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Notations

Traditional name

Generalized hypergeometric function

Traditional notation

pFa(a, ..., ap; by, ..., bg; 2)

Mathematica StandardForm notation

Hyper georet ri cPFQ[ {ay, ... ap}, {bi, ... by}, Z|

Primary definition

07.31.02.0001.01

> 1]
Folag, ...,ap by, ..., bg 2) = Y ——8 —/:
pFa(as pr 01 : 2) gﬂ?_l(bj)kk!
p-1 p
qzp\/q::p—1A|z|<1\/q::p—l/\|z|::1/\Re[ij—Zaj >0
[N

In the cases g < p — 1 the series above does not converge but it (together with symbol) can be used as asymptotic
series, where, when needed a Borel summation isimplicitly understood.

07.31.02.0002.01

/s Haj -3;=neN
|

For & == —n, bj == —-m/; m = n being nonpositive integers and A, (a > —n A ax € N) A\ A, (b > —m A b e N) the func-

tion qu(al, ..., ap; by, ..., by z) cannot be uniquely defined by alimiting procedure based on the above definition because
the two variables a;, b; can approach nonpositive integers —n, —m; m = n at different speeds. For the above conditions we

define:

07.31.02.0003.01

;—/;ai =-nAbj=—mAmeNAneNAm=n
ST (by), k!
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General characteristics

Some abbreviations

07.31.04.0001.01
NT({ag, ..., ap)) == (-aeNV ...V -a, eN)

Domain and analyticity

oFq(as, ..., @p; by, ..., by; Z) isan analytical function of ay, ..., ap, by, ..., by and z which is defined in CP*9*. In
the cases p < g for fixed &y, ..., ap, by, ..., by, it is an entire function of z. If parameters axinclude negative inte-
gers, the function ,Fq(ay, ..., ap; by, ..., by; Z) degeneratesto apolynomial in z.

07.31.04.0002.01
({aq ... x@p} by ... x by} x 2)— ;Fq(ay, ..., @p; by, ..., bg; 2) 11 ((C® ... ®C}R{C® ... ®C}®C) —C

Symmetries and periodicities

Mirror symmetry
07.31.04.0003.02

oFa(ar, ..., @ by, ..., bg; 2) = pFg(ay, ..., api by, ..., by 2) s = (Ze (L, ) A p=q+1)

Permutation symmetry

07.31.04.0004.01
oFq(ar @, ..o @ or @), ooy @ bry o by Z) == pFg(ag, @2, s @, o B o Aps Dy b 2) A A AKE

07.31.04.0005.01
pFa(a, .., ap; by, by, ... b, ooy by ., By 2) = pFg(@n, ..., @pi by, by, ooy by, o B o b Z) /s D #E By AKE

Periodicity

No periodicity

Poles and essential singularities
With respect to z
For p==q+1 and fixed &, bj in nonpolynomia cases (when = (-a NV ...V —a, eN)), the function
oFq(as .., @p; by, ..., by; Z) does not have poles and essential singularities.
07.31.04.0006.01
Sing (pFq(as, .., api by, ..., by 2)) = {} /s p=a+ LANT ({ay, ..., ap})
For p=<q and fixed &, b; in nonpolynomial cases (when -(-a;eNV ...V -a,€N)), the function

oFq(as, ..., @p; by, ..., by; Z) hasonly one singular point at z = . Itisan essential singular point.

07.31.04.0007.01
Sing (pFq(@, ..., ap; by, ..., by; 2)) = {{&, co}} /; p= ANT ({ay, .., ap))
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If parameters ay include r negative integers ay, the function qu(al, ..., ap; by, ..., by z) is a polynomial and has pole of
order min(-ay, ..., —jatz =&

07.31.04.0008.01
Sing (oFq(au, .., ap; by, ..., bg; 2)) = (i, ~al} /5 = (NT({au, ..., ap})) /\ @ == min(- as) [\ ~as €N
With respect to a
The function pFq(ay, ..., ap; by, ..., by Z) asafunction of &, 1< =< p, hasonly one singular point at & = . It
is an essential singular point.
07.31.04.0009.01
Singai(qu(al, @by, by 2)) = ({0, o)) /1< | <

With respect to b;

The function qu(al, ..., ap; by, ..., by z) asafunction of bj, 1< j < g, hasaninfinite set of singular points:
a) bj = - k/; ke N, are the simple poles with residues 72~ U F, (ag, ..., ap; by, ..., bj_1, =k, by, ..., bg; 2);
b) b; == & isthe point of accumulation of poles, which isan essential singular point.

07.31.04.0010.01
Singbj(qu(al, o @p by, b Z)) = (=K, 1}/ keN), (&, )} 1< j=q

07.31.04.0011.01
1 k

resoj(qu(al, cor @p; by, L, b 2)) (<K) = oFq(ar, ..., ap; by, .., bj_g, =K, bjyg, ... by Z) s keNAL<j<q

Branch points
With respect to z

The function qu(al, ..., @p; by, ..., by; Z) does not have branch points for p < g and has two branch points: z==1, z== &%
for p==q+ 1in nonpolynomial case (when - (_al eNV...V-aye N))
07.31.04.0012.01
BPAoFg(a, ..., ap; by, ... bg; Z) =} /i p=q
07.31.04.0013.01

BSDZ(q+1Fq(a1, vy aq+1; b]_, ceey bq; Z)) = {1, 0~O} /, NT({al, ey aq+l})

07.31.04.0014.01
g+l

Re(qr1Fa(as, .-, age1; b1, ..., bg; 2), 1) =10g /; ¥q eZ\/wq er_Q/\wq __Zb Za, /\NT ({ag, ..., ag}))

07.31.04.0015.01
Rz(q+1Fq(a1, ceny aq+1; bl‘ veny bq, Z), 1) - S/,
oq+1

q__Zb Zaj__ /\rez/\s 1eN+/\gcd(r,s)==1/\N7'({al,...,aq+l})
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07.31.04.0016.01
Re(qr1Fg(a, .-, 8ge1; b1, ..., bg; 2), &) = log /;
£ (a—ajeZ/\lsisq+l/\1$jsq+1/\i¢j)/\(ale§Q\/...Vaq+1eEQ)

07.31.04.0017.01

Re(qr1Fa(as -+ 8ge1s B, -, by; 2), &) = lem(sy, ..., Sgea) /;
f

a = ;/\{n, s} eZ/\a > 1/\gcd(r|, §) = 1/\13 I sq+1/\N‘T({al, coor Age1})
With respect to a
The function qu(al, ..., ap; by, ..., by z) asafunction of a, 1 <| < p, does not have branch points.

07.31.04.0018.01
BPa(oFq(ar, ..o @pi by, ... by Z)) =}/, 1<l =<p

With respect to b;
Thefunction ,Fq(ay, ..., ap; by, ..., by; 2) asafunction of by, 1 < j < q, does not have branch points.

07.31.04.0019.01
Bij(qu(al, aap by, by Z)={/;1<j=q

Branch cuts
With respect to z

For all nonnegative integer ay, the function qu(al, ..., ap; by, ..., by; z) in the cases p == q+ 1 is asingle-valued function
on the z-plane cut along the interval (1, o0), where it is continuous from below. In the cases p < q this function does not
have branch cuts.

07.31.04.0020.01
BCoAq+1Fq(a1, ---r Age1s by, .., bg; 2)) = ({(L, o0), i1} /; NT ({ay, ..., ags1))
07.31.04.0021.01

BCyopFq(ar, ... ap; by, ..., by Z)=1{} /; p=q

07.31.04.0022.01
Iir+noq+qu(a1, oo Bqe1i by, ooy gy X— i €) = gu1Fq(ay, ..., Bgeai by, oo gy X) /5 x> 1
€

07.31.04.0026.01
1,by, ..., by
Az, ey aq+1

ettt —

X

q
[Ty I'(by) 1L o 1
o+1,0+1]

lim g.1Fqglag, ..., 1Dy, o, by X+i€) = /ix>1
e->+0 o+l q( 1 aq+1 1 4 g+1

[Tezr T@0
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07.31.04.0023.01

Hq= F(bk) g+l ['(ay) g+l .
k=1 l_[r(aj _ak) e i &

N q
[ M@ i T (o —ad |
I

||m q+qu(a]_, ceey aq+1; bl' eey bq, X+E’E) =
e—>+0

“*lF“(ak‘ byt L . a—bgt Ll +a e 1Byt 80 L= B+ 8 o L8 + 8 ;)/;
YKz A kAL =g+ 1M =keget (8 — B € Z) A x> 1
With respect to g
Thefunction qu(al, -+ Ap; by, ., By Z) asafunctionof a, 1 <1 < p, does not have branch cuts.

07.31.04.0024.01
BCa(pFq(ar, .- @pi by, ... b 2))={} /;1<l<p

With respect to b;
Thefunction ,Fq(ay, ..., ap; by, ..., by; z) asafunction of b, 1 < j < q, does not have branch cuts.

07.31.04.0025.01
Bch(qu(al, cwdp by bgZ)=1{/1<j=q

Series representations

Generalized power series

Expansionsat generic point z == z,

For the function itself

07.31.06.0045.01
q oo Zak
qu(al, ..., Ap; by ..., bq; Z) = l_[r(bj) ZF p+1Fq+1(11 a, ...,ap 1- k by, ..., bq; Zo) (Z_Zo)k /s
j=1 k=0 K:
p#+qg+1Vp=q+1Az¢l )

07.31.06.0046.01
q+qu(al, ceey aq+l; bl, ooy bq, Z) =

nq:lr aj — ak ar [ 72) arg(zy-2] f
M0, Moy a1 =t (& -3 [ 1 Jak[ i j( )akﬂ@Jl] i T+ ) (~2)7)
- rl) g+1Fq
[ T(ay b [T Db -a) U 2 4 j!

1 )
[ak—bl+l, cod—bg+ L jragl-ag+a ..., l-aey+a, 1-ag+ay, ..., L-ag +a g (z-2) /

|20l > LA Vi . kez i ekAt<j<ariatskeqs1 (8] — B & Z)

Expansionson branch cutsfor p==q+1
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For the function itself

07.31.06.0047.01

[T T e (=)™ T(u+ay)

Jawal| 1—a; —K, ..., 1— -
1,g+1 27| —— 1 Ag+1
q+1q+1[ T O,1—bl—k,...,1—bq— )(Z 0 x>1
} wa) 1] 1, k+by, ..., K+b
qfl | e s ' @k x> 1
a+La+ x | kK+ayq, ...,k+aq+1

g+l agix-zl

o

M, Fbo &
q+qu(al, <oey Qgis by, ..., bq; Z) == 1—
[ T i k!
07.31.06.0048.01
Hk 1F(bk)
q+qu(al, <oey Qgis by, ..., bq; Z) == 17 '
[0 T k!
07.31.06.0049.01
qr1Fa(@r, - agai by, ..., by 2) ==

q+1

[T T(@) k=1u=0 U!l_[?zlr(bj - ay)

l—l r(aj _ ak) @—mq< (1+2 Floor[

=1
j*k

1
q+1Fq(U+ak,ak—b1+l, v —bgt+tLl-a;+ay, ..., l-a 1 +ag 1-a1+ay, ..., 1-aga +a; ;)

(z-x"/; Yiikit Jk}eZ/\J;ek/\l<1<q+1/\l<k<q+1(

Expansionsat z==0

07.31.06.0001.01

—a ¢ Z)Ax>1

Z+../,q=p-1A1d<1Vqg=p

,a=p-1AlZ<1Vqg=zp

Mg (Ta (g +1)
oFa(as, .., ap; by, ..., bg; Z) =1+ It
[loaby  2IT, by (b +2)
07.31.06.0002.01
ke ( l(aJ)k)Zk
oFa(a, ..., ap; by, ..., bg; 2) = Z
k:O( - bJ)k k!
07.31.06.0003.01
oFa(a, ..., ap; by, ..., bg; Z) « 1+ O(2)
Expansionsat z==1for p==q+1

The point z==

rather complicated behavior. The corresponding general formula (for noninteger yq == Z?:l b; -

1 isthe end point of the branch cut for the function q+1Fq(a1,

age1; b, ..., b z) whereit has a

J i aJ) includes

two major terms - regular and singular which are an analytical functions. Moreover, the singular term has representa

tion of the form const (1 — 29 (1 + O(z— 1)) and regular term is bounded near point z ==

tion of this behavior is presented below.

At the singular point z==

1 the function g,1Fq(ay, ...,

1. A more detailed descrip-

ag+1; by, ..., by; Z) is continuous for Re(yq) > 0, bounded for

Re(i/q) = 0, ¥q + 0 and has, in general, a logarithmic singularity for ¢/ == 0 while for Re(y/q) < 0 it has a power

singularity of order —q to which for integer yqa logarithmic singularity can also occur.

The general formulas
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07.31.06.0004.01
a ay, ..., 8gu1;
ar1Fg(as, .., @ge1; b1, .., by Z) == [l_[l"(bj)] ﬂﬁ( by, ..., b; {z 1, 00})

07.31.06.0005.01

Mer T S Ll )
geaFa(an, o Bgeri By b = ——— | (1-2% Y 60 A= 2K+ Y O (- 2K/
[T, Tay) k=0 k=0
(-D*T(k+r+a) T(k+1 +ay) [(yg—2r -k
1-z2<1\a>1/\ g = ! " ) o )
o (Wa=r=K), &"({@r, - g} {br b)) (KT (g 2r - k) (3 1
Z = ] (k+r+aj)|lim ———
=y T(j+aq + ) T(j + a2 +q) k!szlr(k+r+bj) i1 M g -1 —k)

griFg(K+r+ag, K+r+ay, ...,n+r+ag,1, M K+1+by, K+1+by, ..., n+1+bg, kK—m+r1—yq+1; 1)/\

@ (bl - ag)kl q q+1
lﬂq = lﬁq /\8q ai, ...,aq+1}, {b]_, ...,bq = ij aj
=2 i
K (—ko)y, (by — ay)y, i b Ea
q g+1 ko ! ! ‘ !
=0 (2122 bj — Zj:3 aj)kz (a3 - bl - kl + 1)k2 2 j=3 j=4 K
cee i — aJ
0 (Sfsby ~ Sfaay), (@ —bo—ko+ D 2! WS w )
) (_ kQ*Z)kqil (bq - aqﬂ)qu (bQ*l - aqﬂ)kwl /\
120 (Zq b - 210 ay)  (aq—byo-Kkeo+1) kq-2!
- i=q-1 - 2 = Ke2 )y

oq+1

ta=30-3 ez A e >0 . \ a0
j=1

The logarithmic cases
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07.31.06.0006.01

[Th Dby (Ve - o _
ar1Fg(as, .. ge1; by, ..., by Z) = — Z ki(L-]))+(1-2a Z(pj +qilogl-2)@-2'|/;
i T @ =0

g+l

[1- z|<1/\¢//q__Zb Zaj/\q>l/\

CDIT(+anT(i+a) & (k=j+vq-1)1E2ay, ..., ages) {by, ..., b
[kj:( YT +a) T +a5) & ( a—1)'& ({ar, - agal, {br q})/;Re(a3)>—j/\.../\

i! v T(k+ay +yq) T(k+a, + yq)

Re(ap.s) > —j]/\[pj =

(=D’ (ay + yq), (a2 + v), [(—Di | i k-i-D1&] (@ ..., ager) {br, ... bg))

+
i1(j+yq)! K=j+l (al+l//q)k (az+¢q)k
j (_j)k S(q)({al, veey aq+1}, {blv ceey b })
P " (W~ K+ D+ U+ g+ 1) =] + 2+ rg) ~ 0l + 2+ ) |/
k=0 (al + l/’q)k (aZ + wq)k

(-1t (al + ‘ﬁq)i (az + l/’q)j

Re(ag) > _J _lpq/\ /\Rdap+l) > —J _(pq]/\qj ==

J1(j +va)!
=& ({aas -y agea)s {brs -, bg))
Z /\ YqeN
k=0 (a1 +va), (82 + Y,
07.31.06.0007.01
q+1Fq(al, -eey Qgi1s b, ..., bq; Z) ==
[Th_1 Ty w (81 +Ua); (82 +¥a); 1) jrk-j-1)!
———le-1" . ' E9(ay, ... 3gra). {brr s b)) +
Mica T @) o Bi+we)t WG (B g (@ + v,
j (=i ) . . .
)y (1091~ 2 +¥(j —k+ D) +¢(j + g+ 1) = (i + a1 +¥q) —¥(j +a +¥q))

oo (a1 + W), (a2 + ),

Sﬁq)({al’ ce aq+1}: {b11 ceey bq})] 1- Z)l +

LT(j 4 a) T(j +ag) & (k= +q— 118 (8, .., agia), {ba, - b))

17
qZ > @-vl|/

20 i o T(k+ag +yq) T(k+a, + tg)

oq+1

1- z|<1/\¢/q__;b ZaJAq>1/\

YqeN
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07.31.06.0008.01

[Ti, T(bo a7l
ar1Fg(as, .. ge1; by, ..., by Z) = — |- 2)%a Z h; (1- j)] +Z (uj+vilogl-2)1-2' |/ 11-2 < 1/\
I T(@0 =0 =
g+l ( l)] (al ‘H//q)j (aZ"'d’q)j (_J _l//q - )' j ( ])kS(Q)({al . aq+1} {bl ey bq})
Yq= ) bj- a/\q>1/\h = - /\
JZ: Z J I k%; <a1+wq)k (32"'%)1(

. (81 +va);_,, (Bo+ ), [ oy g i (k= j+0q-1)16%({ay, ..., ages), {1, ... b)) .
J it(i—vq)! ! k=j—gg+1 (ag + l/’q)k (a2 + Wq)k
j_wq (l//q - j)k(g:(q)({al, ceey aq+l}, {bl, ooy bq}) ) ) ) )
(-1 WG+ D -y +a) -y +a) +y(j —k—yq+ 1)) | /;
k=0 (ag + lﬂq)k (a2 + ¢q)k

D" @+ )y, (B2 +va),

i1(i =)

Re(@g) > —j A ... ARe(ag.1) > —J]/\Vj -

i lﬁq ) SLQ)({ a, ..., aq+l}' {bl’ s bQ})
k=0 (a1 + W), (a2 + ¥),

07.31.06.0009.01
ar1Fg(ar, ..., ga1; by, ..., by 2) =
M2 0 Yot i (-6 ((ay, ..., agu), {by, ... b)) z- D)

(1-2Y (i —vq—1)"(ar +¥q), (a2 +¥q), +
9 T Jzo i o ol (i -K0! (@ + ), (@2 + ),

[

(—1)‘%]_:%]( '2 & ({aw, .., agea}s {ba, ..., bg))

(—log(L-2) +y(j +k+ D) +y(j — g+ 1) —y(j + k+a) —v(j +k+a)) (1-2) +

o Yol [(j+k+a)T(j+k+ay)

eSS

k=0 j= k(]+k)'rk+a1+l//q) (k+a2+l,bq)

I'j+k+a)I'(j+k+ay)

(G + KR! T(K+ag + yq) T(K+ ap + ¥rq)

& ((ag, -y agia), {by, -y b)) X =21 |/

o+l

11— z|<1/\¢/q__2b ZaJAq>1/\—¢qu+
j=1
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07.31.06.0010.01

[Te1 T(by)
q+1Fq(a1, . aq+1; blv . bq, Z) == T
[ M@
x (a)j (8); 2( De(—logl-2+y(j+ D —y(j+a) —y(j+a) +¢(j —k+1) (q)( } { . })
ai, ..., Ags +
o k=0 @)y (@) Lo S d
e k=j-! _
DIt Y ———&({a, ... agua). (b1, ... b)) [@-21 ;

k=j+1 (al)k (aZ)k

o+1

- z|<1/\L//q--Zb ZaJAq>1/\¢q==o

The major terms in the general formula for expansions of function
q+1Fq(@1, oo 8g41; b1, oo bg; Z) At Z ==

07.31.06.0011.01

I(~tg) Ty TV
ar1Fa(as oy 8ge1s B, .., by; Z) o qu1Fg(@n ..y Bqeai bry .o bg; 1) (1+ Oz - 1) + — (1-2% 1+0(z-1)/;
I T@o

g+l

z_>1)/\¢/q__2b Zaj/\L//quZ
j=1

07.31.06.0012.01
q+1Fq(a11 ooy g1 b1, -0, Dy Z) o

(o) [T, T &, (), & ({80, - agea). {br, ..., b)) T(=g) [T, T(by)
1+0z-1)+ ————— 1-2%9(1+0z-1) /;

Mir@) i Tlk+an+ug)T(k+az + o) DERCY

(z—>1)/\wq--Zb Za,/\q>1/\Re(¢q>o/\Re(a3)>o/\ . /\Re{ag.1) > 0
j=1

07.31.06.0013.01

ML, T(bs)
ar1Fg(as, ooy 8ge1s b1, ..y byi Z) o qe1Fg(ass ..y Bgea; br, . bgr 1) (L+ Oz - 1) - ———— log(1-2) (1+ Oz- 1)) /;
c_1+lr )
]_[]:1 (aJ)

g+l

@-1 N\ g __Zb Zaj/\(;,q -
j=1

Expansionsat z==oco for p==q+1

The general formulas

07.31.06.0014.01
a, ..., ap;

q
a1Fq(a - agiai by, ..., by 2) = [ﬂl‘(bk)]ﬂﬁ[bi b 126} /2¢(0, 1)
o e b
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07.31.06.0015.01

g ay, ..., ap;
@e1Fal@s, - Bquai by, .., by 2) = []_[r(bk)] ﬂ;p"””e”[ by, . b (7 l|i2E 0D
| | s By

Case of simple poles

07.31.06.0016.01
ar1Fg(ar, ..., ge1; b1, ..., by 2) =

T@) [T T(a -
M, rh & H’,;kl (@ -3 N M (Bc-by+1)  ad@+ DT, (@ by +1) (a—b; +2)
(27 %1+ +
Mr@oicd Tl r(b -a) Mi(ac-a+1)z 217 (ac-ay+ 1) (a-a;+2) 2
j#k jk

121 > LAY Kz jekii<j<qrin<keqe1 (&) — B & Z)

07.31.06.0017.01
T@) [T T(a - ay
HE:l [(by) %! ]j;kl ( : ) oo (a); H?:l (ak —-bj + 1)i
q+qu(al. .oy Agids by, ..., bq; Z) = ” 3 (-2 % ” , /:
MM @) ker [z I'(bj - a) i=0 i1, (a—aj+1).2

121 > LA Y{jja. Kz jekhi<j<qrin<ksqe1 (&) — B & Z)

07.31.06.0018.01

[T, T(by) @t e 0, 1-a, ..., 1-ag;
griFa(as .. 8ge1s by, ... by )= —— I“Ra{

7 1-by, ..., 1-by 1-a,17§ —z]/;

[T1 T(@) k110

121 > LAY jq. Kz A jekAi<j<qriM<ksqe1 (&) — B & Z)

07.31.06.0019.01
L@ 17 r(a -
y N [T, T(by) 3+ * . (@ -2 .
g+1qgl@1s -y Qgi1; 01, ..., Og; Z) == q (=2~
ir@o i T -a)

1
q+qu(ak, b +1, .., a-bg+Ll-a+a, .., 1-a+a, 1-ag +8;, ..., 1-ag1 +aq z)/;

z¢ (0, D) A Vi ikeznjknisi<arinickeqit (3] — a & Z)

Case of poles of order r in the points a, +k /;r €{2,3,4} Ak eN
07.31.06.0020.01

q
ar1Fg(as, .. @ge1; b1, ..., by Z) = I—[r(bk) ﬂgmwer)
k=1

2<ksrAa—a ¢ ZAr+1=k=q+ LAY ikeznjnrsizginmizkege (8 & € Z) AT € (2,3, 4)

ay, ..., ap;
[b b{Z,O0,00})/,Z%(O,l)/\ak—ak1€N/\
1y -+ Mgy

The major terms for expansions of function q+qu(a1, eewr Ag41; D1, oy Dg; z) at Z==o0
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07.31.06.0021.01
T@) 17 (3 - a)

1—[q: F(bk) g+l . 1
ar1Fq(@s -y geas by, ., bg; 2) o - Z g = i [1+O(_)) !
Miir@ i T -a ’

(12 = 00) A V(i k() ez jekAL<j<griAdekeqel (aj —a¢Z)

07.31.06.0022.01
gr1Fa(@1, - Bgai by, - b Z) o

F@o 17 T(ay - a)

[, T(by | . r+1 0; ay, ..., ag1, 1
et D - (-2) ak(1+o( )) § r es{ - aq_l ajl,j-l,o;-z](uo(—)) /;
M@ [Esr T (b - a) oo D z

(lZ»>0)Aay—a1eNA2<k=srAa-a¢ZAr+1<k=<qg+1A
V(J kh{ ]k}EZ/\J#k/\r+l<J<q+1AI’+l<k<q+l( ak$z)/\r € { 2 3, 4

07.31.06.0023.01
q+1Fq(al, veey aq+1; blv ceey bq, Z) oc

M, Moy | T@n) T3 T(a - ag)

1 (-D% ™ T(ay) Hk 3 T(ak a)
(2™ (1 + O(—)) (~272|log(-2) +Y(a, —a; +1) —
(@ —ap)! Hk=1 [(be - ay)

q+1 4

M r@y | TeaTlc—a0)

L T@TT (e -a)

g+1 1 - 1
Y(@) + Zl//(ak a) - Zlﬂ(bk —ay) — (1 + O(—]) (-2) & (1 + o(_)) /:
k=3 k=1 zV S HJ-=1 I'(bj - &) z

(24— Aa—ag eNAag—a & Z A3 <K= q+ LAY KezAjskha<i<qrip3<keqri (&) — 8 & Z)



http: //functions.wolfram.com 13

07.31.06.0024.01
q+1Fq(al, veey aq+1; bl, ey bq, Z) o

ME, T(bY | T@) 15 T @y - ay)

nﬂj ['(ay) ngl [(b, —ay)

1)) (-1)% 2 T(ay) [115 T(@y - )

(-27& (1 + O(—
(@ — an) ! TTe_; T(by — ay)

(-7 [Iog(—Z) +Y@—-a+1)—
Z

-1 d 1 (—1)%7% (ag) [1{4 T(@ - 89)
Y@g)+ ) w(ay—ap) — ) uibe— )~ (1 + O(—)) :
k=3 k=1 /) 2(ag-ap)! (g —ap)! [, Tk —ag)
g+l a z
(-7 [Iog(—z) +U(aa—ay+ 1)+ Y(aa— g+ 1)~ (@) + » Y@ —ag) — » Y(b - ) - vJ +
k=4 k=1
5n RIS d 1
— "WEs-at D-yPE-a Dy @)+ ) W@ e - ) Wb (O(—) + 1) +
k=4 k=1 z
+1
RACY Hﬁjzkl I(ay - a) .
Z p (—Z)"ak[1+0[—)) /;(lZl%m)Aaz—aleN/\ag—azeN/\
kea [z I(b; - a) z

a—a & Z N4 =K=q+ LAY iKezisknasi<qinackeqr (8] — 8 & Z)
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07.31.06.0025.01
q+1Fq(al, veey aq+1; bl, ey bq, Z) o

ME, T(bY | T@) 15 T @y - ay)

M@y | TeaTlc—a0)

1)) (-1% 2 T(ay) [, 3T(ak a)

(-27& (1 + O(—
(@ —ay)! Hk:l [(bg - ay)

(-7 [Iog(—Z) +Y@—-a+1)—
Z

a1 1 (~ 1% T(@g) [Ty Ta - 3)
@)+ ) Y@ —a) - Zwbk —a) -y (1+ O( ))
k=3 k=1 2/ 2(ag-ay)! (a3 —a)! [Ty, [ — ag)

2

g+l
(-2 [[Iog( 2)+y(ag -2y + 1)+ Y(8g — 8p + 1) — Y(ag) + ) (&~ ag) - Z;Mbk—as) vJ +

k=4 k=1

57 2 g+1
[? —yV(ag -y + 1) -y PV(ag - 2 + 1) +yP(@g) + )y P(ay - ag) - Zw@(bk - as)]]

k=4 k=1
1 (~1) %%+ T(a,) [T T(a - &)
[O(—) + 1) + (-2
z 6(as—ag)! (@ — a)! (84 — a1 ! [Ty, [ — &)
g+l 3
[Iog( 2+ (@ -3y + 1)+ Y8y~ Bp + 1) + Y@y — B+ 1) — (@) + ) YA~ ) - Zwbk —ay) - y] +
k=5 k=1

g+l
[[W(m) V@ -a D -y @ - e+ ) -vP@-ag+ D+ ) v Pa-ay) - Zw<l><bk—a4)J

k=5 k=1

7 n?
- log-2 +yY(ay—ar+ D +y(ay—a,+ 1)+

g+1
W@ —ag+ 1)~ (@) + ) Y@ —a) - Zw(bk—ao y]+

k=5 k=1

k=5 k=1

o+l
[w<2>(a4 a1+ D) +yP@—ap+ 1) +yP@ -2+ D -y @y + ) v (a-ay) - Zw<2>(bk—a4)—2§(3)]]

(@) 17 T(a) - &)

[1+OG))+Z Hj=1l;zbj iy (7% (1+OG)) /i

(lZd-e)ANap-ayeNAaz-aeNAag-az3eNA
q—ay &
ZAN5=<k=qg+1A
V(Jk} Jk]el/\]¢k/\5<]<q+l/\5<k<q+1( G GEZ)

Expansions at z == oo for polynomial cases



http: //functions.wolfram.com 15

07.31.06.0026.01
pFa(-n. &, ag, ..., ap; by, ..., by; Z) =

T, @),

v — /ineN*
[T (0o,

, (-ppret
(-2" g+1Fp-1|-Mm1-n-by, ..., 1-n-by;1-n-a,1-n-as ..., 1-n-ay ——

Asymptotic series expansions

Expansionsfor q==p

07.31.06.0027.01
P a, ..., ap, ., ap;
. ) (power)| “Lr +-c1 9ps (exp) ' 9ps .
pFp(ag, -+ @p; by, ..., bp; Z) o [l |F(bi)](ﬂﬁ [bl, ..., bp; {2z o, oo}] +ﬂF [bl, ..., bp; G oo}]] flA= e

07.31.06.0028.01
F@o 17, (3 - a)

(bj)]zp; - =k .y (_Z)—ak(]__'_o(;))/;

oFp(a, ..., @pi by, ..., bp; 7)o [l—[ (by)

[N °
— =
|
N —
3]
N
N
—
[y
+
(@]
/H
N [l
\_/
N—
+
= »
& k]
’_J =

(12 = ) A Vi s, kiezj#kA1=i=prazkep (8] — B € Z)

Expansionsfor q==p+1

07.31.06.0029.01

c ) o p+1r o (power) Ay, .oy ap; (trig) Ay, ooy ap;
a, ..., ap; by, ..., by 2 )AL Z, 00, 0o} |+ A- Z, o0, s (2 -
PFpen(@n, - pi b, Bpus )ocg (1)[ : [bl, g oooo}) ¢ [bl,...,bp+1;{ oooo}])/(u o)
07.31.06.0030.01
172 T(b)) | 1 A 1
oFpii(@, oo @p; by, oo, Byt Z) o = (-2 [e‘(’””z‘g) (1+ O( ]]+e“(”¥+2ﬁ) [1+O[ ]))+
2Vr [y T@ V-z -z

F@o 17, (@ - a)

1

H]p+1 F( ) P ek N 1

: (-7 (1 + O(—)) /5 (121 > 00) A Y{jj.i Kz jskAt<j<priksp (&) — B & Z)
M@ i 1% T(b; - &) z

07.31.06.0031.01
pr+1(a1, veey ap; bl, ceey bp+l; Z) o

\/i—LHlk:(r(:k_) (-2 [cos(ﬂ)(+ 2«/—_2) (1+ o[;)) + 2\7__2 sinfz x + 2\/—_2) (1+ o(é)) +
1o, T(@) [T}, T(aj - &)

5 o)

i T@) i [Tj21 T(b; — a

(12— o) [\ x= ( Bpe1 + )/\c1==2[B H+£(3A,,+Bp+1 2) (Ap = Bpe) - )/\Ap Zak/\

p+1 p+ls-1

B _'Zbk/\g‘"zzasal/\B“Zst 1/\V1k ]keZ/\j¢k/\l<J<p/\1<k<p< j—akGEZ)

s=2 j=1 s=2 j=1
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Expansionsfor q= p + 2

07.31.06.0032.01
a, ..., ap;

q ay, ..., ap;
. . (power) (exp)( FLr -0 Gp .
qu(al, .., ap; by, .., by Z) oc | |F(bj)(ﬂ'E [bL b {z, o, oo}] +:?['E [bl1 o b {z, o, oo}]] /;
q=p=2A (2 - ) AV (jkezAj#ni=isprisksp (&) — & & Z)

07.31.06.0033.01
pFa(a, .., ap; by, ..., bg; Z) o

il T _p_ I'(a: —
@m 7 [T, (b)) ML) o, (&~

1
P () (1 + o(—]] = - (—2)7 % (1 . o(—]] /
VB L@ 28)) Meal@o i (o -a) z

1(p-1 & @
q—pZZ/\(|Z|—>°°)/\ﬁ==q—p+l/\X==E[ > +Zak_Zbk]/\V[j,k],(j,k]eZ/\j#k/\1<j<p/\1<k<p (aj-a¢2)
kel

k=1

Expansionsfor gF,

07.31.06.0034.01
I'(by) I'(by)
—_— e

2V3
—-3b?+3(b+1)b; —3b2+3b, -2
+

=+
97 16273

3 1
= (1-b;-b.
oF2( by, by; 2) 3Vz 73 (b

(9b% —6(3b, +2) b3 +3(9b3 —3b, + 1) b2 —

3(6b§+3b§—17b2+4)b1+9b‘2‘—12b§+3b§—12b2+4)+...]/; (12 = )

07.31.06.0035.01

['(by) I'(by) 63\3/; Z%(l—bl—bz)

oF2( b1, by; 2) o 1+0

— ]/: (14 - o)
2V3r \3/?
Expansionsfor gF3

07.31.06.0036.01
0F3(; bl! b2, b3; 2) «

['(by) T'(by) T'(b3) a7 (Ebinby [1 . 1202 +8(by + b+ 1) by — 12b3 — 1203 + 8bz + 8b, (b3 + 1) - 7

+
42 7% 2z
1
——— (1440} - 64(3by + 3by + 1) b} + 8(44b3 — 8(bs + 3) by + 44 b3 — 24 by + 1) b2 - 16
2048z

(123 + 4 (bg + 3) b% + (403 — 40z — 21) by + 125 + 12b3 — 21bs + 11) by + 144 b3 + 144 b3 - 64b3 + 803 -
176 by — 645 (3bz + 1) + 803 (4403 — 24 bz + 1) - 16 b, (1205 + 1203 — 21bg + 11) + 121) + ... | /; (12 - )

07.31.06.0037.01
LRYTGITOD iz 22 s, 0,0,

4\/?7r3/2

oF3( by, by, bg; 2) o 1+0 —
Vz

]/; (12 = o)
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General formulas of asymptotic series expansions
07.31.06.0038.01
g a, ..., ap;
oFa(ay, ..., ap; by, ..., by Z) o nl"(bj) &’lﬁ[ by, ..., by {z, &, 00}] [i(1d—>)Ap=q+1
L s oo by
07.31.06.0039.01

il ag, ..., qp;,
oFa(a, ..., ap; by, ..., by Z) o []:ll"(b,)]( 0(a - P) - Ogp+1) y((Fexp)[ - 1z &, Oo})+

ai, ..., ap, ag, ..., ap;
(power) ~ (trig) - i
'": [b]_ ...,bq; {Z, 0, 00})+6qp+1ﬂ [bl ...,bp+l; {Z, 0, OO})]/-: (|Z|_)°°)/\p5q+1
Main terms of asymptotic expansions
07.31.06.0040.01
b, P L1 (3 ) 1
oFa(a, ..., ap; by, ..., by; 2) Zress (-27°|(ay) [1+O[—))+
k=1 HJ 1r z

1
Sqpr1th (-2)¥ cog(m y +2V -z [1+O[ ]] +(0@~ P) ~ Ggps1) d2 2" ﬂZl/ﬁ[lJro[Tﬁ)]]/;
Z
1-p
22n) 2

(Izwoo)/\/i =q- p+1/\x —[—+ & - Zbk]/\ZdZ“dl
k=1

B

07.31.06.0041.01

pFa(a, ..., ap; by, ..., ch( 2" ak[1+ O( ))

k=1

1+0

Sqp+1€1(-2Y cos(m y +2V -z )

1
]] e e E L
AIB

T(@) ([T T(by)) T, (@) - a)

1 p jEk
(IZ|—>oo)/\ﬁ==q—p+1/\X==E[B—+ ay - Zbk]/\ck-- . A
k=1

(I T(ay)) Ty T (b — )

-Z

18
22m 2 [T T
2e)==¢ = /\ Vi Kitikez ek <i<phiskep (3] # &)

VB TR, Ty

07.31.06.0042.01
ar1Fg(ar, .. 8gi1s b1, ...y by ) e c(1+O0(z- 1) +d(1-2% (1+O(z-1)) /;

i (~a) [Ty ToW)

(z-»l)/\wq__Zb Zaj/\c__q+1Fq v oo Bge1s D1, o b L /\d

g+l

[Tk T'(@)

Residue representations

Nvqez
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07.31.06.0043.01
e, T(b) & [r(s> e T@ -9
r e —

[N q (—Z)"S](—J)/;p<q+1\/p==q+1/\|z|<1
[Te1 T'@) 20 [T T -9

pFa(as, ..., ap; by, ..., bg; 2) =

07.31.06.0044.01

Malbo e (TOMGTac-s )
pFa(as, ..., ags1; b1, ..., by 2) S wa— resf —————— (27| @&+ /1d>1
HEL I'(ay) k=1j=0 [Tea T —9)
Continued fraction representations
07.31.10.0001.01
pFa(a, .., ap; by, ..., bg; 2) =
Piea) | ofaliea) e
P q Z||i_ + a; 4l i + a; 319 (2+b;)
1+[Z]_[ak/[ﬁbk]]/ 1+—%/ 1+ ;l aan —
k=1 7 ke 2[4 (1+b) 2Mja (1) 2[T (2+4)
1+73Hq (2+b_)+...
j=1 ]

07.31.10.0002.01

P
oFa(as, ..., ap; by, ..., bg; Z) = 1+(znak]/
k=1

1+Kk

ZHJP=1 (k+a) ZH,P=1 (k+aj) ]°°
' +1
(k+ DIy (k+by) (k+ DI, (k+by)

-

Differential equations

Ordinary linear differential equations and wronskians

For thedirect function itself

The differential equation for the function qu(al, ..., ap; by, ..., by z) has the order max(p, g+ 1). It has two
(z==0, z==c0 for p=<q) or three (z==0, z==1, z== 0, for p==q+ 1) singular points. If p < g, then the point
z==0isaregular singular point, while z==c isanonregular (essential) singular point; if p==q+ 1, then all three

singular points are regular.

Representation of fundamental system solutions near point z==0for p <q+1inthe general
case
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07.31.13.0004.01

-1 q -1 p
zqw(q”)(z)+zq‘1[Q(q2 )+Zbk]v%‘”(2)—zpvv(‘”(2)— p-1 m+Z«'a\a]vw"”(2)+

k=1 1=1

d 2( d b( d a@-

— ibe-1||lwo -[]|z— _ AW [ 2T S e
[[dzﬂ[zdz+ y )]w(z) D[zdz+a]w(z) @ > +Z k] @+

[po-1 & . P P

P WP (2) + Z2°~ T+Zak wP- )(z)+w(z)ﬂa| —W(z)l_[a =

k=1 1=1 1=1

g l-a,..,1-a
- 2, Ly ooy P
[w(z) =1 pFg(ar, ..., ap; by, ..., bg; 2) + CZZGPEH[Z
k=1

.+ Cq Zquﬂ[( iz

1—a1, ceey 1—ap
0,1-by, ... 1= by, 1= by, ..., 1— by, 1_bk)+

1-a,..,1-a
0,1—b1,...,1—bq]

1,
Car1 G‘SM[( 1%tz

07.31.13.0005.01

0,1-by, 1-by, ... 1=bey, 1= by, ..., 1—bq]+

-1 q -1 p
AW (z) 4+ A1 G- + Zbk] WP(2) — 2P WP(z) — 2P1 P(P— D a,]w‘p‘l)(z) +
k=1 =1
d ¢ d 4 d -1 4
[[ 1_[[2 — + by - l)]W(Z) - ﬂ[z —+ a|]w(z) - Awe Dz - A1 a6-b + Zbk] W92 + 2P WP (2) +
dz,,;\ dz 1\ dz k=1

J[PP-D &

P P
+;ak]w<"‘l>(z) +w(z)[l[a4] -w[ |a =0/

=1

chl Fal@s —bc+1, .oy @p— b+ 12— b by —be+ 1, .o, by — b+ 1, by — b+ 1, .., by

Viikilikez Ak 1<i<anikeq (0j — b € Z) A b & Z

07.31.13.0006.01

Wz(pliq(al‘ oo 8p by, B Z)‘ Z™ P'EQ(al —-bi+1, b1 +1,2-by, 1-by+by, ..., 1-by +bg; )‘
2% Folar—be+1, ..., ap— b+ 12— by, by — b+ 1, .

L2 Fy(a —bg+ 1, ..., ap—

o bk—l_bk+11 bk+1—bk+l, . bq—bk+ 1; Z),
bg+1;2-bg, by —bg+1, ..., bg_1 —bg + 1; 2)) =

q(+q) 9 k1 1 1 a p
noz ﬂsn(nbk) [ 1] Jsin(x (o) - b)) z’E(q_)q_Zkﬂk(&,Qq

+1
b1 (12 TEEAED 25 s o(—p+q- )
k=1 j=1

W(2) = C; pFq(aq, ..., ap; by, ..., by Z) +

-b+12)/;
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07.31.13.0001.01

d 1 d
—n(z—+bk—1)—
dz dz

P d
[z— +a|] W(2) = 0/; [W(2) = ¢; pFq(ay, ..., ap; by, ..., bg; 2) +
k=1 o\ dz

q
ch+1 2 Fg(a b+ 1, ooy @p— b+ 12— b by — b+ 1, o, By — b+ L b — by + 1, o, bg— b+ 15 2) /;
k=1

Vi kilikez Ak 1< <agnikeq (0 — b € Z) A b & Z

07.31.13.0007.01
Wy(pFq(ay, ..., ap; by, ..., bg; 2), 2P pFg(ag — by +1, ..., @p— by + 1, 2=y, —by + b, + 1, ..., =y + by + 1, 2), ...,
2% Fg(an - b+ 1, ..., ap— b+ 1 2-b, by~ b+ 1, ., b — b+ 1, Dy — b+ 1, o, by = b+ 15 2),
o 7% Fg(a —bg+ 1, ..., 8p—bg+1;2-bg, by —bg+1, ..., by —bg +1; 2)) =

L gyt v+l g ) @Dq | q
congt 7 2 4 Hea®x (5p,q+1 (1-2 B3 Tl 4 o251 6(—p+q- 1)) Lit=lime 2z tHal
-0

W,(pFq(as, ..., ap; by, ..., by €), €72 pFg(ay —by +1, ..., ap— by + 1,2 by, —by + by + 1, ..., —by + by + 1; €),
o €7 Fg(a — b+ 1, . =B+ 1,2y, by — b+ 1, o, Dy — b+ L by — b+ 1, L, by = b+ 15 €),
o €7 Fg(a —bg+ 1, ..., @p—bg+1;2-bg, by —bg+1, ..., bgg —bg + 1; €))
07.31.13.0008.01
Wy(pFq(ay, ..., ap; by, ..., bg; 2), 2P pFg(ag —by +1, ..., 8p— by + 1, 2=y, 1=y + by, ..., 1=y +bg; 2), ...,
2 Fg(an — b+ 1, ..., ap— b+ 1 2-b, by — b+ 1, .., g — b+ L by — b+ 1 ., by = b+ 15 2),
w27 Fy(a —bg+ 1, ..., ap—bg+1;2-bg, by —bg+1, ..., bg_g —bg + 1; 2)) =

q q k-1 . X
(-1 []_[ (b - 1)) []_ﬂ_[(b,- ) ] 22OV (5,0 (17 THEAEAD L 25, 4 0 p+ g - 1)
k=1

k=1 j=1

Representation of fundamental system solutions near point z==1for p==q+1in the general
case
l-a,...,1-
Below representation includes functions of two kinds. The function Gg:igﬂ( ‘ o1 lb 1aq;;1
, L =01, ..., L= Dg

piecewise analytical function with a discontinuity on the unite circle |z == 1. It has singularity near point z== 1of

0, bk, l—al, veey 1—aq 1
N _ . 2,g+3 +
the form const (1 — 2" (1 + O(z- 1)), when |z < 1. The functions Gq+3vq+3(2‘ 0, by, 0, 1~ by, ..., 1 b

) is the

) are the
analytical functions and are bounded near point z== 1.

l-a,...,1-
. g+1,0 1, ' aq+1
The function Gq+1yq+1(z‘ 0,1-by, ..., 1-bq

tions defined for all complex z.

) inside of |z < 1can be reprezented through hypergeometric func-
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07.31.13.0002.01

d 9( d @l g
— — +b—1|- — =0/
[dzﬂ(z + Dby ) ]_[[zdz+a4]]W(Z) /

kil dz I=1

l1-a,...,1- 0, b,1-a,...,1-
0 1y --es A1 2g+3 , Ok, TR Ag+1
[W(Z) =0 Ggﬁqu[z ) ZCMG . ( ‘ " ]/;

0,1-by, ..., 1-be) & a3a+3| 7| 0, by, 0, 1 by, ..., 1 - byq
o+1
|Z|<1/\lﬁq ——Zb Zaj/\WqGEZ/\VUk(JkezAJ¢k/\1<1<q/\1<k<q (bj - by & Z) /\bk$Z
j=1 j=1

Representation of fundamental system solutions near point z =d for p=q +1in the general
case

07.31.13.0009.01

[iﬁ(zémk_ ) ﬁ[z—+a]]w(z)==0/;

k=1 =1

W(2) = chzakq+ [akak by+1, .., —bg+L1l-a;+a, .., 1-a1+a,

(-1iPr

l-a+a ... 1-ap+ag f] V(i Kez Ak 1=i=phi=kep (3] — B & Z)

07.31.13.0003.01

EoT N PR Ry G e

kel dz =1

p
wW(2) ::ZCKZ’ak q+1Fp1[aka g -bi+1 ..,a-bg+Ll-a+a,..,1-a 1+,
k=1

[ Yk ez A j=kAL=j=pAl=k=p (aj - ¢ Z)

(-1iPH
l-a+a, ..., 1-ap+a —]

Transformations

Products, sums, and powers of the direct function

Products of the direct function

07.31.16.0001.01

pFa(a, .., ap; by, ..., bg; €2)(Fs(as, ..., ar; Ba, ..., Bs; d2) ==chzk/;

dk 5:1 (aj)k (_1)r+&1c
Cy == — prsr1Fger -K1-B1-K .., 1-Bs—k a,..,apl-a;-k .., 1-a-Kkby .., by ——
k!szl('BJ)k d
1} 1(ay), (-1Pratd
Cy == 7q+r+1Fp+s[—k, 1-by-k ..., 1-bg-K a1, ....,a1-ay -k, ..., 1-a -k, B, ..., Bs 7]
k!HJ=1(bi)k ¢
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07.31.16.0002.01

(@), J\[Tj= (@), _,, ) emdmz
pFa(a, .., ap; by, ..., by €2)(Fs(as, ..., ar; Ba, ..., Bs; d2) __ZZ ( - () )( s] ’ aJ)k )
om0 Iy (b)), ) (IT-0 (), ) m! =

07.31.16.0003.01

o:prr LAy, ...,ap; a1, ..., A,
PFQ(al' <o 8p; by, .., by CZ)st(al’ v @ B -y Bs d2) == FO:q;s by, ..., bg; Brs o B ¢z dz
Identities
Recurrence identities
Distant neighborswith respect to q
07.31.17.0001.01
q+qu(a1, cer Bqe1i by, o bgr 2) =
bJ @ 5 q g+1
1 qu al, . aq+1}, {bl1 ooy bq})z':l(al, dy, 1 + Ay +l,[/q + k, Z) /, l//q == Zb] —Zaj
[]?+3 I(aj) =1 e

Functional identities

Relations between contiguous functions

07.31.17.0002.01
bpFg(a b+1, as, ..., ap; by, ..., by; 2) -
apFg(a+1 b, ag, ..., ap; by, ..., bg; 2) + (@—b) pFg(a, b, &, ..., ap; by, ..., bg; 2) =0

07.31.17.0003.01
CpFq(@ @, ..., ap; €, by, ..., by Z) -
apFg(@a+1 @, ..., ap c+1, by, ..., by 2)+ (@) pFg(a @, ..., ap; C+ 1, by, ..., by Z) =0

07.31.17.0004.01
dpFg(aq, ..., ap;c+1,d, b, ..., bg; 2) -
CpFq(as, ..., api ¢, d+1,bg, ..., bg; Z) + (€~ d) pFg(ay, ..., ap;c+1,d+1,bs, ..., bg; Z) =0

07.31.17.0005.01
c@a-b)pFq(a b, as, ..., ap; ¢, by, ..., by; 2) -
a(c-b)pFq(a+1,b, ag, ..., ap; C+1, by, ..., bg; 2) +b(c—a) pFg(a b+ 1, @, ..., 8p; C+ 1, by, ..., bg; Z) =0

07.31.17.0006.01
cd—-a) pFq(a @, ..., ap; ¢, d+1, by, ..., by; 2) -

dic-a) pFq(a @, ..., ap; c+1,d, by, ..., b; Z) +ac—d) pFg(@a+ 1, @, ..., ap;c+1,d+1, by, ..., by 2) =0

07.31.17.0007.01

q
[nbk](qu(a, ap, ..., ap; by, ..., bg; 2) = pFq(a+1, @, ..., ap; by, ..., bg; 2)) +

P
z[l—laj] pFo(@+ 1, 8 +1, ..., 8p+Lb+1, ..., bg+1,2 =0
j=2
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07.31.17.0008.01

q
c(c+1) [nbk](qu(al, w8 G by, o, DG Z) = pFg(ag, .., ap; e+ 1, by, L, by 2)) -
k=2

P
Z{Haj] pFa(as+1, ..., ap+Lc+2,by+1, ..., bg+1,2) =0
j=1

07.31.17.0009.01

q
[l_[bk](qu(a, b+1,as, ..., ap by, ..., bg; 2) - pFg(a+ 1, b, ag, ..., ap; by, ..., by; 2)) -
k=1

P
z(b - a) [Haj] pFe@+L, b+1,a3+1, ..., ap+1 by +1, ..., bg+1,2) =0
j=3

07.31.17.0010.01

q
c(c+1) [nbk] (pFa(a @, ..., @p; € by, ..., by 2) = pFg(a+ 1, @, ..., ap; C+ 1, by, ..., by Z)) -
k=2

P
z(c - a) [l_[aj]qu(a+ La+l ..,a+Lc+2b+1 ..., bg+12=0
j=2

07.31.17.0011.01
q
[ku] (cpFo(a b, ag, ..., ap; C by, ..., bg; 2) -
k=2

apFga+1,b+1,as ...,8pC+1, by, ..., by 2= (c —@) pFq(a, b+ 1, 83, ..., ap; C+ 1, by, ..., bg; 2)) +

P
za[l_[aj]qu(a+ Lb+1,a+1, ...,ap+Lc+1 by+1 ...,bg+1,2=0
j=3

07.31.17.0012.01

pFe@a+1, b+1,ag ..., apc+1,d+1,e+1,by ..., by 2 -
cd@a-e((b-e
abC-9@ o pFq(a b, ag, ..., ap c. d, e+1, by, ..., by 2) -
ce(a-dy(b-d)
ab(c-d)(e-d) P
de(@a-c)(b-0)
abd-c)(e-0 P

Fg(a b, as, ..., ap;c,d+1,eby, ..., by 7) -

Fo(a b, as, ..., ap c+1,d, &by, ..., by 2) =0

07.31.17.0013.01
abd-c)(e-0

Fq(a, b, c, a4, ..., a5;d, 6 bg, ..., 0q;2) - ———
oFa( a p 3 o 2) de(a—c)(b—c)p

Foa+1 b+1,cay, ...,and+1,e+1,b;, ..., by 2) -

ac(d-b)(e-b)
de(a-b)(c—b) "
bc(d-a)(e-a)
de(b-a)(c-a) P

Foa+1 b c+lay, ...,a5d+1,e+1,b;, ..., by 2) -

Foab+l,c+1,a,...,a;d+1,e+1 b ..., b5;2)=0
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07.31.17.0014.01

q
[a+ zZ(aM - bj)]q+1Fq(a, @, ..., ag1 by, ..., by 2) +
=1

9. (by - a) [Ty (b — @)
yA
i1 by T, (b -y

Ktj

q+1Fq(ay A, ..., Agi1; by, ..., bj—lv bj +1, bj+1v ceey bq; Z) =

a(l-2 gFg(a+1, ap, ..., ag; by, ..., by 2)

Relations of special kind
07.31.17.0015.01

pFa(a1, ... ap; ¢, 1-C, by, ..., bg; 2) + pFg(an, ..., ap; —C, 1+¢, bg, ..., by 2) = 2 )Fg(ay, ..., ap; 1+¢, 1-c, bs, ..., by; 2)

07.31.17.0016.01
oFa(a @, ..., ap;—a, 1+a,bg, ..., by ) = 2 pFq(a &, ..., ap; 1—a 1+a bg, ..., by 2) =
—p-1Fq-1(82, ..., ap; 1-a, bs, ..., by; 2)
07.31.17.0017.01
oFa(@ @, ..., api 1+, by, ..., by; 2) + pFg(—a 8, ..., @p; 1-a, by, ..., by; Z) =
2piFg(a —a @, ...,ap 1+a,1-a,by, ..., by 2)

07.31.17.0018.01
oFq(a 1-a as, ..., ap; by, ..., by 2) + pFg(-a, 1+ @, &g, ..., ap; by, ..., by; 2) = 2 1 Fgea(a, —a, @, ..., @p; by, ..., bg; 2)

Division on even and odd partsand generalization

07.31.17.0019.01

1
oFa(ar, ..., ap; by, ..., by ) =A@+ A (D /; AT (D) = 5 (pFa(as, ..., ap; by, ..., bg; 2) + pFo(ay, ..., ap; by, ..., by; —z))/\

1
A (2 = E(qu(al, cr @p by, o, Bg; 2) = pFg(ay, ..., @p; by, ..., by —2)

07.31.17.0020.01
oFq(ar, ... ap; by, ..., by ) = A" @+ A (D /;
a; ap al+l ap+l.1 bl E b1+1 bq+1;4p_q_122 /\

A" @ = 2pF2qe1| —1 s — o = —
2"2‘“1[2 2" 2 2 "2 27772 2

ZHFZlaj a1+1 ap+1 a1+2 ap+2 3 b1+1 bq+l bl+2 bq+2
A (D= q 2pF2qg+1 e ) Y e ;= N , yeen s4Pa-1 2
i1 bj 2 2 2 2 2 2 2 2 2

07.31.17.0021.01
pFa(as, ..., ap; by, ..., bg; Z) =

n-1 ZkHJP:l (aj)k
o KT, (by),

k+n by +k by +k+n-1 by +k bg+k+n-1

n n n n n

a; +k a;+k+n-1 ap+k aptk+n-1 k+1

npe1Fngen| L, :
n n n n n

- N (P-a-1) N

Case g11Fq
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07.31.17.0022.01

q+1 o
0ty 2 I'(@y) l'[,-;kl I(aj - ay)
qr1Fa(@s, - gai by, ... by 2) == (-2

M r@) e T (b - a)

1
q+qu(ak: a-bi+1 .., a-bgt+tLl-a+a ..., l-a1+tal-au1+a ... 1-ag1+ag ;)/;

2¢ (0, D) A Vi ikeznjsknisi<griniskeqit (3] — a & Z)
07.31.17.0023.01
m
jq [(b; = b [T, (1 - a; + by
j#k

m
Z 1 1 Zbk
k=1 H(jthrl F(aj - bk) H(Jtm\tl F(l - b] + bk)

q+1Fq(1—a1+bk, ceny l—aq+1+bk; 1—b1+bk, ceny 1_bk—1+bkr 1_bk+l+bkv ceey 1—bq+1+bk; (—1)q_m_n+12) ==

n
11 I'(a-a) I, I(1-ay+b)
n Jj:kl
Z 1 1 zak_l
k=1 H?:ml I'(ay - bj) H?iml I(ay —ac+1)

giFgll—ax+by, ., l-a+bgs 1+ —ay, ..., 1+ac; —a, 1+ ags —a, ..., 1+ 8g1 —ag .

(_1)q—m—n+1
e,
meN"AneN*AgeNAm=sqg+1Ansg+1IAM+n-g>2V(M+n-qgq=2Az¢ (-1, 0))

07.31.17.0024.01

© (A ( z )"
z-1

q+1Fq(al, <oy Qgids blv ceey bq, WZ) =(1- Z)_al T q+1Fq(_k1 Ay, ..., Agi1, bl, ceny bq, W)
k=0 :

Differentiation

Low-order differentiation

With respect to a;

07.31.20.0001.01
o yik+a) ([T (ay), ) 2

p FYLO-010--010 _ay by, ..., by; 2) ==Z (q j=113 k) (@) ool s B b o b D)
k=0 k! Hi:1 (bj)k

q=p-1A12<1Vg=p

07.31.20.0002.01

p
z[T, a; 1 111 a:
=29 1.0 at+l .., atl UL a;
p FULO- 010003y by, ..., by 7)== ——— FOL (

zz
WO 2 by +1, ..., by + 1 g + 1

With respect to by
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07.31.20.0003.01

o wik+by) (IT° (a), ) %
p Fgo'“"0]'(1’0"“’0)'0)(311 ey ap; blr ooy qu Z) == l//(bj_) qu(a]_, . ap; blv .. bq, Z ( = k) /’
k=0 k! 1_[j:l (bj)k

q=p-1AlZd<1Vg=zp
07.31.20.0004.01

[l
(0....,04,{1,0,...,0,,0) . C o) plx
nF (@1, ..o @pi by, oy by 2 == - ——— F 0

a+1...,3+1 L1 b,
q q &
blHj:lbj

z
2,b;+1,...,bg+1;; by + 1,

With respect to element of parameters||| With respect to element of parameters

07.31.20.0005.01
dpFqg(a @, ..., ap;a+ 1, by, ..., bg; 2)

da
2[1}.,3
mpﬂFqﬂ(a+l,a+L @+l ..., ap+lat+t2a+2,b+1 ..., bg+1; 2
a+ 1 b
j=2")

07.31.20.0006.01

dpFg(a+1, ap, ..., ap;a by, ..., by 2) zl‘[lizaj
=-—— piFgi(@+1 .., ap+lbp+1, ..., byg+1 2
oa 2110

With respect to z

07.31.20.0007.01

a P
6qu( 1, ...y Ap; bl! ceey bq; Z) I Ijzlai
= pFa(ar+1, ..., ap+Lbi+1, ..., bg+1;2)

z ]-[?:1 j

07.31.20.0008.01
p
?pFg(ay, ..., ap; by, ..., by 2) 118 (8 +1)

02 by (b + 1)

pFa(a1+2, ..., ap+2 b +2 ..., bg+2 2)

Symbolic differentiation

With respect to a;

07.31.20.0009.01
o H] =2 al)k " (ag)
p Fa{n,O,A..,O}V(O,.“,O)VO)(al, apv bly B qu — Z Zk/ ne N+ /\q — p l/\ |Z| < 1\/ q > p
k=0 k' H] 1 ) aal

With respect to by

07.31.20.0010.01
n 1
0,....04{n0,...040 N H'laj) 6(b1)
p FyO 0000, - ap; by, ..., by 2) ==Z X/ 12<1AneN Ag=p-1AlZd<1Vqg=p
k=0 k'l_[, ) ) b}

With respect to element of parameters||| With respect to element of parameters



http: //functions.wolfram.com

27

07.31.20.0021.01
" pFy(a, ap, ..., ap;a+1, by, ..., by 2)

oa"
)" niA[1],a)

(a+ 1)n+l H?=2 bj

pnFgm(@+1, ...,a+L &+1, ..., 8+La+2 ..,a+2,b+1, ...,by+1 2 /;neN

07.31.20.0022.01
MpFg(a+1, a, ..., ap a, by, ..., by; 2)

oa"
P
=D"n! Z[]-, g
— ap1Fg1(a ..., api by, ..., by 2) + — piFgi(@+1 . ap+ L+l ., bg+127) |+
al j=2"i
(-D"*n! .
- p-1Fg-1(82, ..., @pi by, ..., by Z) /;neN

With respect to z

07.31.20.0011.01

O Folaq, ... an by, ... b 2) Il (a)
pFa(as Pt a ): = Jnqu(a1+n,...,ap+n;b1+n,...,bq+n;z)/;neN+

07" H?:l(bj)n
07.31.20.0012.01
" pFglay, ..., ap; by, ..., by Z 9 .
oFalan 6; ! 7 = z‘”nr(bj) priFgea(l ar, ..., @ 1-n, by, ..., by 2) sne N
j=1

07.31.20.0013.01
(2 pFg(ar, ..., ap; by, ..., by; 2))

0z

= (D" (@) 2" puaFgua(@+1,ay, ..., @@ —n+1, by, ..., b 2) neN

07.31.20.0014.01
0"(Za+n_1 qu(a, ay, ..., ap; by, ..., by; Z))

a7

= (@), 2" pFg(@+n, &, ..., ap; by, ..., by Z) /;ne N

07.31.20.0015.01
(£ pFg(ay, ..., ap; €, by, ..., by; 2))
oz
07.31.20.0016.01

an(zn qu(—n, a, ..., ap; % by, ..., bg; Z))

=(C-My 2" JFg(ar, ..., apic—n, by, ..., by Z) /;neN*

1
=n!,,.F (—n,n+1,a,...,a;—,1,b,...,b;z)/;nel\l+
Py p+1Fg+1 2 p 2 2 q

07.31.20.0017.01
(2 pFq(-n, &, ..., ap; by, ..., bg; 2))

oz

=D )P paFga(-na+ 1, &, .. ap @ —n+1, by, ., by Z) ineNT
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07.31.20.0018.01

-n+l —n+r-1
6“(ﬂqu(—?, "r+ "+rr ,a,+1,...,ap;bl,...,bq;zm))
07" -
n -n+1 -n+r-1 a+1 a+2 a+m
=" (—@), 2" p+qu+m(__: Y , f yoeen y Ay,
r r r m m
a—-Nn+1 a-n+2 a—n+m
..., ap; , ,bl,...,bq;zm)/;reN"/\meN"/\neN+
m m m

07.31.20.0019.01
" (e72 pFg(—n, By, ..., @p; by, ..., by; 2))

0z
noo(=nyZ
priFg(-N k=N, a+k, ..., ap+k by +k, ..., bg+k 2 /;neN*

(_1)n e—Z -
Z k! H?:l (bj)k

k=0

Fractional integro-differentiation

With respect to z
07.31.20.0020.01

0" oFq(ay, ..., ap; by, ..., bg; 2) a i
=7 l_[r(b]) p+1Fq+1(11 ag, ...y ap; 1-@, bl, ceey bq, Z)
" L
Integration

Indefinite integration

Involving only one direct function

07.31.21.0001.01

H?:l(bj - )

prq(al, o @p by, o, by ) dz= m pFqa—1, ..., ap-1b -1, ..., bg—1; 2)
j=2\% —

Involving onedirect function and elementary functions

Involving power function

07.31.21.0002.01
z
fz‘”l pFa(as, .., ap; by, ..., by, ) dz= -~ priFgii(@, @, ..., ap @+ 1, by, ..., b 2)

Definite integration

For thedirect function itself
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07.31.21.0003.01

j(; t* pFq(ay, ..., ap; by, ..., by —t)dt=

(MMeea T00) (F@) [Ty T@x - @) ,
(Mo T@) T, Th-a)
0 < Re(@) < min(Re(@y), ..., Re(ap)) Ap-1=q= p\/

Re(a), .. Re(ap ——— RE[Z&I Zbk]] /\ q=p+1

0 < Re(@) < min

Summation

Finite summation

07.31.23.0001.01

p
n-1[Tj_ a1+k a;+k+n-1 ap+k ap+k+n-1 k+1 k+n
kzo q (J)knp+l nag+n n 3 ey n 3 ey n FAEERT) n ’ n y ey n y
b, +k by +k+n-1 bg+k bg+k+n-1 X
- : e ;AP A == Fo(ay, ..., ap; by, ..., by 2)
n n n n k!
Infinite summation
07.31.23.0002.01
* () 1\ zw
g 0 Fa(—k @, ..., 8qe1; by, ..., by W) 2= (E) q+1Fq(aly coor Age1; D1, o D ;)
Operations
Limit operation
07.31.25.0001.01
( wq)nl 1r g+1
lim (127" g1Fg(ay, ..., ge1; b1, ..., by ) = ————— /1 ¥q __Zb ZaJ /\Re(wq
z-1 g+l
H] ;|_F( ) =1
07.31.25.0002.01
{1 T(by) art

1 H
lim ——— .1Fqlaq, ..., age1; b1, ..oy bg; 2) == = ) b =
21 logl -2+ (@ - Bgei b1, .. D43 D ' r(a )/ Yq = ]Z Zal/\'ﬁq

07.31.25.0003.01

~ pFq(a, .., @pi by, ..., b 2)
lim =
by—>-n I'(by)

T_O
»—w—t

z”+ll_l(aj)n+l pFg(n+ar+1, ...,n+ap+Ln+2n+by+1,...,n+bg+1,2 /;neN
j=1

07.31.25.0004.01

z
lim qu(a a, ..., ap; by, ..., bg; —) == p-1Fq(@z, ..., ap; by, ..., bg; 2)
a

a—oo
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07.31.25.0005.01
lim pFa(as, ..., ap; b, by, ..., bg; bZ) = yFy 1(ay, ..., ap; by, ..., by; 2)

07.31.25.0006.01

ad
: : : 10,
I d-a r1Fo(@ 2 8, o Bq B+ L g+ L, o Bg + 1 1) = (DS /;
&=a3=..=ap =aAgeNAneN

07.31.25.0007.01

Iinf giFa(l-may+1,83+1, ..., g1+ 1 8, 83, ..., Age1; 2) = (D™ T(M S
-

Representations through more general functions

Through hypergeometric functions

Involving ,Fq

07.31.26.0001.01

q
oFa(a, ..., ap; by, ..., bg; 2) = [Hl‘(bk)] oFq(as, ..., ap; by, ..., by 2)
k=1

Through hypergeometric functions of two variables

07.31.26.0002.01

;A ..., Ap;;
) ] opof * @1r --er 8pys
pFa(@s, - @pi by, .., bgi ) == FOqO( by, by 7 O]

07.31.26.0003.01

q . .
. . ~0p0 yaq, ... Apys
qu(al, .o @p; by, .o, b z) == [klll r(bk)] FOqO[ T z 0]

Through Meijer G

Classical casesfor the direct function itself

07.31.26.0004.01
1-a, .., 1-a,

0,1-by, ..., 1-by

Tt T (B
oFq(a, ..., api by, ..., bg; 7) = ————— Lp (—z

,0+1
MmLra

m .
51+)1/, d==83=..=851=1AmeN"
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07.31.26.0005.01
ar1Fg(ar, ..., ge1; b1, ..., by 2) =

[Tes T (b g Hﬂiisin(ﬂ(b;—ak)) 2l [ ‘ 1-ay, ..., 1-ag )

G

. g+1,g+1 _b 1-— _b: _b. _

7 sin(yqm) [T T @0 12 e S0 (7 (b - b)) 0. 1-bj, 1=by, s 1=Bjg, L= Dpea, -, 1By
k]

q

”nk:lr(bk) 1- Y _1_¢qGqu+1 1—a1,...,l—aq+1 q+1,0 l—al,...,l—a(ﬁl ]
n(er) [T )( D@D Ceran|2| 01y, ., 1-b) T Catet|?| 0,1 by, .. 1-by)|”
sin(Yqm) [Ty T (e

g+l

q
va=>b->a \ze(-10 \vqez
j=1 j=1

07.31.26.0006.01

[T 1
pFa(as, ..., ap; by, ..., bg; 2) = G'(

pi 4,3
[Ty T@0

bg) 0
ay, ..., @p ]/,ze( + ©0)

Theorems

Connections between series and continued fraction representations

Euler established that the convergent series >} ; ax can be expressed in a continued fraction form

Zak =a [ 1+ Conti nueFraction[{— % 1+ a;l } {k, 1, oo}]]_l.

In particular the following representation takes place:

qu (al, 8.2, ooy a.p, bl, b2, ooy bq, Z) ==

Al ZIT0, (k + a Z[T2, (k + a -
+ s 2 1+ ContinueFraction[{— ] 1( J) 1+ J 1( j) } {k, 1, oo}]
TTiq bx (K+DTTy (k+by)  (k+DTT, (k+by)
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