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Notations

Traditional name

Regularized generalized hypergeometric function

Traditional notation

oFq(as, ..., ap; by, ..., by 2)

Mathematica StandardForm notation

Hyper geonet ri cPFQRegul ari zed[{ay, ... ap}, {b1, ... by}, Z]

Primary definition

07.32.02.0001.01

p-1 P
a=p\/a=p-1Ald<1\/a=p-1/\I2 ==1/\R6[ij -Zaj]>o
j=1 j=1

In the cases q < p — 1 the series above does not converge but it (together with symbol) can be used as asymptotical series,
where, when needed a Borel summation isimplicitly understood.
07.32.02.0002.01
N n , 1 al) ra
oFq(ar, ..., apg by, ..., = Z /; 3o, —8j=neN
k=0 k'H] 1F(k+b)

For & == —n, bj == —m/; m= n being nonpositive integers and A, (a > —n A ax € N) A\ Ap, (b > —-m A b € N) the func-

tion pIfq(al, ..., ap; by, ..., by z) cannot be uniquely defined by alimiting procedure based on the above definition because
the two variables a;, b; can approach nonpositive integers —n, —m; m = n at different speeds. For the above conditions we

define:

07.32.02.0003.01

i 0 [T (ay), 2
pFq(ar, ... @&, ..., api by, ..., by, ..., by 2) = qi/; a=-nAbj==-mAmeNAneNAm=n
k=0 k'l_[]:l F(k+ bj)
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General characteristics

Some abbreviations

07.32.04.0001.01
NT({ag, ..., ap)) == (-aeNV ...V -a, eN)

Domain and analyticity

oFq(as, ..., ap; by, ..., by; Z) isan analytical function of ay, ..., ap, by, ..., by and zwhich is defined in CP*4*1. In
the cases p < q it is an entire function of all variables. If parameters axinclude negative integers, the function

pFq(as, ..., ap; by, ..., by; 2) degenerates to a polynomial in z.
07.32.04.0002.01
({ag ... x@p)#{byx... 5 by} x 2} — pFg(ar, ..., ap; by, ..., bg; 2 ((€C®... O} ®{C®...®C} ®C)—C
Symmetries and periodicities

Mirror symmetry

07.32.04.0003.02

oFa(@, ... i by, .o, by 2) = pFg(an, ..., api by, . by Z) /s~ (e (L o) A Pp=q+ 1)

Permutation symmetry

07.32.04.0004.01
oFq(an @, ..., @, ..r @, ..oy Bpi by, o, bg; 2) == pFg(ar, @, .y @)y ooy B o Bpi by, DG 2) [ A E Ay AKHE

07.32.04.0005.01
pﬁq(al, .-y Qp; blv b2, ceey bk, ceey b], ceey bq, Z) = pliq(al, ..y Qp; b]_, bz, ceey b], ceey bkv ceey bq, Z) /i bk * bj /\k:f: J

Periodicity

No periodicity

Poles and essential singularities

With respect to z
For p==g+1 and fixed a, b; in nonpolynomia cases (when —(-a; €NV ...\V —a,eN)), the function
oFq(as, ..., ap; by, ..., by; 2) does not have poles and essential singularities.

07.32.04.0006.01

Sing (pFq(@r, ... api by, ..., bgi 2) =} /; p=q+ LANT ({a, ..., ap})
For p<qg and fixed &, b; in nonpolynomia cases (when ﬂ(—aleNV...\/—apeN)), the function
plfq(al, ..., ap; by, ..., by; z) has only one singular point at z = c. It isan essential singular point.

07.32.04.0007.01
Sing,(pFq(@q, -, ap; by, ..., by 2)) = ({®, co}} /; p< gANT ({ay, ..., ap))
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If parameters a, include r negative integers ay, the function ,Fq(ay, ..., ap; by, ..., bg; z) is a polynomial and has pole of
order min(—ay, ..., —a,} at z = co.

07.32.04.0008.01
Sing,(pFq(@s, -..» api by, ..., by 2)) = ({®, —a}} /s = (NT ({ay, ..., ap}))/\a =min(-as, ..., —as}/\—ask eN*
With respect to g
The function pFq(ay, ..., ap; by, ..., by; Z) asafunction of &, 1 <1< p, hasonly one singular point at g = . It
isan essential singular point.

07.32.04.0009.01
Sing, (pFa(@1, - api b, ..., bg; 2)) = {{%0, w}} 111 < p

With respect to b;

The function pFq(ay, ..., ap; by, ..., by; Z) asafunction of by, 1< j < g, hasonly one singular point at bj = . It
isan essential singular point.

07.32.04.0010.01
Singy (oFa(@s, s 8pi by, ..., by ) = (&, 0}} 1= =q

Branch points
With respect to z

The function pFq(ay, ..., ap; by, ..., bg; 2) does not have branch points for p < g and has two branch points: z==1, z== &
for p==qg+ 1in nonpolynomial case (when - (-a; e NV ...V —a, €N))

07.32.04.0011.01
BPApF(as, - 3p; by, - by J) =) ;=1

07.32.04.0012.01
BPqu1Fa(as, s 8qeri br, ..., bg; 2)) = (1, &) s NT ({an, .., agua})

07.32.04.0013.01
g+l

q
Relqr1Fa(@ss - Ager; b1, ..., bgi 2), 1) =l0g /; Yq € Z\/wq €Q /\wq = ij —Zaj /\N‘T({al, <ver Bgr1))
=1

j=1
07.32.04.0014.01

Re(qr1Fa(ss .., ager; b1, ..., bg; 2), 1) =s/;

oq+1

q
Yq ==ij —Zaj = g/\r eZ/\s— 1eN+/\gcd(r, 9= 1/\N7'({al, ceer Bge1})
j=1 j=1

07.32.04.0015.01
Relqr1Fa(ass ---» aget; b1, ..., by; 2), ) =log /;
£ (a-aeZANl<i=g+IAl=<j=<qg+1Ai ¢j)/\(ale§Q\/...Vaq+1eEQ)
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07.32.04.0016.01
Re(qr1Fa(as ..., ager; b1, -, by 2), ) =lem(sy, ..., Sgra) /i

= ;—I/\{n,a}ez/\s‘ > 1/\gcd(n,a)==1/\15lsq+1/\N‘T({al, coer Bge1})

With respect to a

The function pIfq(al, ..., ap; by, ..., by Z) asafunction of &, 1 <1 =< p, does not have branch points.

07.32.04.0017.01
BPq(pFq(ar, ..o @pi by, ... b 2))=1{} ;1<l=<p

With respect to b;

The function pFg(ay, ..., ap; by, ..., by; 2) asafunction of by, 1 < j < g, does not have branch points.

07.32.04.0018.01
Bij(pIEq(al, caapby L bgZ)={/;1<j=q

Branch cuts
With respect to z

For all nonnegative integer ay, the function pIfq(al, ..., ap; by, ..., by; z) in the cases p==q+ 1 isasingle-valued function
on the z-plane cut along the interval (1, o), where it is continuous from below. In the cases p < q this function does not
have branch cuts.

07.32.04.0019.01
BColqi1Fa(81, -+ Bgen b, ..y B 2)) = {{(L, 00, i1} /s NT ({8, -, Bgea))
07.32.04.0020.01
BCApFq(ar, ..., api by, ..., b 2))=1{} /; p=q
07.32.04.0021.01

ell% q+lliq(a1, vy aq+1; b]_, vy bq, X—E'G) = q+1|Eq(a1, vy aq+1; bl! vy bq, X) /, X>1

07.32.04.0025.01
1, by, ..., by

a, ..., Qg1

lim g.1Fq(@ b b'x+ie)——;6q+l’l il
M q+17a(@1 -+ 8gr1s Br - Doy il !

[Teer T(@0

)/;x>1

07.32.04.0022.02

a 1@ Hj‘i osef (@ — &)
~ J¥ :
lim q.1Fq(as, ..., Bgeai by, ..., bgy X +i€) = R
e>+0 ¥ ir@) ia I, T(by - &)

- 1
q+qu[ak, a-b+1 .., a-bg+Ll-ay+ay, .., 1-acg+ag 1-agg +ay, ..., 1-ag +ay ;)/;
Y kezA kAL =g+ 10 keget (8 — B € Z) A x> 1

With respect to g
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The function pFg(ay, ..., ap; by, ..., by; z) asafunction of &, 1 <1 < p, does not have branch cuts.

07.32.04.0023.01
BCa(pFo(a1, ... ap; by, ... by Z) ={} i 1=l <p

With respect to b;
The function ,Fg(ay, ..., ap; by, ..., by; 2) asafunction of by, 1 < j < g, does not have branch cuts.

07.32.04.0024.01
Bcbj(plfq(al, aap by, by Z)={/;1<j=q

Series representations

Generalized power series

Expansions at generic point z== z

For the function itself

07.32.06.0045.01
_ = %"
oFq(a, ..., ap; by, ..., by; 2) ::;F or1Fqe1(L @, .., @p; 1-K, by, ..., by 20) (2 20)* /;
p#£q+1Vp=g+1Az ¢, )
07.32.06.0046.01
ar1Fa(@ss ..., ap; by, ..., by Z) =

I (a - a ade-?) a2 ‘
[T T 275 (@ =2 1]"”‘47}( )—ak[[ g(zzi )J+1]ir(ak+ i) (=20)) -
T % - g+1Fq
ng () k=1 H?:l F(bj - ak) % =0 j!

1 )
[ak—bl+1, v d=bg+ 1l jragl-ag+a ..., 1o +a, 1-ag +ay, ..., L-ag +a Z z-2) /,
|20l > LA Vi iikezniskni<i<arintskeqit (3] — 8k & Z)

Expansionson branch cutsfor p==q+1

For the function itself

07.32.06.0047.01

o ¥ 1—a -k, ..., 1- -k

= . . 1,0+1 ZM{ g J il b e Ag+1 Ko

Folag, ...,ap; by, ooy bgi2) == ——— ) —G -X 2n Z-X)/;x>1
q+1Fq(ar p D1 4: 2) Hﬂfir(ak)kz_c;k! q+1,q+1[ ¢ 0,1-by -k ..., 1-bg—k (@=X7/i x>

07.32.06.0048.01

_ 1 © 1 Cnif1e2| "2 1| L k+ by, ..., k+ by

griFq(ar, ... ap by, .., bgr 2) = RN _,Ggﬁiéﬂ[e m( " [ 2 J) | via s ](Z—X)k/; x>1
HE:l ['(ay) k=0 k! X 1y «e ey Ag+1
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07.32.06.0049.01

g+l — g+1 —
I @ (=x)"UT(u+ay) risg (1+2 Floor[ argix-2]
e

ncg: 2n ])X_ak
HE*ir(ak) k=1u=o0 U! HJ 1r b ak j=1

j#k

q+lliq(a1, ooy ap; bl' ooy bq, Z) ==

~ 1
q+qu(U+ak, a-bi+1 .., a-by+Ll-ay+a, .., 1-a 1 +a, l-agg+ay ..., 1-ag +a ;]
Z= X" /5 V(i i ez Ak d<i<grintskeq:1 (8] — @ € Z) A x> 1

Expansionsat z==0

07.32.06.0001.01

Z+..|iq=p-1AlZ<1Vqg=p

oFq(ar, ..., ap; by, ..., bg; 2) =

1 Mgy (M52 (e +1)
1+ 3 Z+ 3

07.32.06.0002.01

) o ( [T (3) )zk
oFq(a, ..., ap; by, ..., by; 2) = Z fia=p-1Al2<1Vag=zp
k=0 l_[J 1r(b +k))

07.32.06.0003.01

- 1
oFq(ar, ..., ap; by, ..., by Z) o T (1+0(2)

Expansionsat z==1for p==q+1

The point z==1 is the end point of the branch cut for the function q+1lfq(a1, - R T T o z), where it has a
rather complicated behavior. The corresponding general formula (for noninteger yq == Z?:l b; - Z?j a;) includes
two major terms - regular and singular which are an analytical functions. Moreover, the singular term has representa

tion of the form const (1 — 2%9 (1 + O(z— 1)) and regular term is bounded near point z== 1. A more detailed descrip-
tion of this behavior is presented below.

At the singular point z== 1 the function q.1Fq(ay, ..., aq1; by, ..., by; 2) is continuous for Re(yq) > 0, bounded for
Re(i/q) =0, ¥q + 0 and has, in general, a logarithmic singularity for ¢/ == 0 while for Re(yq) < 0 it has a power
singularity of order —q to which for integer y4alogarithmic singularity can also occur.

The general formulas

07.32.06.0004.01

. ag, .oy aq+1;
ar1Fa(an, -y Agea; by, ., bg; 2 = AL by, o by 2 1, oo}
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07.32.06.0005.01

ar1Fa(as, .-y ageas by, ..., by 2) = a1 (1-2" > avq) 12"+ > g0 (1 - Z)k] /;

[Teo1 T(@) k=0 k=0
(DT (K+r +a) T(K+r +a) T(g — 2r — k)

L-A<1Na>1/\an= -

(Vo= =K, &% (s, - 3qa)s o o Bul) 1 r(gg-2r-K [q+1 (k )] 1

i - . = lim

P T(j+ay +ug) T(j + @+ ¥q) k!I‘[?:ll"(k+r+bj) i1 ™ (g — 1 — k)

qJfll:q(k+r+al, K+r+ay, ..., n+T+agq, —M K+r+by, Kbr+by, ., n+1+bg, Kem+r—yg+1; 1)/\

@ (b1 - ae.)k1 q g+l
Go(wa) = T(~vq) /\ ({2, -... agua}, {ba, ... bg) b= a
j=2 j=3 K
k (=Ko, (by —ay)y, (3 a1
o P2
(Z, 2bj ZJ 331) (ag— by — kg + 1)k2 2 j=3 =),
ko (=Ko (bqf2 - aq) ) q g+l
1 ? o2 Z b] - aj
om0 (S by - % aJ) (@4~ by — ko + 1y SR =S i
ko2 (_kq—z)kq_l (bq - aQ+l)kq_1 (bQ—l - aﬂ+1)kq_1 /\
10 (Sga by~ 2qa), (Ba=byo—kyo+1) o-z!
- j=0-1 kgt a Kg-1
o+1

Y __Zb ZaJ Nve#z \Reta) >0\ ... \Re(ag.1)> 0

The logarithmic cases
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07.32.06.0006.01

gbq—l . o0 .

Zk (A=)l +@=2% > (pj+0logl-2))(1-2) |/
j=0

N 1
ar1Fa(ss .., ager; b1, .., by Z) =

M T U

g+l

[1- z|<1/\¢//q__Zb Zaj/\q>l/\

[k (DT +a)T(j+ap & (k=] +va-1)18 (@, ... aga). by, ..., b))
j ==

- /iRe@g) > —jA... A
J! o T(K+ay + ig) T(K+a + ¥rq)

(=1 (ag + ¥a); (2 + ¥, [(_w | i k=i -1 (@, .., agea)s (b, ..., bg))

Re(ap.s) > —j]/\[pj =

+
i1(j+yq)! K=j+l (al+l//q)k (az+¢q)k
j (_j)k S(q)({al, veey aq+1}, {blv ceey b })
P " (W~ K+ D+ U+ g+ 1) =] + 2+ rg) ~ 0l + 2+ ) |/
k=0 (al + l/’q)k (aZ + wq)k

(=1)"™ (aq + ), (82 + )
jt(i+vq)!

Re(ag) > _J _lpq/\ /\Rdap+l) > —J _(pq]/\qj ==

2( D& (e, -y agea), {ba oo,
k=0 (a1 + ), (32 + ¥q),

LIV

07.32.06.0007.01
q+1Fq(alv «oor Qgids by, ..., bq; Z) =

1 o (B4 va) (@ +¥a) (= (1) j1k-j-1)!
——— @1y — & : &2({ay, ..., ages), {by, .., bg)) +
[Te: T@o i it(i+yg)! ke (81 + ¥a)y (82 +¥a),
] (= ) _ _ _
Z (—log(L—2) + Y —k+ D)+ o(j +Yq+ 1) = o(j +ay + ) — (i + 8 + )

koo (a1 + %”q)k (az + lﬁq)k

Vol I+ a) T(j +ap) & (K= +Wq— 1)1 &0 ({ag, -\ agea)s {1 -, bg))

>, >, @1 /;

iz i! o T(k+ay +yq) T(k+a, +yq)

g+l

[1- z|<1/\wq__Zb Zaj/\q>l/\

YgeN
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07.32.06.0008.01

~Yq-1
ar1Fa(@ss .., ager; b1, ..., by 2) = (1-2)Va Z h (1—])J+Z (uj +vjlog(l-2))(1- 2/ 1- z|<1/\
ITes T =0 i
g+t D (et vy (B )y (ST =va =D I 80 (fa, -..r Ay i .., b))
Yg= ) bj— > a /\a>1/\h; = -
! JZ: Z J/\ /\ J! k%; (al"'wq)k(af“/’q)k /\

(s + ), (B2 +¥a), (k=j+vq-1)1E2({ay, ..., aga), {bi, .., bg))

T (i —q)! Z +

Ui ==
J it(i—vq)! k=j—gg+1 (ag + l/’q)k (a2 + Wq)k
j_wq (l//q - j)k(g:(q)({al, ceey aq+l}, {bl, ooy bq}) ) ) ) )
(1) WG +D -y +a) -y +a) +y(j —k—yq+ 1)) |/
k=0 (ag + lﬂq)k (a2 + ¢q)k

D" @+ )y, (B2 +va),

it(i—vq)!

Re(@g) > —j A ... ARe(ag.1) > —J]/\Vj -

i lﬁq ) SLQ)({ a, ..., aq+l}' {bl’ s bQ})
k=0 (a1 + W), (a2 + ¥),

07.32.06.0009.01
ar1Fa(as ..., ager; b1, .., by Z) =

1 ﬂl/q*l i (—1)k8(m({al, . aq+l}, {bl! ooy bq}) (Z— 1)1
—|@-2" D (_j_wq_l)!(al-'—l/’q)j(a2+wQ)jZ - : +
s T =0 0 (1=Kt (2 +g), (22 + ¥a),

o 1 kd I'j+k+a)pT(j+k+ay)
(DM Y — - & ((ay, .., age), {by, -, b))

= (I =¥q)! ico (J + K ! T(k+ay +q) T(k +a + ¥rq)
(-logX—2) +y(j + k+ D) +¥(j — g+ 1) —(j + k+ay) —y(j + K+ a)) (1 -2 +
= F(j+k+a)T(j+k+ay)

SEAEPIDY

koo =k (KT (K+ag + yq) T(K+ 3 + ¥rq)

&%(au, ..., agua) {by, ... ba) A= 21 |/

g+l

11— z|<l/\wq__Zb Zaj/\q>1/\—wqu+
j=1

07.32.06.0010.01

. 1
ar1Fa(as .., ager; b1, .., by Z) = —
[T T@o
x (&); (@) L (=) (=log1 =2+ ¢(j + 1) = ¢(j + @) —¢(j + @) + ¥(j —k+ 1)) @
Z Sk ({a]_, ceny aq+1}, {bl, ceny bq}) +
j=0 ! k=0 (@)x (@)
e (k=j-D @ )
(_1)J J' Z 78k ({al, ceey aq+l}, {bl! veey bq}) (:l.—Z)J /,

k=j+1 (al)k (aZ)k

oq+1

- z|<1/\¢/q__2b —ZaJAq>1/\¢q==o
j=1



http: //functions.wolfram.com 10

The major terms in the general formula for expansions of function
q+1Fq(a1, .oy @ge1; b1, oy Dgr Z) @t Z==1

07.32.06.0011.01

5 _ (=) "
ar1Fa(@ss <., agen; b1, .., by 2) o< gaFg(ay, -, Agers b1, ..., by 1) (1+ O(z— 1) + ——— (-2 1+ 0z-1)/;
I T(@)
q g+l
@0 Nwg=>b->a N\vqgez
j=1 j=1
07.32.06.0012.01
ariFa(@ss ...y ager; by .., by Z) o
Mg & (a8 (2 . gl by, ... b)) I(~vq)
1+0z-1)+ ———— (1-2%(1+0(z-1)) /,
MEar@oico  Tlk+as+yq)Tk+ag+yq) I3 (@)
q g+l
@-1 Nwa= b - > a /\Re(vq)>0/\Re@) >0 /\ ... \ Refag.1) >0
j=1 j=1
07.32.06.0013.01
. 3 1
ar1Fa(@ss <., agen; b1, .., by 2) o guaFg(an, -, @gers b1, ..., by 1) (1+ Oz - 1)) - — log(1-2) (1+0(z-1))/;
I (@)
q g+l
(Z_) 1)/\wq ::ij —Zaj /\(//q ::0
j=1 j=1
Expansionsat z==co for p==q+1
The general formulas
07.32.06.0014.01
_ ag, ..., 8p;
q+qu(a1, coos Aga1s D1, oony DG Z) = ﬂ,z( by, ..., bg; {z, &, 00}] /2¢O, 1)
07.32.06.0015.01
1Fq(ay, .., 8gea; by, .., by; 2) = AT B: - S (z &, co}|/;2¢ (0, 1)
a F by, ..., bg;
Case of simple poles
07.32.06.0016.01
ar1Fa(as .., ager; b1, .., by Z) =
T[T I(a -
qr1 oK Hlj;kl (a8 -2 akﬂ?zl(ak —bj+1)  a@+ 1)H?=1(ak -bj+1)(a—bj+2)
1 Z q (-27%|1+ N + " +.. |/
T@) ket Il I(b; - ay) ]’1?:1 (ax—aj+1)z 2]‘[?:1 (ax—aj+1)(ax—a; +2)) 2
j#k j#k

12 > LAVt kezAj#kALs j<q1AL<ksgil (aj A
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07.32.06.0017.01
o2 T@ T T(ay — ay)

- )= Z . i(ak)i M (8= by + 3)
q+1Fq a1, ...y Agils by, ..., bq, Z (-2~ /s
Ty k= MM, T(b; - &) =0 i1 1(ak aj+1) 7

j#k
12> 1A V {j.KkL{jKez\j+kAl=j=g+1A\1<k=qg+1 ( - ¢ Z)
07.32.06.0018.01
- 1 e 0; 1-ay, ..., 1-ag;
q+qu(a1‘ S NTET TR Z) == TZZFR% . 1-by ... 1-bg: 1-a,1,i; —Z) /;
[Teo; T(@) k=1i=0 ' v @
1Z>1A v(j,kMj,k]eZ/\j:tk/\lsjsq+1/\lsI&q+1 (aj - ¢ Z)

07.32.06.0019.01

F(@o [T} esolr (3 - &)
~ el j#k
ar1Fa(as .., ager; b, .., by Z) = o Z (-2

Miir@) et Mo -a)

. 1
qﬂFq[ak. a—b+1, .., a-bg+Ll-a+a ... 1-ag+a, l-agr+a ..., 1-ag1+a; ;)/;

2¢ (0, 1) A\ Vi i kezA kN 1=j=qrintekeqet (&) — B & Z)

Case of poles of order r in the points a, +k /;r €{2,3,4} Ak eN

07.32.06.0020.01
ai, ..., a.p;

b1, ..., by;
¥-a¢”Z /\ r+ls<ks q+ 1/\ V{J ki {j KleZ \j+kAr+1=j=q+IAr+1=<k=q+1 ( - & Z) /\r € {2 3, 44

(power)[

ar1Fo(@ss - ger; b1, ..., by Z) = : {z,oo,oo})/;ze(o, DAa—a_1eNA2<k<rA

The major terms for expansions of function q+llfq(a1, eeey Aq415 D1, «ouy Dg; z) at Z =00

07.32.06.0021.01
ooa T@ T T8~ ay)

j#k

) 1
@1Fa(as, - Bqeas by, oy b 2) o o (1+ O(_]) !
Hgfl I'(ay) kZ; H? 1F(b' - ak) z

(12 = ) A Y{j i ez njeknt<j<qrintkeqt (&) — 8 & Z)

07.32.06.0022.01
ariFa(@ss ...y ager; b1, .., by Z) o

(@) 17 T(a) - &)

1 a1 ]#k r+l 0 ag, ..uy aq+1; 1
a‘k ) '_ L — .
e [ ) Sl o)

[Tei T(@) |ker+1

(2 > o) ANay—a1eNA2=<k=srAa-a,¢ZAr+1<k=<q+1A
Y1k KeZAj#kAr +1= =gt LA+ 1=ksg 1 (aj - ¢ Z) Aref{2 3, 4}
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07.32.06.0023.01
q+1Fq(a1, <oor Qgids by, ..., bq, Z) oc

1 T(a) [T @y - ag) 1\ (1) T(ay) [T T(a - a)
(-2™ (1 + O(—)) +

(@ —an)! T, T(by — ay)

. (-7 ['09(—2) +y@z-a+1) -

M@y | Tl Tc—a0)

o1 T@ T T (8~ ay)

(1+O(;))+Z ﬂ?_li;;bj ) (-7 (1+O(;)) /;

k=3

g+l q

Yag)+ ) w(ay—ap) — Y uib—a) —

k=3 k=1

(2 >o0)Nap—ag eNAa—ag & ZA3=<k=q+ LAV jKezAjskns<i<arinksqr1 (3] — & & Z)
07.32.06.0024.01

q+1l3q(al, <oor Qgits by, ..., bq, Z) oc

1 T(ay) [T T(a - ay) 1\ (=12 T(ay) [T T(a - a)
(-2™ (1 + O(—)) +

(@ —a)! T, T(by — ay)

. (-297% [Iog(—Z) +Y(@—-ag+1) -

M r@y | Tl Tc—ap)

a1 g 1 (~1)% 2 T(ag) 1§ T(@ — a9)
W@g)+ ) (@ —ap) — Y uibx—a) — (1 + O(—]] ;
k=3 k=1 z 2(ag—ay) ! (ag—ay)! [, T'(b —ag)
g+l q 2
(-2 ['09(—2) +Y@g-ay+ D) +yY(ag—a+1)—y(ag) + Zlﬁ(ak —ag)— Zlﬁ(bk —ag) - )Y) +
k=4 k=1

o2}

5 72 g+1 q
[?ﬂ —yP@g-ar + D) -y D@ -a+ 1) +y V@) + ) YV (@c-ag) - Y U —a)

k=4 k=1
a 1@ Hj‘i r(a) - a) .
>, a : -7 [1+O[—)) (4 =) Nag—ay eNAag—a, eNA
ks [T T(bj - ay) z

a—a & Z N4 <K=q+ LAY iKezhjskia<i<qinackeqri (8] — 8 & Z)
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07.32.06.0025.01
q+1Fq(a1, <oor Qgids by, ..., bq, Z) oc

1 T(a) [T T (@ - a)

l)) (-% 7 T3y [, 3F(ak az)

(-2™ (1 + O(—
(@2 —ay)! ]—Ik:]_ ['(by, - ay)

. (-7 ['09(—2) +y@z-a+1) -

M@y | Tl Tc—a0)

g+l 1 (-D* ™ T(ag) Hk 4F(ak a)
@)+ ) Y@ —a) - Zwmk —ay) - (1 + O( ]]
k=3 Py 4 2(ag—ap)! (83— a) ! [Ty, [(by — ag)
o+l 2
(-27% ['09( D+y@z-—ap+ D) +y(ag—a+ 1) —w(ag) + Zlﬂ(ak ag) - Zlﬁ(bk -a3) - 7’) +
k=4 k=1

572 q+1
[% —yPag—ag+1) -y P@s-a + D+ yPag) + ) v (ac—ag) - Zw<l>(bk - ag)J]

k=4 k=1

1 (~1) 2+ %+ [(a,) [T T(a - ay)
[of3)+1)

z

G
6(au—a3)! (B~ a)! (@ — a)! [T, (b — ag)

k=5 k=1

3
g+l
[[Iog( 2+ Y(ag—ay+ 1)+ Y8y — By + 1)+ Y(8g — 8+ 1)~ Y(@g) + ) Y@ — ) - Zw(bk—ao y] +

g+1
[[w<1><a4) V@ -a+ Dy V@ -2+ Dy D@ -ag+ D+ Y Y@ an - Zw“(bk—eu)]

k=5 k=1

7n?
ES log-2+yY(ay—ag + D +y(ag —a, + 1) +

g+1
Y(ag—ag+ 1) — (@) + ) (e —au) - Zw(bk—ao y]

k=5 k=1

g+l q
[w<2>(a4 —a+D+YP@ -+ D+ P -as+ ) -y P@)+ ) ¥P@c-a) - ) yPb-a) -2 ((3)]]

k=5 k=1

o2 @I T(@ -~ ay)

[1 " o( )) Z ':(bj Y (-2 (1 ¥ o(;)) /

k=5

(2> Nap—aseNAag-—aeNAay-azeNA
- &
ZAN5<k=qg+1A
Y (K KIeZ A j#kAS= ] g+ 1AS<k=q+ 1 (aj - ¢ Z)

Expansionsat z == oo for polynomial cases
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07.32.06.0026.01

oFq(-N @, &g, ..., ap; by, ..., bg; 2) =
P

| | (&),

— /ineN*
[Tgeq T+ 1)

, (-pprat
(-2" g+1Fp-1|-Mm1-n-by, ..., 1-n-by;1-n-a,1-n-as ..., 1-n-ay ————

Asymptotic series expansions

Expansionsfor q==p
07.32.06.0027.01

a
= . . (powen)[ “1
oFp(as, ..., ap; by, ..., by; 2) oc A [

by, ..., by (z o, oo}] /; (12 = o)

07.32.06.0028.01
T(a) [T}, T(aj — &)

O T 6 S e N O |
a, ..,y by, ., D7) ——— e 2 +0O| — ||+ -Z +0O|-1]/;
"t " "R, r(a) Mhar(@) & 10, r(-a) z

(121 = 00) A V(i kiezAisknizi=phizkep (&) — & & Z)

Expansionsfor g==p+1

07.32.06.0029.01

. a, ..., ap; ay, ..., ap;
. . (power) (trig) .
pFpra(@s oot Bpi b, ooy Dpyai G oc AL (bl, I i oo °°}]+ﬂﬁ [bl, S Gt °°}] /i (/e = o)
07.32.06.0030.01
- 1 (e x2v2) 1 -i(rxe2vZ) 1
pFpe(an, .o @pi by, oy Dpg ) o ————————— (=% | F 1+ 0 +e VX 1+0 +
2V7 T, T(@y) V=z —z

F@o 17, T3 - a)

p #k 1
Z 1] (-2 (1 + O(—D/ (12 > 00) A\ Y{j (i kezAjekA1<j<prikp (&) — B & Z)
Mo T@ i Hp+ I'(bj — &) z

07.32.06.0031.01

pFpea(ar, ..., @ by, oo, Dpii Z) o

1 1
_(_z)x[coww_—z)[“o(_)y
Vr Tk, T@) z

C

sin(ﬂ)(+2\/—_z)(l+0(;)) +

2V -z
o T@OTT T3 - &)

1 j#k 1
Z (-2 % (1 + O(—)) /i
MeaT@o it 1% r(b; - &) z

1 P
(12— ) /\ 5( ~Bpa+ )/\c1 [B A+ - (3A,,+Bp+1 2) (Ap —Bp1) - )/\ Ao=ac/\
k=1

p+1 p+ls-1

p+l - Z by /\ A= Zzasal /\ B= ZZbS bi /\ V{i,kHi,k}eZ/\j:hk/\lsjsp/\lsksp (aj - ¢ Z)

s=2 j=1 =2 j=1

Expansionsfor q= p + 2
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07.32.06.0032.01
B a, ..., p; a, ..., p;
. . (power) (exp) .
qu(al’ s 8p; by, -, B Z) ‘xﬂﬁ [ b1, ..., bg; e 00}]+&2('E [ b1, ..., bg; 2 e 00}] g
a—P=2A (12 = 00) A V(i KezAjskii<j<prizkep (&) — 3 & Z)
07.32.06.0033.01
oFq(ar, ..., ap; by, ..., by Z) o
s F(@o I, (@ - a)
@2mnz 1 1 1 p ik 1
z¢ exp(B ) (1 + o(—]] +— Z 7 (-2 [1 + o[—)) /;
VB T T(@o 28)) ThaT@ia T (b -a) z
1(g-1 & a
q-p= 2/\ (12 - o) /\ﬁ =q-p+ 1/\)( = E > +Zak _Zbk /\V(j,k),(j,k}eZ/\j#k/\lsjsp/\lsksp (aj - ¢ Z)
k=1 k=1
Expansionsfor oF»
07.32.06.0034.01
. 1 I7 Lab-by
oF2( by, by ) oc ———3VZ z2 2
2\/§7r
-3b2+3(M,+1)b; —3b2+3b, -2 1
P e (9b% —6(3b, +2) b3 +3(9bZ — 3b, + 1) b? -
vz 1622
3(6b3 +3b3 —17b, +4) by + 9bf — 12b3 + 3b3 — 12b, + 4) + ...]/; (12 - o)
07.32.06.0035.01
. 1 37 _ta-bby
oF2G by by D)o —— V2 227 14 0| — || /; (12 - )
2\/§7r \3/?
Expansionsfor gF3
07.32.06.0036.01
5 —12b2 +8(by + bg + 1) by — 12b2 — 1202 + 8bz + 8b, (b3 + 1) - 7
oF3( by, by, bs; 2) +

(34\?? Z%(g_bl_bZ_bB) [1+

4~/2 732 2Vz
1
——— (1440} - 64(3b, + 3by + 1) b} +8(44b3 — 8 (b3 + 3) b, + 44 b3 — 24 by + 1) bZ - 16

2048z

(1213 + 4 (bz + 3) b3 + (403 — 403 — 21) by + 125 + 12b3 — 21 by + 11) by + 144 b3 + 144 b3 - 64 b3 + 803 -

176 by — 64b5 (3bg + 1) + 803 (443 — 24 b3 + 1) - 16 b, (1205 + 12b% - 21bs + 11) + 121) + ... | /; (12 - o)

07.32.06.0037.01

- 1 1/3
oF3( by, by, by 2) o0 —— A7 5i (5 0bab)

42 732

1+ 0

— ]/; (12 - o0)
4
V4

General formulas of asymptotic series expansions
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07.32.06.0038.01

3 ay, ..., ap;
oFq(ar, ..., ap; by, .., by 2) o A ' "z &, oo} |/ (14 > ) AP=q+1
E by, ..., by;

07.32.06.0039.01

3 ap, ... ap
pFa(as, ..., ap by, ..., bg; 2) o« (0(q— p) - 6qp+1)ﬂ::exp)(b b (&% 00}]+
1, «.+y Ogy
a, ..., dp; a, ..., ap;
(power) ~ (trig) ~ .
£ by by 2 “}]”‘W*lf"‘” (bl, by 2 °°}]/’ (A=) Ap=g+1

Main terms of asymptotic expansions

07.32.06.0040.01

) P (DO, T(a-9) 1
oFq(ar, ..., ap by, ..., by 2) Zr&ss q—(—z)‘5 (ak)(1+o(—))+
H k=1 [T, T(b; - 9) z
Sape1 O1 (—2) 2«/_101 +(6 seo) oz o (1o ||
q,p+1 1 (-2 COS(”X"' _Z) + \/__Z ( a-p- qp+l) b Z' e [ + [zl/ﬁ)] /;
1-B
22n) 2
(14~ ) [\ B=a-p+1/\x= —[—+ a - Zka/\Zd =
k=1 :8

07.32.06.0041.01

N 1
oFq(ar, ..., api by, ..., by 2) ch( 2 ak[1+O[ ))

k=1

1
Ogp+1 €1 (—2)F COS(ﬂ)( +2V-z ) [1+ O[ ]] +(0@-p- 6q,p+l) e, 2" B [1+ O[—)] /s

7z pald

@) T, T(a; - a)

p K
(Zd-e0) \p=a-p+1/\ x= —[—+ ay - Zka/\Ck : A\

ket HJ:l I(ay)) H?:l r(b -2

1-p
212n) 2
2p == —— /\ Y (ki KeZ A j#kALsj<pAl<ksp (aj * ak)

VB L, T@)

07.32.06.0042.01
ar1Fa(@s ...y aget; b1y .. by Z) c (1 + Oz - 1) +d (1-2% (1+O(z- 1)) /;

q+1 ( ‘l’q
(z- 1)/\1&q --Zb Za, /\c-- ar1Fa(a1 .., ger; b, ..., by 1)/\ = /\z//q ¢Z
T T(&)
Residue representations
07.32.06.0043.01
~ © (Ol M- _
qu(al, oo, apy by, bq, Zr — 23| /ip<g+1lVp=g+1AlZ<1

nk T@) o [, T -9
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07.32.06.0044.01

rOTE-9

[T, Ty -9

1 g+l oo

q+1l3q(al, -oor Qgids by, ..., bq, Z) == _q+1— resy|

[Tiey T(@) k=1j=0

%@+ /i1d>1

Continued fraction representations

07.32.10.0001.01

1 p q ZHP: 1+a ZHP: 1+a - o
ERITNT R —
- . j= j Z[1}4(2+a)

M, T(b 21T, (1+by)

07.32.10.0002.01

1+Kk

i ijF’:l(k+aj) zH}ll(k+aj) +l]°°]]]
)

(k+ DT, (k+ b,-)’ (k+ DT, (k+by

oL

k=1

Differential equations

Ordinary linear differential equations and wronskians
For thedirect function itself

The differential equation for the function pIfq(al, ..., ap; by, ..., by z) has the order max(p, g + 1). It has two
(z==0,z==5% for p<q) or three (z==0, z==1, z== %, for p==q+ 1) singular points. If p < q, then the point
z==0isaregular singular point, while z== co isanonregular (essential) singular point; if p==q+ 1, then al three

singular points are regular.

Representation of fundamental system solutions near point z==0for p <=q+1inthe general
case
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07.32.13.0002.01

-1 q -1 p
zqw(q”)(z)+zq‘1[Q(q2 )+Zbk]v%‘”(2)—zpvv(‘”(2)— p-1 m+Z«'a\a]vw"”(2)+
k=1 1=1
d 2( d b( d a@-
— ibe-1||lwo -[]|z— _ AW [ 2T S e
[[dzﬂ[zdz+ y )]w(z) D[zdz+a]w(z) @ > +Z k] @+
[po-1 & . P P
P WP (2) + Z2°~ T+Zak wP- )(z)+w(z)ﬂa| —W(z)l_[a =
k=1 1=1 1=1

l-a,...,.1-a
0,1-by, 1-by, ... 1=bey, 1= by, ..., 1—bq]+
1—a1, ceey 1—ap
0,1-by, ... 1= by, 1= by, ..., 1— by, 1_bk)+

1-a,..,1-a
0,1-by, ..., 1- bq]
07.32.13.0003.01

-1
a1 )+Zbk]mﬁq)(z)-zpvsfp>(z)— p-1| PP
k=1

q
[w(z) =1 pFg(ar, ..., ap; by, ..., bg; 2) + CZZGf):2+1[Z
k=1

.+ Cq Zquﬂ[( iz

1,
Car1 G‘SM[( 1%tz

AwWTD(z) + A1

-1 p

a] wPD(z) +

=1

dﬁ S 1) @ rp[ ’ ]() AW -7
z—+b-1||w@-| ||[z—+a |wW@2) - 2)-
dzk_l[ dz [ dz 2

=1

_1 4
a6-b +Zbk] W92 + 2P WP (2) +
ket

J[PP-D &

P P
+;ak]w<"‘l>(z) +w(z)[l[a4] -w[ |a =0/

=1

W(2) = C; pFq(aq, ..., ap; by, ..., by Z) +

chl Fal@s —bc+1, .oy ap—be+ 12— b by — b+ 1, oo b g — b+ 1, by — by +1, o, bg— b+ 15 2) /;

Viikilikez Ak 1<i<anikeq (0j — b € Z) A b & Z

07.32.13.0001.01

d 4 d P -
- b_ J— ::0; = F ) eeny ,b,,b,
s Yoo s

=1

Z}cklz1 koFq(ar—bc+1, ..., ap—b+1;2-by, by b+ 1, ..., by — b+ 1, by —be+1, ..., bg— b+ 15 2) /;

V(i k(i kez A i#kA1=i<ah1=k=a (Dj — bk € Z) A b & Z
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07.32.13.0004.01
Wy(oFg(ar, ..., ap; by, ..., bg; 2), 27 jFg(ay by +1, ..., ap—by+1;2—by, 1-by +by, ..., 1-by +bg; 2), ...,
2% Rl —be+1, . ap— b+ 12— by, by b+ 1, ., by b+ 1 b — b+ 1, ., bg — by + 1 2),
L2 Fg(an—bg+ 1, ..., ap—bg+ 12— bg, by —bg+1, ..., by_y —bg +1; 2)) =

q(1+q) +
[1_[51 n(r bk)] ﬂnﬂn bj — b)) P aDeIL(5 (Opars - R SLNEEY N v)

k=1 j=1

Representation of fundamental system solutions near point z==1for p==q+ 1in the general
case

: . . . . g+1,0 1—a]_,...,1—aq+1

Below representation includes functions of two kinds. The function Gy, 7q.1|Z
a*d 0,1-by, ..., 1-by
piecewise analytical function with a discontinuity on the unite circle |z == 1. It has singularity near point z== 1of

0, bk, 1—81, veny 1—aq 1
N _ . 2,g+3 +
the form const (1 - 2"¢ (1 + O(z- 1)), when |z < 1. The functions GQ+3Vq+3(z‘ 0,bx, 0, 1=by, ..., 1—bq

) is the

) are the
analytical functions and are bounded near point z== 1.

l-a,...,1-
. 1,0 1, ' aq+1
The function Ggilyqﬂ(z‘ 0,1-by, ... 1-b,

tions defined for all complex z.

) inside of |z < 1can be reprezented through hypergeometric func-

07.32.13.0005.01

d 9( d @l g
— — +b 1|~ — =0/
[dzn(z +Dby ) ]_[[zdz+a]]W(Z) /

kil dz I=1

1-ay, .. 1-8g Z . O,bk,l—al,...,l—aq+1/\
0,1-by, ..., 1-bg %1 Caaana| 2| g, b, 0, 1- by, ..., 1- by

- g+1,0
[W(Z) =C Gqul qul[z

q+1
12 < 1/\(//q = Zb Zaj /\ Yee Z /\ Y{i.. (i Kez ik 1<i=an1<keq (D] — Dk & Z /\ b ¢ Z
j=1 j=1

Representation of fundamental system solutions near point z = é for p =q + 1 in the general
case

07.32.13.0006.01

06 s

k=1

P
[W(Z) ==ch273k q+1'ipl[aka a-b+1 .., a-by+Ll-a+a, .., 1-a+a,
k=1

(-1)tP*d

l-a+a ... 1-ap+ag f] V(i Kez kA 1=i=ph1=kep (8] — B & Z)

Transformations
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Products, sums, and powers of the direct function

Products of the direct function

07.32.16.0001.01

oFq(a, ..., ap; by, ..., by; €2) Flay, ..., ar; B, ..., B d2) ::chi‘/;

DA (1)
Ck == s p+s+1Fq+r[_kvl_ﬁl_kv ~'~11_ﬂs_kv a, ...,
KT, T(k+ B;)

1 (P HTT, T(1- )
aml—al—K”ql—ar—Kbbnqb¢——————] == ]
d KTy Tk + by)
. (-DPrid
mH&Fms—k,1—b1—kp“,1—bq—k¢n,”qaﬁl—al—kp“,l—a—Jgﬁb.”,ﬁg———zf——]

07.32.16.0002.01

~ ) ( m) (H ) )dk—mcmzk
Fq(ay, ..., ap; by, ..., by; c2) (Fs(ay, ..., @} Bi, ..., Bs; d2) =
p q( g ps D1 q ) a ar; B kzt;go H, 11“(b +m))(H 1F(,BJ+k m))m!(k m)!

07.32.16.0003.01

- - Ay, ..., Ap, A1, ..., Qr;
E by, ..., by C2)E : d2) = Eort P d
p q(al, -++y @p; D1, ..., Dg; CZ)r s@1, ...y @r; P, -, Bs; d2) == Fggs by, ..., by Bus or B, €z az
Identities
Recurrence identities
Distant neighborswith respect to q
07.32.17.0001.01
q+lliq(a1, ceey aq+1; b]_, ceey bq; Z) =
) ) ~ q g+1
1 qu as, ...,aq+1}, {bl: ...,bq})gFl(al, ay, a1+az+l//q+k; Z)/, lﬁq ==ij—Zaj
n;“g ra)

Functional identities

Relations between contiguous functions
07.32.17.0002.01
bpFq(a b+1,ag, ..., ap; by, ..., by Z) -
apFq(a+1,b, ag, ..., ap; by, ..., by; )+ (@=-b) pFg(a b, ag, ..., ap; by, ..., bg; Z) =0
07.32.17.0003.01
oFq(a @, ..., ap;c by, ..., by Z) -
apFq(a+1,a, ..., ap c+1 by, ..., by 2+ (@-0) pFg(a, @, ..., ap; C+ 1, by, ..., bg; 2) =0
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07.32.17.0004.01
dpFq(ay, ..., ap; c+1,d, by, ..., by; 2) -
oFq(a, ..., ap; C d+1, by, ..., by 2+ (c—d) pFg(ay, ..., ap;c+1,d+1, bg, ..., bg; 2) =0
07.32.17.0005.01
(a-b) pFg(a, b, ag, ..., ap; ¢, by, ..., by; Z) -
a(c-b)pFg(@a+1, b, ag, ..., a5 C+1, by, ..., by )+ bc—a) pFq(a, b+ 1, a3, ..., ap; C+ 1, by, ..., bg; 2) =0
07.32.17.0006.01
(d-a)pFq(a a, ..., ap;c, d+1,bs, ..., by 2) -
dic-a) pFg(a, @, ..., ap; €+ 1,d, by, ..., by Z) +ac—d) pFg(a+ 1, &, ..., ap; c+1,d+1, b, ..., by; ) =0
07.32.17.0007.01
oFq(a @, ..., ap; by, ..., by 2) = pFg(@a+1, @, ..., ap; by, ..., by; 2) +

P
z[l—[aj] oFo@a+1l, a+1, .., ap+1 b +1, ..., bg+12=0
j=2

07.32.17.0008.01
pFa(as, ..., ap; ¢, by, ..., by Z) = CpFg(ay, ..., @pi €+ 1, by, ..., by Z) -

P
Z{Haj] pFga+1, ... ap+Lc+2,b+1, ..., by+1,2)==0
j=1

07.32.17.0009.01
oFq(a b+1,a, ..., ap; by, ..., by Z) - pFg(@+ 1, b, ag, ..., ap by, ..., bg; 2) -

P
z(b —a) [l—[aj] pFq@a+1, b+l a+1, ..,ap+ ;b +1, .., bg+1,2=0
j=3

07.32.17.0010.01
oFq(a @, ..., ap; ¢, by, ..., by Z) —CpFg(a+ 1, @, ..., ap; C+ 1, by, ..., by Z) -

p
z(c -a) [ﬂaj]plfq(a+ Lap+1 ...,8+Lc+2,b+1,...,bg+12=0
j=2
07.32.17.0011.01
oFq(a b, ag, ..., ap C by, ..., bg; 2) -
apFqa+1,b+1,as ..., 8;c+1 by, ...,by; 2 - (c —a)pFg(a b+1 as ..., a5 c+1, by, ..., by 2)+

P
Za[ﬂaj] pFq@a+1, b+l a+1, .., ap+Lc+L,by+1, ..., bg+1,2=0
i-3

07.32.17.0012.01
oFq@a+1,b+1,as ..., apc+1,d+1,e+1, by, ..., by 2) -

(@a-e((b-¢

m pFq(a b, as, ..., ap;c d, e+ 1, by, ..., by Z) -
(@a-d(b-d)

Abe-d o d pFq(a b, ag, ..., apc d+1,€by, ..., by 2) -
(@a-cob-o

— Fqla,byag, ...,ap;c+1,d, € by, ..., bg; 2) == 0
ab(d_c)(e_c)pq( 3, o0 Bp 4. .. Do 2)
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07.32.17.0013.01
abd-c(e-c) _
pFo(a b, ay, ..., apd, e bs, ..., by 7) - ————— Fg(a+ 1, b+1,¢ay ...,apd+1, e+1,b;, ..., by 2) -
(@a-o(b-o
ac(d-b)y(e-b)
(@-b)(c-b
bcd-a)(e-a)

(b-a)y(c-a)

oFg@a+1,bc+1,ay ..., a5 d+1,e+1 b, ..., by 2) -

oFga b+1,c+1,ay ..., 85d+1,e+1, b, ..., by 2) =0

07.32.17.0014.01

[a+zZ aj.1 — b ]Q+1F (a @, ..., ags1; b1, ..., by 2) +

Z“@‘@Wﬂ@—Wd
i Tl -hby)

k]

q+1|5q(a, ay, ..., aq+1; bl: ceey bj—lv bj +1, bj+1: ceey bq; Z) =

a(l-2gFq@a+1 &, ..., a1 by, ..., by 2)

Relations of special kind

07.32.17.0015.01

= . 1
oFq(as, ..., ap; —n, by, ..., =27

P
1—[ a; m1]pF a+n+1, .., ap+n+Ln+2,b+n+l, .., bg+n+1z/;neN
j=1

07.32.17.0016.01
oFq(as, ..., ap; ¢, 1—c, bg, ..., by Z) = pFq(ay, ..., @p; —C, 1+C, by, ..., bg; 2) = 2¢ xFg(ay, ..., ap; 1+ ¢, 1-c¢, bs, ..., by; 2)

07.32.17.0017.01

oFq(a a ;—a, 1+a by, ..., by ) +2a,Fg(a @, ..., ap 1-a 1+a b, ..., by 2) =
1 .
% p-1Fg-1(a ..., ap;1-a bg, ..., by 2)
07.32.17.0018.01
! Fof 1 b by; 2) ! Fo 1 b by; 2)
a ay, ...,ay 1+a by, ..., by 2) + —a, 8, ...,a,1-a by, ..., by 2) =
ra_a” % p 2 q rara o p 2 q

2piFg(@a —a &, ...,ap 1+a 1-a by, ..., by 2)
07.32.17.0019.01
oFq(a 1-a,ag, ..., ap; by, ..., by 2+ pFg(-a, 1+, ag, ..., ap; by, ..., by; 2) = 2 ,Fg(a, —a, ag, ..., ap; by, ..., by; 2)
Division on even and odd partsand generalization
07.32.17.0020.01

. 1 .
oFq(ar ..., ap by, ..., b ) = A" @+ A (2) /; A*(2) = E(qu(al’ co @p; by, ..., by 2)+ pFg(ag, ..., @pi by, ., bg; —z))/\

1 _ _
A (2 == E(qu(al, c p; by, ., bgi )= pFg(ag, ..., @pi by, .., bg; —2))

22
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07.32.17.0021.01
oFq(ar, ..., ap by, ..., b ) = A" @+ A (D) /;
gl =N Q a;+1 ap + 1 1 b1 by by +1 bg+1
A @ =212 5 Fq1| — .o, —, =, ;4P 2
2P Zq”[ 272" 2 2 "2 27772 2 2 A

g+l
A@=2"1r2 [na]J

j=1
ap+1 ap+2 by+1 by +2 q
a;+1 p a1+2 p 3 b1+1 q b1+2 q2 ;4Pq122]/\n:22bj

2 2‘*”[ 2 2 2 2 '2' 2 2 ' 2

07.32.17.0022.01
oFq(a, ..., ap; by, ..., by; 2) =

1 n-1 P a +k a+k+n-1 ap+k ap+k+n-1 k+1
@n) 2 (q+l)zn—(q+1)k—ﬂzk rl aJ v np+1an+n[ Y ey Y ey ) ey ; ,
e i1 n n n n n
- by + k bg+k+n-1 9 -
k+n by +k by +k+n 1 atk b a0 ] e :ij+q71

n n n n n =

Case g41Fq

07.32.17.0023.01

T@ T el (3 - a)

~ el j#k
Fq(a, ... o1 by, ..., bg; 2) = (—2) 8
g+l gl +1, M1 q
I T(@o ; MLy T(b; - &)

. 1
qr1F [ak a-b+1, .., a-bg+1;1-a +a ..., 1-aei+a L-ag1+a, ..., 1L -ag1 +a; ;)/;

2¢ (0, 1) A V(i ikezAjekni<j<qriniksqr (8] — & & Z)

07.32.17.0024.01

m 1‘[?:1 r(1-aj+by) ,
k

m

& Frani, o)1 a5
j=1
]jatk

griFa(l—a + by ..., 1-ag1 + b 1—-by + by, ..., 1= by g + b, 1= byq + by, .oy 1= bgyq + by (DT ™M 7)==

HT:l F(l At bJ') Al

1 [Tsin(r (3 - a)) [T Ta - by)

(_1)q—m—n+l
griFgll—a+by, o, 1-a+ by 1+ —ay, .., L+ & —a L+ g1 — 8, ..., 1+ ag —ag f]/:
meN"AneN*AgeNAm=sqg+1An<sg+1IAM+n-g>2V(M+n-qgq=2Az¢ (-1, 0))

07.32.17.0025.01

_ © (3y)y N Z K

ar1Fa(@r ...y ager; b1, .. by WZ) = (1 -2 Z ariFa(=K @, ..., 8gi1; by, ..., by w)(n)
k=0 -
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Differentiation

Low-order differentiation
With respect to a;

07.32.20.0001.01
p

~(11,0,....010,...,01,0) o Yk+a) (Hj:l (ai)k) x

»Fq (aq, ..., ap; by, ..., bg; z)::Z
q
k=0 k! H]:l F(k+ bj)

q=p-1A14<1Vg=zp

07.32.20.0002.01

— (&) pFq(ay, ... ap; by, ..., bg; 2) /;

p . . .
~({1,0,....0,0....,01,0) =plx2 at+l ...+l Ll a;
o Fq (32, - @p; by, .. by 7) == ZF(aﬁ[l_[aj] Fqﬂ*"“[z by+1, .. bg+1ia+1 =7
| , A 5 ;
With respect to by
07.32.20.0003.01
o Y(k+Dby) (n.p:l(a-) )zk
~((0,....01,{10,...,0,0) i Pk
oFq (aq, ..., ap; by, ..., bg; Z)::_Z LAa=p-1AlZd<1Vqg=p

o KT, Tk +by)

07.32.20.0004.01

~({0,....0,(10....,01,0)
(a, ..., ap; by, ..., by; 2) =

p . a. .
~plx2 al"’l,'n,ap"'lx 11 lx bl, L~
-zl a |F L Z|— (b)) oFgla, ..., ap; by, ..., by;
zI( 1)[!:1' ]] q+l><0><l(2’ by, ..., b+ 1 by + 1 z, z|—=¢(by) p q( 1 py D1 q

With respect to element of parameters||| With respect to element of parameters

07.32.20.0019.01
" pFq(a, ay, ..., ap;a+1, by, ..., by 2

oa"

p
n! z[l—[aj](l“(a+ DpiFga(@+la+l a+1, .., ap+La+2a+2 bp+1, ..., bg+ 1,2 +

j=2
Fea+1 1 La+2,b+1, .., bg+1;2 1)w(a+1)F(
a+la+1,..,ap+l;a+2,b,+1, ..., bg+1;ZJ¥y(@+1) - —— p_1Fq1(an,
pa 2 p 2 q Y r(a+l)plq12
07.32.20.0020.01
dpFg(a+1, a, ..., ap;a by, ..., by 2)
da B
P
V. 2([Tja)v@+1)
-—— paFgal@ o api by, . g 2 - —————— g Fga(@+ L L ap+ L+ 1
l"(a)plql(z pr 2 q) F@a+1) plql(Z p 2

With respect to z

2

ww8p by, ..., by 2)

byt 2)
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07.32.20.0005.01
dpFq(a, ..., ap; by, ..., by; 2) [ P

0z

07.32.20.0006.01
2 . .
2 pFq(aq, ..., ap; by, ..., by 2)

ik

Symbolic differentiation

With respect to a;
07.32.20.0007.01

({n,0,...,0},{0,...,0},0,

p'Eq 0....,01,{0....,0}, )(al’ <o ap by, ., b Z) =:Z

With respect to by

07.32.20.0008.01

~({0,...,0,,{n,0,...,0},0)
»Fq (

ay, ..., ap; by, ..., by; 2) =

o ijzl (ai)k " [(k+b;)

o KT, Tk +by)  ab}

d<1AneN"Ag=p-1Al4d<1Vag=p

naj)plfq(a1+1, ca@p+Libi+1, .., by+1;2)

p
= [l_[aj (3 +1)] g +2, ... ap+2b1+2, ..., bg+2 2)
i

nP:Z (ai)k 0" (ag)y

XneN"Agq=p-1AlZd<1Vq=p

1

With respect to element of parameters||| With respect to element of parameters

07.32.20.0021.01
" pFq(a ap, ..., ap;a+1, by, ..., by 2)

oa"

n 1
I'(a+1)

oa"

p-1Fg-1(az, ..., @ by, .., by

pikFgik(@+ L, ...,a+ 1, a+ 1,

07.32.20.0022.01
M pFq(a+1, @, ..., ap 8, by, ..., by 2)

oa"

n_1
r@ -

oa"

With respect to z
07.32.20.0009.01
" pFq(ay, ..., ap; by, ..., by 2)
a7 "[

p-1Fg1(a ... @pi by, ... by 2 + 2

z)-n!

=2

i

_ 1
] 0 (-Dkr@+ D I e

Z (n-K! dank

k=0

odpt+lia+2 ..,a+2,b+1, .., bg+12)/;neN’

n

1
I'(a+1)

oa"

p
[ aj] p1Fga(@+1 .., ap+Lbp+1, .., bg+12/;neN*
j=2

n] pFga+n, .. ap+n b +n, ..., bg+n 2z /;neN’
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07.32.20.0010.01
‘3np'iq(al. ., ap; by, .., b z)

9z

=7" piFqua(l ar, ... ap;1-n,by, ..., by 2) sneN'

07.32.20.0011.01
(2 pFq(ay, ..., ap; by, ..., bg; 2))

0z

=2"T(@+1) paFqi(@+1,ay,....,8;@¢—n+1by, ... by 2z /;neN

07.32.20.0012.01
an(ZaJrnfl prfq(a, ap, ..., dp, blv cen bQ’ Z))

a7

=@, pFq(a+n a, ..., ap by, ..., by 2) i neN*

07.32.20.0013.01
(£ pFg(ag ..., @p; €, by, ..., by; 2))

a7

= " Fy(ag, ..., ap;c—n by, ..., by 2) fne Nt

07.32.20.0014.01

6”(2“ pIfq(—n, a, ..., ap; % by, ..., bg; z))

=n!,F (—n,n+1,a,...,a;—,l,b,...,b;z)/;neN+
97" p+17 g+l 2 p > 2 q

07.32.20.0015.01
(2 oFef~1, 8, ... 3pi by, ... by 2)
07"

=T+ 2" paFqa(-na+1a, ..., a;a-n+1by, ..., by 7 /;neN

07.32.20.0016.01
6"(2" plfq(—", _”r”, oy L e ap; by, ..., by z‘“))

r r

07"
nea-l m-1 N n -n+1 -n+r-1 a+1 a+2 a+m
m © 22n) 2 INa+1l)z*" p+qu+m(——, Y e , , Yo ,
r r r m m m
a-Nn+1 a-n+2 a—Nn+m
a1, ..., Ap; , ,bl,...,bq;zm)/;reN’f/\meN*/\neN+
m m m
07.32.20.0017.01
" (e pFq(-n, &, ..., ap; by, ..., by; 2))
97" -
no(-myZ

(—1)“e‘ZZT priFg(-n k=N, a+k, ..., ap+k by +k ..., by +k 2) ;neN’

k=0

Fractional integro-differentiation

With respect to z

07.32.20.0018.01
0" pFq(ay, ..., ap; by, ..., by; 2)

0z

=7" p1Fq(l @y, ..., @p 1, by, ..., by 2)

Integration

Indefinite integration
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Involving only one direct function

07.32.21.0001.01

fP'EQ(aly <o ap by, ., by

1

;2)dz= ———
[Tj=1 (@ -1)

pFela-1,...,a

—Lib-1,..,bg-12

Involving one direct function and elementary functions

Involving power function

07.32.21.0002.01

fz‘"l oFq(as, ..., ap; by, ..., by 2 dz=T(@) Z pi1Fqua(e, a1, ..., ap; @+ 1, by, ..., by; 2)

Definite integration

For thedirect function i

07.32.21.0003.01

f tai:l p'iq(al, ceey ap; b]_,
0

0 < Re(e) < min(Re(&), ...,

0 < Re(@) < min

Summation

Infinite summation

07.32.23.0001.01

o

2

k=0

(ag)k

q+1Fq(—k, ay, ...,

Operations

Limit operation

07.32.25.0001.01

lim (1-27% g1Fq(a, ...,
-1

07.32.25.0002.01

lim ,F
a—oo p

07.32.25.0003.01

eIlLrE (T(®) pFo(ay, ..., ap; b,

(a ap, ..., ap; by, ...

tself

T (@) [k, T(a — @)

, bg; —t)dt =

Re(ap))/\p—lsqs p\/

/i
(IMe-1 T(@) TTe_y T — @)

Re(@), .. Re(ap - Ra[Za] Zbk]] /\ q=p+1

1\ ZW

aq+1; b]_, ceey bq; W)i( == (—) q+qu(a1, . aq+1; b]_, , bq; —)

1-2z -1

r(_¢q) g+l
age1; by, .., bg; 2) = T/ Yq __Zb ZaJ /\Re(wq
HJ 1F( ) =1
z _

y bq, ;) - p,qu(az, ceey ap; blv vy bq, Z)
by, ..., by 02)) = pFea(ar, ..., ap; by, ..., bg; 2)
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Representations through more general functions

Through hypergeometric functions

Involving ,Fq
07.32.26.0001.01
- 1
pFal@r, - @p; by, .., b 2 = ————pFq(ay, ..., api by, .. bg; 2 /= ({br, ... o} € Z A (b1 <OV ... V by < 0))
Hk:l 1—‘(bk)

Through hypergeometric functions of two variables

07.32.26.0002.01

_ 1 0pof & @11 ---r Bpi
. . po P

pFal@s, - pi by, ooy bgi 2) = ———— Foqo[ . 0]
szlr(bk) y D1y vty Dgss

07.32.26.0003.01

) . ~0p0 ;g ..., Api;
qu(al, ey apa blv .. bQ’ )__ Oqo( bl’ ceny bqn z OJ

Through Meijer G

Classical casesfor thedirect function itself

07.32.26.0004.01

& . . 1 lp
oFq(as, ..., ap by, ..., by ) == ——— Gpge| 2

l-a,...,1-3 )
[Tt T (@)

0,1-by, ..., 1-by

07.32.26.0005.01
q+1Fq(alv EEET) aq+1; b11 EER} bqy

q
g+1 Z

nsin(Yq7) [Ty T (@) 1=

g+1

7)=
[Ty sin(m (b — a)) 2qi1 [z
I

@
sin(r(b —bg)
k#j

1

1—31, ceey 1—3q+1
0,1-bj,1-by, ..., 1-bj4, 1-bjg, .., 1-bg)

Ve
[(1 M (z-1)V G
g+1

sin(Wq7) [Teq T (8w

g+l

wq--Zb ZaJ\ze( 10 A\vqez
j=1

07.32.26.0006.01

w11 Z) 0, 1-by, ..., 1-by| ol % 0 1-by, ..., 1-by

oFq(ar, ..., ap; by, ..., bg; 2) =

b
— ij%( . q) /; 2 (0, o)
[T T@0) z p

o1 [ ‘ 1—a1,...,1—aq+1) g+10 [ ‘ 1—a1,...,1—aq+1))/.
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