1

z
�; n Î N+

Asymptotic series expansions

Expansions for q � p

07.31.06.0027.01

pFpIa1, ¼, ap; b1, ¼, bp; zM µ ä
j=1

p

GIb jM  A
F
�
HpowerL a1, ¼, ap;

b1, ¼, bp;
 8z, ¥, ¥< + A

F
�
HexpL a1, ¼, ap;

b1, ¼, bp;
 8z, ¥, ¥< �; H z¤ ® ¥L

07.31.06.0028.01

pFpIa1, ¼, ap; b1, ¼, bp; zM µ ä
j=1

p GIb jM
GIa jM  ãz zΧ 1 + O

1

z
+ ä

j=1

p GIb jM
GIa jM  â

k=1

p
GHakL Ûj=1

j¹k

p
GIa j - akM

Ûj=1
p

GIb j - akM H-zL-ak  1 + O
1

z
�;

H z¤ ® ¥L ì "8 j,k<,8 j,k<ÎZì j¹kì1£ j£pì1£k£p Ia j - ak Ï ZM
Expansions for q � p + 1

07.31.06.0029.01

pFp+1Ia1, ¼, ap; b1, ¼, bp+1; zM µ ä
j=1

p+1

GIb jM  A
F
�
HpowerL a1, ¼, ap;

b1, ¼, bp+1;
 8z, ¥, ¥< + A

F
�
HtrigL a1, ¼, ap;

b1, ¼, bp+1;
 8z, ¥, ¥< �; H z¤ ® ¥L

07.31.06.0030.01

pFp+1Ia1, ¼, ap; b1, ¼, bp+1; zM µ
Ûj=1

p+1
GIb jM

2 Π Ûk=1
p

GHakL  H-zL Χ  ãä JΠ Χ+2 -z N 1 + O
1

-z
+ ã-ä JΠ Χ+2 -z N 1 + O

1

-z
+

Ûj=1
p+1

GIb jM
Ûk=1

p
GHakL  â

k=1

p
GHakL Ûj=1

j¹k

p
GIa j - akM

Ûj=1
p+1

GIb j - akM  H-zL-ak 1 + O
1

z
�; H z¤ ® ¥L ì "8 j,k<,8 j,k<ÎZì j¹kì1£ j£pì1£k£p Ia j - ak Ï ZM

07.31.06.0031.01

pFp+1Ia1, ¼, ap; b1, ¼, bp+1; zM µ

Ûj=1
p+1

GIb jM
Π Ûk=1

p
GHakL  H-zL Χ  cosIΠ Χ + 2 -z N 1 + O

1

z
+

c1

2 -z
 sinIΠ Χ + 2 -z N 1 + O

1

z
+

Ûj=1
p+1

GIb jM
Ûk=1

p
GHakL  â

k=1

p
GHakL Ûj=1

j¹k

p
GIa j - akM

Ûj=1
p+1

GIb j - akM  H-zL-ak  1 + O
1

z
�;

H z¤ ® ¥L í Χ �
1

2
Ap - Bp+1 +

1

2
í c1 � 2 B - A +

1

4
I3 Ap + Bp+1 - 2M IAp - Bp+1M -

3

16
í Ap � â

k=1

p

ak í

Bp+1 � â
k=1

p+1

bk í A � â
s=2

p â
j=1

s-1

as a j í B � â
s=2

p+1 â
j=1

s-1

bs b j í "8 j,k<,8 j,k<ÎZì j¹kì1£ j£pì1£k£p Ia j - ak Ï ZM
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Expansions for q ³ p + 2

07.31.06.0032.01

pFqIa1, ¼, ap; b1, ¼, bq; zM µ ä
j=1

q

GIb jM A
F
�
HpowerL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥, ¥< + A

F
�
HexpL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥, ¥< �;

q - p ³ 2 ì H z¤ ® ¥L ì "8 j,k<,8 j,k<ÎZì j¹kì1£ j£pì1£k£p Ia j - ak Ï ZM
07.31.06.0033.01

pFqIa1, ¼, ap; b1, ¼, bq; zM µ

H2 ΠL 1-Β

2 Ûj=1
q

GIb jM
Β Ûk=1

p
GHakL zΧ  expI Β z1� ΒM 1 + O

1

z1� Β
+

Ûj=1
q

GIb jM
Ûk=1

p
GHakL  â

k=1

p
GHakL Ûj=1

j¹k

p
GIa j - akM

Ûj=1
q

GIb j - akM H-zL-ak 1 + O
1

z
�;

q - p ³ 2 í H z¤ ® ¥L í Β � q - p + 1 í Χ �
1

Β
 

Β - 1

2
+ â

k=1

p

ak - â
k=1

q

bk í "8 j,k<,8 j,k<ÎZì j¹kì1£ j£pì1£k£p Ia j - ak Ï ZM
Expansions for 0F2

07.31.06.0034.01

0F2H; b1, b2; zL µ
GHb1L GHb2L

2 3 Π
 ã3 z

3

z
1

3
H1-b1-b2L

1 +
-3 b1

2 + 3 Hb2 + 1L b1 - 3 b2
2 + 3 b2 - 2

9 z
3

+
1

162 z2�3  I9 b1
4 - 6 H3 b2 + 2L b1

3 + 3 I9 b2
2 - 3 b2 + 1M b1

2 -

3 I6 b2
3 + 3 b2

2 - 17 b2 + 4M b1 + 9 b2
4 - 12 b2

3 + 3 b2
2 - 12 b2 + 4M + ¼ �; H z¤ ® ¥L

07.31.06.0035.01

0F2H; b1, b2; zL µ
GHb1L GHb2L

2 3 Π
 ã3 z

3

z
1

3
H1-b1-b2L

1 + O
1

z
3

�; H z¤ ® ¥L
Expansions for 0F3

07.31.06.0036.01

0F3H; b1, b2, b3; zL µ

GHb1L GHb2L GHb3L
4 2 Π3�2  ã4 z

4

z
1

4
J 3

2
-b1-b2-b3N 1 +

-12 b1
2 + 8 Hb2 + b3 + 1L b1 - 12 b2

2 - 12 b3
2 + 8 b3 + 8 b2 Hb3 + 1L - 7

32 z
4

+

1

2048 z
 I144 b1

4 - 64 H3 b2 + 3 b3 + 1L b1
3 + 8 I44 b2

2 - 8 Hb3 + 3L b2 + 44 b3
2 - 24 b3 + 1M b1

2 - 16

I12 b2
3 + 4 Hb3 + 3L b2

2 + I4 b3
2 - 40 b3 - 21M b2 + 12 b3

3 + 12 b3
2 - 21 b3 + 11M b1 + 144 b2

4 + 144 b3
4 - 64 b3

3 + 8 b3
2 -

176 b3 - 64 b2
3 H3 b3 + 1L + 8 b2

2 I44 b3
2 - 24 b3 + 1M - 16 b2 I12 b3

3 + 12 b3
2 - 21 b3 + 11M + 121M + ¼ �; H z¤ ® ¥L

07.31.06.0037.01

0F3H; b1, b2, b3; zL µ
GHb1L GHb2L GHb3L

4 2 Π3�2  ã4 z
4

z
1

4
J 3

2
-b1-b2-b3N 1 + O

1

z
4

�; H z¤ ® ¥L
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General formulas of asymptotic series expansions

07.31.06.0038.01

pFqIa1, ¼, ap; b1, ¼, bq; zM µ ä
j=1

q

GIb jM  A
F
�

a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , ¥< �; H z¤ ® ¥L ì p £ q + 1

07.31.06.0039.01

pFqIa1, ¼, ap; b1, ¼, bq; zM µ ä
j=1

q

GIb jM IΘHq - pL - ∆q,p+1M A
F
�
HexpL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , ¥< +

A
F
�
HpowerL a1, ¼, ap;

b1, ¼, bq;
 8z, ¥� , ¥< + ∆q,p+1 A

F
�
HtrigL a1, ¼, ap;

b1, ¼, bp+1;
 8z, ¥� , ¥< �; H z¤ ® ¥L ì p £ q + 1

Main terms of asymptotic expansions

07.31.06.0040.01

pFqIa1, ¼, ap; b1, ¼, bq; zM µ
Ûj=1

q
GIb jM

Ûj=1
p

GIa jM  â
k=1

p

ress

GHsL Ûj=1
p

GIa j - sM
Ûj=1

q
GIb j - sM  H-zL-s  HakL 1 + O

1

z
+

∆q,p+1 d1 H-zL Χ  cosIΠ Χ + 2 -z N 1 + O 
1

-z
+ IΘ Hq - pL - ∆q,p+1M d2 zΧ ãΒ z1� Β

1 + O
1

z1� Β
�;

H z¤ ® ¥L í Β � q - p + 1 í Χ �
1

Β
 

Β - 1

2
+ â

k=1

p

ak - â
k=1

q

bk í 2 d2 � d1 �
2 H2 ΠL 1-Β

2

Β

07.31.06.0041.01

pFqIa1, ¼, ap; b1, ¼, bq; zM µ â
k=1

p

ck H-zL-ak 1 + O
1

z
+

∆q,p+1 e1 H-zL Χ  cosIΠ Χ + 2 -z N 1 + O 
1

-z
+ IΘ Hq - pL - ∆q,p+1M e2 zΧ ãΒ z1� Β

1 + O
1

z1� Β
�;

H z¤ ® ¥L í Β � q - p + 1 í Χ �
1

Β
 

Β - 1

2
+ â

k=1

p

ak - â
k=1

q

bk í ck �

GHakL IÛj=1
q

GIb jMM Ûj=1
j¹k

p
GIa j - akM

IÛj=1
p

GIa jMM Ûj=1
q

GIb j - akM í

2 e2 � e1 �
2 H2 ΠL 1-Β

2 Ûk=1
q

GHbkL
Β Ûk=1

p
GHakL í "8 j,k<,8 j,k<ÎZì j¹kì1£ j£pì1£k£p Ia j ¹ akM

07.31.06.0042.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM µ c H1 + OHz - 1LL + d H1 - zLΨq  H1 + OHz - 1LL �;
Hz ® 1L í Ψq � â

j=1

q

b j - â
j=1

q+1

a j í c � q+1FqIa1, ¼, aq+1; b1, ¼, bq; 1M í d �
GI-ΨqM Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL í Ψq Ï Z

Residue representations
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07.31.06.0043.01

pFqIa1, ¼, ap; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
p

GHakL  â
j=0

¥

ress

GHsL Ûk=1
p

GHak - sL
Ûk=1

q
GHbk - sL  H-zL-s  H- jL �; p < q + 1 ê p � q + 1 ì  z¤ < 1

07.31.06.0044.01

pFqIa1, ¼, aq+1; b1, ¼, bq; zM � -
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL  â
k=1

q+1 â
j=0

¥

ress

GHsL Ûk=1
q+1

GHak - sL
Ûk=1

q
GHbk - sL  H-zL-s  Hak + jL �;  z¤ > 1

Continued fraction representations
07.31.10.0001.01

pFqIa1, ¼, ap; b1, ¼, bq; zM �

1 + z ä
k=1

p

ak � ä
k=1

q

bk � 1 + -
z Ûj=1

p I1 + a jM
2 Ûj=1

q I1 + b jM � 1 +
z Ûj=1

p I1 + a jM
2 Ûj=1

q I1 + b jM +

-
zÛj=1

p I2+a jM
3Ûj=1

q I2+b jM

1 +
z Ûj=1

p I2 + a jM
3 Ûj=1

q I2 + b jM + ¼

07.31.10.0002.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � 1 + zä
k=1

p

ak � ä
k=1

q

bk 1 + Kk -
z Ûj=1

p Ik + a jM
Hk + 1L Ûj=1

q Ik + b jM ,
z Ûj=1

p Ik + a jM
Hk + 1L Ûj=1

q Ik + b jM + 1

1

¥

Differential equations

Ordinary linear differential equations and wronskians

For the direct function itself

The differential equation for the function pFqIa1, ¼, ap; b1, ¼, bq; zM  has the order maxHp, q + 1L.  It  has  two

(z � 0, z � ¥�  for p £ q) or three (z � 0, z � 1, z � ¥� ,  for p � q + 1) singular points. If  p £ q,  then the point

z � 0 is a regular singular point, while z � ¥�  is a nonregular (essential) singular point; if p � q + 1, then all three

singular points are regular. 

Representation of fundamental system solutions near point z � 0 for  p £ q + 1 in the general 
case
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07.31.13.0004.01

zq wHq+1LHzL + zq-1
q Hq - 1L

2
+ â

k=1

q

bk wHqLHzL - zp wHpLHzL - zp-1
p Hp - 1L

2
+ â

l=1

p

al wHp-1LHzL +

d

d z
 ä
k=1

q

z 
d

d z
+ bk - 1 wHzL - ä

l=1

p

z 
d

d z
+ al wHzL - zq wHq+1LHzL - zq-1

q Hq - 1L
2

+ â
k=1

q

bk wHqLHzL +

zp wHpLHzL + zp-1
p Hp - 1L

2
+ â

k=1

p

ak wHp-1LHzL + wHzL ä
l=1

p

al - wHzL ä
l=1

p

al � 0 �;

wHzL � c1 pF
�

qIa1, ¼, ap; b1, ¼, bq; zM + c2 â
k=1

q

Gp,q+1
2,p

z
1 - a1, ¼, 1 - ap

0, 1 - bk, 1 - b1, ¼, 1 - bk-1, 1 - bk+1, ¼, 1 - bq
+

¼ + cq â
k=1

q

Gp,q+1
q,p H-1Lq z

1 - a1, ¼, 1 - ap

0, 1 - b1, ¼, 1 - bk-1, 1 - bk+1, ¼, 1 - bq, 1 - bk
+

cq+1 Gp,q+1
q+1,p H-1Lq+1 z

1 - a1, ¼, 1 - ap

0, 1 - b1, ¼, 1 - bq

07.31.13.0005.01

zq wHq+1LHzL + zq-1
q Hq - 1L

2
+ â

k=1

q

bk wHqLHzL - zp wHpLHzL - zp-1
p Hp - 1L

2
+ â

l=1

p

al wHp-1LHzL +

d

d z
 ä
k=1

q

z 
d

d z
+ bk - 1 wHzL - ä

l=1

p

z 
d

d z
+ al wHzL - zq wHq+1LHzL - zq-1

q Hq - 1L
2

+ â
k=1

q

bk wHqLHzL + zp wHpLHzL +

zp-1
p Hp - 1L

2
+ â

k=1

p

ak wHp-1LHzL + wHzL ä
l=1

p

al - wHzL ä
l=1

p

al � 0 �; wHzL � c1 pF
�

qIa1, ¼, ap; b1, ¼, bq; zM +

â
k=1

q

ck+1 z1-bk pF
�

qIa1 - bk + 1, ¼, ap - bk + 1; 2 - bk, b1 - bk + 1, ¼, bk-1 - bk + 1, bk+1 - bk + 1, ¼, bq - bk + 1; zM �;

"8 j,k<,8 j,k<ÎZì j¹kì1£ j£qì1£k£q Ib j - bk Ï ZM ì bk Ï Z

07.31.13.0006.01

WzIpF
�

qIa1, ¼, ap; b1, ¼, bq; zM, z1-b1 pF
�

qIa1 - b1 + 1, ¼, ap - b1 + 1; 2 - b1, 1 - b1 + b2, ¼, 1 - b1 + bq; zM, ¼,

z1-bk pF
�

qIa1 - bk + 1, ¼, ap - bk + 1; 2 - bk, b1 - bk + 1, ¼, bk-1 - bk + 1, bk+1 - bk + 1, ¼, bq - bk + 1; zM,
¼, z1-bq

pF
�

qIa1 - bq + 1, ¼, ap - bq + 1; 2 - bq, b1 - bq + 1, ¼, bq-1 - bq + 1; zMM �

Π-
q H1+qL

2 ä
k=1

q

sinHΠ bkL ä
k=1

q ä
j=1

k-1

sinIΠ Ib j - bkMM z-
1

2
Hq-1L q-Úk=1

q bk J∆p,q+1 H1 - zL-q-Úl=1
q+1al+Úk=1

q bk + ãz ∆p,q + ΘH- p + q - 1LN
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07.31.13.0001.01

d

d z
 ä
k=1

q

z 
d

d z
+ bk - 1 - ä

l=1

p

z 
d

d z
+ al wHzL � 0 �; wHzL � c1 pFqIa1, ¼, ap; b1, ¼, bq; zM +

â
k=1

q

ck+1 z1-bk pFqIa1 - bk + 1, ¼, ap - bk + 1; 2 - bk, b1 - bk + 1, ¼, bk-1 - bk + 1, bk+1 - bk + 1, ¼, bq - bk + 1; zM �;

"8 j,k<,8 j,k<ÎZì j¹kì1£ j£qì1£k£q Ib j - bk Ï ZM ì bk Ï Z

07.31.13.0007.01

WzIpFqIa1, ¼, ap; b1, ¼, bq; zM, z1-b1 pFqIa1 - b1 + 1, ¼, ap - b1 + 1; 2 - b1, -b1 + b2 + 1, ¼, -b1 + bq + 1; zM, ¼,

z1-bk pFqIa1 - bk + 1, ¼, ap - bk + 1; 2 - bk, b1 - bk + 1, ¼, bk-1 - bk + 1, bk+1 - bk + 1, ¼, bq - bk + 1; zM,
¼, z1-bq

pFqIa1 - bq + 1, ¼, ap - bq + 1; 2 - bq, b1 - bq + 1, ¼, bq-1 - bq + 1; zMM �

const z-
1

2
Hq-1L q-Úk=1

q bk J∆p,q+1 H1 - zL-q-Úl=1
q+1al+Úk=1

q bk + ãz ∆p,q + ΘH- p + q - 1LN �; t � lim
Ε®0

Ε
Hq-1L q

2
+Úk=1

q bk

WΕIpFqIa1, ¼, ap; b1, ¼, bq; ΕM, Ε1-b1 pFqIa1 - b1 + 1, ¼, ap - b1 + 1; 2 - b1, -b1 + b2 + 1, ¼, -b1 + bq + 1; ΕM,
¼, Ε1-bk pFqIa1 - bk + 1, ¼, ap - bk + 1; 2 - bk, b1 - bk + 1, ¼, bk-1 - bk + 1, bk+1 - bk + 1, ¼, bq - bk + 1; ΕM,
¼, Ε1-bq

pFqIa1 - bq + 1, ¼, ap - bq + 1; 2 - bq, b1 - bq + 1, ¼, bq-1 - bq + 1; ΕMM
07.31.13.0008.01

WzIpFqIa1, ¼, ap; b1, ¼, bq; zM, z1-b1 pFqIa1 - b1 + 1, ¼, ap - b1 + 1; 2 - b1, 1 - b1 + b2, ¼, 1 - b1 + bq; zM, ¼,

z1-bk pFqIa1 - bk + 1, ¼, ap - bk + 1; 2 - bk, b1 - bk + 1, ¼, bk-1 - bk + 1, bk+1 - bk + 1, ¼, bq - bk + 1; zM,
¼, z1-bq

pFqIa1 - bq + 1, ¼, ap - bq + 1; 2 - bq, b1 - bq + 1, ¼, bq-1 - bq + 1; zMM �

H-1Lq ä
k=1

q Hbk - 1L  ä
k=1

q ä
j=1

k-1 Ib j - bkM  z-
1

2
Hq-1L q-Úk=1

q bk J∆p,q+1 H1 - zL-q-Úl=1
q+1al+Úk=1

q bk + ãz ∆p,q + ΘH- p + q - 1LN

Representation of fundamental system solutions near point z � 1 for  p � q + 1 in the general 
case

Below  representation  includes  functions  of  two  kinds.  The  function  Gq+1,q+1
q+1,0

z
1 - a1, ¼, 1 - aq+1

0, 1 - b1, ¼, 1 - bq
 is  the

piecewise analytical function with a discontinuity on the unite circle  z¤ � 1. It has singularity near point z � 1of

the form const H1 - zLΨq H1 + OHz - 1LL, when  z¤ < 1. The functions Gq+3,q+3
2,q+3

z
0, bk, 1 - a1, ¼, 1 - aq+1

0, bk, 0, 1 - b1, ¼, 1 - bq
 are the

analytical functions and are bounded near point z � 1. 

The function Gq+1,q+1
q+1,0

z
1 - a1, ¼, 1 - aq+1

0, 1 - b1, ¼, 1 - bq
 inside of  z¤ < 1can be reprezented through hypergeometric func-

tions defined for all complex z.
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07.31.13.0002.01

d

d z
 ä
k=1

q

z 
d

d z
+ bk - 1 - ä

l=1

q+1

z 
d

d z
+ al wHzL � 0 �;

wHzL � c1 Gq+1,q+1
q+1,0

z
1 - a1, ¼, 1 - aq+1

0, 1 - b1, ¼, 1 - bq
+ â

k=1

q

ck+1 Gq+3,q+3
2,q+3

z
0, bk, 1 - a1, ¼, 1 - aq+1

0, bk, 0, 1 - b1, ¼, 1 - bq
�;

 z¤ < 1 í Ψq � â
j=1

q

b j - â
j=1

q+1

a j í Ψq Ï Z í "8 j,k<,8 j,k<ÎZì j¹kì1£ j£qì1£k£q Ib j - bk Ï ZM í bk Ï Z

Representation of fundamental system solutions near point z = ¥�  for  p ³ q + 1 in the general 
case

07.31.13.0009.01

d

d z
 ä
k=1

q

z 
d

d z
+ bk - 1 - ä

l=1

p

z 
d

d z
+ al wHzL � 0 �;

wHzL � â
k=1

p

ck z-ak
q+1F

�
p-1 ak, ak - b1 + 1, ¼, ak - bq + 1; 1 - a1 + ak, ¼, 1 - ak-1 + ak,

1 - ak+1 + ak, ¼, 1 - ap + ak;
H-1L1-p+q

z
í "8 j,k<,8 j,k<ÎZì j¹kì1£ j£pì1£k£p Ia j - ak Ï ZM

07.31.13.0003.01

d

d z
 ä
k=1

q

z 
d

d z
+ bk - 1 - ä

l=1

p

z 
d

d z
+ al wHzL � 0 �;

wHzL � â
k=1

p

ck z-ak
q+1Fp-1 ak, ak - b1 + 1, ¼, ak - bq + 1; 1 - a1 + ak, ¼, 1 - ak-1 + ak,

1 - ak+1 + ak, ¼, 1 - ap + ak;
H-1L1-p+q

z
�; "8 j,k<,8 j,k<ÎZì j¹kì1£ j£pì1£k£p Ia j - ak Ï ZM

Transformations

Products, sums, and powers of the direct function

Products of the direct function

07.31.16.0001.01

pFqIa1, ¼, ap; b1, ¼, bq; c zM rFsHΑ1, ¼, Αr; Β1, ¼, Βs; d zL � â
k=0

¥

ck zk �;

ck �
dk Ûj=1

r IΑ jMk

k ! Ûj=1
s I Β jMk

 p+s+1Fq+r -k, 1 - Β1 - k, ¼, 1 - Βs - k, a1, ¼, ap; 1 - Α1 - k, ¼, 1 - Αr - k, b1, ¼, bq;
H-1Lr+s-1 c

d
ë

ck �
ck Ûj=1

p Ia jMk

k ! Ûj=1
q Ib jMk

 q+r+1Fp+s -k, 1 - b1 - k, ¼, 1 - bq - k, Α1, ¼, Αr; 1 - a1 - k, ¼, 1 - ar - k, Β1, ¼, Βs;
H-1Lp+q-1 d

c
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07.31.16.0002.01

pFqIa1, ¼, ap; b1, ¼, bq; c zM rFsHΑ1, ¼, Αr; Β1, ¼, Βs; d zL � â
k=0

¥ â
m=0

k JÛj=1
p Ia jMm

N JÛj=1
r IΑ jMk-m

N cm dk-m zk

JÛj=1
q Ib jMm

N JÛj=1
s I Β jMk-m

N m! Hk - mL !

07.31.16.0003.01

pFqIa1, ¼, ap; b1, ¼, bq; c zM rFsHΑ1, ¼, Αr; Β1, ¼, Βs; d zL � F0:q;s
0:p;r : a1, ¼, ap; Α1, ¼, Αr;

: b1, ¼, bq; Β1, ¼, Βs;
 c z, d z

Identities

Recurrence identities

Distant neighbors with respect to q

07.31.17.0001.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �

Ûj=1
q

GIb jM
Ûj=3

q+1
GIa jM  â

k=0

¥

Ek
HqLI9a1, ¼, aq+1=, 9b1, ¼, bq=M 2F

�
1Ia1, a2; a1 + a2 + Ψq + k; zM �; Ψq � â

j=1

q

b j - â
j=1

q+1

a j

Functional identities

Relations between contiguous functions

07.31.17.0002.01

b pFqIa, b + 1, a3, ¼, ap; b1, ¼, bq; zM -

a pFqIa + 1, b, a3, ¼, ap; b1, ¼, bq; zM + Ha - bL pFqIa, b, a3, ¼, ap; b1, ¼, bq; zM � 0

07.31.17.0003.01

c pFqIa, a2, ¼, ap; c, b2, ¼, bq; zM -

a pFqIa + 1, a2, ¼, ap; c + 1, b2, ¼, bq; zM + Ha - cL pFqIa, a2, ¼, ap; c + 1, b2, ¼, bq; zM � 0

07.31.17.0004.01

d pFqIa1, ¼, ap; c + 1, d, b3, ¼, bq; zM -

c pFqIa1, ¼, ap; c, d + 1, b3, ¼, bq; zM + Hc - dL pFqIa1, ¼, ap; c + 1, d + 1, b3, ¼, bq; zM � 0

07.31.17.0005.01

cHa - bL pFqIa, b, a3, ¼, ap; c, b2, ¼, bq; zM -

aHc - bL pFqIa + 1, b, a3, ¼, ap; c + 1, b2, ¼, bq; zM + bHc - aL pFqIa, b + 1, a3, ¼, ap; c + 1, b2, ¼, bq; zM � 0

07.31.17.0006.01

cHd - aL pFqIa, a2, ¼, ap; c, d + 1, b3, ¼, bq; zM -

dHc - aL pFqIa, a2, ¼, ap; c + 1, d, b3, ¼, bq; zM + aHc - dL pFqIa + 1, a2, ¼, ap; c + 1, d + 1, b3, ¼, bq; zM � 0

07.31.17.0007.01

ä
k=1

q

bk IpFqIa, a2, ¼, ap; b1, ¼, bq; zM - pFqIa + 1, a2, ¼, ap; b1, ¼, bq; zMM +

z ä
j=2

p

a j  pFqIa + 1, a2 + 1, ¼, ap + 1; b1 + 1, ¼, bq + 1; zM � 0
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c Hc + 1L ä
k=2

q

bk  IpFqIa1, ¼, ap; c, b2, ¼, bq; zM - pFqIa1, ¼, ap; c + 1, b2, ¼, bq; zMM -

z ä
j=1

p

a j  pFqIa1 + 1, ¼, ap + 1; c + 2, b2 + 1, ¼, bq + 1; zM � 0

07.31.17.0009.01

ä
k=1

q

bk  IpFqIa, b + 1, a3, ¼, ap; b1, ¼, bq; zM - pFqIa + 1, b, a3, ¼, ap; b1, ¼, bq; zMM -

z Hb - aL ä
j=3

p

a j  pFqIa + 1, b + 1, a3 + 1, ¼, ap + 1; b1 + 1, ¼, bq + 1; zM � 0

07.31.17.0010.01

c Hc + 1L ä
k=2

q

bk  IpFqIa, a2, ¼, ap; c, b2, ¼, bq; zM - pFqIa + 1, a2, ¼, ap; c + 1, b2, ¼, bq; zMM -

z Hc - aL ä
j=2

p

a j  pFqIa + 1, a2 + 1, ¼, ap + 1; c + 2, b2 + 1, ¼, bq + 1; zM � 0

07.31.17.0011.01

ä
k=2

q

bk  Ic pFqIa, b, a3, ¼, ap; c, b2, ¼, bq; zM -

a pFqIa + 1, b + 1, a3, ¼, ap; c + 1, b2, ¼, bq; zM - Hc - aL pFqIa, b + 1, a3, ¼, ap; c + 1, b2, ¼, bq; zMM +

z a ä
j=3

p

a j  pFqIa + 1, b + 1, a3 + 1, ¼, ap + 1; c + 1, b2 + 1, ¼, bq + 1; zM � 0

07.31.17.0012.01

pFqIa + 1, b + 1, a3, ¼, ap; c + 1, d + 1, e + 1, b4, ¼, bq; zM -

c d Ha - eL Hb - eL
a b Hc - eL Hd - eL pFqIa, b, a3, ¼, ap; c, d, e + 1, b4, ¼, bq; zM -

c e Ha - dL Hb - dL
a b Hc - dL He - dL  pFqIa, b, a3, ¼, ap; c, d + 1, e, b4, ¼, bq; zM -

d e Ha - cL Hb - cL
a b Hd - cL He - cL  pFqIa, b, a3, ¼, ap; c + 1, d, e, b4, ¼, bq; zM � 0

07.31.17.0013.01

pFqIa, b, c, a4, ¼, ap; d, e, b3, ¼, bq; zM -
a b Hd - cL He - cL
d e Ha - cL Hb - cL pFqIa + 1, b + 1, c, a4, ¼, ap; d + 1, e + 1, b3, ¼, bq; zM -

a c Hd - bL He - bL
d e Ha - bL Hc - bL  pFqIa + 1, b, c + 1, a4, ¼, ap; d + 1, e + 1, b3, ¼, bq; zM -

b c Hd - aL He - aL
d e Hb - aL Hc - aL  pFqIa, b + 1, c + 1, a4, ¼, ap; d + 1, e + 1, b3, ¼, bq; zM � 0
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a + z â
j=1

q Ia j+1 - b jM  q+1FqIa, a2, ¼, aq+1; b1, ¼, bq; zM +

z â
j=1

q Ib j - aM Ûk=1
q Ib j - ak+1M

b j  Ûk=1
k¹ j

q Ib j - bkM  q+1FqIa, a2, ¼, aq+1; b1, ¼, b j-1, b j + 1, b j+1, ¼, bq; zM �

aH1 - zL q+1FqIa + 1, a2, ¼, aq+1; b1, ¼, bq; zM
Relations of special kind

07.31.17.0015.01

pFqIa1, ¼, ap; c, 1 - c, b3, ¼, bq; zM + pFqIa1, ¼, ap; -c, 1 + c, b3, ¼, bq; zM � 2 pFqIa1, ¼, ap; 1 + c, 1 - c, b3, ¼, bq; zM
07.31.17.0016.01

pFqIa, a2, ¼, ap; -a, 1 + a, b3, ¼, bq; zM - 2 pFqIa, a2, ¼, ap; 1 - a, 1 + a, b3, ¼, bq; zM �

- p-1Fq-1Ia2, ¼, ap; 1 - a, b3, ¼, bq; zM
07.31.17.0017.01

pFqIa, a2, ¼, ap; 1 + a, b2, ¼, bq; zM + pFqI-a, a2, ¼, ap; 1 - a, b2, ¼, bq; zM �

2 p+1Fq+1Ia, -a, a2, ¼, ap; 1 + a, 1 - a, b2, ¼, bq; zM
07.31.17.0018.01

pFqIa, 1 - a, a3, ¼, ap; b1, ¼, bq; zM + pFqI-a, 1 + a, a3, ¼, ap; b1, ¼, bq; zM � 2 p+1Fq+1Ia, -a, a3, ¼, ap; b1, ¼, bq; zM
Division on even and odd parts and generalization

07.31.17.0019.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � A+HzL + A-HzL �; A+HzL �
1

2
 IpFqIa1, ¼, ap; b1, ¼, bq; zM + pFqIa1, ¼, ap; b1, ¼, bq; -zMM í

A-HzL �
1

2
 IpFqIa1, ¼, ap; b1, ¼, bq; zM - pFqIa1, ¼, ap; b1, ¼, bq; -zMM

07.31.17.0020.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � A+HzL + A-HzL �;
A+HzL � 2 pF2 q+1

a1

2
, ¼,

ap

2
,

a1 + 1

2
, ¼,

ap + 1

2
;

1

2
,

b1

2
, ¼,

bq

2
,

b1 + 1

2
, ¼,

bq + 1

2
; 4p-q-1 z2 í

A-HzL �
z Ûj=1

p
a j

Ûj=1
q

b j

 2 pF2 q+1

a1 + 1

2
, ¼,

ap + 1

2
,

a1 + 2

2
, ¼,

ap + 2

2
;

3

2
,

b1 + 1

2
, ¼,

bq + 1

2
,

b1 + 2

2
, ¼,

bq + 2

2
; 4p-q-1 z2

07.31.17.0021.01

pFqIa1, ¼, ap; b1, ¼, bq; zM �

â
k=0

n-1 zk Ûj=1
p Ia jMk

k ! Ûj=1
q Ib jMk

 n p+1Fn q+n 1,
a1 + k

n
, ¼,

a1 + k + n - 1

n
, ¼,

ap + k

n
, ¼,

ap + k + n - 1

n
;

k + 1

n
, ¼,

k + n

n
,

b1 + k

n
, ¼,

b1 + k + n - 1

n
, ¼,

bq + k

n
, ¼,

bq + k + n - 1

n
; nn Hp-q-1L zn

Case q+1Fq
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q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
q+1

GHakL â
k=1

q+1
GHakL Ûj=1

j¹k

q+1
GIa j - akM

Ûj=1
q

GIb j - akM  H-zL-ak

q+1Fq ak, ak - b1 + 1, ¼, ak - bq + 1; 1 - a1 + ak, ¼, 1 - ak-1 + ak, 1 - ak+1 + ak, ¼, 1 - aq+1 + ak;
1

z
�;

z Ï H0, 1L ì "8 j,k<,8 j,k<ÎZì j¹kì1£ j£q+1ì1£k£q+1 Ia j - ak Ï ZM
07.31.17.0023.01

â
k=1

m

Û
j=1
j¹k

m
 GIb j - bkM Ûj=1

n GI1 - a j + bkM
Ûj=n+1

q+1
GIa j - bkM Ûj=m+1

q+1
GI1 - b j + bkM zbk

q+1FqI1 - a1 + bk, ¼, 1 - aq+1 + bk; 1 - b1 + bk, ¼, 1 - bk-1 + bk, 1 - bk+1 + bk, ¼, 1 - bq+1 + bk; H-1Lq-m-n+1 zM �

â
k=1

n

Û
j=1
j¹k

n
 GIak - a jM Ûj=1

m GI1 - ak + b jM
Ûj=m+1

q+1
GIak - b jM Ûj=n+1

q+1
GIa j - ak + 1M  zak-1

q+1Fq 1 - ak + b1, ¼, 1 - ak + bq+1; 1 + a1 - ak, ¼, 1 + ak-1 - ak, 1 + ak+1 - ak, ¼, 1 + aq+1 - ak;
H-1Lq-m-n+1

z
�;

m Î N+ ì n Î N+ ì q Î N ì m £ q + 1 ì n £ q + 1 ì Hm + n - q > 2 ê Hm + n - q � 2 ì z Ï H-1, 0LLL
07.31.17.0024.01

q+1FqIa1, ¼, aq+1; b1, ¼, bq; w zM � H1 - zL-a1 â
k=0

¥ Ha1Lk

k !
 q+1FqI-k, a2, ¼, aq+1; b1, ¼, bq; wM z

z - 1

k

Differentiation

Low-order differentiation

With respect to a1

07.31.20.0001.01

p Fq
H81,0,¼,0<,80,¼,0<,0LIa1, ¼, ap; b1, ¼, bq; zM � â

k=0

¥ ΨHk + a1L JÛj=1
p Ia jMk

N zk

k ! Ûj=1
q Ib jMk

- ΨHa1L pFqIa1, ¼, ap; b1, ¼, bq; zM �;
q � p - 1 ì  z¤ < 1 ê q ³ p

07.31.20.0002.01

p Fq
H81,0,¼,0<,80,¼,0<,0LIa1, ¼, ap; b1, ¼, bq; zM �

z Ûj=2
p

a j

Ûj=1
q

b j

 Fq+1 ´ 0 ´ 1
p 1 ´ 2 a1 + 1, ¼, ap + 1; 1; 1, a1;

2, b1 + 1, ¼, bq + 1;; a1 + 1;
 z, z

With respect to b1
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p Fq
H80,¼,0<,81,0,¼,0<,0LIa1, ¼, ap; b1, ¼, bq; zM � ΨHb1L pFqIa1, ¼, ap; b1, ¼, bq; zM - â

k=0

¥ ΨHk + b1L JÛj=1
p Ia jMk

N zk

k ! Ûj=1
q Ib jMk

�;
q � p - 1 ì  z¤ < 1 ê q ³ p

07.31.20.0004.01

p Fq
H80,¼,0<,81,0,¼,0<,0LIa1, ¼, ap; b1, ¼, bq; zM � -

z Ûj=1
p

a j

b1 Ûj=1
q

b j

 Fq+1 ´ 0 ´ 1
p 1 ´ 2 a1 + 1, ¼, ap + 1; 1; 1, b1;

2, b1 + 1, ¼, bq + 1;; b1 + 1;
 z, z

With respect to element of parameters |||  With respect to element of parameters

07.31.20.0005.01

¶ pFqIa, a2, ¼, ap; a + 1, b2, ¼, bq; zM
¶a

�

z Ûj=2
p

a j

Ha + 1L2 Ûj=2
q

b j

 p+1Fq+1Ia + 1, a + 1, a2 + 1, ¼, ap + 1; a + 2, a + 2, b2 + 1, ¼, bq + 1; zM
07.31.20.0006.01

¶ pFqIa + 1, a2, ¼, ap; a, b2, ¼, bq; zM
¶a

� -
z Ûj=2

p
a j

a2 Ûj=2
q

b j

 p-1Fq-1Ia2 + 1, ¼, ap + 1; b2 + 1, ¼, bq + 1; zM
With respect to z

07.31.20.0007.01

¶ pFqIa1, ¼, ap; b1, ¼, bq; zM
¶z

�
Ûj=1

p
a j

Ûj=1
q

b j

 pFqIa1 + 1, ¼, ap + 1; b1 + 1, ¼, bq + 1; zM
07.31.20.0008.01

¶2
pFqIa1, ¼, ap; b1, ¼, bq; zM

¶z2
�

Ûj=1
p

a j Ia j + 1M
Ûj=1

q
b j Ib j + 1M  pFqIa1 + 2, ¼, ap + 2; b1 + 2, ¼, bq + 2; zM

Symbolic differentiation 

With respect to a1

07.31.20.0009.01

p Fq
H8n,0,¼,0<,80,¼,0<,0LIa1, ¼, ap; b1, ¼, bq; zM � â

k=0

¥ Ûj=2
p Ia jMk

k ! Ûj=1
q Ib jMk

 
¶n Ha1Lk

¶a1
n

zk �; n Î N+ ì q � p - 1 ì  z¤ < 1 ê q ³ p

With respect to b1

07.31.20.0010.01

p Fq
H80,¼,0<,8n,0,¼,0<,0LIa1, ¼, ap; b1, ¼, bq; zM � â

k=0

¥ Ûj=1
p Ia jMk

k ! Ûj=2
q Ib jMk

 

¶n 1Hb1Lk

¶b1
n

zk �;  z¤ < 1 ì n Î N+ ì q � p - 1 ì  z¤ < 1 ê q ³ p

With respect to element of parameters |||  With respect to element of parameters
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¶n
pFqIa, a2, ¼, ap; a + 1, b2, ¼, bq; zM

¶an
�

H-1Ln-1 n! zIÛj=2
p

a jM
Ha + 1Ln+1 Ûj=2

q
b j

p+nFq+nIa + 1, ¼, a + 1, a2 + 1, ¼, ap + 1; a + 2, ¼, a + 2, b2 + 1, ¼, bq + 1; zM �; n Î N+

07.31.20.0022.01

¶n
pFqIa + 1, a2, ¼, ap; a, b2, ¼, bq; zM

¶an
�

H-1Ln n!

an+1
 a p-1Fq-1Ia2, ¼, ap; b2, ¼, bq; zM +

z Ûj=2
p

a j

Ûj=2
q

b j

p-1Fq-1Ia2 + 1, ¼, ap + 1; b2 + 1, ¼, bq + 1; zM +

H-1Ln-1 n!

an
 p-1Fq-1Ia2, ¼, ap; b2, ¼, bq; zM �; n Î N+

With respect to z

07.31.20.0011.01

¶n
pFqIa1, ¼, ap; b1, ¼, bq; zM

¶zn
�

Ûj=1
p Ia jMn

Ûj=1
q Ib jMn

pFqIa1 + n, ¼, ap + n; b1 + n, ¼, bq + n; zM �; n Î N+

07.31.20.0012.01

¶n
pFqIa1, ¼, ap; b1, ¼, bq; zM

¶zn
� z-n ä

j=1

q

GIb jM p+1F
�

q+1I1, a1, ¼, ap; 1 - n, b1, ¼, bq; zM �; n Î N+

07.31.20.0013.01

¶n IzΑ pFqIa1, ¼, ap; b1, ¼, bq; zMM
¶zn

� H-1Ln H-ΑLn zΑ-n
p+1Fq+1IΑ + 1, a1, ¼, ap; Α - n + 1, b1, ¼, bq; zM �; n Î N+

07.31.20.0014.01

¶n Iza+n-1 pFqIa, a2, ¼, ap; b1, ¼, bq; zMM
¶zn

� HaLn za-1
pFqIa + n, a2, ¼, ap; b1, ¼, bq; zM �; n Î N+

07.31.20.0015.01

¶n Izc-1 pFqIa1, ¼, ap; c, b2, ¼, bq; zMM
¶zn

� Hc - nLn zc-n-1
pFqIa1, ¼, ap; c - n, b2, ¼, bq; zM �; n Î N+

07.31.20.0016.01

¶n Jzn pFqJ-n, a2, ¼, ap; 1

2
, b2, ¼, bq; zNN

¶zn
� n! p+1Fq+1 -n, n + 1, a2, ¼, ap;

1

2
, 1, b2, ¼, bq; z �; n Î N+

07.31.20.0017.01

¶n IzΑ pFqI-n, a2, ¼, ap; b1, ¼, bq; zMM
¶zn

� H-1Ln H-ΑLn zΑ-n p+1Fq+1I-n, Α + 1, a2, ¼, ap; Α - n + 1, b1, ¼, bq; zM �; n Î N+
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¶n JzΑ pFqJ- n

r
, -n+1

r
, ¼, -n+r-1

r
, ar+1, ¼, ap; b1, ¼, bq; zmNN

¶zn
�

H-1Ln H-ΑLn zΑ-n p+mFq+m -
n

r
,

-n + 1

r
, ¼,

-n + r - 1

r
,

Α + 1

m
,

Α + 2

m
, ¼,

Α + m

m
, ar+1,

¼, ap;
Α - n + 1

m
,

Α - n + 2

m
, ¼,

Α - n + m

m
, b1, ¼, bq; zm �; r Î N+ ì m Î N+ ì n Î N+

07.31.20.0019.01

¶n Iã-z
pFqI-n, a2, ¼, ap; b1, ¼, bq; zMM

¶zn
�

H-1Ln ã-z â
k=0

n H-nLk zk

k ! Ûj=1
q Ib jMk

 p+1FqI-n, k - n, a2 + k, ¼, ap + k; b1 + k, ¼, bq + k; zM �; n Î N+

Fractional integro-differentiation

With respect to z

07.31.20.0020.01

¶Α
pFqIa1, ¼, ap; b1, ¼, bq; zM

¶zΑ
� z-Α ä

j=1

q

GIb jM p+1F
�

q+1I1, a1, ¼, ap; 1 - Α, b1, ¼, bq; zM

Integration

Indefinite integration

Involving only one direct function

07.31.21.0001.01

à pFqIa1, ¼, ap; b1, ¼, bq; zM â z �
Ûj=1

q Ib j - 1M
Ûj=1

p Ia j - 1M  pFqIa1 - 1, ¼, ap - 1; b1 - 1, ¼, bq - 1; zM
Involving one direct function and elementary functions

Involving power function

07.31.21.0002.01

à zΑ-1
pFqIa1, ¼, ap; b1, ¼, bq; zM â z �

zΑ

Α
 p+1Fq+1IΑ, a1, ¼, ap; Α + 1, b1, ¼, bq; zM

Definite integration

For the direct function itself
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à
0

¥

tΑ-1
pFqIa1, ¼, ap; b1, ¼, bq; -tM â t �

IÛk=1
q

GHbkLM IGHΑL Ûk=1
p

GHak - ΑLM
IÛk=1

p
GHakLM Ûk=1

q
GHbk - ΑL �;

0 < ReHΑL < minIReHa1L, ¼, ReIapMM ì p - 1 £ q £ p ë
0 < ReHΑL < min ReHa1L, ¼, ReIapM, 1

4
-

1

2
Re â

j=1

p

a j - â
k=1

q

bk í q � p + 1

Summation

Finite summation

07.31.23.0001.01

â
k=0

n-1 Ûj=1
p Ia jMk

Ûj=1
q Ib jMk

 n p+1Fn q+n 1,
a1 + k

n
, ¼,

a1 + k + n - 1

n
, ¼,

ap + k

n
, ¼,

ap + k + n - 1

n
;

k + 1

n
, ¼,

k + n

n
,

b1 + k

n
, ¼,

b1 + k + n - 1

n
,

bq + k

n
, ¼,

bq + k + n - 1

n
; nn Hp-q-1L zn  

zk

k !
� pFqIa1, ¼, ap; b1, ¼, bq; zM

Infinite summation

07.31.23.0002.01

â
k=0

¥ Ha1Lk

k !
 q+1FqI-k, a2, ¼, aq+1; b1, ¼, bq; wM zk �

1

1 - z

a1

 q+1Fq a1, ¼, aq+1; b1, ¼, bq;
z w

z - 1

Operations

Limit operation

07.31.25.0001.01

lim
z®1

H1 - zL-Ψq
q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �

GI-ΨqM Ûj=1
q

GIb jM
Ûj=1

q+1
GIa jM �; Ψq � â

j=1

q

b j - â
j=1

q+1

a j í ReIΨqM < 0

07.31.25.0002.01

lim
z®1

1

logH1 - zL q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM � -
Ûj=1

q
GIb jM

Ûj=1
q+1

GIa jM �; Ψq � â
j=1

q

b j - â
j=1

q+1

a j í Ψq � 0

07.31.25.0003.01

lim
b1®-n

pFqIa1, ¼, ap; b1, ¼, bq; zM
GHb1L �

zn+1 ä
j=1

p Ia jMn+1 pF
�

qIn + a1 + 1, ¼, n + ap + 1; n + 2, n + b2 + 1, ¼, n + bq + 1; zM �; n Î N+

07.31.25.0004.01

lim
a®¥

pFq a, a2, ¼, ap; b1, ¼, bq;
z

a
� p-1FqIa2, ¼, ap; b1, ¼, bq; zM
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lim
a®¥

pFqIa1, ¼, ap; b, b2, ¼, bq; b zM � pFq-1Ia1, ¼, ap; b2, ¼, bq; zM
07.31.25.0006.01

lim
a®n

a-q

GH1 - aL q+1FqIa, a2, a3, ¼, aq+1; a2 + 1, a3 + 1, ¼, aq+1 + 1; 1M � H-1Ln-1 Sn
HqL �;

a2 � a3 � ¼ � aq+1 � a ì q Î N ì n Î N

07.31.25.0007.01

lim
z®1

q+1FqI1 - m, a2 + 1, a3 + 1, ¼, aq+1 + 1; a2, a3, ¼, aq+1; zM � H-1Lm-1 GHmL Sq+1
HmL �; a2 � a3 � ¼ � aq+1 � 1 ì m Î N+

Representations through more general functions

Through hypergeometric functions

Involving pF
�

q

07.31.26.0001.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � ä
k=1

q

GHbkL  pF
�

qIa1, ¼, ap; b1, ¼, bq; zM

Through hypergeometric functions of two variables

07.31.26.0002.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � F0 q 0
0 p 0 ; a1, ¼, ap;;

; b1, ¼, bq;;
 z, 0

07.31.26.0003.01

pFqIa1, ¼, ap; b1, ¼, bq; zM � ä
k=1

q

GHbkL  F
�

0 q 0
0 p 0 ; a1, ¼, ap;;

; b1, ¼, bq;;
 z, 0

Through Meijer G

Classical cases for the direct function itself

07.31.26.0004.01

pFqIa1, ¼, ap; b1, ¼, bq; zM �
Ûk=1

q
G HbkL

Ûk=1
p

G HakL  Gp,q+1
1,p

-z
1 - a1, ¼, 1 - ap

0, 1 - b1, ¼, 1 - bq
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q+1FqIa1, ¼, aq+1; b1, ¼, bq; zM �

Ûk=1
q

G HbkL
Π sin IΨq ΠM Ûk=1

q+1
G HakL  â

j=1

q Ûk=1
q+1

sin IΠ Ib j - akMM
Ûk=1

k¹ j

q
sin IΠ Ib j - bkMM  Gq+1,q+1

2,q+1
z

1 - a1, ¼, 1 - aq+1

0, 1 - b j, 1 - b1, ¼, 1 - b j-1, 1 - b j+1, ¼, 1 - bq
-

Π Ûk=1
q

G HbkL
sin IΨq ΠM Ûk=1

q+1
G HakL  H1 - zLΨq Hz - 1L-Ψq  Gq+1,q+1

0,q+1
z

1 - a1, ¼, 1 - aq+1

0, 1 - b1, ¼, 1 - bq
+ Gq+1,q+1

q+1,0
z

1 - a1, ¼, 1 - aq+1

0, 1 - b1, ¼, 1 - bq
�;

Ψq � â
j=1

q

b j - â
j=1

q+1

a j í z Ï H-1, 0L í Ψq Ï Z

07.31.26.0006.01

pFqIa1, ¼, ap; b1, ¼, bq; zM �
Ûk=1

q
GHbkL

Ûk=1
p

GHakL  G4,3
3,1 -

1

z

1, b1, ¼, bq

a1, ¼, ap
�; z Ï H0, ¥L

Theorems

Connections between series and continued fraction representations

Euler established that the convergent series  Úk=1
¥ ak can be expressed in a continued fraction form

â
k=1

¥

ak � a1 1 + ContinueFractionB:-
ak+1

ak

, 1 +
ak+1

ak

>, 8k, 1, ¥<F -1

.

In particular the following representation takes place:

pFq Ia1, a2, ¼, ap; b1, b2, ¼, bq; zM �

1 +
zÛk=1

p
ak

Ûk=1
q

bk

1 + ContinueFractionB:-
zÛj=1

p Ik + a jM
Hk + 1L Ûj=1

q Ik + b jM , 1 +
zÛj=1

p Ik + a jM
Hk + 1L Ûj=1

q Ik + b jM >, 8k, 1, ¥<F
-1

.
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