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Notations

Traditional name

Inverse of the Jacobi elliptic function sd

Traditional notation
sdz|m)

Mathematica StandardForm notation

I nver seJacobi SD[z, m]

Primary definition
09.47.02.0001.01
z=sdw|m)/; w== sd"l(zl m)
09.47.02.0002.01
z 1
sd‘l(z|m==f dtf;zeR \mZ>-1\1-m7Z<1
Ym+1y1-a-me

Specific values

Specialized values

For fixed z
09.47.03.0001.01

sdz|0)=snY(2
09.47.03.0002.01

E) =-iV2 F[zisinh"l[i] ‘ —1) [iz>-1
2

sd"l(z Nex

09.47.03.0003.01
sd iz 1) =sn @

For fixed m

09.47.03.0004.01

m-1
sdi=11m = . F[isinh’l(\/ﬁ) —) /im>0
m m
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09.47.03.0005.01

SEaEs
m):: Flisinh™| —
vm 2

m-1
—1|/im>0

m m

sd’l(— !
2
09.47.03.0006.01
sdo|m=0

09.47.03.0007.01

41 i . _l\/ﬁ m-1)
sd (E‘m)zz—mF[wnh [T) T]/,m>0

09.47.03.0008.01

i m-1
sd i1 |m = b F(zzsinh’l(\/ﬁ) —) /im>0
m m

09.47.03.0009.01
i m-1
sd i@ |m=— F(sin"l(\/ m) —) fim<1

m m

09.47.03.0010.01

: F(sin‘l(\/ﬁ) m—_1)/;m<1

m

sd (=i | m) = -

m

Values at infinities

09.47.03.0011.01
sd(z] w0) =0

09.47.03.0012.01
sdi(z| —c0)==0

09.47.03.0013.01

sd (oo | M) =

1
K(—)/;m>1
m-1 ‘1-m

09.47.03.0014.01

wil - 1 ( 1 ) .
(=o0 | M) =— K /im>1
m-—1 ‘l1-m

General characteristics

Domain and analyticity

sd~%(z| m) isan analytical function of zand mwhich is defined over C2.

09.47.04.0001.01
(z+m—sd X z|m):: (C®C)—C

Symmetries and periodicities

Mirror symmetry
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09.47.04.0002.01

sdzIm=sd"(zIm

Quasi-reflection symmetry

09.47.04.0003.01
sd -z m)=-sd }z| m)
Poles and essential singularities
With respect tom
The function sd™%(z| m) does not have poles and essential singularities with respect to m.

09.47.04.0004.01
Sing, (sd™z | m) = {)

With respect to z

The function sd™(z| m) does not have poles and essential singularities with respect to z.
09.47.04.0005.01
Sing,(sd™(z| m) = {}
Branch points

With respect tom

For fixed z, the function sd™1(z | m) has three branch points: m== — % m== % m = &.

09.47.04.0006.01

BPn(sd 2 m) = {- =, % &

N | P

09.47.04.0007.01

—1 l _
Rm{sd " (z| m), —— =2
72

09.47.04.0008.01
o Z-1 B
Rl sd™ (z|m), —— |=2
2

09.47.04.0009.01
Re(sd (| M), &) == log

With respect to z

=+t z=&.

For fixed m, the function sd™(z| m) has five branch points. z = + #, z
V-m 1-m

09.47.04.0010.01
1 1 1

1
Vom vom viom Nim

BP,(sd (2| m) = {

)
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09.47.04.0011.01

1
R stz | m), —):: 2
-m

09.47.04.0012.01

R sd™? ) i
Jsd ™zl m), -———|=

09.47.04.0013.01

1
=2
\/1—m]

09.47.04.0014.01

Ro| sd ™ (z | m),

R sd ™z m), -

09.47.04.0015.01
Rz(sd"l(z| m), &) = log
Branch cuts

Branch cut locations: complicated

Series representations

Generalized power series

Expansionsat z==0

09.47.06.0001.02
1-2m 3-8m+8n?

stz m) o« z+ B+ 2./ (z-0)
6 40

09.47.06.0002.01
o (1- m)k(%) 1 1 m
sdz|m) = 27“ 2F1[—, -k - -k —)22“1 Lla-mZ|<1
— (2k+Dk! 2 2 m-1
09.47.06.0011.01
sd iz m) o« z(1+0(2))

Expansionsat m==0
09.47.06.0003.01
zN1-Z (Z+1)+(2- 1)sin_l(z)

sd iz m e sin i@ + m-—

4(2-1)

2\ 1-2 (6 -112-122+9)-9(2-1) sn

64(2 - 1)°

+.../;(m-0
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09.47.06.0012.01
o CDI(3) 2

—1 ]
sd(z|m = Z

1 1 3 :
Fo 5w i amm 2w
L 2772 2

2j+Dj!

09.47.06.0004.01
i1 1
w (_1)J(5)'-k(5)k 1 1 3
sdzim = ZZ—J ZZi+12F1[j +— k+—j+—; zz)mj
j=0k=0(21+1)(J—k)!k! 2 2 2
09.47.06.0005.01
sd_l(z| m) ==

2V1-2 (Z+1)+(Z-1snt@  zV1-2 (6£-117-122+9)-9(Z-1sn @
m

snt 2+

4(2-1) 64(22—1)2

09.47.06.0006.01

© o w (=1 22k (), (1) (1
i

sdizim= —) m'*!
@im Z“Z“Z“(2j+2k+l)j!k!l! 2k

=0 k=0 1=0

2

09.47.06.0007.01
o o0 22j+2k+l(l_m)k(_m)j 1 1
st Bl
em ZZ 2j+2k+1)j!k! j k

=0 k=0

2 .

2

09.47.06.0008.01

11,1,
sdl(z|m)::z|:}§g§g[2'2 2 (1—m)22,—m22]

1

N | W

09.47.06.0009.01
o o o (=1 22+l F(j —k+ %)F(k+ r+ %) mi
sdz|m) =
ZZZ n2j+2r+D(j-k!r!k!

j=0 r=0 k=0

09.47.06.0010.01

: 2 .
o (CDI(3) A Lol
-1 _ ! vl 22 7h 2L j
s (Zlm)“ZfFomm 1.3 . 1,22 m
j=0 (5)]_]! IRt

09.47.06.0013.01
sd7z| m) « sin"1(2) (L + O(m))

Integral representations

On the real axis

Of thedirect function
09.47.07.0001.01

2 1
sd‘l(z|m)==f dtf;zeR \mZ>-1\@-m7Z<1
* Ym+1y1-a-me

- + ...
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09.47.07.0002.01

VmZ+1 en(sd izl m | m) 2 1

sdlzim = dt/;
Vm-12+1 *Yme+1Vi-a-me

= e oeray (IMMZ 2+ 1) =0 AmZ2+1<0 \Im1-a-m 7?2 =0 \1-a-m 22 <0)

09.47.07.0003.01

VmZ+1 cn(sd"l(z| m|m) 1
Vm-12+1 *Jm+1y1-1-me

= 3 e oerey (MM (2= 20) + 202+ 1) =0 A\ m(r (2- 2 + 207 + 1< 0 /\
Im(1— (L -m) (r(2-2) +20%) =0 \ 1= L-m) (r 2~ 2) + %)? <o)

sdizlm = dt+sd iz | m) /:

Differential equations

Ordinary nonlinear differential equations

09.47.13.0001.01
W@ -(2@-mmZ-2m+1)zw(@° = 0/; W2 = sd (| m)

Transformations

Transformations and argument simplifications

Argument involving basic arithmetic operations

09.47.16.0001.01
sd(-z|m) = —sd (| m)

Identities

Functional identities

09.47.17.0001.01
(M- mZ 2 - 1)° sdw(zy) +wWz) | m)* -
2((m-1) (B +B)m+4am=-2)Z+1) 2+ Z) sdwiz) + Wzp) | M2+ (Z - Z) =0/, w2) = sd *(z| m)

Differentiation

Low-order differentiation

With respect to z

09.47.20.0001.02
asd z| m) cn(sd’l(z| m) | m)

9z Mm-1HZ+1
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09.47.20.0002.01

asd (z| m 1
a( | )=— /;ze[R/\m22>—1/\(1—m)22<1
z

\/m22+1 \/1—(1—m)z2

09.47.20.0003.02
Psd Yz m) z(2(m—1)m22+2m—1)cn(sd’1(z| m | m)

o7 (Mm=-1)Z2+1) (m2+1)
09.47.20.0011.01
Psd Yz m) B VmZ+1 en(sd 'zl m) | m) Bm
02 Jom-pZs1 0z

With respect tom

09.47.20.0004.02

asdz| m) E(am(sd_l(z| m [ m) [ m)+(m-1) sd iz m - mzndisd*@mm)

mz+1
aom - 2(m-1)m
09.47.20.0005.01
asd (z| m)
——=
_ [i F(i sinh(Vm=1 2 m )— Vm-1 m? —i E(u’ sinh(Vm=1 7| o
2Vm-1m M= Jm-nz2+1 ymz+1 m-1

ZE[R/\mZZ>—1/\(1—m)22<1
09.47.20.0006.02
2sd Yzl m)
o

1
3sdi(z| m)(m-1)2%+ F(am(sd’l(z| m | m)| m)(m- 1)+ (@4m-2) E(am(sd’l(z| m | m) | m)+

1
Z(m-1%Z+m-1) / sn(sd’l(z|m)|m)—
mzZ+1

Z(Z+m(Mm-1)Gm-2)2+@8m-7)2+3) - 1)ds(sd "z m) | m)]]]

4(m-21)>%m?

1

mcn(sd’l(z| m | m)

(Mm-1Z2+1)°

mz +1
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09.47.20.0012.01
#Bsd Yzl m) 1
am? 8(m-1°%m?

1
(m-12+1)° (m2+1)°

[(—ZS(m— 1)m-8) E(am(sd"l(zl m | m) | m)-(m-1)(11m-7) F(am(sd"l(zl m | m) | m)+

men(sd(z| m) | m) | (mZ + 1) [ (m- D2 P (M(53m - 36) + 7) 2 + 2(m~- 1) m(m(m(86 m— 109) + 43) - 6) 2 +

(m(m(206 n? — 376 m+ 231) - 58) + 5) 7' + 2(M(M(54m—-73) + 32) - 5) Z +

[ 1
21 - 18m+5)dn(sd(z| m) | m) - (m-1) (m-1) 2 + 1)
mz2+1

(M=-DmAIM-7)2+MA7m-18)+4 7 + (5m-3)Z - 1)

sn(sd'l(z | m) | m) -

(M- mz((m-1mmEOm-9)-2) 2+ (m(66m* - 80m+23) - 1) 22 + (787 - 69m+ 13) 7' +

2(19m-9) 2 +6) |- 15(m-12Z+m- 1)’ (mZ + 1)’ d Yz | m)]]

Symbolic differentiation

With respect to z

09.47.20.0013.01
sd Yz m)

= sd'l(z| m) 8, +
92" "

on(sd™ @z m | m) it DI Q=M Jyojy Ly (1) (m-1y - -
et m S (GG () ey a-a-ma e
M-DZ+1 T n-j-D1@z 2 gk 2hd2)iud m

09.47.20.0014.01
o tzim en(sd *z| m) | m)
— e dlzmer——
oz m-172+1

>

D2 2 (11— m) 2) (%)] (L= Mynj2

-, _J’ - —

/ineN

m-1y (1 1 mmZ-Z+1)
n-j-1! ( )ZFl

=
2 2 (m-1p(mP+1)

o

j=

09.47.20.0015.01

8n_l ;
osd Yz m) VmZ+1 cn(sd_l(zl m) | m) vV mZ2+1 \ 1-(1-m) 2 /

=sdz|ms, +

oz Vm-1Z2+1 Zi

e N*
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09.47.20.0007.01

o sd"l(z| m)

2121 (n-1)! cn(sd"l(z| m | m) =t (m- ™l (m-1) 2 + 1)1'7n+1 (mZ + 1)71'

1
x4 m-1DZ2+1 =y

1-j j 1 1 j-n+2 j-n+1
zFl———:——J;1+—22 2F1 , pl-n+ - 1+

2 2

With respect tom

09.47.20.0008.02

j!(n—j—l)!l"(%—j)l"(j—n+g)

3 1
7]/;nem+
2 (m-1)72

3n5d_1(2|m) Z2n+l MCn(sd’l(Zlm)’m)
an 2n+1 Jm-nZ+1
PP 1 11 1
Z( )(__ ) (k—n+_] Fl(n+—;——k+n,k+‘;”+‘;(l"m)22’ _mzz)/;nEN
k)2 T 2/nk 22 2

09.47.20.0016.01

” F(sin’l(m z] m
Msd Xz m) B VmZ+1 cn(sd’l(z| m) | m)

)

1-m

anm’

gnt Vm-1)Z2+1

Fractional integro-differentiation

With respect to z

09.47.20.0009.01

6"sd"l(z| m) _2x1x1
——————=72"Vr Foo.0
0z*

NIR e

1

With respect tom
09.47.20.0010.01

8¢ Sd*1(2| m) G +k! (_1)j+k 2 [+2k+1 pyi+k—a

om* k=0 j=0

-1<z<1A-1<m<1

Integration

Indefinite integration

Involving only one direct function

09.47.21.0001.01

il F
ZZ[Z)I((Z]J‘ 2j+2k+ DT(j+k—a+Dk! !>

(5

/ineN

" _mZ (l—m)zz]/;ze[R/\(l—m)22<1

13
—+j+k j+——+j+k 2
2 2 2

) » 1 cd(sd"l(z| m | m) nd(sd"l(zl m | m)
fsd Zz|mdz=sd"(z|mz- log +
vm-1+vVm m-1 vm

Involving only one direct function with respect tom

)
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09.47.21.0002.01

fsd_l(zl mdm=2vm-1 i(E(isinh"l(\/ m-1 z)

%) - F(i snh*(vVm-1 z)

m

1

m-1

)

1
4
2\/(m—1)22+1 +2\/m22+1)/;z>0/\m>0

(2(m—1)\/m22+1 22—\/(m—1)22+1 Iog( ((2m—1)22+2\/(m—1)22+1 \/m22+1 +2))—

Representations through more general functions

Through hypergeometric functions of two variables

09.47.26.0001.01
111
— 2’22’
sdz|m) = zF}ié:é[ . 1-mZ, —mzzJ
E!IV
09.47.26.0002.01

) (_1)j : 4222j+1 1. .
wl(2|m)==ZLplxlxl[ 2’ b

: 3 0 0x1x1 l_
j=0 (E)]J ) I

Through other functions

Nl W N[~

+1;

+ s _
1, Z2(m

I nvolving some hyper geometric-type functions
09.47.26.0003.01

11 3
== mzz,(l—m)zz]/;ze[R/\(l—m)zZ<l
2 2 2

Representations through equivalent functions

With inverse function

09.47.27.0001.01
sd(sd"l(zl m | m)=2z

With related functions

Involving cd™*
09.47.27.0002.01

sd_l(zl m) ==

(K- ) -V

m-1

1-m

m
))/;ze[R/\m>1
m-1

Involving cn=t

09.47.27.0003.01

sci(z| m) = —icn‘l(\l22+1 ‘1—m)/;0<z< 1A0<m<1

zy(m-1DZ2+1
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Involving cs™t

09.47.27.0004.01

1
sci(z| m)==cs (—‘m)/;z>0/\me[R
z

Involving dc™*

09.47.27.0005.01

1
sc‘l(zlm)zzm'[ dc_l(iz )—K(l—m)]/;ze[R/\O<m<1
1-m -
Involving dn~?
09.47.27.0006.01
1 o m
sci(z|my=i|] ———dn (iz )—K(l—m) Li-1<z<1lAm>1
m-1 m-1

Involving ds™t
09.47.27.0007.01

-1 a1 1 .
sd (z|m=ds|—-|[m|/;z>0Am>1
z

Involving nc™t

09.47.27.0008.01

1 1
sc‘l(zlm)::n'K(l—m)——nc‘l(z —J/; —1<z<1lAm>1
m

m

Involving nd™?

09.47.27.0009.01

1 1 1
sd iz m) = F(ndl[u‘zﬁ’ a)—u’K(l—a))/;ze[R/\m>l

m

Involving ns™*

09.47.27.0010.01

i
sci(z| m) = —ins’l(—— 1—m)/;z> 0AmeR

z

Involving sc™t
09.47.27.0011.01
sci(z|m=—-isnt@z|1-m)

Involving sn~!

09.47.27.0012.01

sdz|m = - EF sn‘l(m z

m

m-1

)/;—1<z< 1Am>0

Involving elliptic integrals
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09.47.27.0013.01

sd iz m)=- IF F(i snh™{(vVm z)
m

m-1
—)/; 1z <1AIm <1
m

09.47.27.0015.01

VmZA+1 cn(sd’l(z| m) | m)
Vi-mAym-02Z2+1

S T (Im(m2272+1)=0/\m2272+1<0/\Im(1—(l—m)rzzz)=0/\1—(1—m)7222<O)

sd_l(zl m) =

F(sin_l(\/m z) l) /;

m-1

09.47.27.0016.01

VmZ+1 cn(sd"l(z| m | m)
Vi-mym-12+1

= A rer oerey (MM 2= 2) + 202+ 1) =0 A\ mr 2= 2 + 207 +1< 0 /\
Im(1-(L-m) (2~ 2) +20)?) =0 /\ 1~ (1 m) (v (2~ ) + 2)? <o)

-1 -1 m
sd(zlm=sd " (z|m+ —

o 4] - )

m-1

m-1

Involving other related functions

09.47.27.0014.01

sd iz m = -

1
dog(z;, 2,8, b) /; {a, b, 71} = {2m—1, m(m-1), ;}/\ﬁ+az§+bzl—z§==0/\z> 0/\m>1
%

History

—N. H. Abel (1826)
—A. G. Greenhill (1892)
—L. M. Milne-Thompson (1948)
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